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Abstract

:

In this paper, we constructed a new and robust fixed point iterative scheme called the UO iterative scheme for the approximation of a contraction mapping. The scheme converges strongly to the fixed point of a contraction mapping. A rate of convergence result is shown with an example, and our scheme, when compared, converges faster than some existing iterative schemes in the literature. Furthermore, the stability and data dependence results are shown. Our new scheme is applied in the approximation of the solution to the oxygen diffusion model. Finally, our results are applied in the approximation of the solution to the boundary value problems using Green’s functions with an example.
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1. Introduction


Let  B  be a nonempty closed convex subset of a Banach space  E . A self-mapping   T : B → B   is called a contraction if for any   δ ∈ [ 0 , 1 )  ,   x , y ∈ E  ,


  ∥ T x − T y ∥   ≤   δ ∥ x − y ∥ ,  



(1)




holds. An element    τ *  ∈ B   is called a fixed point of  T  if it satisfies the operator equation


  T  τ *  =  τ *  .  



(2)







The set of all fixed point of  T  is denoted by   F ( T )  .



A Banach space  E  is said to be uniformly convex (as introduced by Clarkson [1] in 1936) if for any  ϵ ,   0 < ϵ ≤ 2  , the inequalities   ∥ x ∥   ≤   1  ,   ∥ y ∥   ≤   1   and   ∥ x − y ∥   ≥   ϵ   imply that there exists a   δ = δ ( ϵ ) > 0   such that    ∥    ( x + y )  2   ∥   ≤   1 − δ   .



Quite a number of physical problems are modeled as partial differential equations and ordinary differential equations in the form of initial value problems (IVPs) or boundary value problems (BVPs). Most times, these equations are in the form of nonlinear problems that are usually difficult (if not impossible) to solve through the use of analytical methods. In a way to circumvent this difficulty of obtaining the solutions to nonlinear problems through the use of the analytical method, the fixed point theory approach becomes useful by way of proving the existence and uniqueness of solutions to the problems of concern. Due to this advantage, since inception, fixed point theory has made a remarkable impact in mathematics and other areas of applied science, including its application to BVPs. For instance, the papers [2,3,4] and the references therein have been dedicated specifically to the use of fixed point iterative processes in approximating the solutions to BVPs via the use of Green’s functions. The idea involved in fixed point theory is to transform any problem of focus into a fixed point equation as in (2) which thereafter solved for   τ *   being the fixed point. In practice, the fixed point represents the approximate solution which is obtained more suitably through the use of a robust fixed point iterative scheme. The fixed point theory method has been applied in solving diverse problems in science and engineering (see, e.g., [5]) and the references therein.



While an ordinary differential equation is an equation involving differential coefficients to the integer order, a fractional differential equation exists as an equation involving differential coefficients to the fractional order.



The remarkable thing about a fractional differential equation is its wide range of applications. For example, it can be applied in modeling some physical phenomena in science and engineering, such as in optics [6]; in electrochemistry; in viscoelasticity [7]; in control theory; in biology; in fluid flow; and in other fields (see, for example, [8,9] and other references therein).



In the sequel,   0 <  α n  ,    β n  ,    γ n  < 1   are parametric sequences of real numbers.



The aim of this paper is to answer the following question.



	Question 

	
Is there a fixed point iterative scheme that can converge faster than other existing schemes in the literature and solve some problems in its application?







To answer the question above, we construct the following fixed point iterative scheme and call it the UO iterative scheme:


       v o  ∈ B        r n  = T  v n         s n  =  ( 1 −  α n  )   r n  +  α n  T  r n         t n  = T  s n         u n  =  ( 1 −  β n  )   t n  +  β n  T  t n         v  n + 1   =  ( 1 −  γ n  )   u n  +  γ n  T  u n  ,   n ∈ N ,      



(3)




which, as will be shown in the subsequent sections, converges faster than some existing iterative schemes in the literature as outlined in the next section.



Our iterative scheme generalizes and extends other existing iterative schemes in the literature.



Remark 1. 

Observe that the UO iterative scheme (3) is a five-step iterative iterative scheme, which is not as simple as one-step or two-step iterative schemes such as the Mann and Ishikawa iterative schemes.





The remaining part of this paper is arranged as follows: Section 2 is dedicated to preliminary definitions and lemmas. Section 3 is for the main results which comprise the convergence results, rate of convergence, stability and data dependence. In Section 4, the application to an oxygen diffusion model is covered. Meanwhile, Section 5 is assigned to the application of our new scheme to BVPs, where the construction of the Green’s function, the UO–Green iterative scheme, convergence analysis of the UO–Green iterative and numerical example are considered. Section 6 contains the conclusion.




2. Preliminary


Research in the area of fixed point theory via use of iterative scheme has experienced a surge due to construction of varying forms of iterative scheme that have been useful in application.



In 2012, Chugh et al. [10] introduced the CR iterative as follows:


       p 0  ∈ B        r n  =  ( 1 −  γ n  )   p n  +  γ n  T  p n         q n  =  ( 1 −  β n  )  T  p n  +  β n  T  r n         p  n + 1   =  ( 1 −  α n  )   q n  +  α n  T  q n  ,    n ∈ N .      



(4)







Another iterative scheme is Picard-S, which was introduced by Gürsoy et al. [11] in 2014 and defined thus:


       z n  =  ( 1 −  β n  )   x n  +  β n  T  x n         y n  =  ( 1 −  α n  )  T  x n  +  α n  T  z n         x  n + 1   = T  y n  ,  n ∈ N .      



(5)







Abbas et al. (2022) [12] constructed the following AA iteration scheme:


       z  n + 1   = T  y n         y n  = T  [  ( 1 −  γ n  )  T  d n  +  γ n  T  w n  ]         w n  = T  [  ( 1 −  β n  )   d n  +  β n  T  d n  ]         d n  =  ( 1 −  α n  )   z n  +  α n  T  z n  ,  n ∈ N ,      



(6)




which was used to approximate the solution to a delay fractional differential equation.



Uddin et al. [13], in 2022, introduced the following iterative scheme:


       g 0  ∈ B        e n  = T  [  ( 1 −  α n  )   g n  +  α n  T  g n  ]         f n  = T  e n         g  n + 1   = T  f n  ,    n ∈ N ,      



(7)




and they were able to show that it converges faster than Thakur New, Vatan, M and M* iterations.



The following are, respectively, the   F *  , Modified-SP [14] and Picard–Ishikawa [15] iterative schemes:


       p 0  ∈ B        p  n + 1   = T  q n         q n  = T  [  ( 1 −  α n  )   p n  +  α n  T  p n  ]  ,   n ∈ N ,      



(8)






       x 0  ∈ B        x  n + 1   = T  y n         y n  =  ( 1 −  α n  )   z n  +  α n  T  z n         z n  =  ( 1 −  β n  )   x n  +  β n  T  x n  ,  n ∈ N ,      



(9)






       w n  =  ( 1 −  ξ n  )   u n  +  ξ n  T  u n  ,        v n  =  ( 1 −  ϖ n  )   u n  +  ϖ n  T  w n  ,        u  n + 1   = T  v n  ,   n ∈ N .      



(10)







Recently in 2023, Okeke et al. [16] introduced the AG iterative scheme, defined thus:


       u 0  = u ∈ B        u  n + 1   = T  v n         v n  = T  [  ( 1 −  α n  )   w n  +  α n  T  w n  ]         w n  =  ( 1 −  β n  )  T  u n  +  β n  T  x n         x n  =  ( 1 −  γ n  )   u n  +  γ n  T  u n  ,  n ∈ N ,      



(11)




which was used to approximate the fixed point of contraction mapping in a uniformly convex Banach space with applications.



Definition 1. 

Two sequences,   {  u n  }   and   {  v n  }  , are said to guarantee equivalence if    lim  n → ∞    ∥  u n  −  v n  ∥  = 0  .





Definition 2 

([17]). Let   T : B → B   be an operator on a real Banach space E. Assume that    v n  ∈ B   and    v  n + 1   = f  ( T ,  v n  )    defines an iterative scheme which generates a sequence    {  v n  }   n = 0  ∞   in  B . Assume, furthermore, that    {  v n  }   n = 0  ∞   converges strongly to    τ *  ∈ F  ( T )  ≠ ∅  , where   F ( T )   is the set of all fixed points of  T . Assume that    {  p n  }   n = 0  ∞   is an arbitrary bounded sequence in E and set    ϵ n  =  ∥  p  n + 1   − f  ( T ,  p n  )  ∥   . Then,








	1.

	
The iterative scheme    {  v n  }   n = 0  ∞   in a real Banach space E defined by    v  n + 1   = f  ( T ,  v n  )    is said to be  T -stable if    lim  n → ∞    ϵ n  = 0   implies    lim  n → ∞    ∥  p n  −  τ *  ∥  = 0  .




	2.

	
The iterative scheme    {  v n  }   n = 0  ∞   defined by    v  n + 1   = f  ( T ,  v n  )    is said to be almost  T -stable if    ∑  n = 0  ∞   ϵ n  < ∞   implies that    lim  n → ∞    ∥  p n  −  τ *  ∥  = 0  .











Definition 3 

([18]). Let    {  a n  }   n = 0  ∞   and    {  b n  }   n = 0  ∞   be two sequences of real numbers converging to a and b, respectively. If


   lim  n → ∞      ∥   a n   − a ∥     ∥   b n   − b ∥    = 0 ,  



(12)




then   {  a n  }   is said to converge to a faster than   {  b n  }   to b.





Definition 4 

([18]). Suppose that for two fixed-point iterative processes    {  u n  }   n = 0  ∞   and    {  v n  }   n = 0  ∞  , both converging to the same fixed point p, the error estimates


   ∥   u n   − p ∥   ≤     a n  ,  for  all  n ∈ N ,  










   ∥   v n   − p ∥   ≤     b n  ,  for  all  n ∈ N ,  








exist, where    {  a n  }   n = 0  ∞   and    {  b n  }   n = 0  ∞   are two sequences of positive numbers converging to zero. If    {  a n  }   n = 0  ∞   converges faster than    {  b n  }   n = 0  ∞   then    {  u n  }   n = 0  ∞   converges faster than    {  v n  }   n = 0  ∞   to p.





Lemma 1 

([19]). If   ρ ∈ [ 0 , 1 )   is a real number and    {  ϵ n  }   n = 0  ∞   is a sequence of positive numbers such that    lim  n → ∞    ϵ n  = 0  , then for any sequence of positive numbers,    {  p n  }   n = 0  ∞   satisfying    p  n + 1   ≤ ρ  p n  +  ϵ n  ,   ( n = 0 , 1 , 2 , . . . )    such that    lim  n → ∞    p n  = 0  .





Lemma 2 

([20]). Let    {  p n  }   n = 0  ∞   and    {  ϵ n  }   n = 0  ∞   be sequences of nonnegative numbers and   δ ∈ [ 0 , 1 )   such that


   ν  n + 1   = δ  ν n  +  ϵ n    n ≥ 0 .  











If    ∑  n = 0  ∞   ϵ n  < ∞  , then    ∑  n = 0  ∞   ν n  < ∞  .





Lemma 3 

([21]). Let   {  ξ n  }   be a nonnegative sequence for which one assumes there exists    n 0  ∈ N   such that all   n ≥  n 0   , and suppose the following inequality is satisfied:


   ξ  n + 1   ≤  ( 1 −  φ n  )   ξ n  +  φ n   ϱ n   








where    φ n  ∈  ( 0 , 1 )   ,   ∀ n ∈ N  ,    ∑  n = 0  ∞   φ n  = ∞   and    ϱ n  ≥ 0     ∀ n ∈ N  . Then,


  0 ≤  lim sup  n → ∞    ξ n  ≤  lim sup  n → ∞    ϱ n  .  













Lemma 4 

([22]). Let   σ n   be a nonnegative sequence satisfying the inequality


   σ  n + 1   ≤  ( 1 −  η n  )   σ n  +  λ n   








with    η n  ∈  [ 0 , 1 ]   ,    ∑  j = 0  ∞   η j  = ∞   and    λ n  = o  (  η n  )   . Then,    lim  n → ∞    σ n  = 0  .






3. Main Results


We begin this section by establishing some useful convergence results for our newly developed iteration process in Banach spaces.



3.1. Convergence Analysis of the UO Iterative Process


Theorem 1. 

Assume  B  is a nonempty closed convex subset of a Banach space  E  and   T : B → B   is a contraction mapping satisfying condition (1). Assume    {  v n  }   n = 0  ∞   is an iterative sequence generated by the UO iterative scheme (3) with real sequences    {  α n  }  ,  {  β n  }  ,  {  γ n  }  ∈  ( 0 , 1 )   , satisfying     ∑  n = 1  ∞    α n  = ∞  . Then,    {  v n  }   n = 0  ∞   converges to a unique fixed point    τ *  ∈ F  ( T )   .





Proof. 

It can easily be verified that the Banach contraction principle guarantees the existence and uniqueness of    τ *  ∈ F  ( T )   . What is left is to show is that    lim  n → ∞    ∥  v n  −  τ *  ∥  = 0  .



Using the contraction condition (1) and the iterative scheme (3), we have the following estimates:


      ∥   r n  −  τ *   ∥       =   ∥ T   v n  −  τ *   ∥            =   ∥ T   v n  − T  τ *   ∥            ≤ δ ∥   v n  −  τ *   ∥ .      



(13)







Using (3) and (13),


      ∥   s n  −  τ *   ∥       =   ∥   ( 1 −  α n  )   r n  +  α n  T  r n  −  τ *   ∥         ≤  ( 1 −  α n  )   ∥   r n  −  τ *   ∥   +     α n   ∥ T  r n  −  τ *  ∥         ≤  ( 1 −  α n  )   ∥   r n  −  τ *   ∥   +     α n  δ  ∥  r n  −  τ *  ∥         =  [  ( 1 −  α n  )  +  α n  δ ]   ∥  r n  −  τ *  ∥         ≤  [ 1 −  ( 1 − δ )   α n  ]   ∥  r n  −  τ *  ∥         ≤ δ  [ 1 −  ( 1 − δ )   α n  ]   ∥  v n  −  τ *  ∥  ,     



(14)




again, using (3) and (14),


      ∥   t n  −  τ *   ∥       =   ∥ T   s n  −  τ *   ∥          ≤ δ ∥   s n  −  τ *   ∥         ≤ δ  [ 1 −  ( 1 − δ )   α n  ]   ∥  r n  −  τ *  ∥         ≤  δ 2   [ 1 −  ( 1 − δ )   α n  ]   ∥  v n  −  τ *  ∥  ,     



(15)




furthermore, using (3) and (15),


      ∥   u n  −  τ *   ∥       =   ∥   ( 1 −  β n  )   u n  +  β n  T  u n  −  τ *   ∥         ≤  ( 1 −  β n  )   ∥   t n  −  τ *   ∥   +     β n   ∥ T  t n  −  τ *  ∥         ≤  ( 1 −  β n  )   ∥   t n  −  τ *   ∥   +     β n  δ  ∥  t n  −  τ *  ∥         =  [  ( 1 −  β n  )  +  β n  δ ]   ∥  t n  −  τ *  ∥         ≤  [ 1 −  ( 1 − δ )   β n  ]   ∥  t n  −  τ *  ∥         ≤  δ 2   [ 1 −  ( 1 − δ )   α n  ]   [ 1 −  ( 1 − δ )   β n  ]   ∥  v n  −  τ *  ∥  .     



(16)







Finally,


      ∥   v  n + 1   −  τ *   ∥       =   ∥   ( 1 −  γ n  )   u n  +  γ n  T  u n  −  τ *   ∥         ≤  ( 1 −  γ n  )   ∥   u n  −  τ *   ∥   +     γ n   ∥ T  u n  −  τ *  ∥         ≤  ( 1 −  γ n  )   ∥   u n  −  τ *   ∥   +     γ n  δ  ∥  u n  −  τ *  ∥         =  [  ( 1 −  γ n  )  +  γ n  δ ]   ∥  u n  −  τ *  ∥         ≤  [ 1 −  ( 1 − δ )   γ n  ]   ∥  u n  −  τ *  ∥         ≤  δ 2   [ 1 −  ( 1 − δ )   γ n  ]   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]   ∥  v n  −  τ *  ∥  .     



(17)







Since   δ ∈ [ 0 , 1 )  ,   [ 1 −  ( 1 − δ )   β n  ] < 1   and   [ 1 −  ( 1 − δ )   γ n  ] < 1  , we have that


   ∥   v  n + 1   −  τ *   ∥   ≤     δ 2   [ 1 −  ( 1 − δ )   α n  ]   ∥  v n  −  τ *  ∥  .  











Via induction, we have the following inequalities:


      ∥   v n  −  τ *   ∥      ≤  [ 1 −  α  n − 1    ( 1 − δ )  ]   ∥  v  n − 1   −  τ *  ∥         ∥   v  n − 1   −  τ *   ∥      ≤  δ 2   [ 1 −  α  n − 2    ( 1 − δ )  ]   ∥  v  n − 2   −  τ *  ∥        ⋮       ∥   v 1  −  τ *   ∥      ≤  δ 2   [ 1 −  α 0   ( 1 − δ )  ]   ∥  v 0  −  τ *  ∥  .     










      ∥   v  n + 1   −  τ *   ∥      ≤  δ  2 ( n + 1 )    ∏  k = 0  n   [ 1 −  α k   ( 1 − δ )  ]   ∥  v 0  −  τ *  ∥         =  δ  2 ( n + 1 )    ∥  v 0  −  τ *  ∥    [ 1 −  ( 1 − δ )  α ]   n + 1   .     



(18)







From elementary analysis, it is clear that   1 − q ≤  e  − q     for   q ∈ ( 0 , 1 )  . Consequent upon that fact and inequality (18), we have


      ∥   v  n + 1   −  τ *   ∥      ≤  ∏  k = 0  n   e  −  α k   ( 1 − δ )     ∥  v 0  −  τ *  ∥          =   ∥   v 0  −  τ *   ∥   e  −  ( 1 − δ )   ∑  k = 0  n   α k    .     



(19)







Taking the limit as   n → ∞   of both sides of (19), then,    lim  n → ∞    ∥  v n  −  τ *  ∥  = 0  .    □





Theorem 2. 

Suppose  B  is a nonempty closed convex subset of a Banach space  E  and   T : B → B   is a mapping satisfying condition (1) with a unique fixed point    τ *  ∈ F  ( T )   . Suppose that   {  v n  }   and   {  z n  }   are two iterative sequences generated by the UO iterative scheme and the AA iterative scheme, respectively, with real sequences    {  α n  }  ,  {  β n  }  ,  {  γ n  }  ∈  ( 0 , 1 )    satisfying    ∑  k = 0  ∞   α k  = ∞  . Then, the following are equivalent:








	1.

	
    lim  n → ∞    ∥  v n  −  τ *  ∥  = 0   




	2.

	
   lim  n → ∞    ∥  z n  −  τ *  ∥  = 0  .











Proof. 

We start by showing that   ( 1 ) ⇒ ( 2 )  ; that is, if the UO iterative scheme converges to the fixed point   τ *  , then the   A A   iterative also converge to the same fixed point   τ *  .


      ∥   v  n + 1   −  z  n + 1    ∥       =   ∥   ( 1 −  γ n  )   u n  +  γ n  T  u n  − T  y n   ∥         ≤  ( 1 −  γ n  )   ∥   u n  − T  y n   ∥   +     γ n   ∥ T  u n  − T  y n  ∥         ≤  ( 1 −  γ n  )   ∥   u n  − T  y n   ∥   +     γ n  δ  ∥  u n  −  y n  ∥         ≤  ( 1 −  γ n  )   ∥   u n  − T  u n   ∥   +   δ ∥   u n  −  y n   ∥ .      



(20)






      ∥   u n  −  y n   ∥       =   ∥   ( 1 −  β n  )   t n  +  β n  T  t n  − T  [  ( 1 −  γ n  )  T  d n  +  γ n  T  w n  ]   ∥         ≤  ( 1 −  β n  )   ∥  t n  − T  [  ( 1 −  γ n  )  T  d n  +  γ n  T  w n  ]  ∥              +    β n   ∥ T  t n  − T  [  ( 1 −  γ n  )  T  d n  +  γ n  T  w n  ]  ∥         ≤  ( 1 −  β n  )   ∥  t n  − T  t n  + T  t n  − T  [  ( 1 −  γ n  )  T  d n  +  γ n  T  w n  ]  ∥              +    β n   ∥ T  t n  − T  [  ( 1 −  γ n  )  T  d n  +  γ n  T  w n  ]  ∥         ≤  ( 1 −  β n  )   ∥   t n  − T  t n   ∥   +     ( 1 −  β n  )   ∥ T  t n  − T  [  ( 1 −  γ n  )  T  d n  +  γ n  T  w n  ]  ∥              +    β n   ∥ T  t n  − T  [  ( 1 −  γ n  )  T  d n  +  γ n  T  w n  ]  ∥         ≤  ( 1 −  β n  )   ∥   t n  − T  t n   ∥   +   ∥ T   t n  − T  [  ( 1 −  γ n  )  T  d n  +  γ n  T  w n  ]   ∥         ≤  ( 1 −  β n  )   ∥   t n  − T  t n   ∥   +   δ ∥   t n  −  [  ( 1 −  γ n  )  T  d n  +  γ n  T  w n  ]   ∥         ≤  ( 1 −  β n  )   ∥   t n  − T  t n   ∥   +   δ   ( 1 −  γ n  )   ∥   t n  − T  t n   ∥   +   δ   γ n   ∥  t n  − T  w n  ∥         ≤  ( 1 −  β n  )   ∥   t n  − T  t n   ∥   +   δ   ( 1 −  γ n  )   ∥  t n  − T  t n  + T  t n  − T  d n  ∥              +   δ  γ n   ∥  t n  − T  t n  + T  t n  − T  w n  ∥         ≤  ( 1 −  β n  )   ∥   t n  − T  t n   ∥   +   δ   ( 1 −  γ n  )   ∥   t n  − T  t n   ∥   +   δ   ( 1 −  γ n  )   ∥ T  t n  − T  d n  ∥              +   δ  γ n   ∥   t n  − T  t n   ∥   +   δ   γ n   ∥ T  t n  − T  w n  ∥         ≤  {  ( 1 −  β n  )    +   δ  ( 1 −  γ n  )    +   δ  γ n  }   ∥   t n  − T  t n   ∥   +     δ 2   ( 1 −  γ n  )   ∥  t n  −  d n  ∥              +    δ 2   γ n   ∥  t n  −  w n  ∥         ≤  [ 1 −  β n    +   δ ]   ∥   t n  − T  t n   ∥   +     δ 2   ( 1 −  γ n  )   ∥   t n  −  d n   ∥   +     δ 2   γ n   ∥  t n  −  w n  ∥  .     



(21)






      ∥   t n  −  w n   ∥       =   ∥ T   s n  − T  [  ( 1 −  β n  )   d n  +  β n  T  d n  ]   ∥          ≤ δ ∥   s n  −  [  ( 1 −  β n  )   d n  +  β n  T  d n  ]   ∥         ≤ δ  ( 1 −  β n  )   ∥   s n  −  d n   ∥   +   δ   β n   ∥  s n  − T  d n  ∥         ≤ δ  ( 1 −  β n  )   ∥   s n  −  d n   ∥   +   δ   β n   ∥  s n  − T  s n  + T  s n  − T  d n  ∥         ≤ δ  ( 1 −  β n  )   ∥   s n  −  d n   ∥   +   δ   β n   ∥   s n  − T  s n   ∥   +     δ 2   β n   ∥  s n  −  d n  ∥         ≤ δ  β n   ∥   s n  − T  s n   ∥   +     [ δ  ( 1 −  β n  )  +  δ 2   β n  ]   ∥  s n  −  d n  ∥  .     



(22)






      ∥   s n  −  d n   ∥       =   ∥   ( 1 −  α n  )   r n  +  α n  T  r n  −  ( 1 −  α n  )   z n  −  α n  T  z n   ∥         ≤  ( 1 −  α n  )   ∥   r n  −  z n   ∥   +     α n   ∥ T  r n  − T  z n  ∥         ≤  ( 1 −  α n  )   ∥   r n  −  z n   ∥   +   δ   α n   ∥  r n  −  z n  ∥         =  [  ( 1 −  α n  )    +   δ  α n  ]   ∥  r n  −  z n  ∥  .     



(23)






      ∥   r n  −  z n   ∥       =   ∥ T   v n  −  z n   ∥          ≤   ∥ T   v n  − T  z n  + T  z n  −  z n   ∥          ≤ δ ∥   v n  −  z n   ∥   +   ∥   z n  − T  z n   ∥ .      



(24)







Put (24) in (23):


      ∥   s n  −  d n   ∥   ≤   δ   [  ( 1 −  α n  )    +   δ  α n  ]   ∥   v n  −  z n   ∥   +     [  ( 1 −  α n  )    +   δ  α n  ]   ∥  z n  − T  z n  ∥  .     



(25)







Put (25) in (22):


      ∥   t n  −  w n   ∥      ≤ δ  β n   ∥  s n  − T  s n  ∥  +  [ δ  ( 1 −  β n  )    +   δ  β n  ]  ×             { δ  [  ( 1 −  α n  )    +   δ  α n  ]  ∥  v n  −  z n  ∥ +  [  ( 1 −  α n  )    +   δ  α n  ]  ∥  z n  − T  z n  ∥ }     



(26)






      ∥   t n  −  d n   ∥       =   ∥ T   s n  −  ( 1 −  α n  )   z n  −  α n  T  z n   ∥         ≤  ( 1 −  α n  )   ∥ T   s n  −  z n   ∥   +     α n   ∥ T  s n  − T  z n  ∥         ≤  ( 1 −  α n  )   ∥ T   s n  − T  z n  + T  z n  −  z n   ∥   +     α n  δ  ∥  s n  −  z n  ∥         ≤  ( 1 −  α n  )   δ ∥   s n  −  z n   ∥   +     ( 1 −  α n  )   ∥ T   z n  −  z n   ∥   +     α n  δ  ∥  s n  −  z n  ∥          ≤ δ ∥   s n  −  z n   ∥   +     ( 1 −  α n  )   ∥ T  z n  −  z n  ∥      



(27)






      ∥   s n  −  z n   ∥       =   ∥   ( 1 −  α n  )   r n  +  α n  T  r n  −  z n   ∥         ≤  ( 1 −  α n  )   ∥   r n  −  z n   ∥   +     α n   ∥ T  r n  −  z n  ∥         ≤  ( 1 −  α n  )   ∥   r n  −  z n   ∥   +     α n   ∥ T  r n  − T  z n  + T  z n  −  z n  ∥         ≤  ( 1 −  α n  )   ∥   r n  −  z n   ∥   +     α n   δ ∥   r n  −  z n   ∥   +     α n   ∥ T  z n  −  z n  ∥         ≤  [  ( 1 −  α n  )  +  α n  δ ]   ∥   r n  −  z n   ∥   +     α n   ∥  z n  − T  z n  ∥         ≤  [  ( 1 −  α n  )  +  α n  δ ]   { δ ∥   v n  −  z n   ∥   +   ∥   z n  − T  z n   ∥ }  +  α n   ∥  z n  − T  z n  ∥         ≤ δ  [  ( 1 −  α n  )  +  α n  δ ]   ∥   v n  −  z n   ∥   +     [ 1 +  α n  δ ]   ∥  z n  − T  z n  ∥  .     



(28)







Putting (28) in (27),


      ∥   t n  −  d n   ∥      ≤  δ 2   [ 1 −  ( 1 − δ )   α n  ]   ∥   v n  −  z n   ∥   +     [ δ +  δ 2   α n  ]   ∥  z n  − T  z n  ∥              +    ( 1 −  α n  )   ∥ T  z n  −  z n  ∥  ,     



(29)




and, putting (26) and (29) in (21),


      ∥   u n  −  y n   ∥      ≤  [ 1 −  β n    +   δ ]   ∥   t n  − T  t n   ∥   +     δ 4   ( 1 −  γ n  )   [ 1 −  ( 1 − δ )   α n  ]   ∥  v n  −  z n  ∥              +    δ 2   ( 1 −  γ n  )   [ δ +  δ 2   γ n  ]   ∥   z n  − T  z n   ∥   +     δ 2   ( 1 −  γ n  )   ( 1 −  α n  )   ∥  z n  − T  z n  ∥              +    δ 3   β n   γ n   ∥   s n  − T  s n   ∥   +     δ 4   γ n   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]   ∥  v n  −  z n  ∥              +    δ 3   γ n   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]   ∥  z n  − T  z n  ∥  .     



(30)







Putting (30) in (20),


      ∥   v  n + 1   −  z  n + 1    ∥      ≤  ( 1 −  γ n  )   ∥   u n  − T  u n   ∥   +   δ   [ 1 −  β n    +   δ ]   ∥  t n  − T  t n  ∥              +    δ 5   ( 1 −  γ n  )   [ 1 −  ( 1 − δ )   α n  ]   ∥   v n  −  z n   ∥   +     δ 3   ( 1 −  γ n  )   [ δ +  δ 2   α n  ]   ∥  z n  − T  z n  ∥              +    δ 3   ( 1 −  γ n  )   ( 1 −  α n  )   ∥   z n  − T  z n   ∥   +     δ 4   β n   γ n   ∥  s n  − T  s n  ∥              +    δ 5   γ n   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]   ∥  v n  −  z n  ∥              +    δ 4   γ n   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]   ∥  z n  − T  z n  ∥         ≤  ( 1 −  γ n  )   ∥   u n  − T  u n   ∥   +   δ   [ 1 −  β n    +   δ ]   ∥   t n  − T  t n   ∥   +     δ 4   β n   γ n   ∥  s n  − T  s n  ∥              +   {  δ 5   ( 1 −  γ n  )   [ 1 −  ( 1 − δ )   α n  ]                 +    δ 5   γ n   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]  }  ∥  v n  −  z n  ∥              +   {  δ 3   ( 1 −  γ n  )   [ δ +  δ 2   α n  ]                 +    δ 4   γ n   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]  }  ∥  z n  − T  z n  ∥  .     



(31)







Since   δ ∈ [ 0 , 1 )   and    δ 5   ( 1 −  γ n  )  +  δ 5   γ n   [ 1 −  ( 1 − δ )   β n  ]  < 1  , we have


      ∥   v  n + 1   −  z  n + 1    ∥      ≤  ( 1 −  γ n  )   ∥   u n  − T  u n   ∥   +   δ   [ 1 −  β n    +   δ ]   ∥   t n  − T  t n   ∥   +     δ 4   β n   γ n   ∥  s n  − T  s n  ∥              +    {  δ 3   ( 1 −  γ n  )   [ δ +  δ 2   α n  ]  +  δ 4   γ n   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]  }   ∥  z n  − T  z n  ∥              +    [ 1 −  ( 1 − δ )   α n  ]   ∥  v n  −  z n  ∥  .     



(32)




Let


     η n     =  ( 1 − δ )   α n  ∈  ( 0 , 1 )        π n      =   ∥   v n  −  z n   ∥        c n     =  ( 1 −  γ n  )   ∥   u n  − T  u n   ∥   +   δ   [ 1 −  β n    +   δ ]   ∥   t n  − T  t n   ∥   +     δ 4   β n   γ n   ∥  s n  − T  s n  ∥         +  {  δ 3   ( 1 −  γ n  )   [ δ +  δ 2   α n  ]  +  δ 4   γ n   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]  }   ∥  z n  − T  z n  ∥  .     











Moreover, using   T  τ *  =  τ *    and    ∥   z n  −  τ *   ∥ → 0   ,


   lim  n → ∞    ∥   z n  − T  z n   ∥   =     lim  n → ∞    ∥   s n  − T  s n   ∥   =     lim  n → ∞    ∥   t n  − T  t n   ∥   =     lim  n → ∞    ∥  u n  − T  u n  ∥  = 0 ,  








and it follows that     c n   η n   → 0   as   n → ∞  .



Clearly, (32) satisfies the conditions of Lemma 4 and, hence,    lim  n → ∞    ∥  v n  −  z n  ∥  = 0  . Since


   ∥   z n  −  τ *   ∥   =   ∥   v n  −  z n   ∥ + ∥   z n  −  τ *   ∥   








we have


   lim  n → ∞    ∥  z n  −  τ *  ∥  = 0 .  











Next, we show that   ( 2 ) ⇒ ( 1 )  :


      ∥   z  n + 1   −  v  n + 1    ∥       =   ∥ T   y n  −  ( 1 −  γ n  )   u n  +  γ n  T  u n   ∥         ≤  ( 1 −  γ n  )   ∥ T   y n  −  u n   ∥   +     γ n   ∥ T  y n  − T  u n  ∥         ≤  ( 1 −  γ n  )   ∥ T   y n  −  u n   ∥   +   δ   γ n   ∥  y n  −  u n  ∥         ≤  ( 1 −  γ n  )   ∥ T   y n  − T  u n  + T  u n  −  u n   ∥   +   δ   γ n   ∥  y n  −  u n  ∥         ≤  ( 1 −  γ n  )   δ ∥   y n  −  u n   ∥   +     ( 1 −  γ n  )   ∥   u n  − T  u n   ∥   +   δ   γ n   ∥  y n  −  u n  ∥          = δ ∥   y n  −  u n   ∥   +     ( 1 −  γ n  )   ∥  u n  − T  u n  ∥      



(33)






      ∥   y n  −  u n   ∥       =   ∥ T   [  ( 1 −  γ n  )  T  d n  +  γ n  T  w n  ]  −  ( 1 −  β n  )   t n  −  β n  T  t n   ∥         ≤  ( 1 −  β n  )   ∥ T  [  ( 1 −  γ n  )  T  d n  + γ T  w n  ]  −  t n  ∥               +    β n   ∥ T  [  ( 1 −  γ n  )  T  d n  +  γ n  T  w n  ]  − T  t n  ∥         ≤  ( 1 −  β n  )   ∥ T  [  ( 1 −  γ n  )  T  d n  +  γ n  T  w n  ]  − T  t n  + T  t n  −  t n  ∥              +    β n  δ  ∥  ( 1 −  γ n  )  T  d n  +  γ n  T  w n  −  t n  ∥         ≤  ( 1 −  β n  )   δ ∥   ( 1 −  γ n  )  T  d n  +  γ n  T  w n  −  t n   ∥   +     ( 1 −  β n  )   ∥ T  t n  −  t n  ∥              +    β n  δ  ( 1 −  γ n  )   ∥ T   d n  −  t n   ∥   +     β n   γ n  δ  ∥ T  w n  −  t n  ∥         ≤  ( 1 −  β n  )   ( 1 −  γ n  )   δ ∥ T   d n  −  t n   ∥   +     ( 1 −  β n  )   γ n  δ  ∥ T  w n  −  t n  ∥              +    ( 1 −  β n  )   ∥ T   t n  −  t n   ∥   +     β n   δ 2   ( 1 −  γ n  )   ∥   d n  −  t n   ∥   +     β n  δ  ( 1 −  γ n  )   ∥ T  t n  −  t n  ∥              +    β n   γ n   δ 2   ∥   w n  −  t n   ∥   +     β n   γ n  δ  ∥ T  t n  −  t n  ∥         ≤  ( 1 −  β n  )   ( 1 −  γ n  )   δ 2   ∥   d n  −  t n   ∥   +     ( 1 −  β n  )   ( 1 −  γ n  )  δ  ∥ T  t n  −  t n  ∥              +    ( 1 −  β n  )   γ n   δ 2   ∥   w n  −  t n   ∥   +     ( 1 −  β n  )   γ n  δ  ∥ T  t n  −  t n  ∥               +    ( 1 −  β n  )   ∥ T   t n  −  t n   ∥   +     β n   δ 2   ( 1 −  γ n  )   ∥   d n  −  t n   ∥   +     β n  δ  ( 1 −  γ n  )   ∥ T  t n  −  t n  ∥              +    β n   γ n   δ 2   ∥   w n  −  t n   ∥   +     β n   γ n  δ  ∥ T  t n  −  t n  ∥         =  ( 1 −  γ n  )   δ 2   ∥   d n  −  t n   ∥   +     γ n   δ 2   ∥   w n  −  t n   ∥   +     [ δ +  ( 1 −  β n  )  ]   ∥ T  t n  −  t n  ∥      



(34)






      ∥   w n  −  t n   ∥       =   ∥ T   [  ( 1 −  β n  )   d n  +  β n  T  d n  ]  − T  s n   ∥          ≤ δ ∥   ( 1 −  β n  )   d n  +  β n  T  d n  −  s n   ∥         ≤ δ  ( 1 −  β n  )   ∥   d n  −  s n   ∥   +     β n  δ  ∥ T  d n  −  s n  ∥         ≤ δ  ( 1 −  β n  )   ∥   d n  −  s n   ∥   +     β n   δ 2   ∥   d n  −  s n   ∥   +     β n  δ  ∥ T  s n  −  s n  ∥         = δ  [  ( 1 −  β n  )  +  β n  δ ]   ∥   d n  −  s n   ∥   +     β n  δ  ∥ T  s n  −  s n  ∥      



(35)






      ∥   d n  −  s n   ∥       =   ∥   ( 1 −  α n  )   z n  +  α n  T  z n  −  ( 1 −  α n  )   r n  −  α n  T  r n   ∥         ≤  ( 1 −  α n  )   ∥   z n  −  r n   ∥   +     α n   ∥ T  z n  − T  r n  ∥         ≤  ( 1 −  α n  )   ∥   z n  −  r n   ∥   +     α n  δ  ∥  z n  −  r n  ∥         =  [ 1 −  ( 1 − δ )   α n  ]   ∥  z n  −  r n  ∥         ≤  [ 1 −  ( 1 − δ )   α n  ]   ∥  z n  − T  v n  ∥         ≤  [ 1 −  ( 1 − δ )   α n  ]   ∥  z n  − T  z n  + T  z n  − T  v n  ∥         ≤  [ 1 −  ( 1 − δ )   α n  ]   ∥   z n  − T  z n   ∥   +   δ   [ 1 −  ( 1 − δ )   α n  ]   ∥  z n  −  v n  ∥      



(36)







Putting (36) in (35),


      ∥   w n  −  t n   ∥      ≤ δ  [ 1 −  ( 1 − δ )   β n  ]    [ 1 −  ( 1 − δ )   α n  ]   ∥   z n  − T  z n   ∥ + δ   [ 1 −  ( 1 − δ )   α n  ]   ∥  z n  −  v n  ∥               +    β n  δ  ∥ T  s n  −  s n  ∥         ≤ δ  [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]   ∥  z n  − T  z n  ∥              +    δ 2   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]   ∥   z n  −  v n   ∥   +     β n  δ  ∥ T  s n  −  s n  ∥      



(37)







Next,


      ∥   d n  −  t n   ∥       =   ∥   ( 1 −  α n  )   z n  +  α n  T  z n  − T  s n   ∥         ≤  ( 1 −  α n  )   ∥   z n  − T  s n   ∥   +     α n   ∥ T  z n  − T  s n  ∥         ≤  ( 1 −  α n  )   ∥   z n  T  z n  + T  z n  − T  s n   ∥   +     α n  δ  ∥  z n  −  s n  ∥         ≤  ( 1 −  α n  )   ∥   z n  − T  z n   ∥   +     ( 1 −  α n  )   δ ∥   z n  −  s n   ∥   +     α n  δ  ∥  z n  −  s n  ∥          = δ ∥   z n  −  s n   ∥   +     ( 1 −  α n  )   ∥  z n  − T  z n  ∥          ≤ δ ∥   z n  −  ( 1 −  α n  )   r n  −  α n  T  r n   ∥   +     ( 1 −  α n  )   ∥  z n  − T  z n  ∥         ≤  ( 1 −  α n  )   δ ∥   z n  −  r n   ∥   +     α n   δ ∥   z n  − T  r n   ∥   +     ( 1 −  α n  )   ∥  z n  − T  z n  ∥         ≤  ( 1 −  α n  )   δ ∥   z n  − T  v n   ∥   +     α n  δ  ∥  z n  − T  z n  + T  z n  − T  r n  ∥              +    ( 1 −  α n  )   ∥  z n  − T  z n  ∥         ≤  ( 1 −  α n  )   δ ∥   z n  − T  z n  + T  z n  − T  v n   ∥   +     α n   δ ∥   z n  − T  z n   ∥   +     α n   δ 2   ∥  z n  −  r n  ∥              +    ( 1 −  α n  )   ∥  z n  − T  z n  ∥         ≤  ( 1 −  α n  )   δ ∥   z n  − T  z n   ∥   +     ( 1 −  α n  )   δ 2   ∥   z n  −  v n   ∥   +     α n  δ  ∥  z n  − T  z n  ∥              +    α n   δ 2   ∥   z n  − T  v n   ∥   +     ( 1 −  α n  )   ∥  z n  − T  z n  ∥         ≤  ( 1 −  α n  )   δ ∥   z n  − T  z n   ∥   +     ( 1 −  α n  )   δ 2   ∥   z n  −  v n   ∥   +     α n  δ  ∥  z n  − T  z n  ∥              +    α n   δ 2   ∥   z n  − T  z n  + T  z n  − T  v n   ∥   +     ( 1 −  α n  )   ∥  z n  − T  z n  ∥         ≤  ( 1 −  α n  )   δ ∥   z n  − T  z n   ∥   +     ( 1 −  α n  )   δ 2   ∥   z n  −  v n   ∥   +     α n  δ  ∥  z n  − T  z n  ∥              +    α n   δ 2   ∥   z n  − T  z n   ∥   +     α n   δ 3   ∥   z n  −  v n   ∥   +     ( 1 −  α n  )   ∥  z n  − T  z n  ∥         =  [  ( 1 −  α n  )  δ +  α n  δ +  α n   δ 2  +  ( 1 −  α n  )  ]   ∥  z n  − T  z n  ∥              +    [  ( 1 −  α n  )   δ 2  +  α n   δ 3  ]   ∥  z n  −  v n  ∥         ≤  [ δ +  α n   δ 2  +  ( 1 −  α n  )  ]   ∥   z n  − T  z n   ∥   +     δ 2   [ 1 −  ( 1 − δ )   α n  ]   ∥  z n  −  v n  ∥      



(38)







Put (37) and (38) in (34):


      ∥   y n  −  u n   ∥      ≤  ( 1 −  γ n  )   δ 2    [ δ +  α n   δ 2  +  ( 1 −  α n  )  ]   ∥   z n  − T  z n   ∥ +   δ 2   [ 1 −  ( 1 − δ )   α n  ]   ∥  z n  −  v n  ∥                 +    γ n   δ 2  { δ  [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]   ∥  z n  − T  z n  ∥                +    δ 2   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]   ∥   z n  −  v n   ∥   +     β n  δ  ∥  s n  − T  s n  ∥  }               +    [ δ +  ( 1 −  β n  )  ]   ∥  t n  − T  t n  ∥           ≤  ( 1 − γ )   δ 2   [ δ +  α n   δ 2  +  ( 1 −  α n  )  ]   ∥   z n  − T  z n   ∥   +     ( 1 −  γ n  )   δ 4   [ 1 −  ( 1 − δ )   α n  ]   ∥  z n  −  v n  ∥                +    γ n   δ 3   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]   ∥  z n  − T  z n  ∥                +    γ n   δ 4   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]   ∥   z n  −  v n   ∥   +     β n   γ n   δ 3   ∥  s n  − T  s n  ∥                +    [ δ +  ( 1 −  β n  )  ]   ∥  t n  − T  t n  ∥           =  {  ( 1 −  γ n  )   δ 2   [ δ +  α n   δ 2  +  ( 1 −  α n  )  ]  +  γ n   δ 3   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]  }   ∥  z n  − T  z n  ∥                +    {  ( 1 −  γ n  )   δ 4   [ 1 −  ( 1 − δ )   α n  ]  +  γ n   δ 4   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]  }   ∥  z n  −  v n  ∥                +    β n   γ n   δ 3   ∥   s n  − T  s n   ∥   +     [ δ +  ( 1 −  β n  )  ]   ∥  t n  − T  t n  ∥      



(39)




and, putting (39) in (33), we have


      ∥   z  n + 1   −  v  n + 1    ∥      ≤ {  ( 1 −  γ n  )   δ 3   [ δ +  α n   δ 2  +  ( 1 −  α n  )  ]              +    γ n   δ 4   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]  }  ∥  z n  − T  z n  ∥              +     ( 1 −  γ n  )   δ 5   [ 1 −  ( 1 − δ )   α n  ]  +  γ n   δ 5   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]    ∥  z n  −  v n  ∥              +    β n   γ n   δ 4   ∥   s n  − T  s n   ∥   +   δ   [ δ +  ( 1 −  β n  )  ]   ∥   t n  − T  t n   ∥   +     ( 1 −  γ n  )   ∥  u n  − T  u n  ∥         ≤ {  ( 1 −  γ n  )   δ 3   [ δ +  α n   δ 2  +  ( 1 −  α n  )  ]              +    γ n   δ 4   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]  }  ∥  z n  − T  z n  ∥              +    β n   γ n   δ 4   ∥   s n  − T  s n   ∥   +   δ   [ δ +  ( 1 −  β n  )  ]   ∥   t n  − T  t n   ∥   +     ( 1 −  γ n  )   ∥  u n  − T  u n  ∥              +    {  ( 1 −  γ n  )   δ 6  +  γ n   δ 5   [ 1 −  ( 1 − δ )   β n  ]  }   [ 1 −  ( 1 − δ )   α n  ]   ∥  z n  −  v n  ∥      



(40)







Let


     η n     =  ( 1 − δ )   α n  ∈  ( 0 , 1 )        π n      =   ∥   z n  −  v n   ∥        c n     = {  ( 1 −  γ n  )   δ 3   [ δ +  α n   δ 2  +  ( 1 −  α n  )  ]  +  γ n   δ 4   [ 1 −  ( 1 − δ )   β n  ]  ×         [ 1 −  ( 1 − δ )   α n  ]   } ∥   z n  − T  z n   ∥   +     β n   γ n   δ 4   ∥  s n  − T  s n  ∥              +   δ  [ δ +  ( 1 −  β n  )  ]   ∥   t n  − T  t n   ∥   +     ( 1 −  γ n  )   ∥  u n  − T  u n  ∥              +    {  ( 1 −  γ n  )   δ 5  +  γ n   δ 5   [ 1 −  ( 1 − δ )   β n  ]  }   [ 1 −  ( 1 − δ )   α n  ]   ∥  z n  −  v n  ∥      











Using   T  τ *  =  τ *    and    ∥   v n  −  τ *   ∥ → 0   ,


   lim  n → ∞    ∥   z n  − T  z n   ∥ =   lim  n → ∞    ∥   s n  − T  s n   ∥ =   lim  n → ∞    ∥   t n  − T  t n   ∥ =   lim  n → ∞    ∥  u n  − T  u n  ∥  = 0  








and it follows that     c n   η n   → 0   as   n → ∞  .



Hence, (40) satisfies the assumption of Lemma 4 and, as such, we have    lim  n → ∞    ∥  z n  −  v n  ∥    =   0   since    ∥   v n  −  τ *   ∥   =   ∥   z n  −  v n   ∥   +   ∥   z n  −  τ *   ∥ → 0    as   n → ∞  .



Therefore,    lim  n → ∞    ∥  v n  −  τ *  ∥  = 0  , thereby completing the proof.    □






3.2. Rate of Convergence of Some Iteration Processes


Theorem 3. 

Let  B  be a nonempty closed convex subset of a Banach space  E  and   T : B → B   be a contraction mapping satisfying condition (1) and having the fixed point    τ *  ∈ F  ( T )  ≠ ∅  . Assume that    {  α n  }  ,  {  β n  }  ,  {  γ n  }  ∈  ( 0 , 1 )    are real sequences for   n ∈ N  . Given that    v 0  =  z 0  ∈ B  , consider the iterative sequences    {  v n  }   n = 0  ∞  ,    {  p n  }   n = 0  ∞   and    {  x n  }   n = 0  ∞   defined by the UO (3), CR (4) and Picard-S (5) iterative schemes, respectively. Then, the iterative sequence   {  v n  }   converges faster to the fixed point   τ *   than   {  p n  }  .





Proof. 

From Theorem 1, we have that


      ∥   v  n + 1   −  τ *   ∥      ≤  δ  2 ( n + 1 )    ∏  k = 0  n   [ 1 −  ( 1 − δ )   α k  ]   ∥  v 0  −  τ *  ∥         =  δ  2 ( n + 1 )    ∥  v 0  −  τ *  ∥    [ 1 −  ( 1 − δ )  α ]   n + 1       











From the CR iterative scheme (4),


      ∥   r n  −  τ *   ∥       =   ∥   ( 1 −  γ n  )   p n  +  γ n  T  p n  −  τ *   ∥         ≤  ( 1 −  γ n  )   ∥   p n  −  τ *   ∥   +     γ n   ∥ T  p n  −  τ *  ∥         ≤  ( 1 −  γ n  )   ∥   p n  −  τ *   ∥   +     γ n  δ  ∥  p n  −  τ *  ∥         =  [ 1 −  ( 1 − δ )   γ n  ]   ∥  p n  −  τ *  ∥      



(41)






      ∥   q n  −  τ *   ∥       =   ∥   ( 1 −  β n  )  T  p n  +  β n  T  r n  −  τ *   ∥         ≤  ( 1 −  β n  )   ∥ T   p n  −  τ *   ∥   +     β n   ∥ T   r n  −  τ *   ∥         ≤  ( 1 −  β n  δ )   ∥   p n  −  τ *   ∥   +     β n  δ  ∥  r n  −  τ *  ∥         ≤  ( 1 −  β n  )   δ ∥   p n  −  τ *   ∥   +     β n  δ  [ 1 −  ( 1 − δ )   γ n  ]   ∥  p n  −  τ *  ∥         =  {  ( 1 −  β n  )  δ +  β n  δ  [ 1 −  ( 1 − δ )   γ n  ]  }   ∥  p n  −  τ *  ∥         ≤ δ  [ 1 −  ( 1 − δ )   β n   γ n  ]   ∥  p n  −  τ *  ∥      



(42)






      ∥   p  n + 1   −  τ *   ∥       =   ∥   ( 1 −  α n  )   q n  +  α n  T  q n  −  τ *   ∥         ≤  ( 1 −  α n  )   ∥   q n  −  τ *   ∥   +     α n   ∥ T  q n  −  τ *  ∥          ≤  ( 1 − α )  ∥   q n  −  τ *   ∥   +     α n  δ  ∥  q n  −  τ *  ∥         =  [ 1 −  ( 1 − δ )   α n  ]   ∥  q n  −  τ *  ∥      



(43)







Putting (42) in (43), we have


   ∥   p  n + 1   −  τ *   ∥   ≤   δ   [ 1 −  ( 1 − δ )   α n  ]   [ 1 −  ( 1 − δ )   β n   γ n  ]   ∥  p n  −  τ *  ∥   











Since   δ ∈ ( 0 , 1 )   and    α n  ,    β n  ,    γ n  ∈  ( 0 , 1 )   ,


   ∥   p  n + 1   −  τ *   ∥   ≤   δ   [ 1 −  ( 1 − δ )   α n  ]   ∥  p n  −  τ *  ∥  .  











Via induction, we have


      ∥   p  n + 1   −  τ *   ∥      ≤  δ  ( n + 1 )    ∏  k = 0  n   [ 1 −  α k   ( 1 − δ )  ]   ∥  p 0  −  τ *  ∥         =  δ  ( n + 1 )    ∥  p 0  −  τ *  ∥    [ 1 − α  ( 1 − δ )  ]   ( n + 1 )       











From the Picard-S iteration method (5) and the contraction condition (1), we have


      ∥   z n  −  τ *   ∥       =   ∥   ( 1 −  β n  )   x n  +  β n  T  x n  −  τ *   ∥         ≤  ( 1 −  β n  )   ∥   x n  −  τ *   ∥   +     β n   ∥ T  x n  −  τ *  ∥         ≤  ( 1 −  β n  )   ∥   x n  −  τ *   ∥   +     β n  δ  ∥  x n  −  τ *  ∥         =  [ 1 −  ( 1 − δ )   β n  ]   ∥  x n  −  τ *  ∥      



(44)






      ∥   y n  −  τ *   ∥       =   ∥   ( 1 −  α n  )  T  x n  +  α n  T  z n  −  τ *   ∥         ≤  ( 1 −  α n  )   ∥ T   x n  −  τ *   ∥   +     α n   ∥ T  z n  −  τ *  ∥          ≤  ( 1 − α )  δ ∥   x n  −  τ *   ∥   +     α n  δ  ∥  z n  −  τ *  ∥         ≤  ( 1 −  α n  )   δ ∥   x n  −  τ *   ∥   +     α n   δ {   [ 1 −  ( 1 − δ )   β n  ]   ∥   x n  −  τ *   ∥ }         =  [  ( 1 − α )  δ +  α n  δ  [ 1 −  ( 1 − δ )   β n  ]  ]   ∥  x n  −  τ *  ∥      



(45)






      ∥   x  n + 1   −  τ *   ∥       =   ∥ T   y n  −  τ *   ∥          ≤ δ ∥   y n  −  τ *   ∥      



(46)







Putting (45) in (46), we have


   ∥   x  n + 1   −  τ *   ∥   ≤   δ   [  ( 1 −  α n  )  δ +  α n  δ  [ 1 −  ( 1 − δ )   β n  ]  ]   ∥  x n  −  τ *  ∥  .  











Since   δ ∈ [ 0 , 1 )   and    α n  ,    β n  ∈  ( 0 , 1 )   , we have


  [  ( 1 −  α n  )  δ +  α n  δ  [ 1 −  ( 1 − δ )   β n  ]  ] < 1  








and it follows that


      ∥   x  n + 1   −  τ *   ∥       ≤ δ ∥   x n  −  τ *   ∥              ⋮        ≤  δ  n + 1    ∥  x n  −  τ *  ∥         ≤  δ  n + 1    ∥  x o  −  τ *  ∥  .     











Let


   a n  =  δ  2 ( n + 1 )     [ 1 −  ( 1 − δ )  α ]   n + 1    ∥  v 0  −  τ *  ∥   










   b n  =  δ  ( n + 1 )    ∥  p 0  −  τ *  ∥    [ 1 − α  ( 1 − δ )  ]   ( n + 1 )    








and


   c n  =  δ  n + 1    ∥  x o  −  τ *  ∥   











Set


    a n   b n   =    δ  2 ( n + 1 )     [ 1 −  ( 1 − δ )  α ]   n + 1    ∥  v 0  −  τ *  ∥     δ  ( n + 1 )    ∥  p 0  −  τ *  ∥    [ 1 − α  ( 1 − δ )  ]   ( n + 1 )     → 0   as   n → ∞  








and


    a n   c n   =    δ  2 ( n + 1 )     [ 1 −  ( 1 − δ )  α ]   n + 1    ∥  v 0  −  τ *  ∥     δ  n + 1    ∥  x o  −  τ *  ∥    → 0   as   n → ∞ .  











Hence, the UO iterative scheme (3) converges to   τ *   faster than the CR and Picard-S iterative schemes. Therefore, the proof is complete.    □





Example 1. 

Let   B = R  . We define a mapping   T : B → B   by   T x =   3 x + 2  4    which is a contraction mapping with the contraction constant   δ =  3 4    and   F ( T ) = { 2 }  . If we choose    α n  =  β n  =  γ n  =  3 4   , then it is clear from Table 1 and Table 2 and Figure 1 and Figure 2 that our iterative scheme converges to the fixed point, 2, faster than all of the CR [10] as in (4), F* [14] as in (8), Picard-S [11] as in (5), Modified-SP [14] as in (9), Uddin et al. [13] as in (7) and Picard–Ishikawa [15] as in (10) methods.






3.3. Stability and Data Dependence Results


Theorem 4. 

Let  E  be a Banach space. Assume that   T : B → B   is a contraction mapping with   δ ∈ [ 0 , 1 )   with a fixed point    τ *  ∈ F  ( T )  ≠ ∅  . Assume further that    {  v n  }   n = 0  ∞   is a sequence generated by the UO iterative scheme (3) and that it converges to   τ *  . Then, (3) is  T -stable.





Proof. 

Assume that    {  p n  }   n = 0  ∞   is an arbitrary sequence in  B  and let the sequence generated by the UO iterative scheme be    v  n + 1   = f  ( T ,  v n  )   , which converges to a unique fixed point   τ *  .



Let    ϵ n  =  ∥  p  n + 1   − f  ( T ,  p n  )  ∥   . Our aim is to show that    lim  n → ∞    ϵ n  = 0   if and only if    lim  n → ∞    ∥  p n  −  τ *  ∥  = 0  . Set    r n  = T  p n   .



Suppose    lim  n → ∞    ϵ n  = 0  :


      ∥   p  n + 1   −  τ *   ∥       =   ∥   p  n + 1   − f  ( T ,  p n  )  + f  ( T ,  p n  )  −  τ *   ∥          ≤   ∥   p  n + 1   − f  ( T ,  p n  )   ∥   +   ∥ f   ( T ,  p n  )  −  τ *   ∥         ≤  ϵ n  +  ∥ f  ( T ,  p n  )  −  τ *  ∥         ≤  ϵ n  +  ∥  ( 1 −  γ n  )   u n  +  γ n  T  u n  −  τ *  ∥         ≤  ϵ n  +  ( 1 −  γ n  )   ∥   u n  −  τ *   ∥   +     γ n  δ  ∥  u n  −  τ *  ∥         =  ϵ n  +  [ 1 −  ( 1 − δ )   γ n  ]   ∥  u n  −  τ *  ∥      



(47)







Next,


      ∥   u n  −  τ *   ∥       =   ∥   ( 1 −  β n  )   y n  +  β n  T  t n  −  τ *   ∥         ≤  ( 1 −  β n  )   ∥   t n  −  τ *   ∥   +     β n   ∥ T  t n  −  τ *  ∥         ≤  ( 1 −  β n  )   ∥   t n  −  τ *   ∥   +     β n  δ  ∥  t n  −  τ *  ∥         =  [ 1 −  ( 1 − δ )   β n  ]   ∥  t n  =  τ *  ∥      



(48)






      ∥   t n  −  τ *   ∥       =   ∥ T   s n  −  τ *   ∥          ≤ δ ∥   s n  −  τ *   ∥      



(49)






      ∥   s n  −  τ *   ∥       =   ∥   ( 1 −  α n  )   r n  +  α n  T  r n  −  τ *   ∥         ≤  ( 1 −  α n  )   ∥   r n  −  τ *   ∥   +     α n  δ  ∥  r n  −  τ *  ∥         =  [ 1 −  ( 1 − δ )   α n  ]   ∥  r n  −  τ *  ∥      



(50)




and, combining (49) and (50), we have


      ∥   t n  −  τ *   ∥      ≤ δ  [ 1 −  ( 1 − δ )   α n  ]   ∥  r n  −  τ *  ∥         ≤ δ  [ 1 −  ( 1 − δ )   α n  ]   ∥ T  p n  −  τ *  ∥         ≤  δ 2   [ 1 −  ( 1 − δ )   α n  ]   ∥  p n  −  τ *  ∥      



(51)







Putting (51) in (48), we have


   ∥   u n  −  τ *   ∥   ≤     δ 2   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]   ∥  p n  −  τ *  ∥   



(52)







Again, putting (52) in (47), we have


   ∥   p  n + 1   −  τ *   ∥   ≤     ϵ n  +  δ 2   [ 1 −  ( 1 − δ )   α n  ]   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   γ n  ]   ∥  p n  −  τ *  ∥   











Since   δ ∈ [ 0 , 1 )  ,    {  α n  }  ,  {  β n  }  ,  {  γ n  }  ∈  ( 0 , 1 )   , from Lemma 1, we have that    lim  n → ∞    ∥  p n  −  τ *  ∥  = 0  .



Conversely, suppose    lim  n → ∞    ∥  p n  −  τ *  ∥  = 0  ; then,


     ϵ n      =   ∥   p  n + 1   − f  ( T ,  p n  )   ∥          ≤   ∥   p  n + 1   −  τ *  +  τ *  − f  ( T ,  p n  )   ∥          ≤   ∥   p  n + 1   −  τ *   ∥   +   ∥   τ *  − f  ( T ,  p n  )   ∥          ≤   ∥   p  n + 1   −  τ *   ∥   +   ∥   ( 1 −  γ n  )   u n  +  γ n  T  u n  −  τ *   ∥          ≤   ∥   p  n + 1   −  τ *   ∥   +     ( 1 −  γ n  )   ∥   u n  −  τ *   ∥   +     γ n  δ  ∥  u n  −  τ *  ∥          =   ∥   p  n + 1   −  τ *   ∥   +     [ 1 −  ( 1 − δ )   γ n  ]   ∥  u n  −  τ *  ∥          ≤   ∥   p  n + 1   −  τ *   ∥   +     [ 1 −  ( 1 − δ )   γ n  ]   [ 1 −  ( 1 − δ )   β n  ]   ∥  t n  −  τ *  ∥          ≤   ∥   p  n + 1   −  τ *   ∥   +   δ   [ 1 −  ( 1 − δ )   γ n  ]   [ 1 −  ( 1 − δ )   β n  ]   ∥  s n  −  τ *  ∥          ≤   ∥   p  n + 1   −  τ *   ∥   +   δ   [ 1 −  ( 1 − δ )   γ n  ]   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]   ∥  r n  −  τ *  ∥          ≤   ∥   p  n + 1   −  τ *   ∥   +     δ 2   [ 1 −  ( 1 − δ )   γ n  ]   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]   ∥  p n  −  τ *  ∥  .     











Take the limit as   n → ∞   on both sides and note that    lim  n → ∞    ϵ n  = 0  .



Hence, our new fixed point iterative scheme is  T -stable.    □





Next, we show the near- T -stability of our new iterative scheme.



Theorem 5. 

Let  E ,  B  and  T  remain the same as in Theorem 4, with  T  satisfying (1) for   F ( T ) ≠ ∅  . The iterative scheme is almost  T -stable.





Proof. 

Let   {  p n  }   be an approximate sequence of   {  v n  }   in  B . Suppose that our new iterative scheme (3) is represented as    v  n + 1   = f  ( T ,  v n  )   , which converges to a fixed point   τ *  , and    ϵ n  =  ∥  p  n + 1   − f  ( T ,  p n  )  ∥   ,   n ∈ N  . It is our aim to show that    ∑  n = 0  ∞   ϵ n  < ∞   implies that    lim  n → ∞    ∥  p n  −  τ *  ∥  = 0  .



Let    ∑  n = 0  ∞   ϵ n  < ∞  ; then, via (3), we have


      ∥   p  n + 1   −  τ *   ∥       =   ∥   p  n + 1   − f  ( T ,  p n  )  + f  ( T ,  p n  )  −  τ *   ∥          ∥   p  n + 1   − f  ( T ,  p n  )   ∥   +   ∥ f   ( T ,  p n  )  −  τ *   ∥         ≤  ϵ n  +  ∥ f  ( T ,  p n  )  −  τ *  ∥         ≤  ϵ n  +  ∥  ( 1 −  γ n  )   u n  +  γ n  T  u n  −  τ *  ∥         ≤  ϵ n  +  ( 1 −  γ n  )   ∥   u n  −  τ *   ∥   +     γ n  δ  ∥  u n  −  τ *  ∥         =  ϵ n  +  [ 1 −  ( 1 − δ )   γ n  ]   ∥  u n  −  τ *  ∥         ≤  ϵ n  +  [ 1 −  ( 1 − δ )   γ n  ]   [ 1 −  ( 1 − δ )   β n  ]   ∥  t n  −  τ *  ∥         ≤  ϵ n  + δ  [ 1 −  ( 1 − δ )   γ n  ]   [ 1 −  ( 1 − δ )   β n  ]   ∥  s n  −  τ *  ∥         ≤  ϵ n  + δ  [ 1 −  ( 1 − δ )   γ n  ]   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]   ∥  r n  −  τ *  ∥         ≤  ϵ n  +  δ 2   [ 1 −  ( 1 − δ )   γ n  ]   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]   ∥  p n  −  τ *  ∥      











Set    ν n  =  ∥  p n  −  τ *  ∥    and, since   δ ∈ [ 0 , 1 )  ,    {  α n  }  ,  {  β n  }  ,  {  γ n  }  ∈  ( 0 , 1 )   ,   [ 1 −  ( 1 − δ )   α n  ]     [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   γ n  ]  < 1  ,


   ν  n + 1   ≤  δ 2   ν n  +  ϵ n   











Again, since    ∑  n = 0  ∞   ϵ n  < ∞  , then, via Lemma 2, we have    ∑  n = 0  ∞   ν n  < ∞  . It implies that    lim  n → ∞    ν n  = 0   (that is,    lim  n → ∞    ∥  p n  −  τ *  ∥  = 0  ).    □





Remark 2 

([23]). An iterative scheme   {  v n  }   which is  T -stable is also almost  T . However, the converse is not true.





Theorem 6. 

Suppose  G  is an approximate operator of a contraction operator  T . Let    {  v n  }   n = 0  ∞   be a sequence generated by the UO iterative scheme (3) for  T . Let the approximate scheme of the sequence    {   v ¯  n  }   n = 0  ∞   be


         v ¯  0  = v ∈ B         r ¯  n  = G   v ¯  n          s ¯  n  =  ( 1 −  α n  )    r ¯  n  +  α n  G   r ¯  n          t ¯  n  = G   s ¯  n          u ¯  n  =  ( 1 −  β n  )    t ¯  n  +  β n  G   t ¯  n          v ¯   n + 1   =  ( 1 −  γ n  )    u ¯  n  +  γ n  G   u ¯  n  ,   n ∈ N       



(53)




where    {  α n  }  ,  {  β n  }  ,  {  γ n  }    are real parametric sequences in   ( 0 , 1 )   satisfying the condition;    1 2  ≤  α n   ,   ∀ n ∈ N  . If   T  τ *  =  τ *    and   G  s *  =  s *    such that    lim  n → ∞    ∥   v ¯  n  −  s *  ∥  = 0  , then, for   0 ≤ δ < 1  ,    ∥   τ *  −  s *   ∥   ≤      9 ϵ   1 − δ    , where   ϵ > 0   is a fixed constant.





Proof. 

Using (3) and (53),


      ∥   r n  −   r ¯  n   ∥       =   ∥ T   v n  − G   v ¯  n   ∥          ≤   ∥ T   v n  − T   v ¯  n  + T   v ¯  n  − G   v ¯  n   ∥          ≤   ∥ T   v n  − T   v ¯  n   ∥   +   ∥ T    v ¯  n  − G   v ¯  n   ∥          ≤   ∥ T   v n  − T   v ¯  n   ∥ + ϵ          ≤ δ ∥   v n  −   v ¯  n   ∥ + ϵ      



(54)






      ∥   s n  −   s ¯  n   ∥       =   ∥   ( 1 −  α n  )   r n  +  α n  T  r n  −  ( 1 −  α n  )    r ¯  n  −  α n  G   r ¯  n   ∥         ≤  ( 1 −  α n  )   ∥   r n  −   r ¯  n   ∥   +     α n   ∥ T  r n  − G   r ¯  n  ∥         ≤  ( 1 −  α n  )   ∥   r n  −   r ¯  n   ∥   +     α n   ∥ T  r n  − T   r ¯  n  + T   r ¯  n  − G   r ¯  n  ∥         ≤  ( 1 −  α n  )   ∥   r n  −   r ¯  n   ∥   +     α n   ∥ T   r n  − T   r ¯  n   ∥   +     α n   ∥ T   r ¯  n  − G   r ¯  n  ∥         ≤  ( 1 −  α n  )   ∥   r n  −   r ¯  n   ∥   +     α n  δ  ∥  r n  −   r ¯  n  ∥  +  α n  ϵ        =  [ 1 −  ( 1 − δ )   α n  ]   ∥  r n  −   r ¯  n  ∥  +  α n  ϵ     



(55)







Putting (54) in (55),


   ∥   s n  −   s ¯  n   ∥   ≤   δ   [ 1 −  ( 1 − δ )   α n  ]   ∥  v n  −   v ¯  n  ∥  +  [ 1 −  ( 1 − δ )   α n  ]  ϵ +  α n  ϵ  











Again, from (3) and (53),


      ∥   t n  −   t ¯  n   ∥       =   ∥ T   s n  − G   s ¯  n   ∥          ≤   ∥ T   s n  − T   s ¯  n  + T   s ¯  n  − G   s ¯  n   ∥          ≤   ∥ T   s n  − T   s ¯  n   ∥   +   ∥ T    s ¯  n  − G   s ¯  n   ∥          ≤ δ ∥   s n  −   s ¯  n   ∥ + ϵ         ≤ δ { δ  [ 1 −  ( 1 − δ )   α n  ]  ∥  v n  −   v ¯  n  ∥ +  [ 1 −  ( 1 − δ )   α n  ]  ϵ +  α n  ϵ } + ϵ        ≤  δ 2   [ 1 −  ( 1 − δ )   α n  ]   ∥  v n  −   v ¯  n  ∥  + δ  [ 1 −  ( 1 − δ )   α n  ]  ϵ + δ  α n  ϵ + ϵ     



(56)






      ∥   u n  −   u ¯  n   ∥       =   ∥   ( 1 −  β n  )   t n  +  β n  T  t n  −  ( 1 −  β n  )    t ¯  n  −  β n  G   t ¯  n   ∥         ≤  ( 1 −  β n  )   ∥   t n  −   t ¯  n   ∥   +     β n   ∥ T  t n  − G   t ¯  n  ∥         ≤  ( 1 −  β n  )   ∥   t n  −   t ¯  n   ∥   +     β n   ∥ T  t n  − T   t ¯  n  + T   t ¯  n  − G   t ¯  n  ∥         ≤  ( 1 −  β n  )   ∥   t n  −   t ¯  n   ∥   +     β n   ∥ T   t n  − T   t ¯  n   ∥   +     β n   ∥ T   t ¯  n  − G   t ¯  n  ∥         ≤  ( 1 −  β n  )   ∥   t n  −   t ¯  n   ∥   +     β n  δ  ∥  t n  −   t ¯  n  ∥  + β ϵ        =  [ 1 −  ( 1 − δ )   β n  ]   ∥  t n  −   t ¯  n  ∥  +  β n  ϵ     



(57)







Putting (56) in (57),


      ∥   u n  −   u ¯  n   ∥      ≤  [ 1 −  ( 1 − δ )   β n  ]   {   δ 2   [ 1 −  ( 1 − δ )   α n  ]   ∥  v n  −   v ¯  n  ∥  + δ  [ 1 −  ( 1 − δ )   α n  ]  ϵ             +   δ  α n   ϵ + ϵ }   +     β n  ϵ        ≤  δ 2   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]   ∥  v n  −   v ¯  n  ∥  + δ  [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]  ϵ              +   δ  [ 1 −  ( 1 − δ )   β n  ]   α n  ϵ +  [ 1 −  ( 1 − δ )   β n  ]  ϵ +  β n  ϵ     



(58)







Next,


      ∥   v  n + 1   −   v ¯   n + 1    ∥       =   ∥   ( 1 −  γ n  )   u n  +  γ n  T  u n  −  ( 1 −  γ n  )    u ¯  n  −  γ n  G   u ¯  n   ∥         ≤  ( 1 −  γ n  )   ∥   u n  −   u ¯  n   ∥   +     γ n   ∥ T  u n  − G   u ¯  n  ∥         ≤  ( 1 −  γ n  )   ∥   u n  −   u ¯  n   ∥   +     γ n   ∥ T  u n  − T   u ¯  n  + T   u ¯  n  − G   u ¯  n  ∥         ≤  ( 1 −  γ n  )   ∥   u n  −   u ¯  n   ∥   +     γ n   ∥ T   u n  − T   u ¯  n   ∥   +     γ n   ∥ T   u ¯  n  − G   u ¯  n  ∥         ≤  ( 1 −  γ n  )   ∥   u n  −   u ¯  n   ∥   +     γ n  δ  ∥  u n  −   u ¯  n  ∥  +  γ n  ϵ        ≤  [ 1 −  ( 1 − δ )   γ n  ]   ∥  u n  −   u ¯  n  ∥  +  γ n  ϵ     



(59)







Putting (58) in (59),


      ∥   v  n + 1   −   v ¯   n + 1    ∥      ≤  [ 1 −  ( 1 − δ )   γ n  ]  {  δ 2   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]   ∥  v n  −   v ¯  n  ∥              +   δ  [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]  ϵ + δ  [ 1 −  ( 1 − δ )   β n  ]   α n  ϵ             +    [ 1 −  ( 1 − δ )   β n  ]  ϵ +  β n  ϵ } +  γ n  ϵ        ≤  δ 2   [ 1 −  ( 1 − δ )   γ n  ]   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]   ∥  v n  −   v ¯  n  ∥              +   δ  [ 1 −  ( 1 − δ )   γ n  ]   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]  ϵ             +   δ  [ 1 −  ( 1 − δ )   γ n  ]   [ 1 −  ( 1 − δ )   β n  ]   α n  ϵ +  [ 1 −  ( 1 − δ )   γ n  ]   [ 1 −  ( 1 − δ )   β n  ]  ϵ             +    [ 1 −  ( 1 − δ )   γ n  ]   β n  ϵ +  γ n  ϵ     











Since   δ ∈ [ 0 , 1 )   and    {  α n  }  ,  {  β n  }  ,  {  γ n  }  ∈  ( 0 , 1 )   ,   n ∈ N  ,    δ 2   [ 1 −  ( 1 − δ )   γ n  ]     [ 1 −  ( 1 − δ )   β n  ] < 1  ,   δ  [ 1 −  ( 1 − δ )   γ n  ]   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   α n  ]  < 1  ,   δ [ 1 −  ( 1 − δ )   γ n  ]    [ 1 −  ( 1 − δ )   β n  ] < 1  ,    [ 1 −  ( 1 − δ )   γ n  ]   [ 1 −  ( 1 − δ )   β n  ]  < 1  ,    [ 1 −  ( 1 − δ )   γ n  ]   β n  < 1  ,    γ n  < 1   and   1 −  α n  ≤  α n   , so that


      ∥   v  n + 1   −   v ¯   n + 1    ∥      ≤  [ 1 −  ( 1 − δ )   α n  ]   ∥  v n  −   v ¯  n  ∥  +  α n  ϵ + 4 ϵ        ≤  [ 1 −  ( 1 − δ )   α n  ]   ∥  v n  −   v ¯  n  ∥  +  α n  ϵ + 4  ( 1 −  α n  +  α n  )  ϵ        ≤  [ 1 −  ( 1 − δ )   α n  ]   ∥  v n  −   v ¯  n  ∥  +  α n   ( 1 − δ )    9 ϵ   ( 1 − δ )   .     











Let    ξ n  : =  ∥  v −    v ¯  n  ∥   ,    φ n  : =  α n   ( 1 − δ )  ∈  ( 0 , 1 )    and    ϱ n  : =   9 ϵ   ( 1 − δ )    . From Lemma 3, it is clear that   0 ≤  lim sup  n → ∞    ∥  v n  −   v ¯  n  ∥  ≤  lim sup  n → ∞     9 ϵ   1 − δ    . Again, from Theorem 1, it is easy to confirm that    lim  n → ∞    ∥  v n  −  τ *  ∥  = 0  . Consequently, given that    lim  n → ∞    ∥   v ¯  n  −  s *  ∥  = 0  , we have    ∥   τ *  −  s *   ∥   ≤      9 ϵ   1 − δ    .



Therefore, the proof is complete.    □







4. Application to Oxygen Diffusion Model


Oxygen diffusion transport is a critical chain reaction happening seamlessly within the human body to make oxygen available to every cell by basically moving oxygen down a concentration gradient across tissue barriers, including the alveolar–capillary membrane, and across the extracellular matrix between the tissue capillaries and diffusion distance, which is related to the tissue capillary density. Oxygen diffuses from the air into the blood in the lungs and it does not have the same rate of consumption (see, e.g., [24]) as in a real situation, which tends to be influenced by the thermal energy of particles induced by its kinetic energy. Oxygen most particularly binds to hemoglobin (in a large volume) and dissolves in the blood plasma (in a minute volume), and it is altogether transported through the arteries to capillaries.



Our aim here is to study the model as developed by Srivastava and Rai [25]. The model shown below


     ∂ ξ  C   ∂  t ξ    − λ    ∂ μ  C   ∂  t μ    = ∇  ( d · ∇ C )  − K ,   ξ , μ ∈  ( 0 , 1 ]   



(60)




is based on a fractional diffusion equation where     ∂ ξ  C   ∂  t ξ     is a fractional order derivative for   0 < ξ < 1   representing the subdiffusion process,   C ( r , z , t )   is the concentration of oxygen,   k ( r , z , t )   is the rate of consumption per volume of tissue and d is the diffusion coefficient of oxygen. The net diffusion of oxygen to tissue is      ∂ ξ  C   ∂  t ξ    − λ    ∂ μ  C   ∂  t μ     , with  λ  being the time lag in the concentration of oxygen  C  along the z-axis.



The equation (60) can be reduced to an integral equivalent:


  C  ( r , z , t )  = C  ( r , z , 0 )   1 − λ   t  ξ − μ    Γ ( ξ − μ + 1 )    + λ  D t  − ( ξ − μ )   C +  D t  − ξ    ( ∇  ( d · ∇ C )  )  −  D t  − ξ   K  



(61)







Equation (61) can alternatively be written as


  Ψ  ( r , z , t )  = Ψ  ( r , z , 0 )   1 − λ   t  ξ − μ    Γ ( ξ − μ + 1 )    + λ  D t  − ( ξ − μ )   Ψ +  D t  − ξ    ( ∇  ( d · ∇ Ψ )  − K )   



(62)




or


  Ψ  ( r , z , t )  = K  (  Ψ 0  )  +  1  Γ ( ξ )    ∫  0  t  H  ( s , Ψ  ( s )  , K )  d s  



(63)




where   K  (  Ψ 0  )  = Ψ  ( r , z , 0 )   1 − λ   t  ξ − μ    Γ ( ξ − μ + 1 )      and   H  ( s , Ψ , K )  = λ    ∂ μ  Ψ   ∂  t μ    +  [ ∇  ( d · ∇ Ψ )  − K ]   .



Let


  T Ψ  ( r , z , t )  = K  (  Ψ 0  )  +  1  Γ ( ξ )    ∫  0  t  H  ( s , Ψ  ( s )  , K )  d s  



(64)




be an integral operator.



We define, for   t ∈ [ 0 , T ]   and the space   S = ( [ 0 , T ] , R )  , the supremum norm:


   ∥ Ψ ∥  =  sup  t ∈ [ 0 , T ]    { | Ψ  ( t )  | : Ψ ∈ S }  .  











The following result will be useful in proving our main result in this section.



Theorem 7. 

Suppose that the following conditions are satisfied:








	   (  E 1  )   

	
There exists a constant    L H  > 0   such that


    | H   ( t ,  Ψ 1   ( t )  , K )  − H  ( t ,  Ψ 2   ( t )  , K )   |   ≤     L H   |  Ψ 1  −  Ψ 2  |    











for each   Ψ ∈ S   and   t ∈ [ 0 , T ]  .




	   (  E 2  )   

	
     L H  T   Γ ( ξ )   < 1  .









Then, (60) has a unique solution.





Here, we are set to present our main result of this section.



Theorem 8. 

Assume that the condition of theorem 7 holds. Let    {  α n  }  ,  {  β n  }  ,  {  γ n  }  ∈  ( 0 , 1 )    be real sequences of the iterative scheme (3) such that    ∑  n = 0  ∞   α n  = ∞  . Then, the diffusion model Equation (60) has a solution c and the iterative scheme (3) converges to c.





Proof. 

Consider the space   S = ( [ 0 , T ] , R )   with a supremum norm defined as


   ∥ Ψ ∥  =  sup  t ∈ [ 0 , T ]    { | Ψ  ( t )  | : Ψ ∈ S }  .  











Let   {  v n  }   be a sequence generated by the iterative scheme (3) for the operator   T : S → S   defined by


  T Ψ  ( t )  = K  (  Ψ 0  )  +  1  Γ ( ξ )    ∫  0  t  H  ( s , Ψ  ( s )  , K )  d s .  











We want to show that   {  v n  }   converges to c as n converges to ∞.



From (3), (64) and the conditions of Theorem 7, we have


      ∥   r n   − c ∥       =   ∥ T   v n   − c ∥          ≤   ∥ T   v n   − T c ∥         ≤  max  t ∈ [ 0 , T ]    | T  v n   ( t )  − T c  ( t )  |         =  max  t ∈ [ 0 , T ]    | K  (  Ψ 0  )  +  1  Γ ( ξ )    ∫  0  t  H  ( s ,  v n   ( s )  , K )  d s − K  (  Ψ 0  )  −  1  Γ ( ξ )    ∫  0  t  H  ( s , c  ( s )  , K )  d s |         =  1  Γ ( ξ )    max  t ∈ [ 0 , T ]    ∫  0  t   | H  ( s ,  v n   ( s )  , K )  − H  ( s , c  ( s )  , K )  |  d s        ≤   L H   Γ ( ξ )    max  t ∈ [ 0 , T ]    ∫  0  t   |  v n   ( s )  − c  ( s )  |  d s        ≤   L H   Γ ( ξ )   t  ∥  v n  − c ∥      



(65)






      ∥   s n   − c ∥       =   ∥   ( 1 −  α n  )   r n  +  α n  T  r n   − c ∥           ≤  ( 1 −  α n  )   ∥   r n   − c ∥ +   α n   ∥ T  r n  − T c ∥           ≤  ( 1 −  α n  )   ∥   r n   − c ∥ +   α n   max  t ∈ [ 0 , T ]    | T  r n  − T c |           ≤  ( 1 −  α n  )   ∥  r n  − c ∥  +  α n   max  t ∈ [ 0 , T ]   | K  (  Ψ 0  )  +  1  Γ ( ξ )    ∫  0  t  H  ( s ,  r n  , K )  d s               − K  (  Ψ 0  )  −  1  Γ ( ξ )    ∫  0  t  H  ( s , c  ( s )  , K )  d s |          ≤  ( 1 −  α n  )   ∥  r n  − c ∥  +  α n   max  t ∈ [ 0 , T ]   |  1  Γ ( ξ )    ∫  0  t  H  ( s ,  r n   ( s )  , K )  d s               −  1  Γ ( ξ )    ∫  0  t  H  ( s , c  ( s )  , K )  d s |          =  ( 1 −  α n  )   ∥  r n  − c ∥  +   α n   Γ ( ξ )    max  t ∈ [ 0 , T ]   |  ∫  0  t  H  ( s ,  r n   ( s )  , K )  − H  ( s , c  ( s )  , K )  | d s          ≤  ( 1 −  α n  )   ∥   r n   − c ∥ +     α n   L H    Γ ( ξ )    max  t ∈ [ 0 , T ]    ∫  0  t   |  r n   ( s )  − c  ( s )  |  d s          ≤  ( 1 =  α n  )   ∥   r n   − c ∥ +     α n   L H    Γ ( ξ )   T  ∥  r n  − c ∥           =  [ 1 −  ( 1 −   L H   Γ ( ξ )   T )   α n  ]   ∥  r n  − c ∥      



(66)






      ∥   t n   − c ∥       =   ∥ T   s n   − c ∥   ≤   ∥ T   s n   − T c ∥           ≤  max  t ∈ [ 0 , T ]    | T  s n   ( t )  − T c  ( t )  |           ≤  max  t ∈ [ 0 , T ]   | K  (  Ψ 0  )  +  1  Γ ( ξ )    ∫  0  t  H  ( s ,  s n   ( s )  , K )  d s               − K  (  Ψ 0  )  −  1  Γ ( ξ )    ∫  0  t  H  ( s , c  ( s )  , K )  d s |          =  1  Γ ( ξ )    max  t ∈ [ 0 , T ]   |  ∫  0  t  H  ( s ,  s n   ( s )  , K )  d s −  ∫  0  t  H  ( s , c  ( s )  , K )  d s |          ≤  1  Γ ( ξ )    max  t ∈ [ 0 , T ]    ∫  0  t   | H  ( s ,  s n   ( s )  , K )  − H  ( s , c  ( s )  , K )  |  d s          ≤   L H   Γ ( ξ )    max  t ∈ [ 0 , T ]    ∫  0  t   |  s n   ( s )  − c  ( s )  |  d s          ≤    L H  T   Γ ( ξ )    ∥  s n  − c ∥      



(67)







Putting (66) in (67), we have


   ∥   t n   − c ∥ ≤    l H   Γ ( ξ )   T  [ 1 −  ( 1 −   L H   Γ ( ξ )   T )   α n  ]   ∥  r n  − c ∥   










      ∥   u n   − c ∥       =   ∥   ( 1 −  β n  )   t n  +  β n  T  t n   − c ∥           ≤  ( 1 −  β n  )   ∥   t n   − c ∥ +   β n   ∥ T  t n  − c ∥           ≤  ( 1 −  β n  )   ∥   t n   − c ∥ +   β n   ∥ T  t n  − T c ∥           ≤  ( 1 −  β n  )   ∥   t n   − c ∥ +   β n   max  t ∈ [ 0 , T ]    | T  t n   ( s )  − T c  ( s )  |           ≤  ( 1 −  β n  )   ∥  t n  − c ∥  +  β n   max  t ∈ [ 0 , T ]   | K  (  Ψ 0  )  +  1  Γ ( ξ )    ∫  0  t  H  ( s ,  t n   ( s )  , K )  d s               − K  (  Ψ 0  )  −  1  Γ ( ξ )    ∫  0  t  H  ( s , c  ( s )  , K )  d s |          =  ( 1 −  β n  )   ∥  t n  − c ∥  +   β n   Γ ( ξ )    max  t ∈ [ 0 , T ]   |  ∫  0  t  H  ( s ,  t n   ( s )  , K )  d s −  ∫  0  t  H  ( s , c  ( s )  , K )  d s |          ≤  ( 1 −  β n  )   ∥   t n   − c ∥ +    β n   Γ ( ξ )    max  t ∈ [ 0 , T ]    ∫  0  t   | H  ( s ,  t n   ( s )  , K )  − H  ( s , c  ( s )  , K )  |  d s          ≤  ( 1 −  β n  )   ∥   t n   − c ∥ +    β n   Γ ( ξ )    L H   max  t ∈ [ 0 , T ]    ∫  0  t   |  t n   ( s )  − c  ( s )  |  d s          ≤  ( 1 −  β n  )   ∥   t n   − c ∥ +     β n   L H    Γ ( ξ )   T  ∥  t n  − c ∥           =  [ 1 −  ( 1 −   L H   Γ ( ξ )   )   β n  ]   ∥  t n  − c ∥           ≤    L H  T   Γ ( ξ )    [ 1 −  ( 1 −    L H  T   Γ ( ξ )   )   α n  ]   [ 1 −  ( 1 −    L H  T   Γ ( ξ )   )   β n  ]   ∥  r n  − c ∥      



(68)






      ∥   v  n + 1    − c ∥       =   ∥   ( 1 −  γ n  )   u n  + γ T  u n   − c ∥         ≤  ( 1 −  γ n  )   ∥   u n   − c ∥ +   γ n   ∥ T  u n  − c ∥         ≤  ( 1 −  γ n  )   ∥   u n   − c ∥ +   γ n   ∥ T  u n  − T c ∥         ≤  ( 1 −  γ n  )   ∥   u n   − c ∥ +   γ n   max  t ∈ [ 0 , T ]    | T  u n  − T c |         ≤  ( 1 −  γ n  )   ∥  u n  − c ∥  +  γ n   max  t ∈ [ 0 , T ]   | K  (  Ψ 0  )  +  1  Γ ( ξ )    ∫  0  t  H  ( s ,  u n   ( s )  , K )  d s             − K  (  Ψ 0  )  −  1  Γ ( ξ )    ∫  0  t  H  ( s , c  ( s )  , K )  d s |        ≤  ( 1 −  γ n  )   ∥  u n  − c ∥  +   γ n   Γ ( ξ )    max  t ∈ [ 0 , T ]   |  ∫  0  t  H  ( s ,  u n   ( s )  , K )  d s −  ∫  0  t  H  ( s , c  ( s )  , K )  d s |        ≤  ( 1 −  γ n  )   ∥   u n   − c ∥ +    γ n   Γ ( ξ )    max  t ∈ [ 0 , T ]    ∫  0  t   | H  ( s ,  u n   ( s )  , K )  − H  ( s , c  ( s )  , K )  |  d s        ≤  ( 1 −  γ n  )   ∥   u n   − c ∥ +     γ n  H   Γ ( ξ )    max  t ∈ [ 0 , T ]    ∫  0  t   |  u n   ( s )  − c  ( s )  |  d s        ≤  ( 1 −  γ n  )   ∥   u n   − c ∥ +     γ n   L H    Γ ( ξ )   T  max  t ∈ [ 0 , T ]    |  u n  − c |         ≤  ( 1 −  γ n  )   ∥   u n   − c ∥ +     γ n   L H    Γ ( ξ )   T  ∥  u n  − c ∥         =  [ 1 −  ( 1 −    L H  T   Γ ( ξ )   )   γ n  ]   ∥  u n  − c ∥      



(69)







Combining (65), (68) and (69), we have


   ∥   v  n + 1    − c ∥   ≤       L H 2   T 2     Γ 2   ( ξ )     1 −  1 −   L H   Γ ( ξ )   T   α n    1 −  1 −   L H   Γ ( ξ )   T   β n    1 −  1 −   L H   Γ ( ξ )   T   γ n    ∥  v n  − c ∥   



(70)







From assumption   (  E 2  )   and the fact that    [ 1 −  ( 1 −   L H   Γ ( ξ )   T )   β n  ]   [ 1 −  ( 1 −   L H   Γ ( ξ )   T )   γ n  ]  < 1  , (70) reduces to


   ∥   v  n + 1    − c ∥   ≤     [ 1 −  ( 1 −   L H   Γ ( ξ )   T )   α n  ]   ∥  v n  − c ∥  .  











Via induction,


   ∥   v  n + 1    − c ∥   ≤   ∥   v 0   − c ∥   ∏  m = 0  n   [ 1 −  ( 1 −   L H   Γ ( ξ )   T )   α m  ]  .  



(71)







From classical analysis,   1 − x ≤  e  − x     for   x ∈ [ 0 , 1 ]  .


   ∥   v  n + 1    − c ∥   ≤   ∥   v 0   − c ∥   e  −  ( 1 −    L H  T   Γ ( ξ )   )   ∑  m = 0  n   α m     











Taking the limit as   n → ∞  , we have    lim  n → ∞    ∥  v n  − c ∥  = 0  . Hence, the proof is complete.    □






5. Application to Boundary Value Problem via Green’s Function


5.1. Construction of Green’s Function


To construct the Green’s function, we consider a third-order boundary value problem (BVP),


  L  [ g ]  ≡  p 1   ( t )   g  ′ ′ ′    ( t )  +  p 2   ( t )   g  ″    ( t )  +  p 3   ( t )   g ′   ( t )  +  p 4   ( t )  g  ( t )  = M  ( t )   



(72)




where   t ∈ [ a , b ]  , with the corresponding boundary conditions (BCs)


      B  k 1    [ g ]      =  φ 1  g  (  k 1  )  +  φ 2   g ′   (  k 1  )  +  φ 3   g  ″    (  k 1  )  = φ        B  k 2    [ g ]      =  ϖ 1  g  (  k 2  )  +  ϖ 2   g ′   (  k 2  )  +  ϖ 3   g  ″    (  k 2  )  = ϖ        B  k 3    [ g ]      =  ϑ 1  g  (  k 3  )  +  ϑ 2   g ′   (  k 3  )  +  ϑ 3   g  ″    (  k 3  )  = ϑ     



(73)




for    k 3  =  k 2    or    k 3  =  k 1   . From (72),   L [ g ]   is linear and the righthand side can be written as   M ( t , g  ( t )  ,  g ′   ( t )  ,  g  ″    ( t )  )  . The righthand side could be linear or nonlinear;  φ ,  ϖ ,  ϑ  are constants.



The homogeneous part   L [ g ] = 0   of (72) can be solved to obtain three linearly independent complementary solutions,    g 1  ,  g 2    and   g 3  , and will be used to obtain the Green’s function, which is a piecewise function expressed as a linear combination of the linearly independent complementary solutions    g 1  ,  g 2    and   g 3  ; thus,


  G  ( t , s )  =       d 1   g 1  +  d 2   g 2  +  d 3   g 3  ,    a < t < s        e 1   g 1  +  e 2   g 2  +  e 3   g 3  ,    s < t < b ,       



(74)




where    d 1  ,    d 2  ,    d 3  ,    e 1  ,    e 2  ,    e 3    are constants that can be determined accordingly through the hypotheses of the following axioms;



	   (  A 1  )   

	
G satisfies the associated boundary conditions:


   B  k 1    [ G  ( t , s )  ]  =  B  k 2    [ G  ( t , s )  ]  =  B  k 3    [ G  ( t , s )  ]  = 0  












	   (  A 2  )   

	
G is continuous at   t = s  :


   d 1   g 1   ( s )  +  d 2   g 2   ( s )  +  d 3   g 3   ( s )  =  e 1   g 1   ( s )  +  e 2   g 2   ( s )  +  e 3   g 3   ( s )   












	   (  A 3  )   

	
  G ′   is continuous at   t = s  :


   d 1   g 1 ′   ( s )  +  d 2   g 2 ′   ( s )  +  d 3   g 3 ′   ( s )  =  e 1   g 1 ′   ( s )  +  e 2   g 2 ′   ( s )  +  e 3   g 3 ′   ( s )   












	   (  A 4  )   

	
  G  ″    has jump discontinuity at   t = s  :


   d 1   g 1  ″    ( s )  +  d 2   g 2  ″    ( s )  +  d 3   g 3  ″    ( s )  +  1  h ( s )   =  e 1   g 1  ″    ( s )  +  e 2   g 2  ″    ( s )  +  e 3   g 3  ″    ( s )   















If the Green’s function   G ( t , s )   is the solution to the BVP (72), then it will satisfy the equation


  − L [ G ( t , s ) ] = δ ( t − s )  



(75)




where  δ  is the Kronecker Delta that is subject to the homogeneous boundary conditions


   B  k 1    [ G  ( t , s )  ]  =  B  k 2    [ G  ( t , s )  ]  =  B  k 3    [ G  ( t , s )  ]  = 0 .  











As a matter of fact, the righthand side of (75) will be   − δ ( t − s )   for self-adjoint operators. The Green’s function in (73) will satisfy the homogeneous equation   L [ G ( t , s ) ] = 0   for   t ≠ s  .




5.2. UO–Green Iterative Scheme


Our aim here is to embed the Green’s function obtained from the preceding section in the iterative scheme (3). This aim can be achieved by considering the nonlinear boundary value problem


  L [ g ] + N [ g ] = M ( t , g ) ,  



(76)




where   L [ g ]   is linear in g,   N [ g ]   is nonlinear in g and   M ( t , g )   is a function in g that could be linear or nonlinear. The general solution to (76) is given as   g =  g c  +  g p    where   g c   is the complementary solution obtained from the homogeneous part   L [ g ] = 0   subject to the boundary conditions as expressed in axiom   (  A 1  )  .



Assume   g p   is the particular solution to the nonhomogeneous part of (76). We define an integral operator in terms of the Green’s function,   G ( t , s )  , and the particular solution,   g p  .


  Ω  [  g p  ]  =  ∫  a  b  G  ( t , s )  L  [  g p  ]  d s .  



(77)







Setting   g p   to g for convenience so that (77) becomes


  Ω  [ g ]  =  ∫  a  b  G  ( t , s )  L  [ g ]  d s .  



(78)







Obviously, g is a fixed point if and only if g is the solution to (76). Suppose    g p  − g =  ∫  a  b  G  ( t , s )   [ M  ( t , g )  − N  [ g ]  ]  d s  ,


     Ω [ g ]     =  ∫  a  b  G  ( t , s )   [ L  [ g ]  + N  [ g ]  − M  ( t , g )  − N  [ g ]  + M  ( t , g )  ]  d s        ≤  ∫  a  b  G  ( t , s )   [ L  [ g ]  + N  [ g ]  − M  ( t , g )  ]  d s             +  ∫  a  b  G  ( t , s )   [ M  ( t , g )  − N  [ g ]  ]  d s        = g +  ∫  a  b  G  ( t , s )   [ L  [ g ]  + N  [ g ]  − M  ( t , g )  ]  d s .     











Applying the UO iterative scheme (3), we have


       r n  = Ω  [  v n  ]         s n  =  ( 1 −  α n  )   r n  +  α n  Ω  [  r n  ]         t n  = Ω  [  s n  ]         u n  =  ( 1 −  β n  )   t n  +  β n  Ω  [  t n  ]         v  n + 1   =  ( 1 −  γ n  )   u n  +  γ n  Ω  [  u n  ]  ,      



(79)




where    {  α n  }  ,  {  β n  }    and   {  γ n  }   are real sequences in   ( 0 , 1 )   for all   n ∈ N  . In an expanded form, (79) can be expressed as


     r n     =  v n  +  ∫  a  b  G  ( t , s )   [ L  [  v n  ]  + N  [  v n  ]  − M  ( t ,  v n  )  ]  d s       s n     =  ( 1 −  α n  )   r n  +  α n   [  r n  +  ∫  a  b  G  ( t , s )   [ L  [  r n  ]  + N  [  r n  ]  − M  ( t ,  r n  )  ]  d s ]        t n     =  s n  +  ∫  a  b  G  ( t , s )   [ L  [  s n  ]  + N  [  s n  ]  − M  ( t ,  s n  )  ]  d s       u n     =  ( 1 −  β n  )   t n  +  β n    t n  +  ∫  a  b  G  ( t , s )   [ L  [  t n  ]  + N  [  t n  ]  − M  ( t ,  t n  )  ]  d s        v  n + 1      =  ( 1 −  γ n  )   u n  +  γ n    u n  +  ∫  a  b  G  ( t , s )   [ L  [  u n  ]  + N  [  u n  ]  − M  ( t ,  u n  )  ]  d s      








which reduces to


     r n     =  v n  +  ∫  a  b  G  ( t , s )   [ L  [  v n  ]  + N  [  v n  ]  − M  ( t ,  v n  )  ]  d s       s n     =  r n  +  α n   ∫  a  b  G  ( t , s )   [ L  [  r n  ]  + N  [  r n  ]  − M  ( t ,  r n  )  ]  d s       t n     =  s n  +  ∫  a  b  G  ( t , s )   [ L  [  s n  ]  + N  [  s n  ]  − M  ( t ,  s n  )  ]  d s       u n     =  t n  +  β n   ∫  a  b  G  ( t , s )   [ L  [  t n  ]  + N  [  t n  ]  − M  ( t ,  t n  )  ]  d s       v  n + 1      =  u n  +  γ n   ∫  a  b  G  ( t , s )   [ L  [  u n  ]  + N  [  u n  ]  − M  ( t ,  u n  )  ]  d s .     



(80)








5.3. Convergence Analysis


It is our aim to show the convergence of our iterative scheme (3) to a solution to the BVP via Green’s function. To achieve our aim, we consider the following BVP:


  −  g  ′ ′ ′    ( t )  = M  ( t , g  ( t )  ,  g ′   ( t )  ,  g  ″    ( t )  )   








with boundary conditions


  g  ( 1 )  =  C 1  ,   g  ″    ( 1 )  =  C 2  ,  g  ( 2 )  =  C 3   











When the homogeneous equation    g  ′ ′ ′    ( t )  = 0   is solved, the following Green’s function is obtained


  G  ( t , s )  =       d 1   t 2  +  d 2  t +  d 3  ,    1 ≤ t ≤ s ≤ 2        e t 2  +  e 2  t +  e 3  ,    1 ≤ s ≤ t ≤ 2       



(81)







If axioms   (  A 1  )  –  (  A 4  )   are invoked, then real values for the constants    d i  ,  e i    ( i = 1 , 2 , 3 )    are obtained. Hence, (81) becomes


  G  ( t , s )  =      −   s 2  2  + 2 s − 2 +  (   s 2  2  − 2 s + 2 )  t ,   1 ≤ t ≤ s ≤ 2       −  s 2  + 2 s − 2 +  (   s 2  2  − 2 s + 2 )  t ,    1 ≤ s ≤ t ≤ 2 .       



(82)







Furthermore, the UO–Green iterative scheme (80) is given as


       r n  =  T G   v n         s n  =  ( 1 −  α n  )   r n  +  α n   T G   r n         t n  =  T G   s n         u n  =  ( 1 −  β n  )   t n  +  β n   T G   t n         v  n + 1   =  ( 1 −  γ n  )   u n  +  T G   u n       



(83)




where the operator    T G  :  C 2   (  [ 1 , 2 ]  )  →  C 2   (  [ 1 , 2 ]  )    is defined as


   T G   ( v )  = v +  ∫  1  2  G  ( t , s )   (  v  ′ ′ ′   − M  ( s , v ,  v ′  ,  v  ″   )  )  d s  



(84)







The initial iterate   v 0   to (83) satisfies the homogeneous equation    v 0  ′ ′ ′   = 0   and the BCs:    v 0   ( 1 )  =  C 1  ,    v 0  ″    ( 1 )  =  C 2    and    v 0   ( 2 )  =  C 3   .



Suppose we use integration by parts for    ∫  1  2  G  ( t , s )   v  ′ ′ ′   d s   in (84) and, noting that    ∫  1  2     ∂ 3  G  ( t , s )    ∂  s 3    g  ( s )  d s =  ∫  1  2  δ  ( t − s )  g  ( s )  d s  , we then have


   T G   ( v )  =  ( 2 − t )   C 1  +  1 2   (  t 2  − 3 t + 2 )   C 2  +  ( t − 1 )   C 3  −  ∫  1  2  G  ( t , s )  M  ( s , v ,  v ′  ,  v  ″   )  d s .  











Our next aim is to prove that the operator   T G   is a contraction on the Banach space    C 2   (  [ 1 , 2 ]  )    for the norm


    ∥ v ∥   C 2   =  ∑  i = 0  2   sup  s ∈ [ 1 , 2 ]    |  v  ( i )    ( s )  |   








under certain conditions on M. Moreover, we shall show that   T G   is a Zamfirescu operator under certain hypotheses on M.



Theorem 9. 

Let M, which appears in   T G  , satisfy the following Lipschitz condition:


    | M   ( s , v ,  v ′  ,  v  ″   )  − M  ( s , ℓ ,  ℓ ′  ,  ℓ  ″   )   |   ≤     μ 1   | v   ( s )  − ℓ  ( s )   | +   μ 2   |   v ′   ( s )  −  ℓ ′   ( s )   |   +     μ 3   |  v  ″    ( s )  −  ℓ  ″    ( s )  |    



(85)




where    μ 1  ,  μ 2    and   μ 3   are positive constants such that


    1 8  max  {  μ 1  ,  μ 2  ,  μ 3  }  ≤ 1 .   











The operator   T G   is a contraction on the Banach space    C 2    (  [ 1 , 2 ]  , ∥ · ∥   C 2    )   , and the sequence   {  v n  }   defined by the UO iterative scheme (3) converges to the fixed point of   T G  .





Proof. 

Assume    v 1  ,  v 2  ∈  C 2   (  [ 1 , 2 ]  )   , so that by (85), we have


      |   T G   (  v 1  )        −    T G   (  v 2  )   |          =   |   ∫  1  2  G  ( t , s )  M  ( s ,  v 1  ,  v 1 ′  ,  v 1  ″   )  d s −  ∫  1  2  G  ( t , s )  M  ( s ,  v 2  ,  v 2 ′  ,  v 2  ″   )   d s |          =   |   ∫  1  2  G  ( t , s )   ( M  ( s ,  v 1  ,  v 1 ′  ,  v 1  ″   )  − M  ( s ,  v 2  ,  v 2 ′  ,  v 2  ″   )  )   d s |         ≤  ∫  1  2   | G  ( t , s )  | | M   ( s ,  v 1  ,  v 1 ′  ,  v 1  ″   )  − M  ( s ,  v 2  ,  v 2 ′  ,  v 2  ″   )   | d s         ≤   sup  [ 1 , 2 ] × [ 1 , 2 ]    | G  ( t , s )  |    ∫  1  2   | M  ( s ,  v 1  ,  v 1 ′  ,  v 1  ″   )  − M  ( s ,  v 2  ,  v 2 ′  ,  v 2  ″   )  |  d s        = G  (  3 4  , 1 )   ∫  1  2   | M  ( s ,  v 1  ,  v 1 ′  ,  v 1  ″   )  − M  ( s ,  v 2  ,  v 2 ′  ,  v 2  ″   )  |  d s        =  1 8   ∫  1  2   | M  ( s ,  v 1  ,  v 1 ′  ,  v 1  ″   )  − M  ( s ,  v 2  ,  v 2 ′  ,  v 2  ″   )  |  d s        ≤  1 8   ∫  1  2   [   μ 1   |   v 1   ( s )  −  v 2    ( s )  |   +     μ 2   |   v 1 ′   ( s )  −  v 2 ′    ( s )  |   +     μ 3   |   v 1  ″    ( s )  −  v 2  ″    ( s )   | ]  d s        ≤  1 8  max  {  μ 1  ,  μ 2  ,  μ 3  }   ∫  1  2    ∑  i = 1  2   |  v 1  ( i )    ( s )  −  v 2  ( i )    ( s )  |   d s        ≤  1 8  max  {  μ 1  ,  μ 2  ,  μ 3  }    ∥  v 1  −  v 2  ∥   C 2           <   ∥   v 1  −  v 2    ∥   C 2   .     








which shows that   T G   is a contraction.



Next, we want to show the strong convergence of the sequence   {  v n  }   defined by the UO iterative scheme (3) to the fixed point of the operator   T G  .



Since   T G   is a contraction, it is clear from the known Banach contraction principle that the existence of a unique fixed point,   τ *  , of   T G   in the Banach space    C 2    (  [ 1 , 2 ]  , ∥ · ∥   C 2    )    is certain. That is, we shall prove that    lim  n → ∞    ∥  v n  −  τ *  ∥  = 0  .



From (83), we have


      ∥   r n  −  τ *   ∥       =   ∥   T G   v n  −  τ *   ∥          ≤   ∥   T G   v n  −  T G   τ *   ∥          ≤ δ ∥   v n  −  τ *   ∥      



(86)






      ∥   s n  −  τ *   ∥      =  ( 1 −  α n  )   r n  +  α n   T G   r n  −  τ *   ∥         ≤  ( 1 −  α n  )   ∥   r n  −  τ *   ∥   +     α n   ∥  T G   r n  −  τ *  ∥         ≤  ( 1 −  α n  )   ∥   r n  −  τ *   ∥   +     α n  δ  ∥  r n  −  τ *  ∥         =  [ 1 −  ( 1 − δ )   α n  ]   ∥  r n  − t a  u *  ∥  ,     



(87)






      ∥   t n  −  τ *   ∥       =   ∥   T G   s n  −  τ *   ∥          ≤   ∥   T G   s n  −  T G   τ *   ∥          ≤ δ ∥   s n  −  τ *   ∥ ,      



(88)






      ∥   u n  −  τ *   ∥       =   ∥   ( 1 −  β n  )   t n  +  β n   T G   t n  −  τ *   ∥         ≤  ( 1 −  β n  )   ∥   t n  −  τ *   ∥   +     β n   ∥  T G   t n  −  τ *  ∥         ≤  ( 1 −  β n  )   ∥   t n  −  τ *   ∥   +     β n   ∥  T G   t n  −  T G   τ *  ∥         =  [  ( 1 −  β n  )  +  β n  δ ]   ∥  t n  −  τ *  ∥         ≤  [ 1 −  ( 1 − δ )   β n  ]   ∥  t n  −  τ *  ∥      



(89)




and


      ∥   v  n + 1   −  τ *   ∥       =   ∥   ( 1 −  γ n  )   u n  +  γ n   T G   u n  −  τ *   ∥         ≤  ( 1 −  γ n  )   ∥   u n  −  τ *   ∥   +     γ n   ∥  T G   u n  −  τ *  ∥         ≤  ( 1 −  α n  )   ∥   u n  −  τ 8   ∥   +     γ n  δ  ∥  u n  −  τ *  ∥         =  [ 1 −  ( 1 − δ )   γ n  ]   ∥  u n  −  τ *  ∥      



(90)




and, combining (86)–(90), we have


   ∥   v  n + 1   −  τ *   ∥   ≤     δ 2   [ 1 −  ( 1 − δ )   α n  ]   [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   β n  ]   ∥  v n  −  τ *  ∥   











Since   δ ∈ [ 0 , 1 )   and    α n  ,    β n  ,    γ n  ∈  ( 0 , 1 )   , we can say that    [ 1 −  ( 1 − δ )   β n  ]   [ 1 −  ( 1 − δ )   γ n  ]  < 1  .



It follows that


   ∥   v  n + 1   −  τ *   ∥   ≤     δ 2   [ 1 −  ( 1 − δ )   α n  ]   ∥  v n  −  τ *  ∥  .  











Inductively,


   ∥   v  n + 1   −  τ *   ∥   ≤     δ  2 ( n + 1 )    [ 1 −  ( 1 − δ )   α n  ]   ∥  v 0  −  τ *  ∥   










   v  n + 1   −  τ *   ∥   ≤     δ  2 ( n + 1 )    ∥  v 0  −  τ *  ∥   ∏  k = 0  n   [ 1 −  ( 1 − δ )   α k  ]   











From elementary analysis, it is clear that   1 − x ≤  e  − x     for   0 < x < 1  , so that


      ∥   v  n + 1   −  τ *   ∥      ≤  δ  2 ( n + 1 )     ∥  v 0  −  τ *  ∥   n + 1    ∏  k = 0  n   e  −  ( 1 − δ )   α k           l e  δ  2 ( n + 1 )     ∥  v 0  −  τ *  ∥   n + 1    e  −  ( 1 − δ )   ∑  k = 0  ∞   α k        











Clearly, if    ∑  k = 0  ∞   α k  = ∞  , such that    e  −  ( 1 − δ )   ∑  k = 0  n   α k    → 0   as   n → ∞  , then    lim  n → ∞    ∥  v n  −  τ *  ∥  = 0  , thereby completing the proof.    □





Example 2. 

Consider the BVP


    g  ′ ′ ′    ( t )  = − t  g  ″    ( t )  − 2  t 2  + t − 2   



(91)




with BCs


   g  ( 0 )  =  g ′   ( 0 )  =  g ′   ( 1 )  = 0   



(92)







The exact solution is   g  ( t )  =   t 2  2  −   t 3  3   .



The corresponding Green’s function is given as follows:


   G  ( t , s )  =        ( s − 1 )  2   t 2  ,    0 < t < s         s   ( 1 − t )  2   2  +    s 2  − s  2  ,    s < t < 1        











Embedding the Green’s function in the UO–Green fixed point iterative scheme (80), we have


      r n     =  v n  +  ∫  0  t     ( s − 1 )  2   t 2    [  g  ′ ′ ′    ( t )  + t  g  ″    ( t )  + 2  t 2  − t + 2 ]  d s             +    ∫  t  1     s   ( 1 − t )  2   2  +    s 2  − s  2    [  g  ′ ′ ′    ( t )  + t  g  ″    ( t )  + 2  t 2  − t + 2 ]  d s       s n     =  r n  +  α n   ∫  0  t     ( s − 1 )  2   t 2    [  g  ′ ′ ′    ( t )  + t  g  ″    ( t )  + 2  t 2  − t + 2 ]  d s             +    α n   ∫  t  1     s   ( 1 − t )  2   2  +    s 2  − s  2    [  g  ′ ′ ′    ( t )  + t  g  ″    ( t )  + 2  t 2  − t + 2 ]  d s       t n     =  s n  +  ∫  0  t     ( s − 1 )  2   t 2    [  g  ′ ′ ′    ( t )  + t  g  ″    ( t )  + 2  t 2  − t + 2 ]  d s             +    ∫  t  1     s   ( 1 − t )  2   2  +    s 2  − s  2    [  g  ′ ′ ′    ( t )  + t  g  ″    ( t )  + 2  t 2  − t + 2 ]  d s       u n     =  t n  +  β n   ∫  0  t     ( s − 1 )  2   t 2    [  g  ′ ′ ′    ( t )  + t  g  ″    ( t )  + 2  t 2  − t + 2 ]  d s             +    β n   ∫  t  1     s   ( 1 − t )  2   2  +    s 2  − s  2    [  g  ′ ′ ′    ( t )  + t  g  ″    ( t )  + 2  t 2  − t + 2 ]  d s       u  n + 1      =  u n  +  γ n   ∫  0  t     ( s − 1 )  2   t 2    [  g  ′ ′ ′    ( t )  + t  g  ″    ( t )  + 2  t 2  − t + 2 ]  d s             +    γ n   ∫  t  1     s   ( 1 − t )  2   2  +    s 2  − s  2    [  g  ′ ′ ′    ( t )  + t  g  ″    ( t )  + 2  t 2  − t + 2 ]  d s .      











With a better choice of    α n  ,    β n  ,   and    γ n  ∈  ( 0 , 1 )   , it is guaranteed that the UO–Green iterative scheme converges faster than the Picard–Green [26], Mann–Green [27], Khan–Green [28], Ishikawa–Green [29] and GA–Green [2].



Furthermore, the minimization of the   L 2  -norm of the residual error guarantees a perfect computation.







6. Conclusions


The UO iterative scheme generalizes and extends other existing iterative schemes in the literature as shown in Example 1, where our scheme converges to the fixed point 2 faster than all of the CR,   F *   Picard-S, Modified-SP Uddin et al. and Picard–Ishikawa iterative schemes with visualization in tables and graphs. Our newly developed UO iteration process is applied in solving a multi-term fractional diffusion equation for oxygen delivery via a capillary of tissues, as found in [25]. Embedding the Green’s function in the UO scheme (3) gives rise to the UO–Green iterative scheme, which is used to approximate the solution of a BVP.
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