. mathematics

Article

Dynamic Behavior and Bifurcation Analysis of a Modified
Reduced Lorenz Model

Mohammed O. Al-Kaff 1>*(©), Ghada AlNemer >*{, Hamdy A. El-Metwally {0, Abd-Elalim A. Elsadany *°
and Elmetwally M. Elabbasy !

check for
updates

Citation: Al-Kaff, M.O.; AlNemer, G.;
El-Metwally, H.A.; Elsadany, A.-E.A ;
Elabbasy, E.M. Dynamic Behavior and
Bifurcation Analysis of a Modified
Reduced Lorenz Model. Mathematics
2024, 12, 1354. https://
doi.org/10.3390/math12091354

Academic Editors: Inna Samuilik,

Felix Sadyrbaev and Alicia Cordero

Received: 25 February 2024
Revised: 12 April 2024
Accepted: 23 April 2024
Published: 29 April 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics, Faculty of Science, Mansoura University, Mansoura 35516, Egypt;
helmetwally@mans.edu.eg (H.A.E.-M.)

Department of Mathematics, College of Education, Seiyun University, Seiyun, Yemen

Department of Mathematical Sciences, College of Sciences, Princess Nourah Bint Abdulrahman University,
Riyadh 11671, Saudi Arabia

Mathematics Department, College of Science and Humanities Studies Al-Kharj, Prince Sattam Bin
Abdulaziz University, Al-Kharj 11942, Saudi Arabia; aelsadanyl@yahoo.com

Basic Science Department, Faculty of Computers and Informatics, Suez Canal University,

Ismailia 41522, Egypt

Correspondence: abohassien246@seiyunu.edu.ye (M.O.A.-K.); gnnemer@pnu.edu.sa (G.A.)

Abstract: This study introduces a newly modified Lorenz model capable of demonstrating bifurcation
within a specified range of parameters. The model demonstrates various bifurcation behaviors,
which are depicted as distinct structures in the diagram. The study aims to discover and analyze
the existence and stability of fixed points in the model. To achieve this, the center manifold theorem
and bifurcation theory are employed to identify the requirements for pitchfork bifurcation, period-
doubling bifurcation, and Neimark-Sacker bifurcation. In addition to theoretical findings, numerical
simulations, including bifurcation diagrams, phase pictures, and maximum Lyapunov exponents,
showcase the nuanced, complex, and diverse dynamics. Finally, the study applies the Ott-Grebogi-
Yorke (OGY) method to control the chaos observed in the reduced modified Lorenz model.

Keywords: Lorenz model; pitchfork bifurcation; period-doubling; Neimark-Sacker bifurcation; chaos
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1. Introduction

The nonlinear dynamical model is well-known for its applications in various fields,
such as population growth, economics, physics, mechanics, technology, and others. One of
the most important discoveries in modern science is the identification of irregular vibrations
in addition to periodic and nearly periodic vibrations. A comprehensive study of nonlinear
scientific theory and its applications can significantly alter one’s perspective on various
nonlinear phenomena and laws, along with their profound implications across a wide
range of applications. Bifurcation theory, chaos theory, and singularity theory have all
gained increasing importance in the field of nonlinear science over the past few decades.
These theories are rapidly advancing in their applications to physics, mathematics, and
numerous technical fields worldwide. Chaotic mappings have witnessed extensive appli-
cations in computer sciences over the past few decades, particularly in domains such as
digital image processing [1] and communication systems [2]. Notable examples of general
chaotic mappings include logistic mapping [3], Henon mapping [4], Lorenz mapping [5],
and others. Numerous scholars have made significant contributions to understanding the
dynamic properties of these chaotic mappings. Annaby et al. [6] presented an image en-
cryption algorithm that combined Henon chaos and logistic systems. Experimental results
demonstrated superior security against statistical attacks and differential attacks compared
to the classical encryption algorithm and the improved encryption algorithm. Furthermore,
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MIliki et al. [7] introduced new chaotic maps with applications in stochastic processes, while
Ramadoss et al. [8] recently investigated the behaviors of a one-dimensional chaotic map
comprising two sine terms. Overall, these references highlight the wide-ranging applica-
tions and significant contributions made in the field of chaotic mappings, underscoring
their relevance and advancements in various areas of research.

Lorenz’s simplified model [9] involves a pair of coupled differential equations that are
estimated. The subsequent section provides the definition of the reduced Lorenz model:

Myl = M + bty — tryyn,
{ 1)

Yn+1 = Yn — tyn + toc3.

The integral step size is given by ¢, which originated from the simple forward Euler integral
between two paired nonlinear differential equations as follows:

dj_a%—%

dar v @)
dy

Pt

This study will be based mostly on the Lorenz reduction model [9-11], which has been
modified from the Lorenz reduction model as follows:

Z—]: =wax(l— ) — 2y,

iy )
2,2

gL

where a non-negative, from (3), we obtain the following model using the Euler technique:

{ stui1 = (14 ah)sey — hoeyyn — ahsd?, @

Y1 = (L= h)yn + sy

Numerical analysis of the model (1) was presented in [9,10], demonstrating a richer col-
lection of dynamical patterns compared to the continuous case. Elabbasy et al. [11]
provided both a theoretical examination and a numerical analysis of the bifurcation phe-
nomenon in the model (1). Zhao et al. [12] investigated the stability and bifurcation of a
discrete predator-prey model featuring a modified Holling-Tanner functional response.
Al-Kaff et al. [13] performed bifurcation analysis and chaos control in a discrete predator-
prey system, focusing on understanding the bifurcation behavior and developing control
methods. Additionally, Zhang et al. [14] explored transcritical and period-doubling bifur-
cations in a discrete predator-prey model with a strong Allee effect. For further papers
on nonlinear dynamical systems and models, readers can refer to [15-19]. The step size
used for integration is denoted by h. We have discovered that for the reduced modified
Lorenz model (4), a smaller integrated step size can demonstrate the model’s local stability.
However, using a larger integrated step size may result in model instability, leading to the
emergence of complex and diverse dynamics. This highlights the importance of the model
(4) in exploring the concepts of computational bifurcation and chaos. There are several
applications in which chaos can be used. Moreover, a chaotic dynamic model is not only
vital and valuable, but it may also bring a new approach or model that may help people
understand mathematics. A recent innovation in the field of encryption research is the
use of chaotic dynamics for information security. Two-dimensional and three-dimensional
discretized chaotic maps were presented as the foundation for a new encryption [20,21].
Zhu et al. [22] demonstrated the superiority of constructing chaotic maps based on en-
cryption techniques and have established that chaotic maps contain significant properties
connected to the essential criteria of traditional encryption algorithms in many respects.
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This model (4) had not been studied before, as we added the term a2 to the model (2)
until we had a logistic function of the model (3), which played an important role in our
findings. We presented a numerical and theoretical analysis of the bifurcation and chaos
for the model (4), which revealed a much richer and more complex structure with some
interesting results.

Motivated by the aforementioned works, this study focuses on examining the non-
linear dynamical behavior of (4). The paper is organized as follows: In Section 2, we
investigate the existence and stability of the fixed points in the model. Section 3 provides
a detailed discussion on the pitchfork bifurcation, Period-doubling bifurcation (PB), and
Neimark-Sacker bifurcation (NB). In Section 4, we employ a chaos control strategy to
effectively manage the chaotic behavior displayed by the model (4). Finally, numerical
simulations are conducted to further elucidate the main results obtained in the study.

2. The Existence and Stability of the Fixed Points Are Examined

In this section, we delve into the qualitative properties of the fixed points within the
model (4), as well as the conditions for asymptotic fixed point stability. We have fixed
points under different conditions:

(i)  po(0,0) is the fixed point;
(i) p1(3(Va2+4a — ), 3 (a? + 20 — av/a? + 4a));
(iii) pa(—3 (Va2 +4a +a), 3 (a? + 20 + av/a2 + 4a)).

Model (4) is reformulated in the following manner:

{ stni1 = (3, 1) = (14 ah) sy — hseyyy — ahsd2,

()
Yn+1l = V(%n/7n) = (1 - h)'Yn +h%%'

At the point p(s, ), the Jacobian matrix (J) associated with model (5) is displayed as

follows: . )
it 12
JGev) =1 | (6)
J21  J22
where
. d X, Yn . 9 n,Yn
Jin = MT;”("%%) =1+ ((—2%+ 1)“ o W)h’ Jiz = %kw,w) = —hx,
. ou(stn,vn : A (36, n
o = G| ) = 2hse and jpp = BERTL| 1,

The equation that represents the characteristics is expressed in the following form:
R*—=T(%,7)R+ D(>,7) = 0. (7)
The quadratic Equation (7) with a single variable, represented by
T(5¢,7v) = (ju + jo2) and D(>,7) = juja2 — j12j21-
Lemma 1 ([23]). Let T(R) = R?> — TR + D. Assume that T(1) > 0, Ry and R, are two roots
of T(R) = 0. Then
(i) |R1| <1, |R2| < 1ifand only if T(—1) > 0,D < 1.
(i) |R1] <1, |Ra| >1(or |R1| > 1, |Ra| < 1)ifand only if T(—1) < 0.
(iii) |Rq| > 1, |Ra| > lifand only if T'(—1) >0, D > 1.

(iv) Ry =-1,|Ry| #1ifandonlyif T(—1)=0,T #0,2.
(v) Ry, Ry arecomplex and |R1| = |Ry| = lifand only if T> —4D < 0,D = 1.

Definition 1 ([23]). The fixed point p(x,y) is called
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(1)  Sinkif |Rq1| < land |Ry| < 1. It is locally asymptotic stable.

(2)  Saddleif |Rq| < land |Ry| > 1 (or |Rq| > 1and |Ry| < 1). It is locally unstable.
(3)  Sourceif |R1| > 1and |Ry| > 1. It is locally unstable.

(4)  Non-hyperbolic if either |R1| = 1 or |Ry| = 1.

By utilising Lemma 1 and Definition 1, we obtain the following results:

Theorem 1. states the following properties for the simple fixed point py(0,0):

(1) When 0 < h < 2, po(0,0) is a saddle point.
(2)  When h =2, pp(0,0) is non-hyperbolic fixed point.
(3)  When h > 2, py(0,0) is a source fixed point.

Proof. The Jacobian matrix J(pp) at the point py(0,0) is expressed in the following form:

ah+1 0
](PO)Z( ) (8)
0 1-h

The matrix has two eigenvalues: R = ah + 1 and R, = 1 — h. It is clear that by applying
Lemma 1, the result can be directly derived. O

Theorem 2. (i) If any of the following sets of conditions is true, then p1 (% (Va2 +4a — ), 1 (a® +
20 — av/a? 4 4a)) is asymptotically stable (sink):

(i-1) =2y < ¢ < 0 and 0 < h < —%,where(p = "‘2—2—1—“7%%" and P =
% 420 — a\/a§+4a_

(i2) ¢ < 2y and 0<h< 2V

(ii) If any of the following sets of conditions is true, then p1(% (Va2 +4a — ), 3(a® + 20 —
ava? + 4a)) is unstable (source):

(ii-1) =23/ < ¢ and h > —%.

(i-2) ¢ < ~2/p and h> —TVFAL,

(iii) If any of the following sets of conditions is true, then p1(i(Va2 +4a — a), 3 (a2 + 20 —
av/a? + 4a)) is unstable ( non-hyperbolic):

(iii-1) g < ~2,/p and h= "PNVE gng pp 2 4

(iii-2) =2/ % < ¢ and h = —F.

(iv) The fixed point p1(3 (Va2 +4a — a), 1 (a® + 20 — av/a2 + 4a)) is unstable (saddle point) if
(iv-1) p < =2/1).

(iv-2) -V o —4b Vw‘/’z_‘hl’ <h < Z9EVITAY Vw‘f’z“m’,

Proof. The Jacobian matrix at p; (3 (Va2 + 4 — &), 3 (a? + 2a — av/a2? + 4a)) has the form

11 ji2
J(5,9) = ,

J21 J22
where
, ah(e — Va2 +4a) h(Va? +4a — )
ju=1+ > , J12=— 5 ,
j21 = h(\/ w2 + 4o — D() and j22 =1-h.
Let

R? — 2+ ¢h)R + (1 + ¢ph + ph?) =0,
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where
o2 av o2 + 4o
=5 -
and )
Va? 44
1/)2%—{—2&—“ uc2+ Dé,
since
I(R)=R*-TR+D,
where
T = ji11 +j and D = —jiojo1 + j11j22,
then, we obtain
T(—1) = 4+ 2¢h + ph*. 9)

According to Lemma 1, the fixed point is locally asymptotically stable if and only if D < 1
and I'(—1) > 0. Furthermore, the fixed point is non-hyperbolic if and only if T # 0 or 2
and I'(—1) = 0. Theorem 2 is obtained by calculating (9), thus completing the proof. [J

According to Theorem 2, it is evident that if condition (iii-1) holds, one of the eigen-
values of the fixed point p1(3(va2 +4a — &), 3 (a2 + 20 — av/a? + 4a)) is —1, while the
other eigenvalue is neither 1 nor —1. When condition (iii-2) of Theorem 2 is true, the
eigenvalues of the fixed point py (1 (Va2 +4a — ), 1 (a? + 2a — xv/a2 + 4)) are a pair of
complex conjugate numbers with equal modulus.

Let

Bry={ (wh):h=h = 2P 5 5 fGah>0 |

and

Fyp, :{ (a,h): h =y = NI W,¢< —2/,a,h >0 }

In a small neighborhood of Fyp, or Fp,, the positive fixed point py (3 (vaZ + 4a — a), 3 (a® +
20 — av/a? 4 4a)) may undergo period-doubling bifurcation when the parameters are
varied.

N, ={ (@h)ih=h=—$,-2/F<p<0,ah>0 |

In a small neighborhood of Np,, the positive fixed point p1 (% (vVaZ +4a — &), 3 (a® + 20 —
av/a? + 4a)) may undergo Neimark-Sacker bifurcation when the parameters are varied.

3. Bifurcations Analysis

In this section, the discussion on fixed points is divided into two parts. First, we exam-
ine the pitchfork bifurcation when the trivial fixed point is po(0,0). Then, we analyze the
case of the positive fixed point p; (3 (va2 4+ 4a — ), 3 (a? + 20 — av/a2 + 4a)), we discuss
the PB and NB separately. Then, by applying the center manifold theorem and bifurcation
theory [24], we establish the conditions for the existence of these various bifurcations.

3.1. Pitchfork Bifurcation

If & = 0, then the Jacobian matrix J(Py) has two eigenvalues: R =land R, =1 —h.
When h # 2, then |R,| # 1, indicating the conditions for the appearance of a pitchfork
bifurcation at Py. These conditions are represented by the following theorem:

Theorem 3. Ifa = 0, h # 2, then the model (4) is subject to a pitchfork bifurcation at Py(0,0) and
has only one fixed point.

Proof. Let us consider the parameter ¢, = « as a newly introduced dependent variable.
Then, the model (4) becomes
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An+1 1 0 0 n f(%n/ Y, 0-71)
Tn+1 — 0 1-h O Tn + g(%n/ Yn, Un) ’ (10)
Ont1 0 0 1 On 0
where .
f(%n/ Yn, U'n) = _h%n')’n + hsey0y — h%%U'nr
(11)
80w, Yn o) = h%%-
Let
Y = 8(3n,00) = 81362 + 8300y + 6302 + o((| 22| + |on|)?)- (12)

The center manifold must satisfy
W(S(%nxan)) = 5(%71 Jrf(%n/ (%n/Un)/Un)/ Un+1) - (1 - h)S(%n,O’n) - g(%n/ (%n/ Un)/ Un+1) =0. (13)

Thus, we can obtain that
5 =1,6,=0and b3 =0. (14)

And the map is limited to the central manifold that was given by

fi = 300 — W36 + hoenoy — hoi2ay + o((|22n] + |0u])?). (15)
Since - 57
f ”f B
PP h#0 and P 6h £ 0.

A pitchfork bifurcation occurs at the point Py(0,0) in model (4). This concludes the proof. [

3.2. Period-Doubling Bifurcation

This study examines the PB of the discrete—time model (4) with respect to the fixed
point p1(3(VaZ +4a — a), 1 (a® + 20 — av/a2 4 4a)). When the parameters are varied in
a small neighborhood of Fyp,, similar arguments can be applied. The same applies to the
case of F,p,. We consider model (4) with («, 1) € Fp, by selecting the parameters («, h)
arbitrarily from the set F;p, described by

{ Hpy1 = ¥n + hl(“%n(l — %n) - %n'Yn)/ (16)

Y1 =T — M (%nz - ’Yn)-

Then model (16) has a fixed point p;(3(vaZ +4a — a), 3(a® + 2a — /a2 + 4a)) with
eigenvalues Rq = —1 and R, = 3 + ¢hy with |R;,| # 1 by Theorem 2.

{ Myl =+ (hl + h*)(“%n(l - %n) - %n')’n)r (17)

Yns1 = Tn — (1 + h*)<%n2 - ')’n)‘

Here, |hy| << 1 represents a small disturbance parameter.

Suppose that u = s — %, v = ¢ — 4. Subsequently, we perform a transformation to
relocate the fixed point py (3 (Va2 +4a — &), 3 (a? + 20 — av/a2 +4a)) or py (3, 4) of the
model (17) to the origin.

Consequently, we obtain

Enu+ Eppv + Ezuv + 5141/[2
( u ) +Pyuh + Pyoh + Pauvh + Pyu’h
_>

5211/1 + 5227) + 523112 !
+Psuh + Pgvh + Pru’h

(18)
0



Mathematics 2024, 12, 1354 7 of 20

where
En=14((1=-2%)a—F)h, &= —hs, E13=—h
E14 = —uah, Pr=(1-2%)a—4, P = —i¢
Py =1, Py = —u, (19)
En = 2h3, En=1—h, Ex=h,
Ps =25, Ps=—1 and P;=1,
and h = hy.

We construct an invertible matrix

& &2
M = ,
-1-&1 Ra—&n

and we apply the translation (5, )T = M3, 9)T. Asaresult, map (18) can be transformed
into
» fu,v,hy)
, (20)
v 0 g(u,v,hy)
where
(E14(Ro — &) —E12€x) »  (Ro—En)éis
u,v,hy) = u uv
f ) E1(1+R2) En(1+R2)
(Py(R2— E11) — P7é12), o P3(Ra— &)
hu* + huv
En(1+Ro) E1(1+Ra) 21)
(P1(R2 — &11) — Ps&12) It + (P2(Ra — &11) — Pebrn) o
En(1+Ra) E1(1+Ra)
+o((Jul+]o+[m])*),
and

_ (Eu(1+ &) + E12én3) 2 E13(1+ &) 0o
En(1+R2) E2(1+R2)

g(u,v,hy)

(P4(1 + 511) + 512P7) 4 (1 +&n

+
En(1+Ry) En(1+ R,

ihuv

(P1(14&11) 4 £12Ps) s + (P2(14&11) 4 £12Ps)

ho
En(1+R2) En(1+R2)

+

+o((Jul+ol+m])*).

Withu = Epxx+ Epy and v = —(1+ 1) + (Ra — £11)%. The dynamics of the fixed
point (3,9) = (0,0) at h, = 0 are then computed using the center manifold theorem, as
presented in [25]. Consequently, a center manifold W¢(0,0) of map (20) arises. It can be
described as follows:

We(0,0) = (%, 7)|7 = s(3,h.),5(0,0) = 0, Dh(0,0) = 0.

Assume that
s(5,hy) = c17% + cozhy 4 csh® 4 o((Ju| + | |)?), (22)
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where o((|u| + ||)?) is a function with variables of at least three orders (5, 1) and

_ ELExm + E1a€1n + (E1a&rn — 2E13)E11 — (EF +1)Enz

1

(1-R3)
- Pa(1+4 E11)* — EHPs — (14 En)(P1 — Po)éna
E12(1+ Ryp)? ’
3 = 0.

Therefore, the map (20), when restricted to W€ (0, 0), can be expressed as follows:
F: 5t — —3+ 515 4 spsehy + 53527 M + 545202 + 55575 + O((| 52| + | |*),
where

s1= 1 (Ra — &) (s — (1 + En)és) — EHEm,

Sp = m((’/@z —&11)(E12P1 — (L + &11)P2) — (E12P5 — (14 E11)Pes ) 12,

53 = 512(7%2+1) (((251402 + P4)R2 — (P4 + 2514C2)511 - 61775)5122
— (& (2E302 + P7) + (€11 — R2) ((2E1302 + P3)E11 — E1302R2
+ (P — P1)er + E13c2 4+ P3)E12 + c1P2(Ra — E11)?),

Sy = m((*&zﬂ% + (P1 — Po)(Ra — E11)E12 + P2(Ra — €11)%)ca),

and

s5 = ﬁ(cl(f/’ls(Rz —&E1)(Ry — 2611 — 1) = 2&E12(En&1a + 12823 — E1uRy))).

9*F 1 oF 9%F
¥ = < + >|(o,0) = Sy,

Let
050h, = 20h, 032
and

3 2
‘I"zz(laF 10°F

o Gz lom =t 45

Based on the previous argument, we have the following theorem:

Theorem 4. If Yy # 0 and Y, # 0, then model (4) is subject to a PB at the unique positive fixed
point p1 (% (Va2 +4a — ), 3 (a? + 20 — a/a2 + 4)) when the parameter h differs in a small
neighborhood of Fp,. Furthermore, if Y5 > 0 (respectively, Y, < 0), then the period-2 orbits that

biforkeds from p1 (% (Va2 +4a — ), 1 (a® + 20 — av/a2 + 4a)) are stable (respectively, unstable).

3.3. Neimark—Sacker Bifurcation

We now delve into the NB of p; (3 (Va2 + 4a — a), 3 (a® 4+ 20 — av/a? + 4a)) when the
parameters (&, /1) vary within a small neighborhood of N;,,. We examine model (4) with
(a, 1) € Np,, defined by the following expression:

{ Hpt1 = Mn + hZ(“%n(l - %n) - %n')’n)/ 23)

Ynt1 = Tn —h2 (%nz - 'Yn)-

Model (23) has a fixed point p1(% (Va2 +4a — &), 3(a® + 2a — av/a? +4a)). Then, by
choosing & as a bifurcation parameter, we consider a perturbation of (23) as follows:
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(24)

{ Spy1 = 2+ (ha + E*)(“%n(l — ) = #nYn),
Yns1 = Tn — (h2 +h*)(%n2 - ')’n)-

Here,
Suppose that v = s — %, v = v — 4. Then, we transform the positive fixed point
p1(3(Va2 +4a — a), 3 (a% 4+ 2a — av/a? + 4a)) of the model (24) into the origin. Then,

we have
v Env + Epv + Enzvv + Eav?
( )%( ) -
v Env + Epv + Exzv?
Here, £11, £12, 13, E1a, En1, 2, E23 are obtained in (19) by substituting h with hy + h,.
Then, model (24) has a fixed point p; (5, 4), where 5 = (Va2 +4a — &), § = 1(a® + 20 —

ava? + 4a).

The characteristic equation for p1 (%, §) is given by the model (24):

— p(ha)R +q(hs) =0,

where
p(he) =24 (0 — 250 — § — 1) (hp + hs),

and
Gi) =14 (25— Da+ 252 +4) (hy + 1) + (6 — 2522 — 4 — 1) (hy + 1.

Since parameters (a, 1) € Ny, , the eigenvalues of p; (5, §) are a pair of complex conjugate
numbers R, R with model (4) by Theorem 2, where

— p(h) 4q(hy) — p2(hs)

R,R = -— > +i 5 ,
Ly WU th) | ilh 4R — ¢
- 1+ + .
2 2
Then we obtain d|R\
= -9
Rl = \fah), € = Gl = 5 >0,

Additionally, i, = 0, R" and r" #1,n=1,2,3,4, which is equivalent to p(0) # —2,0, 1
and 2. Note, that (¢, /1) € N, so p(0) # —2 and 2. As a result, we only require satisfactory
p(0) # 0 and 1, which leads to

9" # 29,3¢. (26)

Afterward, we proceed to discuss map (25) when ki, = 0. Put

_1+¢h

and

_ Ay —¢?
=

()05 )

Using the translation
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the map (25) becomes
U m —w U (0,7, hs)
— + , (27)
v w m v B(0, 7, hy)
where ,
F(0,7,h) = 2 (E13vv + Eg0?),
&2
and )
8(5,0,h.) = ((m—E11)érs — Ennépn)v n (m — 511)51301/.
Slzw 512(41

We have found the following;:

foo = 2((m — En) &z + Ennéra), fov = —wés, Jow =0,

and
By = 5(512514(”1 — &)+ (m—En)%E3 — E5E),

By = —(m — 1) &3,

N N

B =0, Bops =0, Boow =0, Byow =0, By = 0.

If the discriminant quantity is non-zero, map (27) may undergo the NB.

1—2R)R? 1 -
C = Re[( 1 'R), anq)zo} -+ §|q)11‘2 + |q)02‘2 — RE(RCI)zl),
where
1. « v x « .
Dy = g[fﬁﬁ — Jow + 2000 + i(Oss — Oow — 2fov)],
1. N s v
P = E[ffm + o 4 1O + O],
1+ v X % y y
o> = glioo — o — 2060 +i(Bss — Ooy +2juv)],
1 . « « L x ¥ “
Dy = [Fosws + Foow + Qoo + Ouw + i(Osiw + Oovw — Fowv — Toww)]-

Considering this study and the NB theorem described in [24,26], we can now present the
following theorem:

Theorem 5. If condition (26) is satisfied and ¢ # 0, Model (4) undergoes an NB at the fixed point
p1(3(Va2 +4a — a), 1 (a® + 20 — av/a? + 4a)) when the parameter h varies within a small
neighborhood of Np,. Additionally, if & < 0 (respectively, { > 0), an attracting (respectively,
repelling) invariant closed curve bifurcates from the fixed point for h > hy (respectively, h < hy).

4. Control of Chaos

In this section, the utilization of different bifurcation parameters significantly enhances
our ability to comprehensively analyze the system’s behavior. By selecting independent
parameters, we can isolate their influences and gain insights into their effects on the sys-
tem’s dynamics. This approach enables us to examine the system’s sensitivity to various
parameters, identify those with a significant impact on bifurcations, and develop a deeper
understanding of its behavior under diverse conditions. Choosing multiple parameters
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makes the study practical and feasible, as some may be controlled or measured in ex-
periments. Additionally, effective ecological conservation management solutions can be
devised to preserve these intricate ecosystems. Chaotic dynamics within a system can lead
to instabilities and undesirable behaviors. Therefore, effective techniques for chaos control
are crucial for mitigating harmful chaotic behaviors. Regulating chaotic dynamics towards
a periodic orbit or a fixed point is necessary to improve system performance. We applied
the feedback control method known as OGY, as documented in the literature [27,28], to
model (4). The basic aim is to make small, time-dependent linear perturbations to the
control parameter & in order to nudge the state towards the stable manifold of the desired
fixed point, thus controlling the chaos resulting from the NB and PB at the fixed point of
model (4). We utilize the OGY technique to express model (4) as follows:

syi1 = (14 ah)sey — sepyn — ahsel = f(tn, v, ), 28)
Y1 = (1= 560)yn + as = g(5en, 7, ).

Here, « is treated as the chaos control parameter. Furthermore, we assume that « lies
within the range « € (xg — 6,9 + ), where 6 > 0 and ag represents the nominal value
of a. Moreover, we consider p1(3,4) = p1(3 (Va2 +4a — a), 3(a® + 2a — avV/a? + 4a))
as the fixed point of model (4). In the neighbourhood of the fixed point p1(%, ) =
p1(3(Va2 +4a — ), 3 (a® 4+ 20 — /a2 + 4a)), model (28) can be approximated as follows:

Myl — A My —
R ~ ’,Y, & N + Cla —« s 29
T st 7 F ]+ Cla- ) 9)
h
where af(ﬁ[,ﬁ/,ao) af(j’\‘/’?/“(])
0 Y
](j\{/ ’?’ 060) = 7
ag(ﬁt/(?/“(]) ag(’%'?,lxo)
dx 9y
and

C: =

98 (%,9,m0)
Ju

3f i) [ —1n(Va? + 4 — &) (—a + Va? + 4 — 2) ]

0

It is easy to see that system (28) is controllable provided that the following matrix

af(ﬁt/’?/“(]) af(%/,?/“()) . af(f{'ﬁ/rao)
on dx o
=[C:JC] =
ag(ﬁtrr’)\/rlxo) ag(ﬁf/'?/“()) . ag(ff,’?,ko)
on dx on

Since the matrix T has a rank of 2 and —1h(va2 +4a — &) (—a + Va2 +4a — 2) # 0, we

proceed with the assumption that [« — ] [ o } where K = [ x1 x; |, then

model (29) can be written as

{ g1 = % } ~ []—CK][ = % ]
Yu+1 —F Tn—F
Moreover, the p; (%, §) is locally stable if and only if both eigenvalues of the matrix ] - CK

lie within an open unit disk. The matrix J - CK is given by the following expression:

D1+ 11 Pro + ji2
J-CK = ,
j21 j22
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where

jn=1+h(ia? - tava? +4n), j1o=—1n(vVa2+4a —a),
jo1 = h(VaZ + 4o — a), jm=1—h,
® = }h(mw)(—wm_zy

The characteristic equation of the matrix ] — CK is given by
p(R) = R? — (jnn + jo + Px1)R + joo (Prc1 + ji1) — o (Pr2 + jia) = 0. (30)
Let R1 and R; represent the eigenvalues of the characteristic Equation (30). We then have:
R1+Ra = ji1 + jo2 + Pxy, (31)
and
R1R2 = joa(Pry + j11) — jor (Pre2 + j2)- (32)

Moreover, we take R1 = £1 and R1Ry = 1. Thus, the lines of marginal stability of (31)
and (32) are computed as follows:

L1 2 joa(Pry + j11) — jor (Pr2 + j12) —1=0. (33)
Next, we suppose that Ry = 1, then (32) and (31) yield that
Ly 1 j11 +j1zjz1 + @k +x1) + joa (1 — Sxy — j11) =1 =0. (34)
Finally, if Ry = —1 and using (31), then we obtain
L3 1 j11 — jizjo1 + @ (k1 — jorka) + joa (1 + DKy + j11) +1 =0. (35)

Therefore, the stability region of (28) is a triangular region bounded by £4, £, and £3 in
K1%p-plane.

5. Numerical Simulations

In this section, we present bifurcation diagrams, phase pictures, and maximum Lya-
punov (ML in short) exponents of the model (4) to validate our theoretical findings and
showcase the intricate dynamical behaviors through numerical simulations.

5.1. Period-Doubling Bifurcation
Example 1. Case 1. We consider parameter h and examine the following subcases:

() « =4.04. In this case, we have a single positive fixed point. By performing calculations, we
observe the PB of model (4) from py (3, §) = (0.829631555,0.688288520) at h = 0.8874794,
confirming Theorem 4. The values of ¥1 = —2.253699854 and ¥, = 18.7591491 for
(a,h) € Fp, are obtained. Figure 1a,b illustrate that py (%, §) remains stable for 0.87 < h <
0.8874794 but loses stability at the PB parameter value h = 0.8874794. Additionally, an orbit
with a period of 2 is observed. The ML exponents corresponding to Figure 1a,b are depicted in
Figure Ic.
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Maximum Lyapunov Exponent
b0 0

087 088 089 0% 091 092
h

(a) (b) ()
Figure 1. (a,b) Bifurcation diagram and (c) ML of model (4) for value of « = 4.04, h € [0.87,0.929].

(I)  For « = 9, we computed the PB of model (4) and found that it occurred at p1(3,§) =
(0.908326915,0.82505776) for h = 0.2519820562 with ¥1 = —7.937073099, ¥, =
0.2377290476 and (a,h) € Fp,, confirming Theorem 4. Observations from Figure 2a,b
indicate that p1 (3, §) remained stable for 0.25 < h < 0.2519820562 but lost stability at the
PB parameter value h = 0.2519820562. Additionally, orbits with periods of 2, 4, 8, and 16
were observed. The ML exponents corresponding to Figure 2a,b are shown in Figure 2c.

Maximum Lyapunov Exponent
&

0
025 026 027 028 029 03

031 032 033 034 035

()
Figure 2. (a,b) Bifurcation diagram and (c) ML of model (4) for value of « = 9,k € [0.25,0.35].

Case 2. We consider parameter o and examine the following subcases:

(I)/ At h = 0.8874794, we observe from Figure 3a,b, that pq (3¢, §) remains stable for 4 < a < 4.04
but loses stability at The PB parameter value o = 4.04. Furthermore, there is an orbit with a
period of 2. The ML exponents, corresponding to Figure 3a,b, are shown in Figure 3c.

14 1 010+
008
0,06
004
002

1

09

0024
004
-0.06
-0.08
2010
0124
014

07—

Maximum Lyapunov Exponent

05

>os A =
06
07
05
06 04

4 405 41 415 42 425 43 435
@

(a)

=
\

4 405 41 415 42 425 43 435

«

(b)

016

.
400 405 410 415 420 425 430 435
o

(0)

Figure 3. (a,b) Bifurcation diagram and (c) ML of model (4) for value of h = 0.8874794, « € [4,4.36].

"Ath = 0.2519820562, it can be observed from Figure 4a,b that p1 (3¢, ¥) remains stable for the

11 g p
range 8.5 < « < 9 but loses its stability at the PB parameter value o = 9. Furthermore, there
are orbits with periods of 2, 4, 8, and 16. The ML exponents, corresponding to Figure 4a,b, are

depicted in Figure 4c.
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Maximum Lyapunov Exponent

85 90 95 100 105 110 115 120

(@ (b) ()
Figure 4. (a,b) Bifurcation diagram and (c) ML of model (4) for value of & = 0.2519820562,a €

[8.5,12.34].

5.2. Neimark—Sacker Bifurcation
Example 2. Case 3. We consider parameter h and examine the following subcases:

(I)  For a = 0.6, the NB of Model (4) occurs, revealing the fixed point p1 (3¢, %) = (0.530662386
5,0.2816025681) at h = 1.495455526. This fixed point satisfies { = —1.033549625 and
(a,h) € Np,, confirming the validity of Theorem 5. Observing Figure 5a,b, it can be
seen that py (3, ) remains stable for 0 < h < 1.495455526 but loses stability at the NB
parameter value h = 1.495455526. The ML exponents, shown in Figure 5c, are correlated with
Figure 5a,b. Additionally, Figure 6 displays the phase pictures associated with Figure 5a,b.

Maximum Lyapunov Exponent

o - 06
15 155 16 165 17 175 18 185 19 195 2 15 155 16 165 17 175 18 185 19 195 2

(@ (b) ()
Figure 5. (a,b) Bifurcation diagram and (c) ML of model (4) for value of « = 0.6, h € [1.49,2].

0.2816025687

02816025686
02816025685
02816025684
02816025683
02816025682
02816025681 |
0281602508 |

02816025679 |

0.2816025678
0530662386 05306623862 05306623864 05306623866 0505 051 0515 052 0525 053 0535 054 0545 0.55 046 048 05 052 056 056 058

X X X

h =1.493 h =1.4976 h =1.5159

01 201
025 03 035 04 045 05 055 06 065 07 02 025 03 035 04 045 05 055 06 065 07 01 02 03 04 0s 06 07 08

X X X

h =1.746 h =1.795 h =1.865

Figure 6. Cont.
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h =1.8926

h =2.0329

Figure 6. The phase pictures associated with Figure 5a,b.

(I)  For « = 2.1, we computed the NB of Model (4), which resulted in the fixed point p1 (3¢, %) =
(0.739553017,0.546938664 ) at h = 0.9645336217. This fixed point satisfies & = —0.0983919023
and (a«,h) € Np,, illustrating the validity of Theorem 5. By examining Figure 7a,b, we
observe that py (3, %) remains stable for 0 < h < 0.9645336217 but loses stability at the NB
parameter value h = 0.9645336217. The ML exponents, shown in Figure 7c, are correlated with
Figure 7a,b. Furthermore, Figure 8 displays the phase pictures associated with Figure 7a,b.

102 104 106 108 11 112

@)

(b)

Maximum Lyapunov Exponent

096 098 100 102 104 106 108 110 1.12

h

(0)

Figure 7. (a,b) Bifurcation diagram and (c) ML of model (4) for value of « = 2.1,k € [0.96,1.12].

05469386654

05469386652
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05469386542
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07395530166 0739553017

X

= 0.962

-
0
o
0
X
h = 0.97451
y
L (\\
:
o
T o6
o
: ) __—
o
X
h =1.094332

071 072 073 074 075 076 077 078

X

h = 0.965

X
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Figure 8. The phase pictures associated with Figure 7a,b.
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Case 4. We consider parameter o and examine the following subcases:
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(I)" Let h = 0.9336269198. It is observed from Figure 9a,b that py(3,4) remains stable for
the parameter range of 2.6 < a < 2.85. However, it loses stability at the NB parameter
value of 2.85 < a < 2.8634708. then it suddenly transitions to a steady state. The ML
exponents, depicted in Figure 9c, confirm this behavior. Additionally, Figure 9d depicts a
LA for « € [2.6,2.91]. Furthermore, Figure 10 displays the phase pictures corresponding to

27 275

(b)

28 2.85 29

Figure 9a,b.
0.84 068
066
0.82
064
08
062
#<0.78 T 086
058
0.76
056
0.74
054
072 052
26 265 27 275 28 285 29 26 265
@
(@
0.08 0.84
S 006+
5 0.82
I3 0.04 .
X
w0024
3 o0 08
c
3 0024
LY <078
£ 006+
3
£ -0.08 0.76
% 0.10
8 on]
-0.12 4 074
-0.14 T T T T T T
260 265 270 275 2.80 285 290 0.72
28 282
o
()

2.84 2.86
o7

(d)

2.88 29

Figure 9. (a,b) Bifurcation diagram and (c¢) ML of model (4) for value of 1 = 0.9336269198,
a € [2.6,2.91] and (d) LA for a € [2.8,2.91].
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Figure 10. The phase pictures associated with Figure 9a,b.
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(I1)" If h = 1.495455526, we observe from Figure 11a,b that py (3, ¥) is stable within the parameter
range of 0.5 < a < 0.6. However, it loses stability at the NB parameter value o = 0.6. The
ML exponents, depicted in Figure 11c, are related to Figure 11a,b.

. sl

W

Maximum Lyapunov Exponent

05 06 07 08 09 10 11 12

o

(a) (b) (0)

Figure 11. (a,b) Bifurcation diagram and (c¢) ML of model (4) for value of 1 = 1.495455526,
x € [0.5,1.21].

(I11)' If h = 0.9645336217, it is observed from Figure 12a,b that py (52, 4) remains stable for the
parameter range of 1.98 < a < 2.02061. However, it loses stability at the NP parameter
value o = 2.02061. Next, we find that the dynamics of the Lorenz model reach their highest
chaotic value when x = 2.666659, and then it suddenly transitions to a steady state. The ML
exponents, depicted in Figure 12c, confirm this behavior.

000 ,,/"""’W[N'VI“MW”"W"WWMM

Maximum Lyapunov Exponent

2 21 22 23 24 25 26 27 28 2 21 22 23 24 25 26 27 28
« «

(a) (b) (0)

Figure 12. (a,b) Bifurcation diagram and (c¢) ML of model (4) for value of 1 = 0.9645336217,
« € [1.98,2.81].

5.3. Control of Chaos

To study the chaos control for model (4), we apply the OGY method with parameters
« = 0.45 and h = 1.782443101. Model (4) has an equilibrium point p1 (%, §) = (0.482548585,
0.2328531368), which is unstable. We consider «y = 0.45 as the nominal value. Therefore,
the controlled model is formulated as follows:

snp1 = (1+ (ag — %1 (300 — %) — x2(vn — §) ) 1) 5
— hatyyn — (&g — 1 (50 — 3¢) — k2 (Y0 — ’?))h%ﬁ, (36)
Yn+l = (1 — h)')/n + h%%

Let K=[ x1 &y | be the gain matrix, and p; (%, §) = (0.4825485850, 0.2328531368) be the
unstable equilibrium point of model (4). Additionally, we obtain the following:

0.6129480718 —0.8601153962
] = ,
1.720230792 —0.782443101
0.4450679288
C= ,
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and

0.4450679288 0.2728035288
T=I[C:]C]= .

0 0.7656195557

Then, it is easy to verify that the rank of 7 is 2. Therefore, the controlled model (36) is
controllable. Moreover, the Jacobian matrix | — CK of the controlled model (36) is given by

J—CK =

0.6129480718 — 0.4450679288x; —0.8601153962 — 0.4450679288x>
(37)
1.720230792 —0.782443101

Then, the characteristic equation of (37) is given by

k(R) = R?+ (0.169495029 + 0.4450679288x1 )R + 1
+0.7656195559x; -+ 0.3482403304k . (38)

Then, the roots of Equation (38) lie within a unit disk |R| < 1 if the following conditions
are satisfied:

0 < 04548477474, + ko,
4112866492 > 1 > —0.3808295724,2.390880636
+x, > 0.1264695992x1,

or
—0.3808295724 > x1 > —4.874525637,2.833646309 + 1.036165094x; > —x,.

In this case, the lines of subaltern stability are given by
L1 :0.3482403304x; + 0.7656195559%, = 0,

Ly :1.830504971 + 0.7656195559k, = 0.0968275984x1,

and
L3 :0.7933082592%1 + 0.7656195559%5 + 2.169495029 = 0.

The stable triangular region, delineated by the sub-lines £1, £, and £3 in the controlled
model (36) is depicted in Figure 13a. Moving forward, by setting x; = 1, we find that the
fixed point of the controlled model (36) is locally stable if and only if —2.264411037 < x; <
—0.4548477474. To further explore the dynamics, we choose x; = 1 and x; € [—3.5,1], and
present the bifurcation diagrams of the controlled model (36) in Figure 13b. In addition, we
provide examples of the phase of chaos control bifurcation [28]. Specifically, we consider
Ky as a variable and illustrate the behavior of s, for x; € [—3.5,1]. Figure 14 showcases
various values of x; as indicated below:

2
L N S U R P S

6 4 2 0 2 4 6 8 10 12 u

" 2
(a) (b)

Figure 13. (a) The region of stability for the controlled model (36). (b) Diagrams of bifurcation for the
controlled model (36) with x; = 1, p1(%,§) = (0.482548585, 0.2328531368) and x, € [—3.5,1].
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Figure 14. The Phase of Chaos of the controlled model (36).

6. Conclusions

This study investigates the bifurcation behavior and chaos control in a two-dimensional
modified reduced Lorenz model. We examine the existence and uniqueness of a positive
steady state within the model. According to our theoretical study, the model (4) undergoes
pitchfork bifurcation, period-doubling bifurcation, and Neimark-Sacker bifurcation. Our
theoretical approach is supported by numerical simulations, which include bifurcation
diagrams, phase pictures, and maximum Lyapunov exponents for all model parameters (4).
These findings reveal interesting dynamic behaviors, such as stationary cycles and chaotic
attractors, confirming our theoretical analysis. The results contribute to a comprehensive
understanding of the modified Lorenz Reduction Model and its potential applications
in information security, the basin of attraction identification, and adaptive and global
synchronization. We employ a chaos control strategy to manage the chaotic behavior of the
model (4), and its effectiveness is demonstrated through numerical simulations. Finally, we
present examples of chaos control bifurcation phases.
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