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Abstract: The propagation of rumors on online social networks (OSNs) brings an awful lot of trouble
to people’s life and society. Aiming at combating rumors spreading on OSNs, two novel rumor-
propagation models without and with time delays are proposed, which combine with the influence
of the immune mechanism, isolation mechanism and network structure. Firstly, we analyze the
existence of rumor equilibria and obtain some existence conditions of backward bifurcation. Secondly,
the local stabilities of rumor-free and rumor equilibria are proved by using the Jacobian matrix
method, and some critical conditions for the existence of Hopf bifurcation are acquired by selecting
critical parameters and delays as bifurcation parameters. Furthermore, an optimal control method is
proposed, which can prevent the spread of rumors within an expected time period and minimize the
cost of control. Finally, some numerical simulations are provided to verify the effectiveness of the
proposed theoretical results.
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Rumor-Spreading Model with

Isolation Mechanism. Mathematics The current information age has witnessed the emergence of various communication
2022, 10, 4556. https://doi.org/ platforms and online social network software, which provide convenience for users to
10.3390/math10234556 obtain all kinds of information [1]. As an attractive information statement, a rumor catches

people’s attention naturally. It spreads rapidly and widely on OSNs since the content is
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close to people’s daily life [2-4]. For example, the rumors that ‘eating garlic can cure cancer’

Received: 7 November 2022 and ‘smearing ginger can cure hair loss’ spread widely on OSNs. As a result, some users
Accepted: 29 November 2022 believe these rumors and miss the best treatment period. Another well-known example is
Published: 1 December 2022 about the treatment of COVID-19, such as the claims that drinking Banlangen, fumigation

vinegar and Shuanghuanglian oral liquid can prevent COVID-19, and the thicker the mask,
the better the antiviral effect. This rumor not only reduced the public’s vigilance to the
published maps and institutional affil- VTS but also intensified the anxiety and panic to a certain extent. Hence, the spread of
{ations. rumor has a negative impact on people’s lives [5,6]. It is of great significance to explore
spreading rules and propose some feasible control methods to prevent the spread of rumors
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science and technology, the spread of rumors on social media has gradually replaced oral
communication and become a new mainstream way. Therefore, some new research meth-
ods have been proposed by scholars. In 2001, Zanette [10] first applied complex network
theory to the study of rumor spreading. After that, an increasing number of scholars began
to investigate the rumor propagation model on small world networks [11-13], uniform
networks [14-16] and scale-free networks [17,18].

With the widespread use of new Internet media and the occurrence of frequent emer-
gencies in the past few years, research about rumor spreading on OSNs has also been
widely carried out [19-21]. Meanwhile, a growing number of attention has been paid to
the influence of group psychological characteristics [22-26], government refutation [27-29],
the immune mechanism [30] and the educational mechanism [31]. In addition, the authors
studied a rumor spreading model with homogeneous network, and introduced expert
intervention strategy into the model in [32]. In [33], an impulsive rumor-blocking strategy
was proposed, in which the rumor users were isolated for a limited period and the optimal
control method was applied to save cost. Different from the above articles, considering
the difference in regulatory capabilities of network platforms, a kind of forced silence
mechanism was introduced to suppress the spreading of rumors in [34,35]. In practical
application, the forced silence mechanism can be realized by forbidding the rumor dis-
seminator. Unfortunately, these useful models were all proposed in a single language
environment, rarely involving multiple language environments.

Multilingual OSNs refer that there are multiple languages on social platforms. The
emergence of a large number of social network platforms has greatly facilitated people’s
communication. At the same time, online translation and other software also provide
convenience for information exchange between multiple languages. Therefore, it is of great
practical significance to study the spread of rumors on multilingual OSNs. There are some
results [36-39] about rumor spreading in multilingual environment. In [36], an [252R rumor-
spreading model was proposed in homogeneous complex networks, and the global stability
of the rumor-free and rumor equilibria was proved. In [37], a multilingual SIR rumor-
spreading model with a cross-transmitted mechanism was established. In [38,39], two
rumor-propagation models with heterogeneous networks were proposed. In the process
of rumor spreading, it is an effective way to isolate the rumor disseminator or forbid the
users. Therefore, it is meaningful to study the rumor-transmission model with the isolation
mechanism. However, as far as we know, there is no research on the modeling and control
of rumor propagation with the isolation mechanism in a multilingual environment.

Based on the above-mentioned factors, in this paper, we propose two new rumor-
propagation models with an isolation mechanism on multilingual OSNs. In the model,
all users are divided into six categories, including two types of ignorants, two types of
spreaders, quarantined users and recovered users. We abbreviate this type of model as
the 2I12SQR model. Moreover, we study the dynamic behaviors of the model, and propose
an optimal control by using the Pontriagin maximum principle to minimize the control
cost. The main contributions of this paper are as follows. Firstly, based on some basic
assumptions, a rumor-spreading model with quarantine control is designed on multilingual
OSNs. The existence of a rumor equilibrium is analyzed, and some conditions for the
existence of backward bifurcation are obtained. Secondly, we prove the local stability of the
rumor-free and rumor equilibria without and with time delays. Concurrently, by selecting
the critical parameters and the time delays, some conditions for the existence of Hopf
bifurcation are given. In addition, using the optimal control theory, an optimal control is
obtained, which can minimize the objective function and suppress the spread of rumor.

The rest of this paper is arranged as follows. In Section 2, a novel rumor-propagation
model without time delay is proposed, and the dynamic analysis of the model is given. An
optimal control is proposed to optimize the isolation mechanism in Section 3. In Section 4,
a rumor-propagation model with time delays is given, and the dynamics of the model is
studied. The validity of the theoretical results is verified by several numerical simulations
in Section 5. Section 6 concludes this paper.
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2. 2I12SQR Rumor Model without Time-Delay

In this section, a rumor spreading model without time-delay is proposed on OSNs
with multilingual environment, and the dynamics of the model is carefully analyzed.

2.1. Model Formulation

Users may speak multiple languages on an OSN when they come from different
regions or countries. According to the language ability, we classify users into two groups.
The first group is the ones who can speak both the official language and unofficial language,
but they are more likely to browse the information published in the unofficial language
when they are skimming through the web, and they also prefer to edit it in the unofficial
language. The second group is the ones who can only speak the official language. In
our model, we divide users into six categories. Ignorants-1(I;(t)) and Ignorants-2(I(t))
represent the ratios of users who are not aware of the rumor in the first and second groups.
Spreaders-1(S;(t)) and Spreaders-2(S,(t)) denote the ratios of users who know the rumor
and spread it in the first and second groups, respectively. Quarantined (Q(#)) denotes the
ratio of the user whose communicator is temporarily banned. Recovered (R(t)) represents
the ratio of the individual who knows the rumor and no longer spreads it. Moreover, the
densities satisfy I1 () + I (t) + S1(t) + Sa(t) + Q(¥) + R(t) = 1.

Based on the mention above, the following detailed assumptions are presented before
we establish the rumor-spreading model on OSNs with a multilingual environment:

(1) Assume that the immigration rates are denoted by B;(i = 1,2) for the first and
second groups, respectively. The removed rate is represented by d.

(2) In the process of rumor spreading, I (f)(or I (t)) will turn into Sy (¢) (or S»(t)) with
conversion rate a1 (or ap). In addition, S; will change to S, with a certain probability p to
expand the spread range of the rumor.

(3) When I (t) (or I(t)) glance over a rumor, they will choose to disbelieve the rumor
and transform into R(t) with probability p(or y) because of the level of their education
(identifying the rumor) or not being interested in the rumor. After spreading the rumor for
a period of time, Sy (t) (or Sy(t)) will change into R(#) with probability B (or B2) on account
of losing interest or other factors. Similarly, the Q(#) will turn into R(t) with probability ¢
after passing the compulsory prohibition.

(4) When a rumor spreads on OSNs, the network regulatory authorities will prohibit
the propagation of the rumor according to the number of communicators with a certain

ajfls(]t()t) , (i =1,2), where
r; > 01is the probability of partition, and o; > 0 is a half-saturation constant that measures
the isolation delay index. If 0; is small, then the efficiency is high.

On the basis of these facts, By, By, a1, a2, 1, 42, B1, B2, d are all positive constants. The
process of rumor spreading is shown in Figure 1. The dynamics of the rumor-propagation

model in a multilingual environment is established as follows:

proportion. We describe it by a quarantine function 4;(S;) =

) By~ s (051(6) — o (1) — (),

dlcziit) = By — (Kaxla(1)Sa2(t) — pala(t) — dDa(t),

ds(;t(t) = (ke L (£)S1(t) — Ulrfls(f()t) — B1S1(t) — pS1(t) — dS (1), .
20 (yayly (1)52(8) + p51(1) - ;f;(;()t) — BaSa(t) — dSa (1),

G _ 8O o) - dou),

dﬁ%’f) = B1S1(t) + B2Sa(t) + a1 (£) + cQ(t) + paln(t) — dR(t),
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where (k) = Y/, kP(k) denotes the average degree of the individual, P(k) stands for
the probability of an individual with degree k and satisfies }} ; P(k) = 1. The initial
conditions satisfy

I;(0) >0,1,(0) > 0,51(0) >0,52(0) >0,Q(0) >0,R(0) > 0.
Thus, according to the above conditions, the positive invariant set of system (1) is
0= {(Il/IZISl/SZIQ/R) S R; : Il + 12 +Sl + SZ + Q+R = 1}

Since Q(t) and R(t) do not affect other equations of system (1), we simplify system (1)
as follows:

dggt) = By — (k)ar [1(£)S1(t) — pa la (£) — d Iy (8),

dIcZigt) = By — (k)ag(t)Sa(t) — pala(t) — dlx(t),

dsjt(t) = (Ko ly (£)S1(t) (ﬁrl—fls(f()t) BS1(t) — dS1(6) — pS1(6), @)
dS;t(t) — (K)aa L ()Sa(t) + S (t) — @rf%  BaSalt) — dSa (1),

with the initial conditions I;(0) > 0, I(0) > 0, S1(0) > 0, and S»(0) > 0.

Figure 1. The state transition diagram of 2I2SQR model.

Remark 1. Although some rumor-spreading models on OSNs have been proposed in [19-21,34,35],
they are only used to describe the spread of rumors in a single language environment. In this paper,
an new multilingual rumor propagation model is established. In particular, when I; (t) = S1(t) =0
in system (1), it will be simplified into a language rumor propagation model. Therefore, the model
proposed in this paper has a wider application.

2.2. Existence of Equilibria

It is easily to verify that system (2) always has a rumor-free equilibrium, which is
given by

f- {0 200l
+uy d+u

By using the next generation matrix method [37], we calculate the basic reproduction
number R, which is defined as

Ro = max{RNo1, N2}, 3)
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<k>0‘lBlJl Ry — <k>0€2820’2
d+m)[rn+Brrp+rdo] "> ([d+u)[r+ (B +d)o]

Next, we will determine the existence of a rumor equilibrium. Supposing that
E* = (I, I;,5%,55) is a rumor equilibrium, then it satisfies

where %01 =

Bl — <k>a11f51‘ — ‘11111* — dlik = 0,
Bz — <k>0&2[§5§ — ‘MZI; — dlik = O,

(Raalis — e +15T — B1S} —dS; —pST =0,
* Q% * 1’25§ * *
<k>0€212 Sz + Psl — o + S; — ﬁZSZ - dSz = 0.
Therefore, it has
B
I = By I = 2

(kya1 S5+ p1 +d’ (k)apS% 4+ pp +d’

Moreover, S} and S are determined by the following equations:

a2(S7)? + @157 +ag =0, 4)
b3(S3)% 4+ b2(S3)* + b1S5 + by =0, (5)

where

ag = (p1 +d)[r1 +01(B1+d +p)](1 — Ro1),

a1 = riay (k) + w01 (B1 +d + p) (k) + (w1 +d)(B1 +d + p) — Bras (k),
ay = ar(B1+d+p)k),

bo = p(p2 +d)02S7,

by = [r2+ (B2 + d)o2] (2 +d) (Ro2 — 1) + [paa0a (k) + p(p +d)]S7,

by = aaBa (k) + a2pS7 (k) — aa(k)[r2 + (B2 + d)oa] — (B2 +d) (2 + d),
b3 = —<k>0¢2(52 + d)

Firstly, we will solve the positive solutions of Equation (4) with respect to S. For
convenience, we denote

1 L =Ba (k) + (o1 (k) + p +d)(Br +d +p)?
o day (k) (B1 +d+p)( +d)[n+o(Br+d+p)]

By simple calculation, the following results can be obtained.

(i). If Rp; > 1, Equation (4) has a positive solution.
(ii). If Rp; = 1, Equation (4) is transformed into
12(S7)? + a1 = 0. (6)

Obviously, Sf = 0or 5 = —L > 0ifa; <O.

(iii). If Rp; < 1and a; < 0, the following results can be easily verified.
(1). If Ryy > Ro1, Equation (4) has two positive roots.
(2). If Ry = Ro1, Equation (4) has two equal positive roots — 2’1712
(3). If Rp; < RNp1, Equation (4) has no positive root.

Next, we will consider the positive solutions of Equation (5) with respect to S;.
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Case (1). It is clear that by = 0 when S} = 0, then Equation (5) is transformed into
b3(53)° +D2(53)* + 1153 = 0, 7)
where El = [7’2 + (ﬁz + d)Uz](‘uz + d)(ﬂ%gz — 1), Ez = 06232<k> — 062<k> [1’2 + (ﬁz + d)o’z] —
(B2 +d) (2 +d), by = —(k)az (B2 +4d).

Apparently, S; = 0 or b3(S5)? + ba(S3) + by = 0. Let us discuss the solutions of the
following equation:

b3(S3)* + ba(S3) + by = 0. ®
By calculation, it has
hh>0Rp>1, h=0Rp=1, bj<0< Ry < 1.
We denote

g — 1 [22Ba(k) —aa(k)[r2 + (Ba + d)on] — (B2 +d) (2 + d)?
02 4{kyaz (B2 + d)[[r2 + (B2 + d)o2] (2 + d))] ‘

Then, the following conclusions are obtained.

(i). If Rgp > 1, Equation (8) has a positive solution.

(ii). If Rpp = 1, Equation (8) has a solution S5 = 0 or S; = —% > 0 if and only if by > 0.

(iii). If Rop < 1 and b, > 0, one of the following three cases holds
(1). If Rop > Roo, Equation (8) has two positive roots.

(2). If Rz = Roa, Equation (8) has two identical positive roots 55 = —25723.
(3). If Rpp < Roo, Equation (8) does not have a positive root.
Case (2). When S7 > 0, it has by > 0. We denote
G(S3) = b3(83) + b2(S5)% + b1 S5 + by = 0. )

Then, the discriminant of the cubic polynomial G(Sj) is given by
D = b2b3 + 18bgbybybs — 4byb3 — 4b3bs — 27b313.

By simple calculation, G(S3) has one real root and two complex roots if D < 0. G(S3) has
three real roots (at least two of which are equal) if D = 0, and G has three distinct real roots
if D > 0. In order to analyze the roots of Equation (5), the following lemmas are given:

Lemma 1. Suppose that ayo5 (k) > ppy +d, then by < 0if by < 0.

Proof. According to wp0y (k) > pp + d, we have

by = ayBa(k) + azpSi(k) — az(k)[r2 + (B2 + d)o2] — (B2 +d)(p2 +d)

0(232<k> + DészT <k> — QoTp <k> — (ﬁz + d) (0’20(2 <k> + puy + d),

w209 By (k) — [r2 + (B2 + d) 2] (2 + d) + [paaoa (k) + p(p + d)]ST
{

by =
= a02By(k) —r2(pa +d) — 02(Ba + d) (2 + ) + poaaz (k) ST + p(p + d) Sy
> oa[aaBa(k) — raaz (k) — (B2 +d)(p2 +d) + pazSy (k)] + p(u + d)S7
> oafapBy(k) — raaa(k) — (Ba + d) (a202(k) + po +d) + pas Sy (k)] + p(p + d)S7
> 0by.

Since 0, > 0, it is easy to obtain that b, < 0if by < 0. O



Mathematics 2022, 10, 4556

7 of 29

Lemma 2. If ap0y (k) > pp + d holds, Equation (9) has one positive root.
Proof. By deriving Equation (5), we can obtain
G(S3) = 3b3(S3)% + 20,5 + by.

Denote the roots of G(S3 ) =0 by x*, then one of the following three cases holds:

(). D < 0. Using the fact that G(0) = by > 0 and limg; o, G(S;) = —oo, it follows that
the real root is positive.

(ii). D = 0. Solving the roots x™ and x~, we find that Equation (5) has one positive root.

(iif). D > 0. The analysis method is similar to (ii), and Equation (5) has one positive root.

Note that there is only one positive root in the previous three cases. Therefore,
Equation (5) only has one positive solution Sj if ay02 (k) > pp +d and by > 0.

Based on the above analysis, the following theorem is given to ensure the existence of
the rumor equilibria. O

Theorem 1. For system (2), Ro1 and Rop are defined as Equation (3). The following conclusions
about the existence of the rumor equilibria are presented.

(1). For the case of by > 0 and apoy (k) > pp +d:

If %1 > 1, there is a unique rumor equilibrium point EJ.

If Ro1 = Land ay < 0, system (2) admits a unique rumor equilibrium point EJ.

If Ro1 < Row < Land ay < 0, there are two rumor equilibrium points Ef and Ej in system
(2), and no rumor equilibrium point when a; > 0.

If Ro1 = Ro1 < 1and ay < 0, system (2) admits a unique rumor equilibrium point E¥, and
no rumor equilibrium point when a; > 0.

If Roy < N1 < 1, system (2) has no rumor equilibrium point. (2). For the case of St =
0(by = 0):

If Rop > 1, there is a unique rumor equilibrium point EJ in system (2).

If Rop = 1and by > 0, system (2) admits a unique rumor equilibrium points E.

If Roa < Roz < 1and by > 0, there are two rumor equilibria Ef and E} in system (2), and no
rumor equilibrium point when by < 0.

If Rop = Rop < 1and by > 0, system (2) admits a unique rumor equilibrium point E, and
no rumor equilibrium point when by < 0.

If Rop < Rop < 1, system (2) has no rumor equilibrium.

We find that the conditions for the existence of a rumor equilibrium are very compli-
cated. Under different conditions, system (2) may have different equilibria. Based on the
above theorem, it can be seen that there exist rumor equilibria in system (2) when Rp; < 1
and Ry, < 1. For instance, when Ry; = 0.89 and Ry, = 0.86, the backward bifurcation
graph of the system (2) is shown in Figure 2.

0.2
0.12}
0.1y 0.15[
0.081
~
. - v 01
9 0.06t
0.041 0051
0.02}
0
0.85 08 085 09 0.95_

(b)

Figure 2. (a) The backward bifurcation graph of S} and the basic reproduction number R¢;. (b) The
backward bifurcation graph of S5 and the basic reproduction number Jp,.
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2.3. Stability and Hopf Bifurcation of the Equilibria

In order to study the evolution tend of the solution of system (2), we need to analyze the
stability of the equilibrium. Based on Theorem 1, system (2) may have multiple equilibria.
It is very difficult to analyze the global stabilities of the rumor-free and rumor equilibria.
Therefore, we will discuss the local stability and Hopf bifurcation of the equilibria.

Theorem 2. For system (2), the rumor-free equilibrium E is locally asymptotically stable when
Ro < 1 and unstable when Ry > 1.

Proof. The Jacobian matrix of system (2) at Ey is given as

a1 By (k)
~(+d) 0 — e
14
J(Eg) = 0 —(p2+4) 0 o 121+2}¢2
0 0 0 wBi(k) _ [r1t+o1(B1+d+p)] 0
i o Bk Irton(Batd)]
T %
0 0 p e - b

Then, the characteristic equation is equivalent to

A —

@il [y - el g, )

X (A+pu+d)(A+pu,+d) =0.

Thus, At = — (i1 +4), Ay = — (i +d), As = AL (0, 1), 2, = [tezifo )

X (Rpp — 1). Since Ry < 1,ithas A3 < 0and A4 < 0. Based on the stability theory, we can
conclude that Ey is locally asymptotically stable. Otherwise, Eg is unstable if ®p > 1. O

Lemma 3 ([40]). Foranya > 0andb > 0, z:fd’é—(tt) > b—ax(t) fort > 0and x(0) > 0, it has

lim; oo inf x(2) > b.g dx(t) <b—ax(t)fort > 0and x(0) > 0, it has lim;_, { oo sUp x(t) < b
a dt p a

Theorem 3. For system (2), the rumor-free equilibrium Ey is globally asymptotically stable if
§R01—|—( <1and§R02—0—( )]<1,

11 2
T+0q)[r1+o1 (B1+p+d)] 1+07)[r2+02 (B2 +d

Proof. Based on system (2), it has

dh (t)
dt

= B] — <k>0(111(f)51(t) - “u]h(t) — dIl(f)
<By — (p1 +d)L(t).

By Lemma 3, one can obtain that

lim sup I (t) < Bi (10)

b= +00 pp+d

Hence, for any 1 > 0, there exists t; > 0 such that I; (¢) < V]B}r 7 + €1 fort > t1. Then, when
t > t1, one has
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ds&ft) §<<k>a1(leJ1rd +e1) — (ﬁ +p1+p +d)>51(t)
_rn+Br+d+p)o r
== 1le l{%l1+(1+(71)[71+011(ﬁ1+P+dﬂ
oy (k)aier
r+ (B +d+P)f71]Sl(t>'

_ _ 2l oy (k)areg
Denote w(e1) = Ro1 — 1+ merra @) T nrrdrom
theorem, one can obtain that

51(0) < 51(0)exp { T ALEET A ey

. According to comparison

Because Rg; + ETa < 1and &1 > 01is an arbitrarily small real number, we

"
r1+o1(B1+p+d)]
can chose €1 > 0 such that w(e1) < 0. Therefore, lim;—; 1 S1(t) = 0.

Next, we prove that lim;_, ;o Sz(t) = 0. Similarly, for any €, > 0, there exists t; > 0

such that I(t) < % + ey and Sy(t) < g for t > 5. Then, for t > t5, it follows that

- M([Zﬂm [%02 BRI 202(52 +d)]
Denote @(ez) = Rop — 1+ (1+az)[rz~r+202(ﬁz+d)] + Z(f&?fdp)f By using comparison theorem,

one can obtain that

r2+ (B2 +d)o

Sa(t) < SZ(O)exp{ o

(D(sz)t}.

Since Ry + F 02)[?2202( B )] < 1and & > 0is an arbitrarily small real number, then we

can chose €; > 0 such that @(e;) < 0. Therefore, lim;_; 1 Sz(t) = 0.
Due to lim_, 1 S1(t) = 0, then for any €3 > 0, there exists t3 > 0 such that S1(t) < &3
for t > t3. Therefore, it has

dli(t)
dt

= By — <k>lx1[1(t)51(t) — }1111(t) — dIl(t)
>B1 — (<k>0€183 +pu + d)ll(t)

By Lemma 3, one can get that lim;_, 1o [1(£) > By Let e3 — 0, it follows that

= (Karez+p+d-

lim inf I (f) > B

. 11
t—to0 1 +d (1

In combination with (10) and (11), it is clear that lim;— 1 L1 (t) = Similar to the
_ B
- }lzid '

By
ui+d:
This proves that the equilibrium

analysis of [ (t), we can obtain that lim;_; e I> (#)
Ey is globally asymptotically stable. [



Mathematics 2022, 10, 4556

10 of 29

In order to facilitate the subsequent analysis process, we denote

Hi(S]) = mS{k) + (2o + 01+ Os —al{ (),
GS1) = (517 + O (@iSi () + 0s) ~ wiliOs (k)
Ho(85) = S5 (K) + (0 4+ 02+ 00—l (),
@@p:(éf%+®mwgw+@g—@mmm,

where @1 =1 +d+p, 0, =P +d, O3 =1 +d,and Oy = pp +4d.

Theorem 4. Suppose that E is the rumor equilibrium of system (2). If H;(S¥) > 0and G;(S}) >
0, for i = 1,2, then EJ is locally asymptotically stable. Otherwise, E7 is unstable.

Proof. The Jacobian matrix of system (2) at E] is expressed as

—a,5; (k) — O3 0 —a 13 (k) 0
B 0 —a25§ <k> — @4 0 —thI; <k>
J(E}) = aq S (k) 0 ap I (k) — ﬁ -0 0
0 053 (K) 0 w2k - 2% -0

The characteristic equation for matrix 7 (Ej) is as follows:

(A2 + Hi(S1)A + Gi(87)) (A% + Ha(S3)A + Ga(S3)) = 0. (12)

Denote
A2+ Hy(S)A+ Gy (S7) =0, (13)
A%+ Hy(S3)A + Ga(S5) = 0. (14)

According to the Routh-Hurwitz criterion, the rumor equilibrium EJ is locally asymptoti-
cally stable when H;(S;) > 0 and G;(S;) > 0, i = 1,2. Otherwise, it is unstable. []

Remark 2. In Theorem 4, we give a criterion for the local stability of the rumor equilibrium E7.
From Theorem 1, it can be seen that there are many cases above the rumor equilibrium in system (2).
In either case, the criterion of Theorem 4 is applicable since it is of a general form. When system (2)
has two equilibria, each point may be locally stable under different conditions. Therefore, it is very
meaningful to give the threshold from stable to unstable for the equilibrium of system (2).

Based on the definition of H;(S}) and G;(S}), i = 1,2, we let

(a1} (k) — a1 S} (k) — ©1 — O3) (07 + S})?

?1 - 7
0
kYO S
?1 _ ( 0‘1*]< > 3 7®1)(0.1+ 1)’
06151 <k> + @3 (%]
o (D3 (k) — 1255 (k) — @2 — ©y) (02 + 55)°
2 o ’
5 ap I3 (k) Oy (2 +S3)
= — @ ,
"2 (06255 <k> + @y 2) 0

and

71 = max{?, 71}, 72 = max{fp, #2}.
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Then, the following theorem is given.

Theorem 5. For system (2), the following conclusions are true.

(1). If r1 > 7y and ry > 7o, the rumor equilibrium EJ is locally asymptotically stable,
otherwise, EJ is unstable.

(2). System (2) has a Hopf bifurcation at ry = 71 or r = To.

Proof. Let H;(S}) = 0 fori = 1,2, then one can get r; = #;. By simple calculation, we can
obtain that H;(S;) > 0if r; > #;. Similarly, let G;(S;) = 0 for i = 1,2, then it follows r; = #;,
and GZ(S:‘) > 0ifr; > #;.

For the case of #; > 71, consider r; in the neighborhood of 71, then Equation (13) has
two positive roots, which are given by

—Hi(S]) £ (Hi(S})? 4G (S}))2

Mo = >
The derivative of r; can be obtained:
dlp o 1 2Hy(57) @Sk + )
drq 2(0q +5%) 4{\/1_11 —4Gy(S}) (01 + 57)? o1+ 53
When rq = 71, one has
dAp, o) 1 o1(a157 (k) + ©3)

= + "
drq 2(0y + ST)Z 2 /Gl(sik) o1+ 8]

Obviously,

dRe()\l,z)
d?’l

d)\Lz (%]
‘1’1:7°1 = Re(Tﬁ|71:?1) = T 57- | cx\2 # 0

2(0’1 + ST )2
Therefore, there is a Hopf bifurcation at ry = 7.
Similarly, for the case of 7, > #,, we can obtain

dRe()\3,4)

dAs 4
d?’z ‘72:}22

= R ( dr |72:172) = (0_ +S*)2 7&0

Hence, there is a Hopf bifurcation at rp = #5.
For the case of #; > 71, consider 7 in the neighborhood of 71, so Equation (13) has one
positive root, which is presented as follows:

—Hy(S}) + (H1(S7)? —4G1(S7))

NI=

As = >
The derivative of r; can be obtained:
dAs 01 1 % (%] (%1 (0‘15)‘< <k> =+ ®3)
dri ~ 2(c + %) [ZHl(Sl)((T + §%)2 —4 al—i—S* )
1 1 4\/H1 (S1)2 — 4Gy (S3) 1+ 5] 1+ 5]

When rq = #1, one has G1(S]) =0, H1(S]) >0,

d}\5 (%]

drl |71 =7 = _Hl(ST)(Ul +Si‘) (01S7(k) +@3) #0

Hence, there exists a Hopf bifurcation at r; = 71.
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Similarly, for the case of #, > 7, we can obtain

d)\6 (%)

d |7’2 72 = _HZ(SE)(UZ +S§) (0‘28>2k<k> +®4) ?é O

Therefore, there exists a Hopf bifurcation at rp, = #,. O

Remark 3. In this paper, we introduce the isolation mechanism to the rumor-spreading model
and study the local stability of the equilibrium. Our purpose is to give the condition of rumor
extinction by choosing the control parameters. As we all know, the basic reproduction number Ry is
an important reference index. However, we find that system (2) may contain a rumor equilibrium
and it is locally stable when Ry < 1. Therefore, it is difficult to give the criterion of rumor extinction
under any initial condition.

3. Optimal Control Model

In system (2), the isolation mechanism is applied to suppress the spread of rumor,
in which the isolation rates r; and r, are constants. In this section, we will consider the
time-varying isolation mechanism. In order to reduce the control cost and achieve the
desired control effect, we use the optimal control method to optimize the control cost. The
model with the isolation mechanism is as follows:

dlglgt) =By — (k)ar 1 (£)S1(t) — ur 1 () — dI;(¢),

dljlit) = By — (yaaLa(£)S2(t) — pa o (t) — dIx(t),

T = Wmn(08:(0) ~ 2L~ 0i510) 450 —p5i0),

d52() r(t)Sa(t) (15)

T (kK)axIr(t)S2(t) + pS1(t) — ot 52D B2S2(t) —dSa(t),

dQ(t) _ ri(H)Si(t) | ra(t)Sa(t)
ar 0'1 n Si(t) Tt S Q) —dR),
dR()

“ar B1S1(t) + B2S2(t) + pr L1 (t) + cQ(t) + pala(t) — dR(t),

where the control 71 (t) and r;(t) are isolation rates of the social platform. Considering the
number of rumor spreaders and control cost, the following objective function is established:

J(ri(t),r2(t)) = /OT[ulsl(t) + uSy(t) + ugr%(t) + ugr3(t)]dt. (16)

where p1, o, u3 and 4 are positive numbers, which are trade-off parameters among these
items. T is the expected control time.

The feasible region of r1(t) and ry(t) is U = {(r1(t),r2())|0 < ri(t) < 1,0 <
r2(t) < 1,t € (0,T]}. Optimal control r and r3 satisfy J(r,75) = min{J(r1(¢),r2(t)) :
(n(t),r2(1)) € U}.

In order to obtain the optimal control, we construct the Lagrangian function:

L(S1(t), Sa(t), 71(t), 72(t)) = u1 Sy (t) + uzSa(t) + uzry (£) + ugrj ().

The Hamiltonian function is defined as
H(Ii(t), Si(t), Q(t), R(t),ri(t), Aj(t)) = L(Si(t),ri(t)) + A(t)P(Li(t), Si(t), Q(t), R(¢), 7i(t)),

wherei = 1,2,j = 1,2,...,6. A(t) = (A1(t), A2(t),..., Ae(t))T,P(I;(t), Si(t), Q(t), R(t),
ri(t)) = (dll() d(t) dL(t) d(t) dSi(t) dSz(t))T
! dr 7 df 7 df 7 dtf 7 dr 7 dt .

Using Pontryagin’s maximum principle, the following theorem is given.
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Theorem 6. Let Iy, I, S1, S5, Q and R be the optimal states of system (15) under the optimal
control (r],r5). Then, there exist adjoint variables Ai(t), j =1,- - - , 6 satisfying

d)‘cit(t) = A (t)((R)ar Sy + p1 +d) — As(8) (K)arS1 — Ag (),
dAéf D= M) ({maSa + 2+ d) = Aa(B){RhmaSs — Ag(Dpi
d)%(t) = —uy+ A (karly — Az(H) [(k)ar [y — (;;:le)z —d—p1—pl
r1(t
— Aa(B)p — A5(t)(011£r)g)z — As(t)B1,
dAy(t , p, "t
c;if( ) _ _ up 4+ Az (kyaoly — Ag(t)[(k)azly — (022:_)522)2 — P2 —d|
ra(t)os
— A5(t)m - A6(t)ﬁ2/
d"d5t(t> — As(B)(c +d) — Ag(b)c,
Do) _ rgtd,

with the transversality conditions A;(T) = 0. Optimal control 1} and r5 are given by

ry= rnax{min{i(/\3 — AS)ASl ,0}, e},
2uz(oy + S1)

5= max{min{i(/\4 — /\5)§2 ,0}, r ™},
2uy(on + S2)

Proof. Let I (t) = I}, L(t) = I, S1(t) = 1, S2(t) = S5, Q(t) = Q and R(t) = R, using
Pontryagin’s maximum principle [41], we obtain the following adjoint equations:

d)‘(;t(t) - _a?fé) =M (8)((k)ar Sy + pn + d) = As () (K)ar Sy — Ag (),
dAét(t) - a?jt) =M (D) ((k)aaSa + 2+ d) = Aa(£) (k)az5a — Ae(F)pa,
D) o == ke — nal R — Uy )
rq(t
— A(B)p — A5(t)(all(+)si711)2 — Ae(t)B1,
d)\;t(t) - _agjt) = —uy + Ap(k)anly — Ag(£)[(K)arly — &f)gj)z — P2 —d]
Tz(t)(fz
— A5(t)m - )\6(t)182'
d)\(;t(f) _ _aaQIEIt) =As5(t)(c+d) — Ag(t)c,
dAe(t) oH

E)R0) =As(t)d.
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By the optimality condition, the derivative of the Hamiltonian function with respect
to r1(t) and r,(¢) is as follows:

oH (As(t) = A3(t))51
—pk = 2 t A = O,
ai’l(t) ‘1*1(1‘)71f1 M31’1( ) + o+ 5
oH _ (As(t) = A4(1)S2 _
Brz(t) ‘rz(t):réf = 2“472(t) + o+ §2 =0.

Then, we obtain the optimal control

(A3(t) = As(1))S: o (Aa(t) — As(1))S,
2u3(0y + S1) 2 2ug(on +Sp)

o
}’1—

By combining the properties of bounded set U, the interval of 7] and 5 are shown in the
following form:

% . ()\3(t) B A5(t))SA1 max
i = max { min{ 2un(0r 1 51) ,0},77 },
¥ — max 4 min ()\4(t) — )\5(t))SA2 ymax

2 { ¢ 2uy (s + 5) /Oh 72 }

O

Remark 4. In the optimal control, the control r1(t) and r,(t) are time-varying and associated with
objective function (14). For different expected control time T and objective function, the control
rates r1(t) and r(t) may be different. This can be verified by the simulation in the later section.

4. 212SQR Rumor Model with Time-Delays
4.1. Model Formulation

In general, when the influence of rumor becomes greater, the social platform will take
control measures to isolate the rumor disseminators. Because it takes a certain time to search
for rumor disseminators on the network platform, the implementation of this measure
sometimes lags behind the rumor-spreading process. Therefore, system (1) incorporating
time-delays is formulated as follows:

dlélit) = By — (k)ay [ (£)S1(t) — pa L1 (t) — dI1 (1),

dljit) =By — (k)aa b (1)S2(t) — pala(t) — dIn(t),

ds%f” = (kar [ (£)51(t) — m — B1S1(t) — dSy(t) — pSi(t), "
dsét(t) = (k)aaly(#)Sa(t) 4 pS1(t) — % — BaSa(t) — dSa(t),

W e ) o) - doe),

d%f) = B1S1(t) + BaSa(t) + pr (1) + cQ(t) + pala() — dR(2).

where 11, T» > 0 represent the time delays, and other parameters and variables are consis-
tent with the explanation in system (1). The initial conditions of system (17) are given by

L(8) >0, 5;(8) >0, Q(6) >0, R(8) >0, 6 € [~7,0], i=1,2,

where T = max{t, &}
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Similar to the previous analysis, we simplify system (17) as follows:

dlcllif) = By — (kK)a1 1 (+)S1(t) — pr L1 () — d L1 (¢),
dlsgt) = By — (k)as o (+)Sa(t) — palp(t) — dIx(t),

- 18)
B — wary (551(6) - m B8y (t) — dSy(8) — S (1),
= (naa0520) +p81(0) — IS pasa) a0,

Because the equilibria of system (18) are the same as that of system (2), which does not
depend on the time delays, then Theorem 1 is still established in this section. Hence, we
omit the theoretical analysis of the existence of equilibria.

4.2. Stability and Hopf Bifurcation of Equilibria

In this subsection, we will first discuss the stability and Hopf bifurcation of rumor-free
equilibrium Ey, and then analyze the dynamics of the rumor equilibrium.
The Jacobian matrix of system (18) at Ey is expressed as follows:

By (k
—(p1 +4) 0 - atli+1;¢<1> 0 "
0 — (2 + d) 0 — 228
j(EO) = r e*)LTl d+,”2 7
0 0 - A 0
2] N
iy
0 0 0 — 72602 — A

where Ay = (B1 +d +p) — “;lil]f? LAy =Bo+d— “é%}f?. Accordingly, the characteristic
equation is

A+pr+d)(A+pa+d)(A+ Ay + ;—16_“1)()\ + As + :;—26_“2) =0. (19)
1 2
It is clear that Ay = —(pu1 +d) < 0, Ay = —(u2 +d) < 0, and other eigenvalues are

determined by the following equations:

At A+ Lo =0, A Ay + 2o =0,
0 02

Let
FOA) = A+ A+ %f“l —0, (20)
g(A) = A+ Ay + %e*“z = 0. 21)

By Theorem 2, we know that all solutions of Equation (19) are negative when 1y = 7o =0
and Ry < 1. When 7y, 7o > 0, assume that A = iw(w > 0) is a solution of (19). Substituting
A = iw into (19), the following two cases are discussed:

Case (1). If f(A) = 0, then it yields

. r ..
iw—+ A+ %(COSCUT] —isinwn) = 0.
1
Separating the real parts and imaginary parts, one has

r ro.
A1+ —1cosw1’1 =0, w— —151an1 =0.
01 01
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Squaring and adding the above equations gives

71) A2 r1+o1(B1+d+p)
(%1 (%1

(k)a1 By

2 _
w” = d+u

(1—9%1)<Z+ — (B +d+p)>. 22)

Assume that rl + BBy MlBl > B1 +d + p, then there exist a positive real number wjy such

that Equation (20) has purely imaginary roots A = %iwqg(w1p > 0). Then, according to the
above analysis, we have

cos(w1pTy) =

A o [(kaBy
1L v,

and 7y; = iarccos("1 [%7;51 —(B1+d+p)]) + Z%fé,i: 0,12,

Addltlonally, the derivative of Equation (20) with respect to 77 yields

dA 1 1 T 1 T
Py~ o - 0 23
() ADe A A FAD A (23)

Taking A = iwyg, T = Ty into (23), and separating the real part and the imaginary part,
one has

dA |, 1

Re(— = —
(dTl A% + Wi,

> 0.
A=iwip,T1=Tyo

Case (2). If g(A) = 0, the analysis process is similar to Case (1). Hence, we obtain that

/" ro+0oa(Ba+d) rp  (k)ayBy
“’2_(02) — A= 02(1—3%02)< +W (,Bz+d)>. (24)

When % + % > Ba + d, based on (24), there exists a positive real number equation wyg

such that Equation (21) has a purely imaginary root A = iwyg. Through the analysis, it has

1 (%] <k>Dész 27Tj .
T = om arccos ( [W (B2+4d)| )+ e j=0,12,---. (25)
and
dA | 4 1
Rlqm) ), QYT
2 A=iwy, Ta=Ty 2 w20

In summary, the following theorem is given.

(k)asBy

o4 Wb s g+ dtpand 2 + ek

Theorem 7. For system (18), if Ry < 1, 71 T
are satisfied, the following statements hold.

(1). When 7y € [0, T10) and 1 € [0, Tao), the rumor-free equilibrium Ey is locally asymptoti-
cally stable.

(2). When 11 > Tyg or T > Ty, the rumor-free equilibrium Eg is unstable. Moreover,

system (16) has a Hopf bifurcation at Eg when 7 = 119 or T = Typ.

> Bo+d

Next, we will discuss the stability and Hopf bifurcation of the rumor equilibrium EJ.
The Jacobian matrix of system (18) at Ej is given as follows:
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—Ql 0 —Oéllik <k> 0
0 —Qz 0 —0621; <k>
EX) = * roe ’
J(ET) w183 (k) 0 —05 -~ e 0 A
* 2
0 wSE -0, - pa

where Oy = 2157 (k) + 1 +d, O = aS5(k) +pup +d, 3 = —a1I; (k) + (B1 +d + p), and
Oy = —apl3 (k) + (B2 + d).
The characteristic equation for matrix 7 (E) is expressed as

<A2 + (O + A+ C+ (A + Ql)Ule)‘T1>
X ()3 + (D +Q)A+D+ (A + Qz)uze_)”Z) =0,
where C = (a1 57 (k) + 11 +d)(B1 +d +p) — eIy (k) (1 +4), D = (2255 (k) +p2 + d) (B2 +

d) —ax I (k) (up +d), Uy = (a]rjrsli)z, U, = (Uzi‘%)Q. The stability of the matrix J (E) is

determined by the solution of the following equations

A2+ (O + Q3)A + C+ (A +Qy)Uje "1 =0, (26)
A+ (O + Qu)A + D + (A + Q) Upe ™ = 0. (27)

For the case of 77 = T» = 0, according to the proof of Theorem 4, the rumor equilibrium
Ej is locally asymptotically stable under the conditions of H;(S;) > 0 and G;(S;) > 0.

For the case of 71, T» > 0, assuming that the solutions of Equations (26) and (27) are
A =iwj and A = iwy, respectively. Then, separating the real part and the imaginary part of
Equations (26) and (27), the following equations can be obtained:

w1 U1 sin w1T + Ql U1 cosw1 T = w% — C, (28)
wiljcoswity — N Upsinw ity = —(Ql + Qg)wl,
(UzUz Sin(dsz + QzUz COSwo Ty = (U% - D, (29)
wolp coswrTy — Do ls sinwy T = —(Qz + 04)(4}2.

By adding the squares of the two equations in Equations (28) and (29), and letting x = w?

and y = w3, it has

x* + Myx+ M, =0, (30)
V' +Ly+Ly =0, (31)

where My = (O +3)2 —2C—U?, M, = C2—Q3U?, Ly = (O + Qq)? —2D — U3,
L, = D* — Q3U3. Denote G(x) = x> + Myx + Mp, W(y) = y* + Ly + Lo.

For Equation (30), the following conclusions are true:

(H1). If M, < 0, Equation (30) has a positive root.

(Ha). If My > 0, and M; > 0, Equation (30) does not have any positive roots.

(H3z). If M, >0, My <0, and M% —4M, > 0, Equation (30) has two positive roots.

(Ha). If My > 0, My < 0, and M? — 4M, < 0, Equation (30) does not have any
positive roots.

Similar to Equation (31), the following conclusions are true:

(K1). If L, < 0, Equation (31) has a positive root.



Mathematics 2022, 10, 4556

18 of 29

ICo). If Ly > 0,and L; < 0, and L? — 4L, < 0, Equation (31) does not have an
( 1 q y
positive roots.

(K3).If L, >0, Ly < 0,and L? — 4L, > 0, Equation (31) has two positive roots.

(K4). If Ly > 0,and L; > 0, Equation (31) does not have any positive roots.

For the case of (), Equation (30) has a positive root xg = w?,. By Equation (28),
we have

w% —C-— (Ql + 03)(,01

cos(nm) = (wry + ) 7
then
- 1 w2y — C — (O + Q3)wig 27
i 10
Ty, = —— arccos + —, 32
Mo wy ( wiols + MUy ) w10 (32)

where j =0,1,2,..., £w;y is a pair of pure imaginary roots of Equation (30). Further, taking
the derivative of Equation (26) with respect to 71, we have

(di)fl_ 2+ + Q3 n 1 T
dn’ A2+ (Y +MW)A+CIA T AA+Oy) AT
Then
Re(dl)71| ) 0 = 2(6010)2 —2C+ (Ql + 03)2 — U% — g<w10) ) (33)
dr/ A= m=Ty, (wiy +OPU; (wiy +OPUT

Since My < 0, xg = w%o > 0 is a positive root of (30), it has G(w19) > 0. Hence

RE(di -1 = % > 0.
dn 0 (a)lo + Ql)ul

A=iwyy,T1=T
10 T1=Tyy,

Similarly, for the case of (K1), if L, < 0, Equation (31) has a positive root yy = w%o.
Then, we can obtain

; 1 wyy—D— (M + Q)wy, 271 .
Y- 20 =012, 4
Ty, = arccos( wnlly + 0l )+ o’ j=012--, (34)

dA -1 2(6()20)2 —2D + (Qz + 04)2 — U% W(w20)
Re(Ge N (w02 + B) U3 ~ (o r g ®
2 ?L=i¢d2(),1’2=‘['}%10 w20 2/2 w20 22
Similar to the analysis of (1), one has
dA _ W(CUZ())
e(de) |)‘:W20’T2:T/0<10 ((wp0)? +O3)U3 o

Therefore, the following theorem is given.

Theorem 8. For system (18), if H;(S]) > 0 and G;(S;) > 0, i = 1,2, the following results
are satisfied.

(1). If one of (H;) and one of (K;) for i = 2,4 are satisfied, the rumor equilibrium point E7 is
locally asymptotically stable for all T, 7p > 0.

(2). If (H1) and (K1) are satisfied, the rumor equilibrium point E is locally asymptotically
stable when 7 € |0, T%w) and 7, € |0, T,%lo), and the rumor equilibrium point E is unstable when
T > T%m or 7 > T/%w' Therefore, system (18) has a Hopf bifurcation at E when 1) = T?Oilo or
T = T’%lo'
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For the case (H3), when L, > 0, L; > 0, and L% — 4L, > 0, Equation (30) has two
positive roots, defined by x; = w%l, Xy = w%z, and x; > x5. Choose wy1 > 0, wyp > 0 then
wi1 > w1z, G(wi1) > 0, G(wrz) < 0. According to Equation (32), we obtain that

1 w? —C— (O + Qg)wlm) 2mv
TV, = — arccos [ —" + ,v=01,---,m=1,2. (36
Ham ™ o1 ( w1 Uy + Uy Wi (36)

Let 77 = T%3m = min{T;’{M :m=1,2, v=20,12---} and assume that A;; =
v11 + iw11, A2 = v12 + iwqp, then

ar

RE(H) |)\:iW11,T1:T;_/l31 >0, v=0,12,---.
ar

Re(di.[,l) |A:iw12,'r1:r;{t32 < 0/ V= 0/ 1/ 2/ ]

Similarly, for the case of (K3), defined y1 = w3, y2» = w3, and y; > ¥», then
wy > wa, W(wy) > 0, W(wya) < 0. According to (36), it has

p 1
T = —— ar
Kam = oy CCos

, p=01,---,m=1,2 (37
CUQmuZ+QQU2 P ( )

2m

<w%m —D—- (M + 04)w2m> n 2mp

and assume that Ay = vy1 + iwyy, Ayp = Uy + iwyy, then

A
d y >0, p=0,1,2,--.

-1
Re( diTZ ) | /\:iCUz1,T2:T}C31

dA

. _1 = DY
de) |/\:iw22,12:r}232 <0, p= 0,12, .

Re(
Lemma 4. If 2w B; + a; (k) B;,I* > (B;)2I* + a; (k) (u; +d), and wyy > wpy for i = 1,2, then
o<t andt. <7t ,v=12,---.
Ha Hao K3 Kz

Proof. Define

g((U) _ w% —C— (Ql +Q3)(U1
(w1l +OqUy)

, §(w) = arccosg(w), G(w)=

Then, the derivative of g(w) is

/(w) _ (w% + 2w — (01 + Qg)ﬂl + C)Ul
g (w1l + M Uy)?
[w§ + 2wy — B1I} 4+ a1 1§ (k) B I} — oy I (k) (1 + d)]Uy
(w1ly + Q)2
- [2w1By + a1 15 (k) By — (B1)2I} — aq (k) (1 + d)] I}
- Uy (w1 + Oq)?
> 0.

Since ¢(w) is always an increasing function about w, it is obtained that ¢(w) = arccos g(w)
is a decreasing function about w. Therefore, we can obtain that
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By conclusion, 7§, < T}, when wy; > wyp. Similarly, we obtain that 7. < 7}-  for
Ha H3o . o Ks1 K32
wy1 > wyy, wherev =1,2, - - -. Hence, the following theorem is given. [

Theorem 9. For system (18), if Lemma 4 and H;(S}) > 0, G;(S;) > 0 for i = 1,2, are satisfied,
the following results can be obtained:

(1). If both (H3) and (KC3) are satisfied, the rumor equilibrium point EJ is locally asymptoti-
cally stable for 7y € |0, T%Sl) and 7 € [0, T,%31), and unstable for T > 7%31 or T > T’%Sl. Hence,
system (18) has a Hopf bifurcation at ET when 7 = T%Bl or T = T,%31.

(2). If (H1) and (KC3) are satisfied, the rumor equilibrium point EJ is locally asymptotically
stable for 7 € |0, T%w) and T, € |0, 7%31), and unstable for Ty > T%m or T, > T,%31. Therefore,
system (18) has a Hopf bifurcation at E} when 71 = T%IO or T = T’%m'

(3). If (H3) and (K1) are satisfied, the rumor equilibrium point E7 is locally asymptotically
stable when T € |0, T%sl) and T, € [0, min{'r,%m), and the rumor equilibrium point E7 is unstable

when T > Ty or T > 1. . Therefore, system (18) has a Hopf bifurcation at Ef when v = 13,
0

or T =Ty .
(4). IICfloone of (H;)(i = 1,3) and one of (K;)(j = 2,4) are satisfied, the rumor equilibrium
point Ej is locally asymptotically stable for 71 € [0, T%io), and unstable for Ty > T%io. Hence,
system (18) has a Hopf bifurcation at EJ when 11 = T%io.
(5). If one of (H;)(i = 2,4) and one of (K;)(j = 1,3) are satisfied, the rumor equilibrium

point E is locally asymptotically stable for > € [0, T,%jo), and unstable for T, > T,%jo. Hence,
system (18) has a Hopf bifurcation at E} when 7, = ’L’,%jo.

Remark 5. From the proof of the above theorems, we can see that the stability analysis of rumor
equilibrium in the model with time delay is more complex than that in the model without time delays.
This shows that the dynamic behavior of the rumor equilibrium is affected by the time delay.

Remark 6. In existing works [36-39], some rumor-spreading models were proposed on OSNs in
a multilingual environment. In these models, the isolation mechanism, immune mechanism and
time delay were not considered. However, in this paper, we comprehensively consider these factors
and propose a new rumor-spreading model on OSNs. The dynamic behavior is carefully studied.
Moreover, the optimal control method is applied to suppress the spreading of the rumor.

5. Numerical Simulations

In this section, we verify the effectiveness of the theoretical results by selecting different
parameters. In Table 1, based on the range of parameters in the model, we randomly select
seven groups of parameters to simulate the evolution of the rumor under different threshold
conditions, and verify the correctness of the theoretical results.

5.1. The Stability of Rumor-Free Equilibrium

Example 1. For system (1) with the parameters in Set 1, we obtain Ny = 0.61 < 1 and
Rop = 0.25 < 1. Then, it has a unique rumor-free equilibrium Ey = (0.48,0.2,0,0,0,0.32).
According to Theorem 2, Ey is locally asymptotically stable. For different initial values, the
dynamics of system (1) is shown in Figure 3. In Figure 3a, we can see that S1(t) and S»(t) will
converge asymptotically to 0 under different initial values. In Figure 3b, Q(t) gradually tends to
0. [i(t), Ir(t) and R(t) converge to 0.48, 0.2 and 0.32, respectively. It can be verified that E is
locally asymptotically stable. In other words, the rumor will disappear automatically. According
to the expression of Ey, one can find that the stable states of I1(t) and I,(t) are d-ﬁﬁ and dfﬁ'

respectively. In Set 1, we choose By = By, then the main factor affecting I (t) and I,(t) are the
parameters yy and pp. Because pq = 0.01 and pp = 0.3, the stable value of Iy (t) is greater than the
stable value of I (t) in the numerical simulation. Moreover, as yp > py, the descending speed and
amplitude of I (t) are greater than Iy (t). In addition, the evolutionary processes of Iy (t) and I»(t)
are different under different initial values.
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Table 1. The set of parametric values for simulation.
Parameters Set1 Set 2 Set3 Set 4 Set5 Set 6 Set7
By 0.1 0.11 0.11 0.11 0.09 0.03 0.1
B, 0.1 0.1 0.1 0.1 0.13 0.18 0.1
nq 0.27 0.25 0.25 0.23 0.2 0.32 0.23
%) 0.26 0.14 0.25 0.15 0.25 0.25 0.15
U1 0.01 0.01 0.01 0.01 0.01 0.01 0.01
U 0.3 0.01 0.01 0.01 0.01 0.3 0.01
B1 0.13 0.13 0.13 0.13 0.24 0.08 0.13
B2 0.12 0.15 0.15 0.14 0.15 0.08 0.14
c 0.1 0.1 0.1 0.1 0.1 0.1 0.1
o) 0.003 0.52 0.52 0.41 0.5 0.58 0.5
%) 0.0028 0.51 0.51 0.4 0.52 0.5 0.5
1 0.001 0.02 0.02 0.05 0.1 0.1 0.06
12 0.001 0.05 0.03 0.05 0.08 0.0005 0.06
d 0.2 0.21 0.21 0.21 0.21 0.21 0.2
o 0.08 0.03 0.03 0.08 0.05 0.08 0.08
(k) 3.5 7 7 7 7 3.5 7
0.08 ‘_31(0 = 05
%“ 0.06 —0 ] E 04
g <]
= = 03
@ 004 =
2 = 0.2
= S
§ 0.02 8 o1 L) —1,(0 Q(t) —R()
0 20 40 60 80 100 0 20 40 60 80

t

@

(b)

Figure 3. The dynamics of system (1) with fy < 1. (a) The trajectories of S1(¢) and S,(¢). (b) The
trajectories of I1 (t), I>(t), Q(t) and R(t).

For the case with time delays, we can verify that the conditions of Theorem 7 hold. By
calculation, 19 = 4.38 and 19 = 5.12. As shown in Figure 4, we find that the time-delay
affects the convergence rate and the stability of the rumor-free equilibrium point. When
7 € [0,790) and 1> € [0, T29), Ep is locally asymptotically stable. When 71 > 159 or T2 > T,
E is unstable. This is consistent with the results of Theorem 7.

0.05

Densities of 81(1)
o
(=3
=

0.01

s

Densities of S(t)

20

40

t

@

60

80

0 20 40

60

t

(b)

80

Figure 4. (a) The trajectories of S (t) with different time delays. (b) The trajectories of S (t) with
different time delays.
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In the analysis of Theorem 7, based on (22), we find that the ratios of r; to 0;, i = 1,2
have an important influence on the threshold condition of the time delay. From Figure 5,
one can find that with the increase in the ratio, the time-delay threshold decreases, and
they are inversely proportional.

12 12
10 20
10 10 1
8t 8t ///rm:s‘ 12,A,20.138
~
° ° -
c 6 T =438, A =-0.04 S 6 Lo
v 10 1 e °
o/

4 4+

2 2

0 0 ; : : ‘

0 1 2 3 4 5 0 1 2 3 4 5

r1/c51 r2/c52

(a) (b)

Figure 5. (a) The evolution between 775 and ;—11. (b) The evolution between 19 and %.

However, the Hopf bifurcation exists at Eg when the time delay is greater than the
threshold in theoretical. In Figure 4, it is easy to find that there exist 51 (t) < 0 and Sy (f) < 0.
This is inconsistent with the reality. In real life, Si(t) > 0 fori = 1,2. Therefore, the Hopf
bifurcation will not exist. We redrew the dynamic behavior of S;(f) in combination with
Si(t) > 0 fori = 1,2. It can be seen from Figure 6 that the time delay will inhibit the spread
of the rumor.

0.03

— ] _12=2
! 1=4
0.025¢ 12| 1 0.02 2y
1 =
—1,=6
S e — b < g
@ -8 @ 0015 — %
5 1 5
8 0015 §
= 2 001t
2 2 0.0
g ooir 3
0.005}
0.005¢
0 ‘ ‘ ‘ 0 ‘ ‘ ‘
0 20 40 60 80 100 0 20 40 60 80 100

t t
(a) (b)
Figure 6. (a) The trajectories of S (t) with different time delays. (b) The trajectories of S (t) with
different time delays.

5.2. The Stability of Rumor Equilibrium

Example 2. Consider system (1) with parameters in Set 2 of Table 1. It can be obtained that
R = 2.14 > 1and Ry, = 0.97 < 1, apop (k) = 0.26 > pp +d = 0.22, then system (1) has a
unique rumor equilibrium EJ. As shown in Figure 7, rumor equilibrium EY is locally asymptotically
stable. By calculating the parameters in Set 3 of Table 1, the results of Ry1 = 2.14 > 1 and
Roz = 1.9 > 1, apoz (k) = 0.26 > pp + d = 0.22 are gained. Figure 8 shows that the system (1)
achieves local asymptotic stability. Similarly, Figure 9 shows the locally asymptotically stability
of the equilibrium point EJ drawn with the parameters in Set 4 of Table 1. By comparing with
the results, we find that when Ry, > 1, the value of Sy at the equilibrium point increases with
the increase in Rop. Figure 10 describes the asymptotical stability of the equilibrium EY. These
simulation results show that when Ry, > 1, the rumor in the network will continue to prevail in
both languages.
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Figure 7. The dynamics of system (1) with $5; = 2.14 > 1 and R, = 0.97 < 1. (a) The trajectories of
S1(t) and Sy(t). (b) The trajectories of I1 (t), I (t), Q(t) and R(¢).
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Figure 8. The dynamics of system (1) with Rg; = 2.14 > 1 and Ry, = 1.9 > 1. (a) The trajectories of
S1(#) and Sy (t). (b) The trajectories of I1(t), I (¢), Q(¢) and R(#).
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Figure 9. The dynamics of system (1) with Rp; = 1.48 > 1 and Rgp = 1. (a) The trajectories of S1(f)
and S;(t). (b) The trajectories of I (), Io(¢), Q(t) and R(t).
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Figure 10. The phase diagram of S(t) + S%(t) and I'(t) + I?(t). (a) Ro; = 2.14 > 1 and Ry =
097 < 1. (b) Rp; =214 > 1and Rpy = 1.9 > 1. (¢) Ry = 1.48 > 1and Ry = 1.

Furthermore, Figure 11 shows the states of Sy (t) and S;(t) with parameters in Set 5
and Set 6 of Table 1, respectively. One can find that when Ry; < 1, the rumor will only
continue to spread in the official language.
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Figure 11. The dynamics of S1(¢) and S(). (a) Ry = 0.95 < 1 and R, = 1.5. (b) Ry =028 < 1
and §R02 =1

5.3. The Hopf Bifurcation of Rumor Equilibrium

Example 3. In order to verify the influence of time delays on rumor spreading, we select the
parameters in Set 7 of Table 1 in model (15). By calculating, we can obtian that (Hy) and (K1) are
satisfied. In particular, if | = T, = T, it has min{t{,, T3} = 11.2549. As shown in Figure 12,
S1(t) and Sy(t) are locally asymptotically stable if T < 11.2549, and Figure 13 shows that Sq(t)
and Sy (t) are unstable when T = 11.264. Figure 14 describes the phase diagram of the equilibrium
E}. Therefore, it can be seen that the equilibrium E] becomes unstable as the time delay increasing.
When the time delay is greater than the threshold, the stability of the equilibrium will disappear.
This means that the rumor disseminator will exist continuously, and the density of the disseminator
will fluctuate within a certain range over time.
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e Rl il
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Figure 12. (a) The trajectories of S (t) with T = 11 and T = 11.25. (b) The trajectories of 5,(t) with

T=11and 7 = 11.25.
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Figure 13. (a) The trajectory of Sy () with T = 11.264. (b) The trajectory of Sy (t) with T = 11.264.
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Figure 14. (a) The phase diagram of S!(t) + S?(t) with T = 11. (b) The phase diagram of S!(t) + S?(t)
with T = 11.26.

In model (15), when 73 # 1o > 0, the parameters are selected as the ones in Set 7 of
Table 1. Through verification, (#1) and (K1) are satisfied in Theorem 8, and Tgho =115,

T,%w = 9.5. Figures 15-17 show the densities of S (t) and S, () with different time delays.
We observe that the system is stable at the rumor equilibrium if the time delays are less
than their threshold values in Figure 15. However, the system undergoes Hopf bifurcation
when the time delays are equal to their threshold values. This situation can be seen in
Figure 16. In addition, the system is unstable at the rumor equilibrium if the time delays
are great than their threshold values, shown in Figure 17.
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Figure 15. (a) The trajectory of 51 (¢) with 7y = 11. (b) The trajectory of Sy (¢) with 7, = 9.
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Figure 16. (a) he trajectory of 51 (t) with 7y = 11.5. (b) The trajectory of S (t) with 7, = 9.5.
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Figure 17. (a) The trajectory of S (t) with 7y = 11.6. (b) The trajectory of S (t) with 7, = 9.8.

5.4. Feasibility of Optimal Control

Example 4. For optimal control system (15), the parameters are shown in Set 3 of Table 1. In the
objective function (16), the parameters are uy = 3, up = 2, uz = 5 and uy = 1, respectively. In
order to explore the influence of optimal control on the system (15), the trajectories of the system
(15) with and without optimal control are simulated, as shown in Figure 18. Through observation,
we find that the values of S;(t)(i = 1,2) and R(t) will decrease under the optimal control, and the
densities of I;(t) (i = 1,2) and Q(t) will be more under optimal control.

0.45 T

T
1,(t) with control
0.4 I2(t) with control -
S‘ (t) with control
S,(t) with control

Q(t) with control
R(1) with control

1,(t) without control B

==

A e - = = I,() without control

==, 0.25F - T - - = S, (1) without control B
23 P O - = = S,(1) without control

o

0.2 - - = = Q(t) without control [ = = = = - _|

- R(t) without control

Figure 18. Densities of individuals with and without optimal control.

In (16), we choose T = 10, then the control strength r;(t) and r,(t) are shown in
Figure 19a. It can be observed that the control r1(t) and r,(t) decreases with time and
gradually tends to 0 at f = 10. Figure 19b shows the performance of the objective function.
It can be seen that J(#) is monotone and nondecreasing. Obviously, in a certain period
of time, the control intensity of the system gradually decreases to 0, while the control
consumption gradually increases to the maximum.
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Figure 19. (a) The trajectories of r;(t) i = 1,2. (b) The trajectory of control cost J(t).
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In order to facilitate the control, the control time in the optimal control will be given in
advance. In the specific simulation, we give the trajectories of r1(t) and r,(t) when T = 2,
T =5,T =8and T = 10, as shown in Figure 20a. Figure 20b shows the consumption at
T=2T=5T=8and T = 10, respectively. Through observation, we find that the larger
the given time T, the greater the consumption of J(t). Figure 20c shows the trajectories
of J(t) under different control forces. We found that among all these controls, r; = 1 and
rp = 1 have the largest consumption, while the consumption of optimal control is minimal.
That means that the optimal control proposed in this paper not only can control the rumor
within the specified time, but also consumes the least resources.
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Figure 20. (a) The trajectories of optimal control r;(t) i = 1,2. (b) The objective function. J(t) with
T =2,5,8,10. (c) The consumption of J(¢) under different r;(¢), i = 1,2.

6. Conclusions

In this paper, we studied the modeling, dynamic analysis and control of rumor prop-
agation with quarantine control on multilingual OSNs. Firstly, we proposed a 2I12SQR
rumor-spreading model without considering propagation delay. We gave the rumor-free
equilibrium and calculated the basic reproduction number by using the next generation
matrix method. Based on backward bifurcation theory, we discussed the existence of a
rumor equilibrium, which is somewhat more complicated. It was found that the number of
rumor equilibria is different under different parameters, including no rumor equilibrium,
only one rumor equilibrium and the case with two rumor equilibria. By using the Jacobian
matrix method and a differential inequality lemma, the local and global asymptotic stabili-
ties of rumor free-equilibrium were proved. The local stability and bifurcation of the rumor
equilibrium were discussed, and some related theorems were given. Secondly, in order to
suppress the spreading of rumor with the lowest cost in an expected period, a continuous
optimal control measure was proposed to curb the propagation of rumor. According to
Pontryagin’s maximum principle, an optimal isolation strength was obtained. Moreover,
considering the time delays from rumor spreading to isolation control, we proposed a
2I2SQR rumor propagation model with time delays on multilingual OSNs. The local sta-
bility of rumor-free and rumor equilibria was investigated. It was found that, different
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from the model without delay, both the rumor-free equilibrium and the rumor equilibrium
are unstable and have Hopf bifurcations when the propagation delay is greater than some
certain threshold conditions. Finally, the theory results were verified by some numerical
simulations. In this research, the uniform network structure was considered in the model,
and a continuous control strategy was proposed. In our future work, we will explore a
more general heterogeneous network structure and propose some new control strategies to
suppress the spread of rumors.
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