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Abstract

:

According to contemporary research, there exists an imbalance within the disciplines of Science, Technology, Engineering, and Mathematics (STEM), wherein certain subjects are lacking representation due to the neglect or omission of mathematical elements. The purpose of this study is to address this issue through the analysis of an established learning sequence that has been well-tested to promote mathematical skills. We adapted the selected biology-based learning sequence to foster mathematical problem solving and conducted it with a school class. The qualitative analysis of the recorded video footage of this adapted learning sequence revealed that the modified task effectively stimulated mathematical problem-solving skills. This successful adaptation demonstrates one approach through which mathematics can be strengthened and effectively utilized in STEM subjects.
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1. Introduction


There are various perspectives on STEM education, with recent research focusing on an integrated approach [1,2]. This approach aims to establish connections and interactions between the four disciplines—science, technology, engineering, and mathematics—by integrating them into relevant contexts and applying the working methods of science, technology, engineering, and mathematics to real-world situations [3]. While publications involving all four disciplines are abundant [2], mathematics is often under-represented in student activities (e.g., [4,5]).



By neglecting the role of mathematics in STEM activities, we fail to address the challenge that many students face when applying mathematical knowledge and skills in scientific contexts. However, this requirement and obstacle are crucial in science education [6,7,8]. This is particularly significant because mathematical knowledge contributes to understanding complex scientific phenomena [9,10].



To counteract this, solely applying mathematics as a tool is not sufficient for acquiring mathematical knowledge and skills [11]. To work mathematically in a meaningful manner, various theoretical approaches have been proposed (e.g., [12,13]). However, when examining current teaching situations and teaching materials, it becomes evident that this goal has only been partially achieved. Mathematics continues to be underrepresented and lacks a focus on comprehension within the realm of STEM activities [4,5,14].



The issue at hand is not that mathematics is unnecessary for addressing STEM problems; rather, it is the lack of explicit consideration of mathematics or the complete omission of mathematical engagement [5,10]. The omission or trivializing simplification of mathematical activities is given if a mathematical model is presented without validation. This also occurs even if teachers explicitly consider mathematical activities, e.g., problem solving, but are unable to realize this and instead resort to superficial strategies and operational activities [15].



As a result, the potential for a holistic examination and integration of mathematics is left untapped [5,8]. This further underscores the challenges and obstacles that math teachers face in regards to integrating mathematics into STEM education, as the use of mathematics as a mere tool does not necessarily result in the acquisition of comprehensive mathematical knowledge and skills [16].



We aim to address this concern by presenting an alternative perspective alongside various theoretical approaches to strengthen the role of mathematics in STEM (e.g., [12,13]).



Instead of developing a new task, we utilize a well-tested and published learning activity from biology classrooms that focuses on enhancing metamodeling knowledge in biology [17]. Although the task does not explicitly refer to mathematical work, it provides an opportunity to promote mathematics, specifically mathematical problem solving. To expand this potential, we thoroughly analyzed the task and solution approaches and subsequently redesigned them with the goal of emphasizing mathematical work, particularly mathematical problem solving.



The purpose of this study is to demonstrate, using this specific example, how this potential can be meaningfully utilized. Through this approach, we showcase how even subtle modifications can enrich mathematical learning, foster mathematical problem solving, and alter perspectives on mathematics.



The objective of redesigning the biology learning unit is to promote mathematical problem solving, not only because it is crucial for mathematics but also because problem solving is an important interdisciplinary skill, particularly in STEM.




2. Theoretical Frameworks as the Basis for the Research Questions and Analysis


The revision is grounded in two theoretical frameworks. Firstly, it is based on current research on mathematical problem solving, which includes support strategies for problem solving. Second, it builds upon the original sequence: black box, specifically the Water Black Box utilized in the example, along with the specified task. Additionally, we introduce the Descriptive Phase Model of Problem Solving by Rott et al. [18] as the framework for evaluating the revision.



2.1. Problem Solving


Problem solving can be viewed as a multi-disciplinary challenge, with STEM offering a variety of complex real-world problems. In the field of mathematics, mathematical problems and problem solving are considered integral to the teaching and learning of mathematics [19,20]. Teaching mathematics through problem solving helps students develop increasingly interconnected and complex knowledge systems rather than isolated ideas and knowledge (e.g., [21,22,23]).



Before delving further into the theory of problem solving, we establish the definitions of problem and problem solving based on the literature used in this article. A problem refers to a task or question that does not have an obvious solution method, i.e., it cannot be solved through straightforward effort [19,24]. Problem solving is the cognitive process of dealing with a task or question without an apparent solution method [25]. In this process, the problem solver needs to refine, combine, and modify pre-existing knowledge [26]. If a direct solution path is available through prior knowledge, there is no longer a problem, so the designation of a problem depends on the solver [27].



2.1.1. Problem Solving Process


The problem-solving process can be described by an outer structure, i.e., the phases of the problem solving process, and an inner structure that refers to meta-cognitive processes [28]. Polya [29] proposes a normative phase model that structures problem solving in four phases: understanding the problem, devising a plan, carrying out the plan, and looking back. Schoenfeld [30] refined and renamed the phases of Pólya: reading, analysis, exploration, planning, implementation, and verification.



The first phase is reading the task, including the identification of the problem conditions. This is followed by the analysis, which involves attempting to understand the problem. These first two phases can be compared to Pólya’s first phase of “understanding the problem”. This also includes selecting specific perspectives and reformulating the problem, for example by simplifying it. The following three phases are related to Pólya’s second and third phases, devising a plan and carrying out the plan. Schoenfeld [30] distinguishes between exploration, planning, and implementation. Exploration is defined as a rather unstructured approach, while planning involves a more structured approach to the problem [30]. During exploration, students explore the problem space with the aim of finding relevant information. According to Schoenfeld [30], heuristics can be found in this phase. The final phase of the problem-solving process is verification, which is self-explanatory and is comparable to Pólya’s last phase “looking back” [18,30]. Although the phases of these two normative phase models build upon each other, they do not follow a linear sequence in the problem-solving process; instead, the problem solver shifts between phases, takes detours, and moves back and forth between the phases [18,31].




2.1.2. Aspects of Problem Solving


Schoenfeld [31] outlines five major aspects of cognition for problem solving based on existing literature, that persist in problem-solving research (e.g., [32]): “the knowledge base, problem solving strategies, monitoring and control, beliefs and affects, and practices” (p. 16).



The first aspect is the knowledge base, which encompasses not only the problem solvers’ prior knowledge but also their ability to access and apply this knowledge to address specific problem situations that require the application of the knowledge. The mathematics domain-specific prior knowledge significantly affects the success of solving the problem [33].



The second aspect refers to problem-solving strategies, which consist of general rules that serve as tools for approaching various non-routine problems [31,34]. Examples of heuristics include working forward, working backwards, using diagrams and/or models to describe or visualize the problem, organizing data and seeking patterns, and simplifying the problem [31].



The third aspect is monitoring and controlling, which, like problem-solving strategies, falls under the domain of metacognition. This involves observing and continuously reflecting on the problem-solving process, such as scrutinizing solution approaches, following up on promising approaches, and revisiting the initial question if the chosen approach does not seem to lead to the desired goal. This can result in shifts between the problem-solving phases. Schoenfeld [31] showed that more than half of the high school students in the study attempted to solve problems using their initial approach without questioning it, leading to unsolved problems if the approach was incorrect.



The fourth aspect encompasses beliefs and affects. Associating mathematics with certainty or quick solutions contradicts the nature of problem solving and can have negative impacts, such as a tendency to give up quickly [31].



The inquiry into how we educate students to become proficient problem solvers leads to the fifth aspect: mathematical practice and the promotion of problem solving.




2.1.3. Fostering (Mathematical) Problem Solving


Fostering problem solving is very complex and should incorporate the aforementioned aspects. In the following sections, we present different approaches to foster problem solving that have been employed in the redesign of the task and the learning environment.



	
Learning problem solving through problem solving



	
Reflecting on the problem-solving process



	
Teaching problem-solving strategies (heuristics)



	
Collaboration






One of the initial approaches traces back to Pólya, who emphasized learning problem solving through problem solving. This involves observing how problems are solved and independently solving problems oneself [29].



It is important to demonstrate the existence of various approaches and to adequately justify the steps taken and solutions derived [26]. Two main points must be considered: the role of the teacher and the nature of the tasks. According to Polya [29], if the teacher provides no assistance, the student may not make any progress. Conversely, excessive help may result in the student no longer needing to solve a problem, as the task is no longer a problem. Similar implications are drawn by Schoenfeld [31] when routine problems are given, as algorithmic solving does not involve problem solving, since a solution path or algorithm is readily available.



Studies support the connection between the nature of the task and the learning outcome in problem solving [32,35]. Cognitively demanding tasks have shown the greatest effects [26]. Conversely, focusing primarily on routine problems can have a negative impact on problem-solving abilities, as the solution method is obvious. For example, in chapters on exponential functions, students must use exponential functions to solve the problem. These tasks emphasize executing algorithmic calculations, which may create the perception that mathematics is simply a collection of facts and procedures centered around numbers and formulas [11]. Consequently, students fail to question or reconsider their problem-solving approach. This can lead to failure if their initial decision was incorrect and can foster debilitating beliefs about mathematics [31]. As a result, students may not critically evaluate their problem-solving approach but instead persist with it, even if it does not yield a solution. This inclination can hinder their ability to solve problems effectively [31].



However, it is possible to learn how to reflect on the problem-solving process, which gives rise to the second approach: metacognition [31]. Schoenfeld [31] prompts learners to reflect on their solution process through targeted questions, such as “What are you currently working on?” and “What goal are you trying to achieve with your current actions?”. This approach encourages learners to think about their problem-solving process and its contribution to finding a solution. Koichu et al. [36] also demonstrated this in their study. The inclusion of explicit prompts such as “Why is this one right?” and “Am I right?” resulted in an increased level of verification, akin to Pólya’s concept of looking back.



This leads to another approach that addresses metacognition: heuristics. Heuristics are an important aspect of problem solving, but simply teaching them does not enhance problem-solving abilities [31]. The impact of heuristics depends on their implementation and embedding [11,34]. This can be achieved, for example, by explicitly addressing them [37].




2.1.4. Analysis Tool—Descriptive Phase Model of the Problem-Solving Process


Models can serve as a tool for describing and analyzing problem-solving processes. Rott et al. [18] propose a descriptive model of problem solving, which is shown in Figure 1. This model considers the errors, detours, and cycles that occur in real collaborative problem solving. It offers the possibility of capturing the unique sequence of real problem-solving processes and allows for the comparison of different processes through accumulation. Furthermore, this model enables the differentiation between problem solving and routine processes [18].



The model is divided into three main categories: the given problem, the problem-solving process, and the (verified) solution. The first part of the model is the given problem, followed by the problem-solving process, which includes four sub-categories of problem-solving processes: analysis, exploration, planning and implementation, and verification. These phases are elaborated upon in the problem-solving processes.



Rott [38] operationalized these phases, providing the foundation for the coding in this study. The first sub-category is analysis, followed by exploration, and planning and implementation. Within the model, planning and implementation are differentiated and can be further categorized as implicit planning (planning) and execution (implementation). However, both are coded together in the model. The final subcategory of the model is verification. The last part of the model is the (verified) solution.



In addition to the phases, the model describes the transitions between the phases, represented by the arrows in Figure 1. The direction of the arrows indicates the directions of transitions from one phase to another. The letters within the circles represent the frequency of transitions between the categories.



In routine tasks, Rott et al. [18] identified a linear process. In contrast, problem tasks involved cyclical processes. Furthermore, exploration episodes were absent in routine tasks, as most students proceeded directly to planning and/or execution, justifying this approach by not needing to analyze the task.



We utilize this model as a categorization system to analyze students’ problem-solving processes and, consequently, evaluate the revision of the redesigned task: Water Black Box.





2.2. Black Box


The expression ‘black box’ is usually used for something unknown but without a precise definition [39,40,41]. The unknown can take various forms, such as a (mental) model, a physical object, a phenomenon, or a perspective. For the purpose of this article, the term ‘black box; will be used to refer to a (mental) object or phenomenon that possesses the following characteristics: “(a) being believed to be distinct, (b) having observable (and relatable) inputs and outputs, (c) being black (that is, opaque to the observer)” [42] (p. 1).



Using and working with a black box can have different objectives, such as structuring modeling processes [43]. Because of its opaqueness, the black box has a puzzle character that can be motivating for students (e.g., [17]). Furthermore, the question about the inside of a black box can pose a problem as there is no easily accessible procedure or strategy for opening the black box and thus answering the question.



2.2.1. The Water Black Box and Its Simulation


The Water Black Box utilized in the classroom activity is depicted in Figure 2a. It is a tangible enclosure that meets Glanville’s definition of a black box [42]. The so-called Water Black Box was initially designed by Ruebush et al. [44] and further developed by Koch et al. [45].



There is a funnel at the top of the box, through which the students pour water into the box in measured quantities (input). At the bottom of the box, there is a hose that leads to a measuring cylinder. The water flows through the box and into the measuring cylinder via the hose (output). Therefore, the input and output are observable and distinct. The students are unable to see the internal construction of the box or how the water flows within it, rendering it opaque to the observer.



Figure 2b provides a schematic representation of the interior of the black box. Inside the box, there are three water containers with different capacities and drainage systems. Once water is poured in, it flows directly into the upper container. This container has two holes at the bottom, which evenly distribute the water to the two containers below. Both containers are equipped with a siphon to drain the water, which is activated at different fill levels.



The left container empties when the water level exceeds 550 mL, while the right container empties when the water level exceeds 350 mL. When the siphon is triggered, the water flows through the hose into the measuring cylinder until the container is completely empty. If water is refilled in the meantime, it also flows into the measuring cylinder. Once the container is empty, the fill level required for activation must be reached again before water can be collected in the measuring cylinder.



During the learning unit, the students utilize a digital, dynamic replica of the model for experimentation to draw conclusions about the black box that can be applied to the real model. Therefore, the digital app can be considered as a simulation [46]. The user interface of the simulation is depicted in Figure 3. While any quantity can be poured into the actual black box, the students can only use the drag-and-drop method to fill the digital box with 100 mL, 200 mL, 300 mL, or 400 mL using the containers on the right side. It is not possible to simultaneously combine quantities, such as adding 100 mL and 400 mL of water at the same time. Students can repeat this process until the water runs out of the box. At this point, unlike in the real object, no water can be added. Only when the water has completely drained out can the students add water again.




2.2.2. STEM-Task—Description of the Original Biology Task


Krell and Hergert [17] conducted a study in which they investigated the opening of the black box in two different settings, once with university students and again with 11th and 12th-grade students. The task assigned to the university students was to develop a model of the inner structure of the box, using only the simulation.



In contrast, the students in the school classes worked in pairs and followed a set of instructions. The instructions, presented in Figure 4, consisted of six steps. The students were required to complete three specific tasks: (1) inputting 400 mL into the black box, (2) drawing a model of the inside of the black box, and (3) based on their model, formulating a hypothesis regarding the output if 400 mL were input again. The aim of these tasks was to guide the students towards a cyclical modeling process [17]. Lastly, the modeling process is reflected on.






3. Aims and Research Questions


There are various theoretical approaches to enhance the role of mathematics in STEM (e.g., [12,13]). This study aims to contribute to the inquiry as to how mathematics can be profitably strengthened in STEM activities through their redesign. By “profitably strengthened”, we mean that the objective is not solely focused on mathematics alone, but rather ensures that mathematical activities play a valuable role in the STEM task. This implies that students actively engage in mathematical thinking and problem solving within the STEM activity, rather than merely using mathematics as a tool for basic calculations. Building upon the theoretical foundation, we present an illustrative approach that demonstrates how a STEM task, which does not explicitly address mathematics, can be redesigned to promote mathematical problem solving and, consequently, mathematics itself. In this paper, we address the following research question based on the scientific task, Water Black Box: To what extent can the science (biology) activity, Water Black Box, be profitably transferred to a mathematical problem-solving task?



We answer this question by means of an exemplary redesign process and an evaluation of the redesigned task. To assess whether this revision results in a mathematical problem-solving task, we address the following two sub-questions:




	
What structures of students’ problem solving are identified in the (redesigned) task?



	
What sub-processes, such as routine or non-routine, of problem-solving are realized in working on the (redesigned) task?









4. Research Design


The specific improvement goal of the redesign process was to enhance the mathematical aspects of the Water Black Box activity. To accomplish this, the activity was analyzed from a mathematical perspective and potential mathematical opportunities were identified. The task was then redesigned with minimal changes, considering theoretical aspects of mathematical problem solving. The authors iteratively specified the task(s) and support cards. A pre-pilot of the learning unit was conducted with five pre-service teachers, four of them working in groups of two and one working independently. Based on observations and feedback from the pre-service teachers, improvements were made to the tasks. The improved tasks were then piloted during an enrichment course, which is a regular school event that caters to interested and gifted students in a specific subject, in this case mathematics. Following the implementation, the tasks and support cards were refined based on observations and feedback collected through semi-structured interviews.



The main objective of the study is to assess the extent to which the redesigned science (biology) activity, Water Black Box, can be effectively applied to mathematical problem solving. To address this objective, the redesigned task was carried out with a tenth-grade class and the implementation was analyzed through qualitative analysis using the theoretical categories of the descriptive phase model of problem-solving processes developed by Rott et al. [18].



4.1. Redesigning the Water Black Box Activity


In the original task, students are initially asked to develop a model without first understanding the problem and the (functional) relationships between input and output. To solve this task, several mathematical skills are required. The students must identify and process mathematical information to recognize, for example, that the black box dispenses water when more than 800 mL have been filled into it. The specification that 400 mL should always be added in the original task reduces the possible quantities generated, thus reducing the requirements in the documentation and analysis. On the other hand, certain input and output properties cannot be identified. For example, the correlation between input and output, that half the amount of water is always dispensed when the black box is triggered for the first time, is difficult to identify due to the specified addition of 400 ml at a time.



In the original task, students are instructed to follow a strict cyclical process. This contradicts the non-cyclical process of problem solving and mathematical modeling. In mathematical modeling, the cyclical process is seen as idealized. On the one hand, students are provided with an approach to solve the problem. On the other hand, they are expected to immediately execute a problem-solving method without analyzing the problem first. Schoenfeld [31] highlights this approach as a hindrance to problem solving.



In the redesigned task, the overall objective for the students is to determine how much water would flow into the measuring cylinder in the real Water Black Box if 900 mL of water were poured into the funnel in one step. This task represents a problem that can be solved in various ways. As there is no 900 mL vessel in the simulation, the amount of water cannot be explicitly determined through the simulation.



We provided the students with assistance in the form of support cards to enable them to work as independently as possible. In the preparation of the support, we structured the solution process according to Pólya’s four phases of problem solving. We then incorporated this structure into developed support cards that include heuristics, structuring questions, and reflective questions. These cards contain more detailed explanations of the problem on the one hand, and questions and tasks that support and reflect the problem-solving process on the other hand, such as:




	
Look for regularities in the properties of the water box!



	
What is the minimum amount of water that must be put into the empty box for water to flow out again?



	
Does the partition of the water quantity influence how much water is in the measuring cylinder at the end?



	
Check all the series of measurements!








In the pre-pilot, the university students exclusively solved the problem by analyzing patterns and regularities of the outer properties of the black box. They then drew conclusions regarding the desired output for a given input. As our main goal was to adapt the task to promote additional mathematical problem solving, it was imperative to adapt the task in such a way that students need to create a model of the internal structure of the black box as they progressed through the task.



To this end, the task was divided into two parts: analysis of the outer and the inner structure of the black box. The tasks structure the problem-solving process and prompt students to engage in reflecting the process. Specifically, students are asked to provide justifications for their solutions and to verify their solutions. The tasks are shown in Table 1. The first task serves as an introductory exercise to acquaint students with the simulation of the Water Black Box, while also urging them to analyze patterns and regularities of the outer properties of the black box. At the end of the first task, the students verify their assumptions using the replica Water Black Box. In the second task, the students must create a model for the inside of the black box.



To solve the first task, it is not necessary to find the solution for the first task using a model of the internal structure of the black box. Since a maximum of 400 mL can be added at once, it remains unclear what result can be expected for other quantities, such as 246 mL or, in the present scenario, 900 mL. Although it is possible to combine the four different quantities to obtain a total of 900 mL, the resulting output varies depending on the specific combination due to the internal structure of the box (Table 2).



The distribution and order of the input water quantity have an impact on the resulting output. This phenomenon can be explained by the fact that the container only produces an output when the input water quantity reaches a minimum threshold of 800 mL.



This implies that the addition of 900 mL can be simulated by first adding any quantity of water, distributed in any manner, if it is less than 800 mL. In this case, no output occurs. Subsequently, the remaining amount needed to reach a total of 900 mL is added all at once to the Water Black Box. This results in an output as the threshold of 800 mL is surpassed. In the simulation, only 100 mL, 200 mL, 300 mL, and 400 mL are available, allowing for combinations such as 500 mL/400 mL, 600 mL/300 mL, and 700 mL/200 mL. The solution is an output of 450 mL. Students can verify their result using the replica of the black box.



An alternative approach is to establish the connection between the input and the output. Up to a water addition of less than 1200 mL, half of the input is outputted. Therefore, when 900 mL of water are added, 450 mL must be dispensed.



To ascertain potential challenges in developing the model of the internal structure of the Water Black Box during the pre-piloting phase, we explicitly instructed the students to construct a model of the interior after determining the water output for 900 mL. In this process, the participants lacked guidance on structuring during the creation of the model. It became evident in this step that the participants lacked guidance on how to structure the model during its creation. As a result, participants primarily drew objects aimlessly, paying less attention to the previously identified behavior of the black box.



To address this, the work assignment was supplemented with an intermediate step (task 2.1). The students were first asked to create a list of possible components of the black box (e.g., tube, container with a hole, etc.). In this context, it was not necessary for the actual use of an element to be realistic, as the list served as a collection of ideas to facilitate model creation in the next task. This step serves as a prompt for exploration.



In task 2.2, students created a sketch model of the inner structure of the black box, using their results from the previous tasks. The prompt to use the previously obtained results was used to identify objects that, e.g., collect the water or halve the amount of input.



Additionally, we included a third sub-task aimed at formulating and testing hypotheses, as well as mathematizing the flow of input based on the model. For example, this could be achieved by using a term to calculate the output quantity of water. In task 2.3, students were asked to verify their solution by predicting the amount of water output three times using their model of the inner structure and comparing the results with the simulation.



If their hypothesis was incorrect, students were instructed to check the assumptions in their model and make improvements. Afterwards, they could compare their model with the actual set-up using the real black box. Formulating and testing hypotheses and thereby verifying or improving the created model was explicitly required in Task 2.3.



The improved task was piloted with nine students in an enrichment course. The implementation involved eight boys and one girl, with two male students from grade 9 and the remaining participants from grade 8. The nine participants were divided into three groups, each consisting of three students. Group one consisted of two ninth graders and one eighth grader. Group two and three each consisted of three eighth graders, with the female student in group three. Group three was not included in the study due to a lack of consent to use the students’ results for scientific purposes. The activity took place in the mathematics laboratory at the University of Wuerzburg (https://www.didaktik.mathematik.uni-wuerzburg.de/mathe-labor/hp2/?page=introduction (accessed on 25 April 2024)) over the course of two days, totaling six hours.



Subsequently, we made improvements to the task based on observations, student results, and feedback. Difficulties were encountered when implementing the simulation. To overcome these challenges, we updated the simulation to provide clear instructions on how to fill the black box with water. In task 1, students struggled to understand the simulation and therefore could not identify or solve the problem.



The students failed to identify characteristics of the black box in the simulation and proceeded to pour 900 mL into the black box as a solution to the task, without considering the distribution of water amounts. Unlike the pre-pilot participants, who answered the question by identifying attributes of the Water Black Box, the students attempted to make a sketch without comprehending how the black box behaved. As part of an intervention, we instructed the students to closely observe the behavior of the box. Additionally, they were asked to explain their reasoning to the supervisors and verify their results using the actual black box. This intervention was integrated into the redesigned task: “NOTE: The task can be solved without knowing the internal structure of the water box”.



When working on the first task, the students employed both aforementioned approaches to ascertain the output.



In task 2.1, the students generated highly imaginative ideas for the interior components, such as a “floor that detonates at a specific time”. The challenge of identifying the elements within the black box was addressed by utilizing help cards that contained queries such as “How does the water flow from top to bottom?” and more specific inquiries like “Is there a single vessel or multiple vessels?”.



During task 2.2, the students extrapolated the interior of the black box. To validate their models, all students employed the same approach: mentally introducing water into their model and sequentially tracing its path by proceeding step by step. The output of their model was then compared with that of the black box simulation. In cases where discrepancies arose, adjustments were made to the model.



The groups involved in the pilot project each produced a model at the conclusion, which they subsequently validated through simulation based on the hypotheses derived from their model. Figure 5 illustrates the temporal progression of the models developed by one group. Moreover, given that none of the groups had a direct approach to constructing a model of the inner structure of the black box, and taking into consideration the students’ emphasis on the task’s puzzle-like characteristics, we assume that the redesigned activity can be classified as a problem-solving task for the students. Consequently, we did not make further adjustments to the task. In the following section, we outline the process of verifying our assumption.




4.2. Evaluation of the Redesigned Learning Sequence according to Mathematical Problem Solving


4.2.1. Data Collection—Sample


The research was conducted in the mathematics laboratory at the [affiliation of the author] over a two-day period with 24 tenth-grade students. The students were divided into groups of three, with four groups in each room. Video recordings were made of each group. However, due to student illnesses, only six out of the eight groups were able to complete the task. Specifically, Groups 1 and 2 consisted of three male students each, Groups 3 and 4 consisted of three female students each, and Groups 5 and 6 were mixed, Group 5 with two male and one non-binary student and Group 6 with two female and one male student.



The students were supervised by two teachers and pre-service teachers. For the analysis, one recording from each of the three group types was transcribed and coded. Conversations that were unrelated to the problem and problem-solving process, such as discussions about homework, were not transcribed or considered any further.



During the activity, the students received written assistance in the form of support cards and additional support from the teachers. Interventions were allowed during the data collection process. This decision was made because our primary objective was not to analyze problem-solving processes in general, but rather to focus on the specific process within this setting, which intentionally included interventions. The teachers and pre-service teachers were instructed to provide help only in the form of reflection questions or references to the help booklet. Examples of these types of questions included: What are you currently working on? What is your goal? How does your work contribute to solving the problem? Can you explain your model to me? What happens when x ml are filled into the box?




4.2.2. Data Analysis—Categorization System


The videos of three groups were transcribed and subsequently analyzed through qualitative content analysis [47]. Conversations of considerable length that were unrelated to problem solving, such as discussions about homework or leisure activities, were not transcribed and were marked with the symbol #Time# in the transcript.



To address the first sub-question, we conducted a qualitative content analysis using deductive categories in the MAXQDA 2022 software program.



The deductive categories align with the categories identified by Rott et al. [18] in the coding of the problem-solving process. These categories consist of the problem-solving phases outlined in the descriptive phase model, as well as three additional categories that are not directly related to solving the task: digression, organization, and writing.



Digressions are activities that are unrelated to the task at hand, such as discussing homework. Activities that are not directly associated with solving the problem but related to the task are classified as organization. These activities may include, for instance, the functionality of the simulation interface. Writing is an episode where students document their findings, and the process of writing took longer than 30 s [48].



Additionally, we coded the insight that the box is triggered at 800 mL and then dispenses half of the water as interim results of the students during the solution process of the first task.



The changes between the episodes are labelled transitions. Transitions can represent a phase in the problem-solving process but can also consist of zero lines in the transcript.



A description of the codes pertaining to the episodes in the problem-solving process, along with illustrative examples extracted from the transcripts, are listed in Appendix A in Table A1. A detailed description of the codes can be found in the coding manual of Rott [48]. To categorize the episodes, the complete problem-solving process of the student group was first viewed and then coded in a second run. The categorization of the episodes is a macro-level framework; a single sentence within an episode is not considered as another distinct episode.



In addition to the problem-solving phases, we coded the interventions in the implementation, including support cards and teacher–student discussions.



The changes between the phases over time correspond to the transitions between the phases according to the described phase model. Following this, the coded processes were analyzed to discern whether they constituted problem-solving processes or routine processes, to address the second sub-question.



Based on these findings, we address the overarching research question regarding the success of transferring the original learning activity to mathematics teaching.






5. Results


In the following section, the results of the qualitative analysis of the transcripts and videos are presented. Figure 6 displays the problem-solving process of student group 1, including the interventions. The group completed the task within the first day. It should be noted that one pre-service teacher mistakenly informed the group that their model was incorrect, although this was not the case. The students had created an equivalent model, albeit without the use of siphons. In Figure 6, this specific area is highlighted in gray.



Group two and three continued working on the tasks on day 2. The process coding of Group two is illustrated in Figure A1, and the process coding of group three in Figure A2.



In all three groups, the most dominant episode type is exploration. While working on the first task, the episode planning and implementation take place in groups two and three, while group one continues with an exploratory approach. At the end of the first task, all three groups then switch between these phases and verification.



In the second task, all three groups start with episodes of exploration. Then the focus shifts to the planning and implementing and exploration phases. During this stage, episodes of verification occur, and initial solution proposals are also discussed. All groups conclude with the episode verification.



When transferring the process coding to the descriptive phase model according to Rott et al. [18], the gray shaded part was not included in the phase model. This is because including it would require additional transitions that the students would not have performed otherwise. In total, group one underwent 15 transitions, group two had 16 translations, and group three had 17 translations. The cumulated descriptive phase models of each of the three groups are shown in Figure 7a–c.



The descriptive phase models also show similar patterns in terms of the frequency of transitions between the different phases. In all three groups, the most frequent translations occur regarding the episode exploration. Transitions between verification and exploration are the most dominant.




6. Discussion


We have demonstrated through both the descriptive phase model and the chronological sequence of the process that the problem-solving process of the redesigned task is not a linear process. Likewise, based on the process model and the descriptive phase model, it can be inferred that it is not a cyclical process either, as the translations would need to be more evenly distributed.



In addition, with dominance of the exploration phase, we conclude with the descriptive phase model of Rott et al. [18] that this task is a problem-solving task and not a routine task or a routine problem. Therefore, by making small adjustments to the task based on theory, it was possible to redesign the science activity into a mathematical problem-solving task that emphasizes structures and patterns.



Thus, this demonstrates the potential of this approach for incorporation of mathematics meaningfully within the broader field of STEM, as problem solving constitutes an integral component of mathematics [19,20]. Nevertheless, it is important to note that other disciplines within STEM are not neglected, as problem-solving skills hold comparable significance across all STEM domains [49]. Although only minor adjustments were made, these changes are not trivial in any way as the redesign process demonstrates:



The first step of the redesign process is to acknowledge and develop the mathematical potential. Specifically, recognizing the mathematical potential, or even mathematical activities themselves, can be challenging [5,10]. For instance, teachers and even researchers often assign primarily operational activities rather than other mathematical activities that took place in the activity to mathematics, or do not work out the potential [5,10]. One could argue that the tasks analyzed in the review were also designed by non-math teachers. However, the study of Ortiz-Laso et al. [50] provides evidence that even math teachers struggle with identifying mathematical potential.



The second step in the redesign process corresponds to the elaboration of the mathematical potential. This is challenging for teachers within all grade levels [15,50], as it requires specialized mathematical knowledge for teaching STEM and a holistic perspective on mathematics learning. To address this challenge, Ortiz-Laso et al. [50] showed that it requires long-term interventions.



Overall, our study demonstrates that mathematics can be successfully integrated into STEM education. This meaningful integration has the potential to address the barriers and challenges faced by mathematics teachers in terms of the marginalized position of mathematics within STEM. This evidence-based teaching unit does not negate the necessity for comprehensive teacher training but contributes to strengthening the role of mathematics in STEM.



Furthermore, the study emphasizes the practicality of using an established STEM learning unit as a foundation for identifying mathematical potential. This approach enables the utilization of numerous existing STEM learning resources, which currently lack substantial mathematical content, as a valuable resource for the creation of learning units that incorporate mathematics in a meaningful way.




7. Limitations


The results of our study are limited by several constraints within the study method and their implications. One limitation that should be acknowledged is the selection of the task. In the study, we used a biology task that was designed to enhance understanding of models and the cognitive process of modeling. A biology task is generally not a STEM task. However, we considered this unit as a STEM task due to its contribution to the field of science and the incorporation of engineering elements in the development of the model. The only aspect not explicitly covered is technology, which is limited to the simulation.



Another constraint is that we did not verify whether the revised task continues to promote model understanding. However, we made minimal changes to the closed tasks, so we assume that metamodeling knowledge is still promoted. Furthermore, the students stated that they learned during the learning unit that a simulation, particularly the simulation of the black box of water, is a model that cannot fully depict reality. This represents an aspect of metamodeling knowledge, as mentioned by Krell and Hergert [17]. The only adjustments made were to the additional tasks that have been moved upstream.




8. Conclusions


The role of mathematics in the field of science, technology, engineering, and mathematics (STEM) is often perceived as subordinate, with insufficient emphasis on comprehension within the realm of STEM activities [4,5,14]. The issue at hand is not that mathematics is unnecessary for addressing STEM problems; rather, it is the lack of explicit consideration for mathematics or the complete omission of mathematical engagement [10,43]. As a result, the potential for a holistic examination and integration of mathematics is left untapped [4,5]. To address this issue, we redesigned a science activity from a biology class that originally did not explicitly address mathematics. In this process, we explored the mathematical potentials and redesigned the activity into a problem-solving task that still fosters the original objective in science.



Through a qualitative content analysis of the videotaped implementation based on the descriptive phase model of Rott et al. [18], we demonstrate that the redesigned task is a problem-solving one, thereby confirming the success of the redesign.



Since problem solving is an integral component of mathematics and an important (mathematical) competence in STEM, we conclude that our approach demonstrates a meaningful incorporation of mathematics in STEM [8,19].



However, the redesign process also reveals the complex demands for teachers when planning an integrated STEM sequence, highlighting the need to address these skills in teacher training. At the same time, this approach might reduce inhibition regarding the planning of a STEM unit, as teachers can utilize a pre-existing task instead of developing one from scratch.



Based on these findings, we conclude that this approach of revising STEM tasks in the demonstrated way can contribute to strengthening mathematics in STEM.
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Table A1. Description of the coding and example of the coding *.
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	Phase/Code
	Description of the Code **
	Example of the Coding (Extracts of Episodes)





	Analysis
	Understanding the problem, including selecting certain perspectives and reformulating the problem
	S5: What is our task actually?

S6: Yes, okay. Determine how much water would flow into the measuring cylinder in the real water box if a-No, no, I can’t do that now (laughs)

S5: Determine how much-

S6: S5, that’s asking too much.

S5: Determine how much water would flow in the real water box-

S5: I don’t understand.

S6: Determine how much water would flow into the measuring cylinder in the real water box if 900 milliliters were added in one step. Huh? Ah, we’re supposed to find out now if we put 900 milliliters into this funnel?

S5: Yes.

S6: How much then somehow-

S5: It flows in there.

S6: Exactly. 100 milliliters maybe.



	Exploration
	Unstructured approach to solve the problem, including exploration of the problem space and gathering relevant information.
	S4: Okay, and on we go.

S5: Guys, 400 are in. 400 is in, 400 is not out. Another 400 is 800. What runs out?

S6: OK, eh?

S5: 400 runs out when 800 is in.

S4: That means there are 400 left.

S5: There’s 400 left, now I‘ll add another 400.

S6: That’s 1600 now.

S5: Oh no.

S6: Yes. No, it can’t be.

S4: Wait a minute, yes, yes, yes.

S6: No, we have 400.



	Planning and Implementation
	Structured approach to planning to solve the problem and its implementation to the problem
	S8: Then step 2. 200 milliliters remain in the box.

S7: Now we just have to do step 3 and step 4, I think, right?

S8: Exactly, you can start at step-Okay, but we have to check that again.



	Verification
	Verification and testing of the solution or solution assumptions.
	S1: Let’s see if our pattern is correct, that at least 800 are needed the first time.

S2: Yes, wait a minute.

S3: That was the case. That was already here-

S1: Yes, yes, but we need more than 2.

S2: Shall I do it with 200?

S3: Yes.

S1: Then 300.

S1: Then 400.

S3: No, then we’re at 900.

S1: Yes?

S3: Yes, but—yes, okay.

S2: Yes, but then we can’t say #00:32:10#

S1: Although, yes, yes, then do another 300.

S3: That should be 400 now. (6 sec.) Yes.

S1: Yes, that fits.



	Solution
	Students’ solutions to tasks, including solutions that the students have named as the final solution, regardless of whether the students have further engaged with the task after an intervention.
	Solution followed by this conversation.

S9: So, we have to contact the teacher now. So, no.

S8: Let’s just say: We’re done.

[…]

H1: Have you finished yet?

S8: Yes.



	Organization
	Task-related work, but no content-related work
	S8: No, but you’d better not take my sketch, I scribbled on it a bit.

S9: Yes, otherwise I would have copied it in now and put #00:21:59# on it again.

S8: Oh, we still have a bit of time.

S9: I can draw it again. That’s not bad.



	Digression
	Conversations that are not related to problem solving
	S5: Wait a minute (.) Let’s chill.







* The examples were translated by the author. Conversations that are not related to problem processing are marked with #Time#. The students are referred to as S, the teachers as L, the pre-service teachers as H, and the task designer as B. ** For a detailed description of the codes see Rott [48].
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Figure A1. Process coding of group 2. 
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Figure A2. Process coding of group 3. 
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Figure 1. Representation of the descriptive phase model of problem-solving processes according to Rott et al. [18] (p. 746). 
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Figure 2. (a) Photo of the physical Water Black Box; (b) schematic representation of the interior of the Water Black Box based on [17]. 
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Figure 3. Simulation of the Water Black Box (translated by the authors). The simulation is available at https://www.didaktik.mathematik.uni-wuerzburg.de/mathe-labor/hp2/tmp/Blackbox/top/blackbox.html (accessed on 25 April 2024). 
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Figure 4. Assignment of the original task [45] (p. 99, translated by the authors). 
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Figure 5. Progression of the developed model of the inner structure of the black box. The green objects represent containers, the yellow lines represent siphons, and the black triangle splits the water in half. (a) First model and its validation of an input of 800 mL, translation: triggers at 800 mL; (b) second model of the inner structure with description of what is contained in the second panel; translation: triggers at 400 mL; (c) final model of the inner structure, translations: 600 mL limit (triggers) [left]; 400 mL limit (triggers) [right]; target/barrel [bottom]. 
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Figure 6. Process coding of group one. 
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Figure 7. Description of the problem-solving process using the descriptive phase model. (a) Group one; (b) group two; (c) group three. 
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Table 1. Translated tasks of the Black Box Activity.
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	Task





	Task 1
	Imagine that you pour 900 mL of water into the funnel all at once. Predict how much water would then flow into the measuring cylinder. Write down your estimation and provide a justification.

NOTE: You have space for taking notes on the following page.



We assume that, after adding 900 mL of water, _____ mL will flow into the measuring cylinder.



	Task 2
	Let us now consider the amount of water that flows out of the water box when an arbitrary amount is poured into it.



	Task 2.1
	First, note down which elements (connections, vessels, …) could potentially be inside the box.

Compare your ideas with the suggestions on the “Explanations for task 2.1” card.

Add additional elements if needed.



	Task 2.2
	Now, consider how the interior of the water box could be constructed. Create a sketch and explain the rationale behind the structure you have chosen. Be sure to refer to your results from task 2.1!

NOTE: There is space for notes on the next page.



	Task 2.3
	Make three predictions with your model of the internal structure and check whether you can confirm them with the simulation.

Prediction 1:

“If 300 mL + 100 mL + 200 mL + 300 mL are added, ____ ml will flow out of the box.”

Result in the simulation: _____ ml

Our prediction was ☐ correct ☐ incorrect.










 





Table 2. Comparison of inputs and resulting outputs with a total addition of 900 mL in two different splits.
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	(a)
	Input
	Output
	(b)
	Input
	Output





	
	100 mL
	-
	
	400 mL
	-



	
	200 mL
	-
	
	400 mL
	400 mL



	
	400 mL
	-
	
	100 mL
	-



	
	200 mL
	450 mL
	
	
	



	Total
	900 mL
	450 mL
	Total
	900 mL
	400 mL
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1. Pour 400 ml into the black box.
. Record in the data table:

..How much water you have filled in ("Input")
..How much water ran out ("output”)

...How much water remained in the black box.

. Draw a model of the inside of the black box.

. Based on the model you have drawn, formulate a hypothesis about
what could happen when the next 400 ml are added. (Specify in ml)

. Enter your hypothesis in the data table. ("Expectation”)
. Start again at step 1.
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