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Abstract: The Zoomeron equation plays a significant role in many fields of physics, especially in
soliton theory, such as helping to reveal new distinctive properties in different physical phenomena
such as fluid dynamics, laser physics, and nonlinear optics. By using the Riccati-Bernoulli sub-ODE
approach and the Backlund transformation, we search for soliton solutions of the fractional Zoomeron
nonlinear equation. A number of solutions have been put forth, such as kink, anti-kink, cuspon
kink, lump-type kink solitons, single solitons, and others defined in terms of pseudo almost periodic
functions. The (2 + 1)-dimensional fractional Zoomeron equation given in a form undergoes precise
dynamics. We use the computational software, Matlab 19, to express these solutions graphically by
changing the value of various parameters involved. A detailed analysis of their dynamics allows us
to obtain completely better insights necessarily with the elementary physical phenomena controlled
by the fractional Zoomeron equation.

Keywords: fractional Zoomeron equation; Backlund transformation; solitary wave solution; analytical
method

1. Introduction

Nonlinear partial differential equations (NLPDEs) play a crucial role in the fields of
physics and mathematics, enabling the explanation of various physical systems across
nonlinear optics, condensed matter physics, biological physics, fluid dynamics, and hy-
drodynamics. These equations are fundamental tools for representing the temporal and
spatial changes of physical quantities, as demonstrated by their integration into significant
principles of physics such as Newton'’s classical mechanics, Schrodinger’s quantum me-
chanics, and Einstein’s general relativity equations. The identification of precise solutions
for nonlinear partial differential equations (PDEs) holds immense importance in explaining
the fundamental characteristics of various phenomena and physical processes in natural
and engineering sciences. By providing accurate solutions, researchers acquire insights
into the underlying mechanisms of intricate nonlinear phenomena. These solutions aid in
creating visual representations, hence revealing phenomena like the spatial concentration of
transition processes, the existence or non-existence of stable states in varying circumstances,
and the emergence of maximum regimes. In this context, the steady work on the develop-
ment and improvement of efficient techniques to solve nonlinear differential equations is
of vital importance. The above approach is integral to both proposing accurate solutions
and gaining a better understanding of related phenomena, which implies the successful
development of diverse academic areas. The crucial concepts of the idea of a single wave
are closely associated with the current global environment. To resolve such problems, a
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significant number of scientific methods are applied [1-6]. Nonlinear scientific problems are
often addressed through the application of ansatz and sub-equation theories [7], tan(®/2)
expansion scheme [8], Hirota scheme [9], MSE method [10], unified method [11], Riemann-—
Hilbert problem [12], and other techniques [13-17]. These approaches have been crucial
in improving our understanding and analysis of nonlinear processes. As a consequence
of its application, advances in soliton theory have led to the development of a variety of
nonlinear models, including the Zoomeron model [18], the KP hierarchy model [19], the
geophysical KdV structure [20], the KDV-Burger system [21], the Jimbo-Miwa nonlinear
system [22], and more. Fractional partial differential equations are widely utilized in
fields such as biological physics, signal processing, fluid mechanics, electromagnetism,
and more. In the past few decades, numerous effective techniques have been proposed
to accurately determine the solutions of the exact waves associated with (FPDEs), such
as the (G'/G)-expansion method [23], (1/G’)-expansion method [24], exp(—¢)-function
method [25], F-expansion method [26], sine and cosine methods [27], and so on [28-32].
Russell first proposed the idea of solitons, which are wave components with a steady
form and speed, in 1834 [33]. This concept was further explored in 1976 by Calogero
and Degasperis, who discovered solitons with variable velocities and connected them to
polarization effects. This discovery resulted in the identification of two types of solitons: one
type, called Boomeron, traveled from a distant point towards it, while the other type, called
Trappon, showed repetitive oscillations around a fixed point as a result of changes in the
spatial field [34]. This realization led to the development of the interconnected Boomeron
equation as well as other integrable systems of linked wave equations [35-38]. The nonlinear
Zoomeron equation, a scalar nonlinear evolution equation (NLEE), is one example of such
a system. The solitons of the Zoomeron equation are similar to Boomerons and Trappons
in that they are particles that are perpetually confined in a direction that may change [38].
A variety of analytical methods were used by researchers in recent studies to develop
new exact solutions to the (2+1)-dimensional time fractional Zoomeron equation. Several
techniques have been employed, including the extended exp(—¢)-expansion method [39],
generalized G’/ G-expansion method [40], and the improved Bernoulli sub-equation func-
tion method [41]. In this study, we utilize the intricate traveling wave transformation to
simplify the (2 + 1)-dimensional fractional Zoomeron equation into an ordinary differential
equation. We incorporate the Riccatti-Bornoulli sub-Ode approach along with Backlund
transformation to investigate the precise solutions of the (2 + 1)-dimensional fractional
Zoomeron equation. Here is how to formulate the nonlinear fractional Zoomeron equation:

D) DE(F D) DE(F
D2 (%‘”) —p¥ (W) +2DfD? (P2) =0, O<aBy<l (1)

Within this particular framework, the function F(x,y, t) is represented by the variable (F),
where (F) is the wave pattern magnitude. Moreover, the operator defining a-derivatives
of powers is accurately consistent with the one given in reference [42] following modern
scientific approaches.
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Furthermore, the suggested methodology [43-45] is praised for its ability to manage in-
tricate algebraic computations. Additionally, this approach can identify problems across
multiple disciplines, including physics, fluid dynamics, biology, chemistry, and optical
fibers. It has the potential to be deployed in biological processes and plants, industrial
functions, and environmental fluid dynamics to provide better optimization algorithms
and predictive tools while improving our understanding of fluidic phenomena. The Riccati—
Bernoulli sub-ODE technique utilizing the Backlund transformation makes fractional Partial
Differential Equations a set of algebraic systems. This transformation of the described alge-
braic systems allows us to extract critical information on the principal processes underlying
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complicated dynamism. The metamorphosis presents a harrowing increasing knowledge-
ability of the primary physical processes involved. The most remarkable characteristic
of this method is that it shows a high degree of certainty in producing finite numerical
solutions. It, hence, confirms the validated methodology of the derived solutions for the
investigated equations. Another inherent attribute of the signal-wave technique is its ability
to generate a broad spectrum of single-wave solutions, therefore, making it more realistic
and applicable compared to other methods.

2. Methodology

This section explains the procedural framework guiding the methodology used to
address the nonlinear fractional partial differential equations. The focus lies on offering a
flexible scope that captures the complexities associated with the nonlinear fractional partial
differential equations.

Qi (£, DE(), D& (1), DL DL (), ) =0, 0<apr<T, ®)

where f is an unspecified function, (Q) is a polynomial in (x1, x3, x3, . ..), and f denotes all
its partial derivatives, including non-linear terms and the highest-order derivatives. This
transformation is based on the complex wave paradigm.
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F(x,t) = f($), $=p B

where v.q,7,...9, are constants.
Using the traveling wave transformation, Equation (3) can be changed into the follow-
ing nonlinear ordinary differential equation:

Qa(f, f1 W) f' (), £ (§),...) =0, )

Examining the presumptive solution for f(i), subject to the restriction that ¢, # 0 and
c—m # 0 occur simultaneously,

m

fp) =Y. cio(y), (6)

i=—m

Here, the function ¢(¢) is obtained through the following Backlund transformation:

_ —pub+ap(yp)
P(y) = WEST O

where (1), (a), and (b) are constants, assuming that b # 0, and the function ¢ (1) is defined
as follows:
d¢

_ 2
@—VﬂLcl’(lP) , (8)

According to reference [46], the solution of Equation (8) is usually accepted:

@ If u<0, then ¢(y)=—/—ptanh(\/—puyp), or ¢(P) = —/—pcoth(\/—up).
(i If u>0, then ¢(y)= \/ﬁtan(\/ﬁgb), or ¢(y) = —\/ﬁcot(\/ﬁtp).
(i) If p=0, then ¢(y)= 7.

The equilibrium state in Equation (5) is obtained as a result of a homogeneous balance

composed of the linear polymer analysis and the rationalization of the nonlinear and the
highest-order derivative components [47].

(7)
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The degree of the function (f) is represented by the symbol (D) in this case, which is written
as D[f] = N, where (N) is a positive integer. Furthermore, the three integers k, s, and
J are positive. Equation (7) is substituted into Equation (6), and the terms are arranged
according to the numbers of the same degree of ¢'(1). This polynomial, when equated
to zero, gives an algebraic system of equations by coefficients. The system is solved, after
which the unknown coefficients are determined by the computational tool Maple. Finally,
the calculated values are substituted back into Equation (6), and, thus, the function f(¢)
is obtained.

3. Execution of the Problem

In this section, the fractional Zoomeron problem is handled, using the suggested
method and applying the subsequent wave transformation. Later, we investigate the
formal solution of the given fractional partial differential equation with the complex field
envelope F (x, y, t) as the function of retarded time (f) on the axis of rotation and the
propagation depth (x) and (y):

po Y
B Py T

F(x,y,t) = ().

The nonlinear ordinary differential equation can be deduced by substituting Equation (10)

into Equation (1).
AN F\" "
2 E0N (N 2\
P (F) P(F) 29(F?) =0, (1)

Upon integrating Equation (11) twice, we obtain the following:

(10)

p( = 1)F" = 2q9(F)’ = r(F) = 0. (12)

where the second integration constant is 0 and the prime represents the derivative with
respect to ¢. The balanced equilibrium state (N = 1) is determined by balancing the
highest-order derivative term F” with the highest-order nonlinear term F3. Now, substi-
tuting Equation (6) along with Equations (7) and (8) into Equation (12), and collecting
the coefficients of ¢/ (1), and then setting them to zero, we obtain a system of algebraic
equations. Solving this system of algebraic equations with the assistance of Maple, we
obtain the following results:

Case 1:
2

c r
co=0,c1 =cy,c.1=0,p= Z —q,y:1/2qc7 (13)

1
ENEDE

Case 2:

r2

qe12(q—1)(q+1

ge-1*
c0=0,c0=0,c_1=c_1,p=1/4 ),q:q,yzz . (14)

Case 3:

co=0,c1 =c1,cC ——1/8Lp——qclz g=9q
0 s C1 1,¢6-1 qC1’ (q_l)(q+1), ’

Solution Set 1: The singular traveling wave solutions for case 1, when (y < 0), are
derived from Equation (1).

§=1/8 qc% (15)
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Solution Set 2: The singular traveling wave solutions for case 1, when (4 > 0), are derived
from Equation (1).
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Solution Set. 3: The singular traveling wave solutions for case 1, when (u = 0), are derived
from Equation (1).

-1
P N R LA i N U (RSP AN i 2
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Solution Set 4: The singular traveling wave solutions for case 2, when (¢ < 0), are
derived from Equation (1).

_ o] p 0’ N Py’ _at
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Solution Set 5: The singular traveling wave solutions for case 2, when (i > 0), are derived
from Equation (1).

B 2 o
N O e G O Rl d))

2p 2 2 p 297 tt - =
g1 g1 gea? (_x "y 1
(o (v P )
or
_ _ qc_1? ge1> ([ xP riy" _qtt
Fo(x,yt) = c_q <a bﬁﬁcot(ﬁ ; ( 3“/4 g 12(g—1) (g + 1) zx) ”

-1
2 2 2 B 2. o
ge—1"b [q¢-1 qe-1 ( x ry qt

—2 = a2y T cot| V2 ——+1/4 - — .
< r r ( r p ge1*(q-1)(@g+1)y «

Solution Set 6: The singular traveling wave solutions for case 2, when (4 = 0), are derived
from Equation (1).

xP r2y" gt* -
F 4 /t - — _b _7"_1/4 —)
(v yt) = ¢ 1<a ( B ge2(q-Da+1)r  a

2 B 2.7 a1\ !
gc_1°b ( x rey qt )
2 —a( - +1/4 - .
( r p ge*(@-1(g+1)y «

The solution set for the following values of (1) that follow are obtained by assuming case 3.

(25)

po X aay gt
B (g-D@+l)y «a

Solution Set 7: The singular traveling wave solutions for case 3, when (4 < 0), are derived
from Equation (1).

(26)

Fi(xy,t) =

71/8r(a71/4b1/ tanh(1/4 [—2 21[1))(1 ( 1/8£71/4a [—2 tanh<1/4
rb
+61(71/8£7C771/4a1/ tanh(l/41/ le))(a71/4b1/72qc7tanh(1/41/ 247))

or

1”)) 27)

’_‘Q

Fp(x,y,t) =

[ 1’b / r r -1
rb T r 7 -1
+c1< 1/8 5 —1/4a, /- coth(1/41/ )><a—1/4b‘/—2—zcoth(1/4 —2—21;7)) .
qc qc1

Solution Set 8: The singular traveling wave solutions for case 3, when (i > 0), are derived
from Equation (1).
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FlS(x/y/t) =

7 7 11 rb 7 7 -1
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Fiu(x,yt) =

7 r 1.1 rb r r -1
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-1
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qc1 qc1 qc1 qct qc1

Solution Set 9: The singular traveling wave solutions for case 3, when (4 = 0), are derived
from Equation (1).

_ b b a - B b a b -
et =18 (o )rta (s Do ) el ) (eg) e

4. Results and Discussion

The main goal of the present study is to apply a new scientific procedure integrated
into a solid framework to decompose the fractional Zoomeron equation. The equation
in terms of fractional derivatives is a difficult problem, requiring advanced methods.
By using a common but debatable complicated transformation, recommended by the
most recent research, fractional partial differential equations are transformed into ordinary
differential equations, which can then be explored using additional methods. The utilization
of the techniques in the form of series is a major breakthrough, allowing for a complete
examination of the solutions of the equation.

In this work, we provide a new method for solving the unknown coefficients of the
series solutions, revealing a very complex algebraic system. Additionally, we solve the
system of equations and their series solutions based on which the unknown coefficients are
calculated using the Maple 13 software. The solutions are then solved using the Riccati—
Bernoulli sub-ODE algorithm, obtaining the solutions in three families: hyperbolic, rational,
and trigonometric. Consequently, numerous analytical solutions originate, representing
a variety of mathematical structures that underline the fractional Zoomeron equation. To
sum up, from a conventional point of view, the method proposed is a powerful analysis tool.
It allows one to obtain many periodic and single solitary traveling wave solutions that can
be radically transformed according to the specific requirements. These findings would be
beneficial for understanding the general laws of various physical problems and developing
new approaches that could address some specific non-linear phenomena for the presented
field. However, the discovery presented has implications for the actual solutions of the
entire field. Additionally, the observations present an opportunity to strengthen numerical
solvers by integrating supplementary series-based solutions. By plotting solutions using
specific parameter values, a more in-depth analysis of their behavior can be determined.
This approach offers valuable insights for refining numerical techniques. Our framework
supports a variety of soliton solutions, such as kink, anti-kink, periodic, and breather
solitons, which are widely used in many physical fields. For example, in particle theory,
kink solitons serve as immediate manifestations of topologically stable line solitons and
analogs of dislocations in solids. Anti-kink solitons are useful in condensed matter physics
to simulate stone-like behavior, for example, tears in nanostructures or biological tissues.
Periodic solitons are economically important in optical fiber communications because they
preserve the shape of a pulse as it travels over long distances. Lastly, breather solitons are of
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great use in the field of nonlinear optics, where they can also emit short light pulses when
they are absorbed, and in oceanography, where they can contribute to the emergence of
rogue waves. Our innovative fractional-order solutions mark a significant departure from
traditional-order methods, delivering accurate depictions of wave phenomena including
kinks, anti-kinks, periodic oscillations, and breather solitons. These solutions showcase
distinctive characteristics like powerful peaks and mysterious dark valley-shaped waves,
serving as essential tools for replicating soliton dynamics in optical fibers, interpreting
shock wave patterns in fluid mechanics, and unraveling the complex nature of solitons in
plasma physics. The subsequent visuals in our research offer compelling illustrations that
clarify the intricate properties embedded within these solutions, providing a concrete and
insightful representation of their behavior. In order to clarify the unique characteristics of
different periodic and single solutions, we use the Matlab program, customizing certain
parameter values to the precise solutions. The following images offer graphical depictions
that enable a thorough comprehension of the characteristics and actions of the solutions in
a concrete and palpable way.

Figure 1 provides several levels of detail for both the real and imaginary parts of
Solution F,(x,y,t). The plotted kink and anti-kink structures exemplify the progression
and changes of F,(x, y, t) along various spatial and temporal resolutions, demonstrating its
complex behavior.

Real part of the Solution

3 3
Z e | &
| ‘ g
4
I
2
|
2 | | X
AN I\ J
NS M N K
of i~ VAT v~
| vy
2 4
%0 8 6 4 2 0 2 4 6 8 10 0 8 6 4 2 0 2 4 & 8 10
() (x)
(@ (b)

Figure 1. In these graphical representations, variations are shown for the real and imaginary parts of
the solution F,(x,y, t). (a) A 2D plot representing the real part of F,(x, y, t) is presented. (b) A 2D
plot representing the img part of F,(x, y, t) is depicted.

Figure 1 presents real and imaginary parts of Solution Fg(x, y, t) at various detail levels
similar to Figure 2. This figure depicts different detail levels of the real and imaginary
parts of the given solution Fs(x,y,t). The lump-type kink is observed to vary and develop
considerable features and relationships across the detail levels.

Imaginary part of the solution

——Real part of the Solution J‘ ‘

Fila, y,1)
Fy(a,y,1)

Figure 2. In these graphical representations, variations are shown for the real and imaginary parts
of the solution Fy(x, t). (a) A 2D plot depicting the real part of Fs(x, y, t) is presented. (b) A 2D plot
representing the Img part of Fy(x, y, t) is depicted.
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Figure 3 shows how the real and imaginary parts of Solution Fy1(x,y,t) interact at
several levels of granularity. This render of breather data allows for a more comprehensive
grasp of the underlying characteristics and temporal behavior at different phases and scales.

0.4- ﬁ : _
B .
Mmf“”f ”M"”
= A |||I|’ |‘ ‘H ||| ||\ 3,
= ||“||”|I‘H‘||”||“I\IH H H\ HHIHHHHH e
<t T ‘\HH |||| ||| T o
MR H ‘Vll MWN
e s s 4 = I e e s 4 2 P
(a) (b)

Figure 3. In these graphical representations, variations are shown for the real and imaginary parts of
the solution Fy1 (x,y,t). (a) A 2D plot representing the real part of F1(x,y, t) is presented. (b) A 2D
plot representing the img part of Fi1(x,y, t) is depicted.

In Figure 4, the twining periodic figure displays how Fy(x,y,t) in the real and imagi-
nary parts of its solution differ in space and time and are contrasted across various resolu-
tions. Therefore, this fully represents how Fy(x, y,t) evolves and changes with respect to
(w) on different levels of resolutions in the two different dimensions.

Y o5

04 '\ ] 04
03 03
02

\\
=, | / =,
£ \ \/\ £
ey \ r

J

Fy(,p,t)

[———Reat part of the Solution]

&
[

(d)

Figure 4. In these graphical representations, variations are shown for the real and imaginary parts of
the solution Fy(x,y, t). (a) A 2D plot representing the real part of Fo(x, y, t) is presented. (b) A 2D plot
representing the real part of Fy(x, y, t) is depicted for different values of «. (c) A 2D plot representing

the img part of Fo(x,t) is presented. (d) A 2D plot representing the img part of Fy(x, y, t) is depicted
for different values of «.
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Figure 5 shows the evolution of a cuspon kink soliton solution with varying parameters
of alpha. It displays the complex alterations in the profile of the solution as alpha takes on
various values, highlighting the complex dynamics present in the system.

Fy(w,y,1)
8 o

f

{

(x)

Figure 5. A 2D plot representing solution F5(x, y, t) is depicted for different values of a.

Figure 6 shows the evolution of a lump-type kink soliton solution with varying values
of parameter alpha. It displays the complex alterations in the profile of the solution as
alpha takes on various values, highlighting the complex dynamics present in the system.

30

20

Fip(w,y, 1)

=20 1

(x)

Figure 6. A 2D plot representing solution Fi5(x, y, t) is depicted for different values of a.

Figure 7 shows that the variations in parameter (8) have a stronger effect on the
observed wave propagation than those in (). These (f) fluctuations cause noticeable
changes in the wave properties, overpowering the effects of () fluctuations. This finding
emphasizes how important () is for controlling the dynamics of wave movement in
the system.

1=03
B=04 50
30 3= 05

\

0 i wvv W

Fi(r, y,t)
Fi(x, y,t)

() (b)

Figure 7. In these graphical representations, § and v variations are shown for the solution F; (x, y, t).
(a) A 2D plot representing variation of Fj(x,y,t) with respect to B. (b) A 2D plot representing
variation of Fy(x, y, t) with respect to 7.
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In Figure 8, similar to Figure 7, parameter (j)’s variations have a stronger effect
on the observed multiple-kink wave propagation than the fluctuations of (). These (B)
fluctuations produce observable changes in the wave properties, outweighing the impacts
resulting from (y)’s variations. This finding highlights the role that (8) plays in controlling
the dynamics of wave propagation in the system.

20 5

#=03
3=04
1=05

Z w“w J%‘ A\ R

5 l{

Fy(x,y,t)
Fy(z,y,t)

f!) 7 7 [3‘)
(a) (b)

Figure 8. In these graphical representations, § and v variations are shown for the solution Fy(x, y, t).
(a) A 2D plot representing variation of Fy(x,y, t) with respect to B. (b) A 2D plot representing
variation of Fy(x, y, t) with respect to +y.

In the case of Figure 9, the figure shows a single-lump soliton, and as the (p) values
increase, the wave moves towards singularities due to variations in (). The wave tends
to concentrate or localize more strongly as () grows, leading to singularities in the end.
This picture emphasizes how important (§) is in determining how the soliton behaves,
especially in terms of its propensity for concentration and the formation of singularities.

150

100

50

Fuy(r,y,t)
Fuy(r,y,t)

(a) (b)

Figure 9. In these graphical representations, § and v variations are shown for the solution Fy4(x,y, t).
(a) A 2D plot representing variation of Fi4(x,y, ) with respect to f. (b) A 2D plot representing
variation of Fi4(x,y, t) with respect to 7.

In addition to the aforementioned plotted solutions, we also explore fascinating solitary
solutions in the domain of nonlinear dynamics. There are a few lump-type kink solitary
solutions that exhibit localized perturbations in the wave profile, specifically F3(x,y, ),
F;(x,y,t), and Fip(x,y,t). Similarly, Fs(x, y, t) indicates the presence of dromian solitons
with distinct propagation characteristics. In addition, Fyo(x,y, t) illustrates the intricate
wave interactions associated with cusp kink solitons. To further deepen our knowledge,
Fi3(x,y,t) presents the idea of multiple kink solitons, in which the wave shows many
localized kinks present at the same time, resulting in coherent propagation dynamics. All
these different approaches provide insightful information on the intricate and intriguing
behaviors seen in nonlinear systems. In Table 1, Comparison of the current approach with
the alternative exp-function [37] and G’/ G-expansion [40] methods.
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Table 1. Comparison of the current approach with the alternative exp-function [37] and G'/G-
expansion [40] methods.

Casel: T <0 Present method
_ . (_ b - - p ge’y” qt*
ufcl( 1/2;;2 1/2a 2#tanh<1/2 2qu2( %‘i’m*T)))
-1
_ o 1 o v (X galyr gt
G 1/2by ?m““m(uzv 238 (% + i a)))

Casel: A2 —4u <0 G'/G-expansion method

_ 6/ [=A —c1 8in(820) +cr cos(8:0)
U= B [ 2 +0 ( c1cos(%28)+c2 sin(820) )}

Case I: Exp-function method

B 4A¢(w?-1)
up(¢) = (407 —4—wA3) cosh(¢)+ (&w?—4+wA3) sinh(¢)

Casell: T >0 Present method
J— b C Y Tl
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Case II: Exp-function method
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5. Conclusions

In the scope of the current investigation, we use this new methodology and are able
to find exact solutions of the fractional Zoomeron equation. This method can find solitary
solutions and can find three sorts of solutions in particular: trigonometric, hyperbolic, and
rational. As such, this approach is regarded as highly novel, and its use to obtain completely
new solutions for the fractional Zoomeron equation in three dimensions can potentially act
as a starting point for further investigations. Furthermore, we prove the effectiveness of
the new method as a way to explore alternative and even coordinate soliton solutions in
mathematical physics. In conclusion, we can say that the current method can be considered
as very powerful and capable of solving problems in various areas. Additionally, it can
be distinguished by its credibility and multiple solutions. Thus, its potential in research
is huge.
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