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Abstract: Intraclass correlation in bilateral data has been investigated in recent decades with various
statistical methods. In practice, stratifying bilateral data by some control variables will provide more
sophisticated statistical results to satisfy different research proposed in randomized clinical trials. In
this article, we propose three test statistics (the likelihood ratio test, score test, and Wald-type test
statistics) to evaluate the homogeneity of proportion ratios for stratified bilateral correlated data
under an equal correlation assumption. Monte Carlo simulations of Type I error and power are
performed, and the score test yields a robust outcome based on empirical Type I error and power.
Lastly, two real data examples are conducted to illustrate the proposed three tests.

Keywords: likelihood ratio test; score test; Wald-type test; type I error; power; stratified bilateral
correlated data

1. Introduction

In randomized clinical trials, bilateral data frequently occurs in patients who receive a
treatment based on paired body parts or organs (such as eyes, ears, kidneys, and so on). Since
the outcome of bilateral data has been naturally split into three types (no response, unilateral
response, and bilateral responses), considering the intraclass correlation in the bilateral data is
a natural way to avoid misleading results [1-5]. Intraclass correlation in bilateral data has been
investigated in recent decades with various statistical methods [1-3,5-8]. Rosner proposes
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popular methods to evaluate the effect size in randomized clinical trials: the odds ratio, risk
difference, and relative risk [14]. Indeed, relative risk is more informative than risk differ-
ence in some cases [15]. Compared with the odds ratio, the relative risk can process sparse
data better. The stratifying of bilateral data by some control variables (e.g., disease phases,
age, etc.) will provide more sophisticated statistical results to satisfy different research
proposed in randomized clinical trials [16,17]. For example, evaluating the appropriate
effect size across strata of disease phases between treatment and control groups equates
to testing the effect size of homogeneity across the strata. Zhuang et al. investigate the
homogeneity test of the ratio of two proportions in the stratified bilateral data based on
Donner’s p model [18]. Shen et al. test the homogeneity of the difference between two pro-
portions for stratified correlated paired binary data under Donner’s p model [19]. Xue and
Ma propose interval estimation of proportion ratios for stratified bilateral correlated binary
data under Rosner’s constant R model [20].

Rosner’s R and Donner’s p models have limitations and restrictions. Rosner’s R model
is a conditional probability that a response at one side of paired body parts or organs that
gives a response at the other body parts or organs is a positive constant R times the response
rate [1]. However, the constant R can not reach one unless each response rate is equal,
and the model is not appropriate if the patient’s body parts or organs are all responding and
different groups have different response rates [3,20]. In Donner’s p model, it is assumed that
all treatment groups share one intraclass correlation coefficient p [2]. However, when the
correlations between the two groups are significantly different, Donner’s p model cannot
be used for data analysis. In practice, it is first verified that the correlation coefficients
are equal to decide whether the Donner model is appropriate. Compared to Rosner’s R
and Donner’s p models, Dallal’s model does not require concern over whether all of a
patient’s body parts or organs have responded, nor does it need to worry about whether
different groups have varying response rates. Additionally, it eliminates the need to verify
that the correlation coefficients are equal. Instead, it provides a straightforward intraclass
correlation constant, -y, for the conditional probability of a response in one part of a pair of
body parts or organs given a response in the other.

To avoid the limitations of Rosner’s R and Donner’s p models, we investigate the
proportion ratios in clinical trial design with stratified bilateral data under Dallal’s model.
The remainder of this paper is organized as follows: Section 2 presents the data struc-
ture and hypotheses, and Section 3 introduces the maximume-likelihood estimation under
homogeneity. We propose three tests to examine the homogeneity of proportions across
strata in Dallal’s model in Section 4. Accordingly, we investigate the performance and
robustness of three tests by using simulation studies in Section 5. In Section 6, we use
two real data examples to illustrate our proposed methods. Conclusions and future works
are in Section 7.

2. Data Structure and Hypotheses
2.1. Notation

Let my;; be the number of patients in the ith group of the jth stratum with /th responses,
wherei=1,2,j=1,...,],and I =0, 1, 2. m;; = mg;j + my;j + my;; represents the number
of patients in the ith group of the jth stratum; p);; corresponds to the probability of patients
in the ith group of the jth stratum with /th responses. Define Zj,;j as the indicator of the
response of the kth body parts or organs of the hth patient in the ith group from the jth
stratum, wherek=1,2and h =1,2,..., My j. If Znijx =1, then the improvement response

occurs; otherwise, Zj;jx = 0. Therefore, denote Pr (Zhijk = 1) = mjj, (0< mij < 1) as the

probability of having response on one site. The corresponding data structure is shown in
Table 1.
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Table 1. Data structure.

Group
Number of Responses (I) 1 2 Total
0 mo1;(Po1j) moo;(Pozj) Mo
1 m1;(p1aj) m1j(p12j) myyj
2 my;j(p21;) mp;(pa2)) My
Total miqj m4 o) My

We explore the intraclass correlation based on Dallal’s model, where the conditional prob-
ability of a response at one side of paired body parts or organs, given a response at the other

body parts or organs, is a constant 7. Therefore, we assume P (Zhijk =1 Zpjz—r) = 1) =7
and the probabilities of a body part or organ with none, one, or both can be expressed
as follows:

poij =1— (2= 7)),

puij = 27 (1 = 7)),
P2ij = Ttij%Yj,

and pojj + p1ij + p2ij = 1 for any fixed i and j. The joint likelihood function for the observed
data mij = (m()i]', m1i]-, m2ij) T is given by

J 2 |
N A Mg Moij Mg T
f(mij | pi) = HH Mgt ]ypOz] Piij Paij

j=1i=1

where pi; = (poij, rij, P2if) T The corresponding log-likelihood function can be expressed as:

2
Z{mOij log [1 — (2 — ’)/]') 7'[,‘]‘] + myjj log [27Tij (1 — ’)’])] + Myij log[n,']«'y]} } +logC,
i=1

M~

7Tl/

l
—

j
T My jj!
where 7t; = (my,..., ),y = (’yl,...,'y]) and C = ]—[] 1 2, W is a constant.

2.2. Hypotheses for the Proportion Ratio Across Strata

Assuming there is a common ratio of proportions between two groups across | strata,
i.e., the ratio of proportions between two groups in the jth stratum is 6; = 71p;/719; for
j=1,...,], the hypotheses are given as

Hy:6y =0y =..=0; versus H,:0, #0s, foratleastone pairof (r,s),r #s.

3. Maximum-Likelihood Estimation (MLE) under Homogeneity
3.1. The Constrained MLEs

Since we assume ¢; = my;/myj for j = 1,...,], then 7mp; = 4;73;. Under the null
hypothesis with a common §, the log-likelihood function can be expressed as:

J
(re1,0,v) = Y 1i(m1j, 0, 7)),
j=1

where
li(mj,0,7j) = {mojlog[1 — (2 — ) 7m1,] + myjlog 271 (1 — ;)| + majlog [7r1;7;]
+ my; log[l — (2 — ’)/j) 7T1j5] + myp; log [27‘[1]‘5(1 - ”y]-)] + Mpj 10g[7t1j5’)/]'} }
+logC.
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Differentiating I(7r1, 6, y) with respect to 7r; and -y , we have

ol myy +m2+] N moyj (vj — 2) 6 mopj (7vj —2)

871'1] yshi Tt ystyi (’y] — 2) +1 ) Ush (’)/] — 2) +17

ol mpj  mpj o My mM12j Mo1j 701 0 Mayj 701;
A + + + )
o vl =l m(y =2+l dmy(r-2) +1

We can set -2 = 0 with 2L = 0 to obtain the MLEs 7; and 4;. Indeed, the MLE of 7, has
o7y 97 ] ] ]

j
a closed-form solution. Meanwhile, the MLE of 71y; is a function of m;; and é. For the MLE
of 4, we will update by using Fisher scoring iterative algorithm by consider the initial value

5;
of 6(9) as mean of unconstrained MLE 5 ( Li= 1 '), and

5= o) = 60 4 171 (51) (a&)

7

( ) 7‘[11,7]

where
al _ i(muj myj o i (v —2) )
) =1 1) 1) 0 71'1]' (’)/] — 2) +1 !
?l i( M My Mo (Y — 2)*
0t H 2 (my(y—2)+1)
and )
921 [ mypj  myj mgyj i (v —2)

(01 (v —2) +1)°
_ i m+2;P12] L MejPRj | 2P0 mi* () — 2)2)
j=1 & (6 (v —2) +1)*

3.2. The Unconstrained MLEs
Under the alternative hypothesis, the log-likelihood can be presented as:

J
H(m, 8,) = Y 1i(m 85, 77).

j=1
where
J
1i(m1j, 6, 77) = E{mou log[1 — (2 =) my;] + mujlog[2my(1 — ;)] + majlog ]
]:

+ Wl()2] log [1 — (2 ’)/]) 7'[1]5 } + m12] log [27‘[1] (1 — ’h)] +m22] log [7'[1] j’)/]} } + IOg C

and the MLEs of three parameters, 7yj, §;, and 1}, can be derived by setting the partial
differentiation equal to zero and then the MLEs as follows:

(mnj + m21j) (17111]‘ + mypj + 2 ma1j + 2 m22]~)

7T1‘ - 7
2 (mg1j 4 mayj + moyj) (maaj + migj + moyj + mo;)
P myy 4 2myy
G _ (m1gj + mynj) (mo1j — magj +myyj — myj + Moy )

(mogj 4 maoj + may;) (Mg — My + mypj — My )
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4. Testing Methods
4.1. Likelihood Ratio Test (Ty)

The likelihood ratio test statistic is given by

TL—ZZ[ (85, 71j, %)) = 1i(8, 71, 47) ],

Moreover, Ty, is asymptotically distributed as a Chi-square distribution with | — 1 degrees
of freedom under the null hypothesis. Then, reject the null hypothesis if T; > X%—l,l— L ata
significant level .

4.2. Score Test (Tsc)

Under the assumption that each stratum has the same ratio of proportions §; (6 = 9)),
the score test statistic is given by

J
fse= ; Wil U |16 = 6,mj = faj, 7 = 4

NS
Z( > (1 1) |5 - 5 Tj = 7Tl]/’)’] f?]/

[ BE-8) - (8-g) (18- )
7= ()| -8 (-

7

(-

@@%Mm «w;@@)wwyww)

where the score function for the j th stratum U; = (%f, 0, 0) and I ]71 (1,1) = (Iz(Jz) Iéé) — 12(2 I§]2)>
is the first diagonal element of the inverse of the Fisher information matrix (see Appendix A
for more detail). Therefore, Tsc is asymptotically distributed as a Chi-square distribution
with | — 1 degrees of freedom under the null hypothesis. Then, reject the null hypothesis if
Tsc > )(%71,17 . at a significant level a.

4.3. Wald-Type Test (Ty)

An alternative way to express the null hypothesis is in matrix form as C8" = 0, where

B= (51,7'511,71,52, T2, Y2, , 0], 7'(1],7])

and
1P 00 -100 0 OO0 : -+ -+ 0 00
1P 00 0o 00 -1O0O0:: - -+ 0 00O
c=\1 . . . . . )
Lo : 0 00 . . . : o
1P 00 0 OO O OO - «+ - =100

The information matrix for this Wald-type test Iy is a 3] x 3] block diagonal matrix,
with each block being a 3 x 3 information matrix of a parameter vector (J;, 711, 7;) within
each stratum. We used the same derivation approach that we previously used to derive the
information matrix for the score test.
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Dy = s T Hgss —

JESL) 0 ]
0o 1{ 0
IW - . . 7
]
0 0 Iév) 4 37x3]
with 0 0
() %“ I%%” %13
Ly = Iv]m Iv(zzz Iv]v,za ¢
(]) I(]) I(J)
W31 W32 W33 4 3x3

Iév) k) is exactly the same as (1] ) derived in the

score test. Then, the Wald-type test statistic can be expressed as:

n = (s (eer)” (e

where the explicit form of each element (

B=(81,--,07, 11w 1) V1)
(1) |
() (0 1 0
2)\ ~
B 0 Iy 0
In' = . ( ) , . /
(') 0 (Iui)—l
L w dyxg
where
(1 8~ 1) = (1 1~ o 60) (11— 1l 4
(ot s = Tt Tt ) (Bt s — Tt ) — (B0 B — o i) |
(Hiby s = o i) = (1 s = T i) (100 T — o 1001
I 1o 1o = Tiiho Tt Tilhs + 1o Iiss 1iisn + Tiins il s — Idha Iion Iy

Meanwhile, Ty is asymptotically distributed as a Chi-square distribution with | — 1 de-
grees of freedom under the null hypothesis. Then, reject the null hypothesis if Ty > X%—l,l— N
at a significant level «.

5. Simulation Studies

This section investigates the empirical performances of three proposed test statistics
in the previous section by three Monte Carlo simulation studies to evaluate the quality of
relative risk in terms of the empirical Type I error rate and the power.

5.1. Empirical Type I Error Rates

In the first Monte Carlo simulation study, we investigate the behavior of the empirical
Type I rate for three proposed tests under various procedures, where m = 25, 50, or 100 in
strata | =2, 4, 6, or 8. By considering that 1y j and 7;j are either common or different cross
strata, we provide the parameter settings under different sample sizes and various sets of
parameters in Table 2. For each configuration, 50,000 replications are randomly generated
under the null hypothesis Hy : § =1, 1.2, and 0.8, and the empirical Type I error rates are
calculated by dividing the number of rejections by 50,000, and the nominal significant level
a = 0.05. According to the previous study [9,20], the robustness of empirical Type I error
rates is in the range from 0.04 to 0.06. In Table 3 and Appendix A.3 Tables A1-A3, we
observe that the Wald-type test has poor performance, and the likelihood ratio test does
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not work well under a small sample with multiple strata. However, the score test is more
robust than the likelihood ratio and Wald-type test.

Table 2. Parameter setups for computing empirical Type I error rates and powers.

Number of Strata
Parameter Cases J=2 J=4 J=6 J=8
I (0.2,04) (0.2,04,0.2,04) (02,04,0.2,04,02,04) (02,04,0.2,04,02,04,0.2,0.4)
0% II (0.3,0.3) (0.3,0.3,0.3,0.3) (0.3,0.3,0.3,0.3,0.3,0.3) (0.3,0.3,0.3,0.3,0.3,0.3,0.3,0.3)
I (0.3,05) (0.3,0.5,0.3,0.5) (0.3,05,0.3,0.5,03,0.5) (0.3,05,0.3,0.5,0.3,0.5,0.3,0.5)
v (0.6,0.6) (0.6,0.6,0.6,0.6) (0.6,0.6,0.6,0.6,0.6,0.6) (0.6,0.6,0.6,0.6,0.6,0.6,0.6,0.6)
T a (0.2,04) (0.2,04,0.2,04) (0.2,04,0.2,04,02,04) (02,04,0.2,04,02,04,0.2,0.4)
b (0.3,0.3) (0.3,0.3,0.3,03) (0.3,0.3,0.3,0.3,0.3,0.3) (0.3,0.3,0.3,0.3,0.3,0.3,0.3,0.3)
C (0.2,0.3) (0.2,0.3,0.2,0.3) (0.2,0.3,0.2,0.3,0.2,0.3) (0.2,0.3,0.2,0.3,0.2,0.3,0.2,0.3)
) Hgi: 05,1) (05,1,05,1) (05,1,05,1,05,1) (05,1,05,1,05,1,05,1)
H, (05,12) (05,1.2,05,1.2) (05,12,05,1.2,05,1.2) (0.5,1.2,05,1.2,05,1.2,05,1.2)
Hgs (0.5,14) (05,14,05,14) (05,14,05,14,05,14) (05,14,05,1.4,05,14,05,1.4)

Table 3. Simulation results of the empirical sizes (percentage) for 2 strata.

m=25 m =50 m =100

i v m Tr Tsc Tw T Tsc Tw T Tsc Tw
1.0 I a 5.46 5.28 3.76 5.28 5.17 3.97 5.06 5.03 441
b 5.39 5.37 2.04 5.28 5.23 3.40 5.09 5.07 4.20

C 5.31 5.25 1.71 5.19 5.15 2.99 5.13 511 4.02

II a 5.65 5.43 4.68 5.35 5.23 4.45 5.27 5.22 4.73
b 542 542 1.92 5.39 5.33 3.33 4.94 4.92 4.05

C 5.54 5.46 2.39 5.22 5.16 3.23 5.10 5.08 4.00

I a 5.36 5.21 3.42 5.33 5.24 3.92 5.14 5.10 4.27
b 5.50 5.47 1.83 5.21 5.15 3.14 5.07 5.04 4.12

C 541 5.29 1.52 5.14 511 2.79 5.11 5.09 3.87

IV a 551 5.21 3.95 5.12 5.01 3.77 5.03 4.97 4.23
b 5.49 5.44 1.20 5.22 5.20 2.79 4.94 4.90 3.78

C 5.48 5.34 1.70 5.32 5.20 2.71 5.24 5.18 3.73

12 1 a 5.37 522 3.66 5.24 5.15 4.00 498 4.95 4.29
b 5.54 5.48 1.70 5.16 5.10 3.15 5.06 5.04 4.08

C 5.56 547 1.48 5.25 5.18 2.76 5.12 511 3.87

II a 5.42 5.29 4.47 5.11 5.06 4.28 5.14 5.10 4.70
b 5.19 5.15 1.51 5.05 5.00 3.03 5.00 4.98 4.01

C 5.49 5.44 217 511 5.07 3.15 5.07 5.04 391

I a 5.25 5.13 3.32 5.08 4.99 3.63 5.09 5.05 4.27
b 5.28 5.24 1.46 5.14 5.09 2.99 5.13 5.10 4.00

[¢ 5.53 5.46 1.31 5.29 5.25 2.56 4.88 4.86 3.65

IV a 5.37 5.12 3.76 5.17 5.05 3.87 5.20 5.12 4.29
b 5.62 5.57 1.05 5.12 5.09 248 5.26 5.24 3.84

C 5.64 5.50 1.44 5.14 5.09 2.46 5.17 5.14 3.55

08 1 a 5.31 5.13 3.81 5.16 5.07 4.14 5.15 5.09 4.47
b 5.36 5.33 2.49 5.15 5.10 3.60 5.10 5.06 4.34

C 5.54 5.39 2.08 5.17 5.12 3.12 5.08 5.04 4.10

11 a 5.40 5.14 4.63 5.20 5.08 4.34 5.09 5.03 4.63
b 5.41 5.36 2.30 5.30 5.24 3.68 5.10 5.08 4.29

C 5.29 5.14 2.45 5.25 5.18 3.39 4.99 4.95 4.00

I a 5.45 5.28 3.77 5.20 5.11 3.95 5.12 5.06 4.42
b 5.31 5.28 2.02 5.25 5.22 3.49 5.00 4.99 4.14

C 5.29 5.18 1.75 5.26 5.17 2.95 5.19 5.12 3.98

IV a 5.72 5.43 4.07 523 5.12 3.99 5.12 5.08 4.39
b 5.43 5.34 1.55 5.30 5.26 3.02 5.01 4.98 3.84

C 551 5.19 1.95 523 5.12 2.82 5.34 5.29 3.86
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To obtain completed and robust empirical performances of the three proposed tests,
we propose the second simulation by randomly choosing parameter configurations. We
randomly generate 1000 parameter configurations within a parameter space for different
sample sizes m =15, 25, 50, 100 and a variety of strata | = 2, 4, 6, and 8 for 50,000 replications.
Just as for the first simulation, the empirical Type I error rates can be calculated as the num-
ber of rejections divided by 50,000. Furthermore, the corresponding box plots and violin
plots are shown in Figures 1-4. Comparing empirical Type I error rates among the three
tests, the score and likelihood ratio tests are stable and robust under all conditions. Still,
the Wald-type test performs poorly compared to the other two tests. Indeed, the accuracy
of the Wald-type test improves with larger sample sizes. The Wald-type test may perform
poorly in small samples, leading to inaccurate p-values.

J=2, m=15 J=2, m=25

Test

LRT

J=2, m=50 J=2, m=100
= Score

Wald

0.091
0.08

Empirical Type |
o
o
N

0.06 1
0.05 1
0.04 1
0.03 1
0.02 4
0.01 4

LRT Score Wald LRT Score Wald

Figure 1. Violin plots and box plots of empirical sizes (] = 2).

J=4, m=15 J=4, m=25

Test

LRT

| Type |

o J=4, m=50 J=4, m=100 E=] Score

0.08

Wald

Empirica
o
°
9

0.06
0.05
0.04
0.03
0.02
0.01

LRT Score Wald LRT Score Wald

Figure 2. Violin plots and box plots of empirical sizes (] = 4).
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J=6, m=15 J=6, m=25

0.09 1
0.08 1
0.07 4
0.06 1
0.05 1
0.04 1
0.03 1
0.02 1
0.01 1

Test

LRT
E=] Score
Wald

J=6, m=50 J=6, m=100
0.09 1

Empirical Type | Error Rate
o o
o o
ooe

0.06 1
0.05 1
0.04 1
0.03 1
0.02 4

0.014

LRT Score Wald LRT Score Wald

Figure 3. Violin plots and box plots of empirical sizes (] = 6).

J=8, m=15 J=8, m=25
0.091
0.08
0.07 1
0.06 1
0.051
0.041
0.031

0.02 1
Test

0.01+
LRT

J=8, m=50 J=8, m=100 E=] Score

Wald

| Type | Error Rate

0.09 1
0.08 1

Empirica
o
=
S

0.06 4
0.05 1
0.04 4
0.03 4
0.02 4
0.01 4

LRT Score Wald LRT Score Wald

Figure 4. Violin plots and box plots of empirical sizes (] = 8).

5.2. Power

The third Monte Carlo simulation aims to investigate the power performance among
the three proposed tests. Based on the alternative hypothesis with respect to 6 = H,1, Hpp,
and H;3, we consider the same strata, sample size, and parameter setting (Table 2) as in
the first Monte Carlo simulation of the empirical Type I error. As the sample size increases,
the powers of the three proposed tests increase for all strata settings (Figures 5-8). In addi-
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tion, as the strata increase, the powers increase for the three proposed tests. Considering
the empirical Type I error, using the score test is highly recommended.

J=2
m=25 m=25 m=25 m=25 m=50 m=50 m=50 m=50 m=100 m=100 m=100 m=100
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Figure 6. Line plots of empirical power (] = 4).



Math. Comput. Appl. 2024, 29, 26

11 0f 18

J=6
m=25 m=25 m=25 m=25 m=50 m=50 m=50 m=50 m=100 m=100 m=100 m=100
| Il 1 v | Il 1 v | Il 1 v
100 - EE* 3 =
80 ! ! - 7
’ / I R
I / ! f h o =
60 ;7 - __,' ’I [
40 =4 _J_, J /

20

100 et sadt 4 o4 A
/ / / Test

80 oy

. - A —— LRT

{ e o
60 . ,' ,l fe -<-- Score
40 wu ) __},’ —=- Wald
20

100 v 5 &

80 y 7 P 1

Empirical Power (Percentage)

60 "‘ II‘ . il = - i (2]

; |/
i L ll P x
40 =4 2 /

20 N el N

PP PFP PP PP FHP FPP PP S S S

)

Figure 7. Line plots of empirical power (] = 6).
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Figure 8. Line plots of empirical power (] = 8).

6. Real Data Examples

Two randomized clinical trial data are used as real data examples to illustrate the
proposed three tests. The first real data example is a double-blinded randomized clinical
trial data proposed by Mandel et al. [21]. In this clinical trial, children who suffer from
otitis media with effusion (OME) and simultaneously have bilateral tympanocentesis are
randomized into two groups: receiving 14-day treatments of amoxicillin or cefaclor [21].
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After the treatment, the number of cured ears is summarized in Table 4 with the age group
as strata. To explore whether the cured rates between the two groups (amoxicillin and
cefaclor) among age strata are clinically equivalent, we test the homogeneity based on the
three proposed tests. The MLEs of the parameters, based on observed data, are listed in
Table 5, and the three test statistics and p-values are summarized in Table 6. However, all
of the p-values are greater than 0.05, which means there is no statistical evidence to reject
the null hypothesis Hy : 1 = d, = J3.

Table 4. Frequency of number of OME-free ears after treatment.

Age Group
<2 years 2-5 years >6 years
Number of OME-Free Ears Cefactor Amoxicillin Cefactor Amoxicillin Cefactor Amoxicillin
0 8 11 6 3 0 1
1 2 2 6 1 1 0
2 8 2 10 5 3 6

Table 5. MLEs of parameters based on observed data (OME-free ears).

Unconstrained MLEs Constrained MLEs
Age Groups 7ty ¥ ) 1 4 §
<2 years 0.4762 0.8333 0.4800 0.4036 0.8333 0.8174
2-5 years 0.6116 0.8108 0.9167 0.6249 0.8108 -
>6 years 0.9500 0.9474 0.8572 0.9500 0.9474 -

Table 6. The values of statistics and p-values for three different tests (OME-free ears).

Ty Tsc Tw
Statistic 1.6918 1.6392 2.3520
P 0.4292 0.4406 0.3085

Another example used to illustrate the three proposed tests is a randomized double-
blinded placebo-controlled trial presented by Postlethwaite et al. [22]. In this trial, the pri-
mary measurement is the modified Rodnan Skin Score (MRSS), and patients diagnosed
with diffuse scleroderma were randomly divided into the treatment and the control group.
The duration of the disease (early or late phase) was considered two separate strata. Mean-
while, the number of improved hands is summarized by groups and disease phases in
Table 7. We obtain the MLEs of the parameters in Table 8, and the statistics and p-values
are summarized in Table 9. All of the p-values are greater than 0.05, which means there is
no statistical evidence to reject the null hypothesis Hy : 1 = 5.

Table 7. Number of patients with hand MRSS decreased.

Early Late
Number of Hands with Improvement Collagen Placebo Collagen Placebo
0 20 23 9 22
1 2 3 3 2

2 5 4 3 2




Math. Comput. Appl. 2024, 29, 26 13 of 18
Table 8. MLEs of parameters based on observed data (MRSS).
Unconstrained MLEs Constrained MLEs
Phase 7y ¥ 5 7T % )
Early 0.213 0.783 0.900 0.248 0.783 0.626
Late 0.300 0.667 0.385 0.245 0.667 -
Table 9. The values of statistics and p-values for three different tests (MRSS).
Tr Tsc Tw
Statistic 1.3979 1.3955 1.2046
P 0.2371 0.2375 0.2724

7. Conclusions

This article utilizes three MLE-based tests (LRT, Wald-type test, and score test) to test
the homogeneity relative risk of two proportions on stratified bilateral correlated data.

The three Monte Carlo simulation results show that the score test yields a robust
performance with the empirical Type I error and power. Even with a small sample size and
multiple strata, the score test still generates a stable empirical Type I error and satisfactory
power. Meanwhile, the likelihood ratio test and Wald-type test offer reasonable power
but come with unstable empirical Type I error performances. By incorporating a small sam-
ple size, the Wald-type test shows unsatisfactory performance of the empirical Type I error,
but the performance tends to be reasonable by increasing the sample size. Under a small
sample size with multiple strata, the score test is slightly unstable, but the performance
also tends to be robust by increasing the sample size.

However, asymptotic methods may have some limitations due to poor performance
under a small sample size with multiple strata. Future work might consider exact tests to
investigate related issues.
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Appendix A

Appendix A.1. Derivation of Score Statistic

The first-order differential equations of stratum j are:
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The second-order differential equations of stratum j are:
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Appendix A.2. Derivation of Wald-Type Statistic

The first-order differential equations of stratum j are:
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Appendix A.3. Empirical Type I Error Rates
Table Al. Simulation results of the empirical sizes (percentage) for 4 strata.
m=25 m =50 m =100
sy m T, Tsc Tw T Tsc Tw T Tsc Tw
1.0 I a 5.82 5.45 4.33 5.33 5.17 4.35 5.07 5.03 4.59
b 5.41 5.20 2.44 521 5.09 3.29 513 5.08 4.04
c 5.73 5.46 2.49 531 5.20 3.19 5.11 5.05 4.00
oI a 5.52 5.13 4.96 523 5.10 4.78 512 5.03 4.92
b 5.54 5.28 2.41 523 5.12 3.27 5.12 5.07 4.06
c 5.63 5.31 2.89 5.29 5.15 3.30 513 5.04 4.09
I a 5.75 541 3.79 5.26 5.08 4.11 5.06 5.01 4.53
b 5.52 5.30 2.39 5.05 4.93 3.14 5.05 5.01 3.91
c 5.69 5.35 2.22 5.35 5.20 3.20 515 5.10 3.81
IV a 5.59 5.16 4.05 523 5.00 4.55 5.19 5.10 4.64
b 5.55 5.30 1.84 523 5.12 2.85 5.16 5.09 3.72
c 5.77 5.33 243 5.36 5.18 3.01 5.15 5.08 3.75
12 1 a 5.67 5.34 3.67 5.26 5.10 4.16 5.17 5.08 451
b 5.65 5.40 2.05 523 5.13 3.18 5.12 5.07 3.90
c 5.65 5.35 1.96 5.26 513 2.90 521 5.14 3.74
I a 5.77 541 4.60 5.19 5.09 4.55 497 4.89 4.70
b 5.54 5.32 1.92 5.34 5.19 2.96 5.20 5.17 4.02
c 571 5.37 2.37 532 5.18 3.33 5.04 4.95 3.96
Im a 5.56 524 3.56 521 5.03 3.85 527 5.17 4.41
b 5.45 5.21 1.86 541 5.26 3.07 517 5.11 3.85
c 5.53 522 1.82 5.32 5.20 2.74 5.38 5.32 3.81
IV a 5.72 5.26 4.00 5.30 513 4.11 4.96 4.88 4.38
b 5.47 5.19 1.56 5.15 5.04 2.48 523 5.18 3.61
c 5.78 5.37 1.92 529 5.13 2.84 541 5.30 3.65
08 I a 5.56 5.23 4.86 524 5.03 4.66 5.16 5.07 4.71
b 5.50 521 2.98 5.03 4.92 3.59 5.09 5.01 4.25
c 5.77 5.34 2.98 524 5.06 3.37 524 5.16 4.18
II a 5.60 5.14 5.68 521 5.04 5.18 4.94 4.88 4.84
b 5.53 523 2.87 5.37 523 3.64 5.14 5.08 4.22
c 5.73 5.33 3.47 5.20 5.01 3.73 524 5.17 4.37
Im a 5.64 5.19 4.57 542 525 4.60 5.04 4.95 4.62
b 5.63 5.34 2.96 543 5.27 3.76 5.09 5.04 4.19
c 5.80 5.36 2.82 5.39 5.20 3.46 5.19 5.10 4.04
IV a 5.83 5.24 5.10 5.38 5.15 4.90 515 5.06 4.78
b 5.66 5.30 2.35 5.41 523 3.24 5.13 5.06 3.96
c 5.75 5.12 3.02 5.33 5.07 3.36 5.02 4.89 3.79
Table A2. Simulation results of the empirical sizes (percentage) for 6 strata.
m =25 m =50 m =100
sy m To Tsc Tw To Tsc Tw To Tsc Tw
10 I a 5.90 547 477 5.30 5.11 455 5.06 4.99 4.63
b 5.56 5.25 2.67 5.32 5.17 3.39 523 5.15 4.19
c 5.89 5.49 2.80 5.37 5.17 3.31 5.17 5.07 3.95
I a 5.72 5.20 5.61 5.33 5.10 5.00 5.03 492 485
b 5.57 5.27 254 5.50 5.32 3.45 5.11 5.05 3.97
c 5.58 5.15 3.07 5.33 5.12 3.63 5.25 5.16 4.33
o a 5.66 5.19 4.50 5.31 5.08 4.37 5.29 5.20 4.71
b 5.79 541 2.57 5.33 5.17 3.40 5.14 5.05 4.00
c 6.03 5.59 273 545 5.23 3.30 5.08 498 3.88
IV a 5.98 5.38 5.1 5.38 5.13 472 5.14 5.01 473
b 5.97 5.58 2.38 5.26 5.07 3.06 5.18 5.09 3.87
c 591 5.27 2.93 5.31 5.04 3.40 5.26 5.15 3.91
12 1 a 5.79 5.34 414 5.28 5.04 424 5.22 5.13 455
b 5.75 5.39 227 5.40 5.24 3.23 5.13 5.07 4.01
c 5.56 5.19 2.32 5.60 544 3.24 5.24 5.16 3.78
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Table A2. Cont.

m=25 m =50 m =100
5 v m Tr Tsc Tw Tr Tsc Tw Tr Tsc Tw
1I a 5.93 5.43 4.87 5.27 5.00 4.59 5.12 4.98 4.75
b 5.83 5.47 211 5.14 497 3.02 5.11 5.03 3.92
c 5.79 5.37 2.74 5.54 5.32 3.55 5.30 5.19 4.08
III a 5.81 5.32 3.92 5.36 5.14 4.13 5.25 5.10 4.35
b 5.68 5.33 215 5.37 5.23 3.05 5.15 5.10 3.81
c 5.79 5.36 2.06 5.28 5.08 2.96 5.31 5.20 3.72
v a 5.96 5.42 4.48 5.21 4.92 4.37 5.27 517 4.62
b 5.77 5.42 1.77 5.36 5.16 2.81 5.27 5.19 3.66
C 5.74 5.21 2.28 5.58 5.32 3.17 5.36 5.26 3.84
0.8 1 a 5.97 5.44 5.71 5.23 4.99 5.01 5.21 511 517
b 5.81 5.41 3.51 5.41 5.24 4.04 5.21 5.11 4.32
c 6.06 5.46 3.69 5.21 4.99 3.65 5.15 5.06 4.29
11 a 5.88 5.29 6.69 5.29 5.07 5.64 5.00 4.87 5.15
b 5.69 5.32 341 5.28 5.09 3.83 5.02 493 4.21
C 5.93 5.38 4.21 5.36 5.13 417 5.18 5.09 4.53
1T a 6.00 5.39 5.73 5.29 5.09 4.87 5.31 5.22 4.99
b 5.90 5.52 3.49 5.25 5.07 3.67 5.32 5.21 441
C 6.05 5.44 3.63 5.26 5.06 3.62 5.26 5.16 4.22
v a 6.24 5.46 6.31 5.43 5.09 5.45 5.35 5.19 5.09
b 5.93 5.44 3.03 5.35 5.15 3.46 5.10 4.98 4.10
C 6.14 5.34 4.21 5.43 5.11 3.93 5.24 5.10 4.18

Table A3. Simulation results of the empirical sizes (percentage) for 8 strata.

m=25 m =50 m =100
§ v m Tr Tsc Tw Tp Tsc Tw Tp Tsc Tw
1.0 1 a 5.87 5.39 5.01 5.40 5.15 4.72 5.02 491 4.68
b 5.66 5.28 2.79 5.37 5.16 3.58 5.17 5.08 4.08
C 6.04 5.51 3.06 5.40 5.19 3.68 5.16 5.06 4.03
11 a 5.98 5.33 5.96 5.47 5.16 5.43 5.11 497 5.02
b 5.62 5.19 2.64 5.36 5.19 3.54 5.13 5.04 3.99
C 5.67 5.08 3.61 5.40 5.16 3.78 5.03 494 4.06
I a 5.81 5.31 4.85 5.42 5.19 4.65 5.11 4.98 4.52
b 5.80 5.38 2.83 5.13 494 3.24 5.24 5.15 4.06
C 5.97 5.48 2.96 5.44 5.21 3.44 5.31 5.21 411
IV a 5.90 5.21 5.68 5.53 5.23 5.07 5.31 5.16 4.90
b 6.07 5.62 2.38 5.23 5.02 3.10 5.19 5.10 3.90
C 6.19 5.45 3.45 5.44 5.18 3.63 5.20 5.08 4.04
12 1 a 5.95 5.37 4.26 5.37 5.12 4.38 5.27 5.14 4.72
b 5.76 5.27 2.31 5.50 5.28 3.27 5.31 5.21 3.97
C 5.84 5.36 2.35 5.39 5.15 3.15 5.43 5.33 4.06
11 a 6.09 5.40 5.15 5.49 5.20 5.09 5.19 5.06 4.95
b 5.72 5.29 2.12 5.20 498 3.02 5.13 5.03 3.90
C 6.03 5.49 3.03 5.43 5.23 3.40 5.21 5.11 4.07
I a 5.86 5.22 3.99 5.34 5.01 4.19 5.30 5.15 4.52
b 5.71 5.28 2.18 5.40 5.26 3.11 5.18 5.10 4.00
C 5.80 5.31 2.37 5.49 5.29 3.02 5.33 5.23 3.93
IV a 5.82 5.22 493 5.43 5.15 4.62 5.12 498 4.63
b 5.59 5.17 1.80 5.30 5.11 2.80 5.38 5.30 3.75
C 6.01 5.38 2.58 5.52 5.23 3.30 5.25 5.10 3.83
08 I a 6.10 5.48 6.34 5.39 5.12 5.46 5.16 5.01 5.15
b 5.85 5.43 3.84 5.40 5.19 4.12 5.14 5.02 4.47
[ 5.83 5.23 4.21 5.35 5.08 4.11 5.04 494 4.23
1II a 5.92 5.28 7.28 5.47 5.24 5.95 5.30 5.19 5.45
b 5.77 5.32 3.69 5.33 5.14 3.94 5.20 5.11 4.25
C 6.12 541 4.79 5.42 5.17 4.40 5.18 5.07 4.61
I a 5.94 5.33 5.89 5.45 5.18 5.44 5.08 4.99 4.92
b 5.79 5.28 3.77 5.56 5.32 4.04 5.23 5.13 443
C 6.03 5.32 4.22 5.45 5.13 3.99 5.44 5.28 4.36
IV a 6.30 5.38 7.31 5.48 5.12 5.70 5.20 5.04 5.29
b 5.77 5.25 3.46 5.46 5.23 3.73 5.33 5.23 4.25
C 6.35 5.36 4.69 5.48 5.14 4.36 5.37 5.18 451
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