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Abstract: In this research paper, we investigate the controllability in the a-norm of a coupled system
of integrodifferential equations with state-dependent nonlocal conditions in generalized Banach
spaces. We establish sufficient conditions for the system’s controllability using resolvent operator
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we present an application example to validate the proposed methodology in this research.
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1. Introduction

In this work, we consider the controllability problem of a system of partial functional
integrodifferential equations (PFIDEs) involving nonlocal conditions of the form

o) = An(h)+ '/OtY(t —8)01(s) ds+ f1(t,C1(t),02(t)) + Cruq(t), t € ] :=[0,a],

o) = Af(t)+ /OtY(t —5)0a(s) ds+ fo(t, C1(t), 02(t)) + Caua(t), t € J:=10,4], (1)
21(0) = Zoq + Hi(o1(21),C1),

02(0) = Qo2+ Ha(02(02),02),

where X represents a Banach space and the states {1(-) and {,(-) take values in X. The opera-
tor A : D(A) C X — X is the infinitesimal generator of an analytic semigroup (S(t));>0 on X.
(Y(#))¢>0 denotes a family of closed linear operators, with the domain D(A) C D(Y(t)). Ad-
ditionally, {o1,002 € X. The functions f; : | x Xy x Xy — &, H; : [ x C(J; Xx) — X, and
0;: C(J; Xu) — ], fori = 1,2, are given and are determined later. C; : U — X, i = 1,2, are bounded
linear operators. The control inputs u;(-), i = 1,2, are given functions in Lz( J; U), a Banach space
of admissible control functions, with U as a Banach space. Here, &), denotes the domain where the
fractional power operator A* is defined and is equipped with an appropriate norm described later.
Control theory is an interdisciplinary field within engineering and applied mathematics that
focuses on understanding the behavior of dynamic systems. Controllability is one of the vital and
important problems in control theory and engineering, enabling the control and improvement of
system performance for stability and efficiency in complex dynamic environments. The concept
of controllability originated in finite dimensions, with an extension to the infinite-dimensional case
first proposed in 1971, followed by further advancements [1,2]. Generally, controllability refers to the
ability to steer the control system from any initial state to a desired state by applying an admissible set
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of control inputs # within a finite time (see [3,4]). Numerous scholars have thoroughly examined the
controllability of diverse nonlinear dynamical systems; one can consider the papers [5-8].

In recent years, partial integrodifferential equations (PIDEs) have garnered extensive attention
as an active research area with intensive investigation. PIDEs serve as a valuable instrument for
modeling and describing complex systems in different phenomena in engineering and physics [9]. A
highly effective method for studying these equations involves transforming them into integrodiffer-
ential evolution equations within abstract spaces and studying the resulting equation using resolvent
operator theory.

Grimmer et al. [10-12] demonstrated the existence of solutions for the integrodifferential
evolution equation in the form

V(t) = Au(t) —|—/0tY(t—s)v(s) ds+h(t), £ >0,
v(0) = vy,

(2)

in Banach space X, where the function h : RT — X is continuous. Using the resolvent operator
corresponding to the following homogeneous linear equation, they established the representation as
well as the existence and uniqueness of solutions for Equation (2)

t
V(1) :Av(t)—f—/o Y(t —s)u(s) ds, t>0,
v(0) = .

The resolvent operator is crucial for resolving Equation (2) in both strict and weak senses,
effectively substituting the need for the conventional Cy-semigroup. Based on Grimmer’s work [10],
many authors have applied resolvent operator theory to study different topics related to nonlinear
integrodifferential evolution equations (see, for instance, [13,14]).

On the other hand, problems involving nonlocal Cauchy conditions have demonstrated better
effects and more significant applicability than conventional problems [15]. In particular, the works
proposed by Byszewski et al. [16,17] represent the first attempt to study semilinear evolution
equations with a nonlocal condition. So far, many researchers have focused on studying the different
topics of different types of evolution equations and integrodifferential evolution equations subject
to nonlocal conditions employing a variety of common methods such as fixed point theorems,
see [13,18-20].

As is well known, the controllability of PFIDE:s is a challenging problem. Several authors have
extensively studied, using semigroup methods, the controllability of nonlinear systems represented
by PFIDEs particularly when Y(-) = 0 and the nonlinear term f (-, -) includes an integral term, and
many interesting findings have been obtained; see for instance, [21,22], and the references cited
therein. When Y(+) # 0, research on the controllability of various integrodifferential systems has
attracted great interest from mathematicians in recent years [23]. For instance, in [23], the authors
have investigated the controllability problem for a class of nonlocal PFIDEs in Banach spaces. They
achieved the controllability results through the utilization of the resolvent operator and the measure
of noncompactness (MNC), without requiring the compactness of the resolvent operator.

In recent years, coupled systems of differential equations have garnered considerable interest
from researchers for their practical importance in mathematical modeling, especially when dealing
with highly complex systems. In 2009, Precup [24] emphasized the importance of matrices con-
verging to zero and the significance of vector-valued norms in investigating semilinear operator
systems. Since then, several researchers have investigated the existence of solutions for systems of
differential equations by applying the vector version of fixed-point theorems in generalized Banach
spaces (GBSs) [25-28]. For instance, in [27,28], authors combined the approach of a measure of
noncompactness with matrices converging to zero to study coupled systems of differential equations.
Controllability of a system of differential equations is crucial in various fields of study. Attaining
controllability in these systems is advantageous, as it allows for the effective manipulation of the
dynamics of interconnected phenomena. Researchers have shown controllability properties through
investigations of systems such as coupled wave equations on manifolds [29], coupled Stokes or
Navier-Stokes systems [30], and coupled Korteweg—de Vries equations [31]. To the best of our knowl-
edge, the controllability of coupled systems of integrodifferential equations, subject to state-dependent
nonlocal conditions in GBSs, has not yet been studied.

Inspired by the works [27,28], we utilize Schaefer’s fixed point theorem to investigate the
controllability problem for system (1) via resolvent operators in the sense given by Grimmer. We
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stress here that the nonlocal condition in (1) is more general. The functions H;(-,-) for i = 1,2 in the
nonlocal conditions are state-dependent, thus generalizing many nonlocal conditions mentioned in
the literature. In addition, we do not require the compactness assumption of the resolvent operator
and functions H;(-, ), i = 1,2, in the nonlocal conditions. Moreover, in numerous practical models,
the nonlinear term f may incorporate spatial derivatives. In such scenarios, the problem cannot be
addressed in the whole space X, thus making the discussion in [23] invalid. To ensure that the results
are accurate for this type of system, we mainly investigate the problem by utilizing the x-norm and
fractional power operator.

We conclude this section by briefly outlining the structure of this manuscript. In Section 2, we
start by presenting some fundamental concepts and definitions necessary for deriving our findings.
Section 3 is devoted to establishing the controllability of the nonlocal system (1) in the a-norm. Lastly,
in Section 4, an illustrative example is presented to demonstrate the applicability of the proposed
theoretical findings.

2. Basic Concepts and Preliminaries

We primarily recall some notations, provide definitions, and present initial results that are
necessary to demonstrate our main findings in this section.

We begin this section by presenting some preliminaries on the fractional power operator. In this
article, let Y = D(A) be endowed with the graph norm || - ||;. The operator A : D(A) C X — X is
the infinitesimal generator of an analytic semigroup (S(t));>o on X. The resolvent set of A is denoted
by 0(A), which includes 0 (i.e., 0 € ¢(A)). Thus, one can define the fractional power operator A* for
a € (0,1] as a closed linear operator on its dense set D(A") with the following norm

1€l = [[A%C]l, for & € D(A®).

Let X, denote the space (D(A"),|| - ||a); clearly, X, is a Banach space for every & € (0,1]. In
addition, C(J; Xx) denotes the Banach space of all continuous functions from | to X}, with the norm

I¢llc =sup |[[A*C(t)[l, ¢ € C(J; X)-
te]

Next , we recall well-known basic definitions and essential facts of GBS.

Definition 1 ([32]). Let X' be a vector space on K = R or C. A mapping || - || : X — R, is called a
vector-valued norm on X if it satisfies the subsequent conditions:

(c1) ||C]] > 0forallg € X;if ||C]| =0, then T = (0,...,0);

(co) [JAZI = M| forall T € X, and A € K;

(c3) [1C1+Goll < NGl + G2l for all 1,82 € X.

We point out that a generalized normed space is denoted by the pair (X, | - || +). Moreover,
when the generalized metric induced by || - ||y (i e., d({1, {2)= ||{1 — {2|| 1) is complete, the space
(X, - lx) is referred to as a GBS, where

121 — 22011
81— Cally = :
121 — C2lln

Remark 1. The notions of Cauchy sequence, convergent sequence, continuity, completeness, open subsets, and
closed subsets in a GBS in the sense of Perov are similar to those for standard metric spaces.

Throughout this article, let 4, := C(J; Xy) x C(J; Xy) be equipped with the vector norm || - ||,
defined as

lulle, = (e, Iuallc ).
for all u = (ug,up). Thus, clearly, (%a, || - Hcga> is a GBS.
Lemma 1 ([33]). A square matrix M of real numbers is said to be convergent to zero if and only if its spectral

radius o(M) is strictly less than 1. In other words, this means that all the eigenvalues of M are in the open
unit disc, i.e., |A| < 1; for every A € C with det(M — AI) = 0, where I denotes the unit matrix of My xn(R).
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Lemma 2 ([34]). Let
5o < fn —Cn )
—Go1 G/

where &11, &12, &1, 20 > 0 and det(E) > 0. Thus, E~1 is order-preserving.

In the sequel, we introduce some fundamental results and definitions related to the theory of
resolvent operators [10,11].

Definition 2 ([10]). A family (R(t));>0 of bounded linear operators on X is called a resolvent operator for

A@(t)—l—/OtY(t—s)C(s) ds, fort>0, )
fo € &,

g'(t)
¢(0)

(@) R(0) = Iand ||R(t)|| < Me“! for some constants M > 1 and w € R.

(b) Foreach { € X and t > 0, the function R(t){ is continuous.

(c) R(t) € L(Y)fort>0.Forany{ € Y, R(-){ € CH(J; X) N C(J; V) such that for each t > 0, we
have

R(1)¢ AR(H)C + /OtY(t —$)R(s){ ds

ot
R(t)Az;+/O R(E— $)Y(s) ds.

Next , we impose the following assumptions on the operators A and (Y (t));>o for Equation (3),

as introduced in [12]:

(V1) An analytic semigroup on X is generated by the operator A. Let (Y(t));>0 be a closed operator
on X, with a domain at least D(A) for almost every t > 0, with Y(#){ is strongly measurable for
every { € D(A),and ||[Y(t)Z|| < n(t)||¢|| for y € L}, (0, +00) with 57*(A) absolutely convergent
for Re(A) > 0.

(V) There exists a bounded operator o(A) := (A — A —Y* (/\))_1 on X, which is analytic for A in
the region A defined as

A:{AE(C:|arg(/\)| <g+b},

forb € (0,71/2). In A, if 0 < & < |A|, there is a constant M = M(e) > 0 such that ||e(A)]| <
M|A| 7L
(V3) Ao(A) € Z(X) for A € A, and is analytic from A to £ (X). Furthermore, for A € A, Y*(A)
belongs to £ (Y, X), and Y*(A)o(A) € L(Y, X). Given ¢ > 0, there is M = M(e) > 0 so that
€ D(A)and A € Awith [A] > g, | Ag(A)Z]| + [Y*(A)e(A)Z]| < MIAI~H[IZ]ly and [[Y*(A)]| — 0
as |A| — +ooin A. Additionally, ||Ae(A)C|| < M|A|~"||C]| for some n > 0, and A € A with
|A| > e. Moreover, there is D C D(A?) that is dense in ) such that A(D) and Y*(A)(D) are
contained in ) and ||Y*(A){||1 is bounded for every { € D and A € A with [A| > e.
Based on [12], it can be deduced that under the mentioned hypotheses (V;)—(V3), there is a
resolvent operator (R(t)); for the system (3) defined by

R - {(2ni)1/r'emg()\) A, £>0,
I, £=0.

where g(A) = (Al — A — Y*(1)) ! and T denotes a contour type employed to acquire an analytic
semigroup. We can select a contour I' to be included in the region A formed by I';, i = 1,2, 3, where

I = {rei‘P > 1},
o= {f:-gp<o<g},
I; = {re”“” > 1},
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for ¢ € (5,% +b) and b > 0. The above curves are oriented so that the imaginary part of A is
increasing on I'y and I',. Furthermore, the operator R(t) is analytic, and there are some constants
M, M, > 0 such that

IR(t)|| < Mand ||A*R(t)|| < Mut™®, t€]0,a], a€[0,1].

We point out that, in general, R(#) and A* do not necessarily commute. Fortunately, this
commutative condition can be achieved in many cases. For instance, consider the case where Y() can
be expressed as Y(t) = () A, with B representing a scalar function given over the interval ]0, 4-co].
In such instances, the linear Equation (3) transforms into

4)

{g/(t) — AZ(H) + /(:/S(tfs)Ag(s) ds, fort >0,
{0)=g e .

If we impose some conditions (V{) — (V4) in [13] on the system (4), then, according to [12], the
conditions (V;) — (V3) are satisfied, and hence R(¥) is analytic. In this scenario, A*R(#){ = R(t)A*{
for any ¢ € D(A"). For the sake of simplicity, this condition is always considered to be valid.

Lemma 3 ([35]). R(t) is continuous for t > 0 in the uniform operator topology of £ (X).
Lemma 4 ([19]). AR(t) is continuous for t > 0 in the uniform operator topology of Z(X).
Now, we present the notion of a generalized measure of noncompactness (MNC).

Definition 3 ([27]). Let X be a GBS and (A, <) be a partially ordered set. A mapping ¢ : P(X) —
A x Ax ...x Ais referred to as a generalized MNC on X, if for every © € P(X), the following condition
holds:

8(co®D) = 9(D),

where
8(D)

(D) = :
(D)

An illustration of an MNC is the Kuratowski MNC p, established for ®@ C & as follows:

u(©®) = inf {s € Rl : there are n € N such that @ is included in a finite cover

of sets, each having diameters less than or equal to s}.

Lemma 5 ([36]). Let IT C C(a,b) be bounded and equicontinuous. Then, co(IT) C C(a, b) is also bounded
and equicontinuous.

Definition 4 ([27]). Let X, be two generalized normed spaces and a map N : X — Y. N is said to be
an E-contraction (with respect to 0) if there exists B € My xn(RT) converging to zero such that, for every
D € P(X), we have

H(N(D)) < EHD).

Finally, to prove our result, we conclude this section by stating a version of Schaefer’s fixed-point
theorem for #-condensing operators in a GBS.

Theorem 1 ([27]). Let X bea GBS, and let N : X — X be a continuous and 9-condensing operator. Suppose
that the set

%V:{geX:g=AN@yAemJﬁ

is bounded. Then, N possesses a fixed point.
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3. Controllability Results

Our focus in this section is on investigating the controllability of the nonlocal system (1). We
impose some conditions guaranteeing the controllability of the mild solution. We begin by defining
the mild solution for system (1) as follows.

Definition 5. A mild solution of the coupled system (1) is a function ({1,(n) € €y such that

G1(t) = R(t)(Gop + Hy(01(21),C1)) + /OtR(t —s) [fi(s,G1(s), Ga(s)) + Crua (s)] ds, te€].

®)
a(t) = R0z + Ha(e2(E2), 22) + | RUE=9) [a(s,01(5),82(5)) + Cata(s)] ds, 1€ .

Definition 6. The nonlocal system (1) is said to be controllable on the interval | if for any Co1, 0,2, 1,0, (2,0 €
X, there are a pair of controls uy,uy € L*(J; U) such that the mild solution ({1(-),{2(-)) of (1) satisfies the

terminal condition ({1(a),(2(a)) = (C1,4,02,4)-

We impose the following sufficient assumptions to guarantee the controllability of the coupled system (1):

(H;) The operator resolvent is continuous in the uniform topology.
(H) The functions f; : ] x Xy x Xy — X, for i = 1,2, satisfy the following:

(i) The functions f;(t,-,-) : Xx X Xy — X are continuous for every ¢ € |, and the functions
fi(-,C1,82) : ] = X are measurable for every 1, (s € X,.

(ii) There exist 0 < g < 1 — a and functions P;(-) € L%(],]Rﬂ, Q;(1) € L%(],Rﬂ fori=1,2,
such that for every ¢t € J and {3, (> € &, we have

1£i(t, 81, 2211 < Pi®)l|Calla + Qi) | Z2la-

(iii) For i = 1,2, there are functions Zﬁ € LY(J,R™) such that, for any bounded set © x DC
Xy x Xy and every t € |, we have

1(£i(62,9)) < (1) (n(@) + u(®)).

(H3) The nonlocal functions H;(+,-) : | x C(J; Xx) — Xy and the function o(-) : C(J; Xyx) — | are
both continuous and satisfy the following;:

(i) Foreachi=1,2, there are positive constants X; and 7; such that

1Hi(1(Z1), C1)lle < X1 +11|C1lle, &1 € C(J; Aw),

and
[H2(02(82), 82) lla < Ra +12[[C2llc, G2 € C(J; Xa)-
(if) There exist £, > 0 such that for any bounded IT; C C(J; Xx), i = 1,2, we have

(i@, 115) ) < £ sup {pe(11506)) }-

te]

(Hy) (i) The linear operators W : L2([0,a];U) — X, i = 1,2, are defined as follows
a
Wiu; = /0 R(a —s)Cju;(s) ds (6)

such that these operators have bounded inverse operators (W) ! taking values in L2(J; U)
/ KerW;.
(ii) There are positive constants My, and M, i = 1,2, satisfying

W™l < My, and [IG]| < M.

(iii) There exist ky,(-) € LY(J;R*) and k¢, > 0 such that for any bounded sets ®; C X and
@2 cu,
HOVTH®@1)() < ko, (Hp(D1), p(Ci{(D2)(1)) < ke, (Da(1)).
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Lemma 6. If the hypotheses (Hy) (i), (H3) (i), and (Hy) (i) — (ii) are satisfied. Then, the following bounds
hold for the control inputs uy (t) and uy () of the system (1):

My = My [10all + M1 Zoall + A= (R + Pl Zalc)]
qfl 1=q 2—q
+M(T=) (IR e + 12 el ) |

My, = Mu, [||€2,u|\ + M[lIGo2ll + [[A#[I (X2 + B2 [|G2]lc) ] 7
ML) T (1Pl Ml + 2l 22l
where
() =W f1a— RGO - [ Ra= )50, 00 ds | (1) o
() = Wo G2~ R@G(0) ~ [ Ra= )26, 01(9,2206)) s b
fortel].

Proof. Indeed, for t € [0, a], we have

() = Wi {2 = R(@) [doa + (@@, 0)] = [ Rla=9)fals, (), 2(5)) ds} (1)
= HWfl{Cla — R(a)[Coq + AT A Hy(01(81), G1)]
- [ R a0, )0
< Moy [1G1,0ll + MGl + 4= (%1 + 111G c)]
M [ (POl + Q) 22l ds]
SMW{H@MH+MU|@01||+||A*“H(N1+h1||auc>}
Ml [P ds+ s [ Qi(s) ds)]
<Mwl{uaun+M [Zoall+ A (¥ + PallZalc)]
+M(

”T) (1Pl lallc + 1210 lzalc) ]

=My,

Similarly, we can demonstrate that
a0l = [ W5 {820 = R@)[S02 + Ha(@2(@2),2)] — [ R = 9)fa(s,21(6),2as)) ds o)

< M, [[1G2all + M[lIG02 ]l + 14711 (%2 + |22l )]

_ 1-
+M(%) @1 (1Pl Nl + 12l zalc)]
= My,

O

Theorem 2. Assume that the hypotheses (Hy)—(Hy) are valid. Then, the coupled system (1) is controllable
on | given that

max {GlA; GZA} <1,
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where
1-— 1-q
A _ q 1-a—q
G = My (5 )Py M
al—tx q_l q71a3_“_q
b () bt ()
~A 1—9q 1=q 1-a—q - al e
G = Mo, 1) TNl + MM Mo M A ()
g—1\q-1 g3—a=q
+M"‘MC2MWZM< q ) <1—a )"QZHﬁ

Proof. Before proceeding with the proof, using techniques from [27], we consider an example of
MNC in 6, := C(J; Xu) x C(J; Xy) defined as

tc(®1 x ©y) = (H1(®1),V1(®2))T
af (@) +sup{e k4D (@1 (1)}

w] (@) + sup{e 1 b 2D Ty (0y(1)) }
te]

’

for ® = ©1 X @ C €, where i is the Kuratowski MNC in X, O(t) = {v(t) € X;v € O}, and
for a nonempty bounded subset @ of the space C(J; Xx), u € ©, ¢ > 0, the modulus of continuity,
denoted by wT(u, €), is defined as

w™ (u,€) = sup {Hu(s) —u(t)|; t,s € [0,a] and [t —s| < s}.
For any © C X, we set

w!(©,¢) = sup {wT(u,s); ue @}, and wl (©) = %imwT(Qs).

—¢€

Now, we introduce the operator N : 6, — 6, in the following manner:

NG = Nerey ) ter

where
N1(G1,2)(t) = R(t)(Co,1 + Hi(01(81),81)) + /Ot R(t —s) [f1(s,01(8),02(s)) + Cruq(s)] ds.
N2(81,82) () = R(t)(Go2 + H2(02(82),02)) + /OtR(t =) [fa(s,01(5), Ga(s)) + Caua(s)] ds.

One can see that the fixed points of N correspond to mild solutions of nonlocal system (1). We
shall prove that N fulfills all hypotheses stated in Theorem 2.

Let us consider a subset B; C %, such that

Bs == {(C1,82) € G : |(C1,C2) || < 6},

where 6 = (1,0;) > 0. Clearly, B; is a closed, bounded, and convex set in .

Initially, we show that N(B;) C Bj. Clearly, it suffices to establish that for any ¢, there exists a
positive constant p = (p1; p2) such that for every ({1, {2) € By, the following holds

ING1L ), < (p1,02) = p.
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In fact, for each ({1,{») € Bs and t € [0, 4], it yields that

N3 (@0, 2Ol < [ROGos + (o1 @, a1l + [ IR = 9)fi(5,21(5),626) e ds
+ [ IRGE =) lleallns)) s
From the assumptions (Hy)(ii), (Hz) (i), (Hy) (i) — (ii), and Lemma 6, we obtain
IN4 (21, 22) () la
< M[oalle + (%1 +malcrle)] + M [ =9 (PrOIG O+ Q1(6)2(5)]) ds
FMMe, [ (=5 ()] ds
< M| llZo; lla + (N1 + 1allZalc)

175] 1-q 1-a—q
Mgy tn) (Pl g I+l zalc)

alfa _
+ MoMo, Ma (1= ) {161,011 + MU0 1l + 1A=411 (%1 + B 13 lc)]

+M(§)“az—q(muﬁ laallc+ el 3 lIzlc)]

alﬂx

< M(l160. lla +R1) + MocMey Moy (=) [120all + Mo, || + M| A=y

+ M (2T ) ey

T aq + Mhy

1
]

al— _ —1I\1-9 5
+ MM Mo, (5= ) (A= + M (T2 )Pl e

() e,

1—a—
alfa

+ MM Moy (=5 ) M(T2) "l )] ol

alﬂx

< M(l160. lla +R1) + MocMey Moy (7= ) [121all + Mo, || + M| A=y
1

—q \'™ 1—a—q
D 18

h
T—a— + My

+ [Me(

1
q

al—lX

+ Mo Me, M, MJ| A 11 (1—

)+ Mmoo () ]

1- q 1-q 1-a—q
Tﬂ) a HQl”L

+[M"‘<1f

1
q

oMo () (T Yl )]
Thus, we have

IN1(C1, 82)llc < g1
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Similarly, we have
IN2(Z1,G2) (1) [l
t
< ||[RO)02 + Halea(2), @)|| + [ IR(E=9)fa(s,81(6), 82(6)) | ds
t
+ [ IRE=9)lalCallua(o)] ds
al—«
< M([IZo2lla + R2) + MaMe, My, (m) [H€2,a” + M| o2l +MHA7“HN2}
1-g \19 4 ., g—1\1-1a3"%79
+ [Ma(m) APy +MaMc2szM<T) ——IPall p)]a

o
=

1- 1=q 1,z -
M) Qe+ MMM M A o

a3—zx

MMM () (B0 2l )

Thus,

IN2(C1, 82)llc < g2

Consequently,

IN(C1, 02)lle, < (01,902) := p

We further verify that N is continuous. To do so, let {{}},eny C Bs and {{}},en C Bs be a

couple of sequences such that {} — ¢ and {5 — {5 in %, for some (7,5 € Bs, as n — oo. Then,
we have

Tim g1 (6) = 00° (1), lim Z3(0) =G (0), £ € .

Combining this with the conditions (H;)(ii) and (Hj3)(i), one obtains that

Jim  Hy(01(81),¢1) — Hi(ea (7). 1), )
and
Jim fi(s,87(s),83(s)) — f1(s, 81 (), 02 (s)), ae.s € [0,a). (10)

By (Hy)(ii), it yields that for a.e. s € [0,¢t],t € [0,4],
(t=5)""Nfi(s,51(5), G2 (5)) — fa(s, G1(s), Lo ()| < 2(t — )" <517’1(S) + 52Q1(S))- (11)
Moreover, by virtue of the definition of Ny, it follows that

[N1(Z7,82)(t) — N1(&1, 85) (1) |la
< M|[Hy(01(81), 1) — Hi(o1(27), 41 lla

b IR = 912,84, 23 — fals, 25(5), 55 | ds
+ [ ICalIARG =) ()~ w3 )] s

Therefore, given the Lebesgue integrability of the functions — 2(f —s)~* ((51 Pi(s) + 6,91 (s))

fora.e. s € [0,t], € [0,a4] and by (9)-(11) and the Lebesgue dominated convergence theorem, we
obtain that, for t € [0, 4],

[IN1(21,02) — Ni(81,03)l[c —> Oasn — oo

Similarly, we obtain

IN2(CY,25) — N2(23,25) llc — Oas n — oo.

Hence, it follows that the operator N is continuous on .
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Now, we need to demonstrate that the operator N maps bounded sets into equicontinuous sets
in ;. To do so, we show that the set {N({1,{2), (C1,02) € Bs} C % is equicontinuous on [0, 4]. Let
0 < t; < t; < aand ¢ be small enough, such that 0 < ¢ < t; < tp < g, then

[N1(Z1,82)(t2) — N1(81,82) (t1) [la
< [[R(f2) — R(ty)]| <||§o,1|\a + ||H1(01(Cl),€1)|\a>

+ ,/:HA’*R(tz = )I[IIf1(5,61(5), 225 | + lICa lla (5)1]] s
+ /OEHA"‘R(tz =) = ARt = 9)| [ f1(5,G1(5), Ga()) | + ICall 1 (5) ] ds
+ [T IAR (s — ) — AR (s~ )I[11(5,1(5) 26D + 1€ s (5)1] s,

Using assumptions (Hy)(ii), (H3)(i), we obtain

[N1(C1,82)(t2) — N1(T1, 2) (t1)]a
< [IR(t2) = R() (o1l + (%1 + Pad))

L—qg 174 1—-a—q
M) (=) alPl el Qall |

( )lX+1
—a+1

1N 5 —1\1-9 5
+2M[51\|7>1\|L%(q7) E4a Qi (1) E Gl )]

+ Ma |Gl (s)]]

—1\1-4 _
+ sup JAR( =) = AR =)l [11P1] g (=) (=0

s€let]

— 15\ 1-
raleily (7)o (12)

by virtue of Lemmas 3 and 4, we readily obtain that the right-hand term of the inequality (12) tends to
zero as ty — t; and e — 0. As a consequence, we can conclude that Ny maps By into an equicontin-
uous family of functions. Similarly, we can establish that N, maps B; into an equicontinuous family
of functions. Consequently, we infer that the set N(Bs) is equicontinuous in 6, which implies that

wo(N(Bs)) =
Next, we show that N is generalized j/c-condensing operator. To prove this, let ) = ()3 X (2
be a bounded equicontinuous subset of B;. It follows that N : O — Q) is a continuous and bounded
operator and that N;(), for i = 1,2, are bounded and equicontinuous (see, Lemma 5). By (Hy) (iii),
(H3)(ii), and (Hy)(iif), for t € [0,a], we have
p(N1(Q) (1) < u({R(t) Co1+H1( 1(61),80)]; &1 € u})
wu({ [ Re-9[4606,06) + cnE)] és @0 <a}),

where

(fan())
= (W s = RO o+ (@), 20— [ R 5) (s 01(9) 22(4) s} 1))

< kun ( u({aa oo + (@), 0] = [ RG= 95,016, 2209 dsh 1))
< kw, (¢ ﬂ({gla a)[Co1 + Hi(o1(1), }t)>
+kwl<t>u({/0 R(o = )Ai(5.61(9),2260) s )

< b ()Mt sup {mO@1(0)} + 260, (OM [ 2,5 (1(Q1(5)) + 1 (5)) ) ds
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Thus, we have

#((N1Q)(8))

IN

IN

IN

IN

e sup {01} +2M [ 55) (4(045) + (025
+2Mke, /Of [k, (5) M sup {nnm)}
+2ku, ()M /O ts, (w)(H(Ql(w)) + y(Qz(w))) dw] ds
Mg sup {uml(t)) b 2w [ 0(9) (MO (5)) + 1(Oa(5))) s
+2M?2 ke, CH, st1€1}]3 / ke, (s
it ([ () ds) /O £, (O (5)) + 1(Q(6)) ) s
e sup {01} +2M [ 55) (4(045)) + (02 (5)
+2M2ke, L [ 12 sup {pu(€0 (1)) }

te]
a2 1 ([ 5,6) (#(01(9) + p(Os))) ds

My, (1 + 2Mke, || ke, Hu) Stlell]:) {V(Ql(f))}

+2M (1 + 2Mke, [, 11 ) /Ot £1,() (1 (5)) + 1(a(s)) ) ds

Set {1 = 1+ 2Mke, ||kew, || 11, we obtain

p((N1Q) (1))

IN

IN

Meg, 0 sup (@ ()Y +2me; [ 04 (s
ptasup {n(@(0)} + 20461 [

My, fy sup { (0 (1))
te]

Set K1(t) = 2M€1€f1 (t), we have

) (1O () + #(©0(s))) ds

+/0” 2M(f, (s)(y(ﬂl(s)) +H(Qz(5))) ds.

HNO)(E) < Mwlstg]o{u<ol<t>>}+ | K1) (10n(5)) + n((5))) ds
u ’ o o K (D)= g Ko (7 s
< MeHlelste?{u(nl(t»h/o Ka(s)e 7RO (100 (5))
+H( (s )))ds
< MZHlﬁlsup{ }
e f() Ka(r
Vl (1) + u1(Q2) /(:(17
Jo Ka(7) dt
< Ml Sup{ }+ (P‘l )+ Qz))%-
Thus,
m(N1(Q)) < (M5H141 + %)Vl(ﬂl) + %#1(02)

Similarly, we obtain

11 (N2(Q))

IN

1
(o) + (M£H2e2+,7)m(oz>
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Since N(Q) is equicontinuous, we obtain

ne(NQ) < 17\/( #h) )

#1(Q2)
such that
1 1
My, b + — —
W= ! Ty
- Mly by + —
7 2Ty

Now, let us check if 1% converges to zero. To do so, let £ = max <€ L1 CH, 62) ; we calculate

(- e 2~

(A—Mﬁ—%)(A—M@).

det (W — A12X2>

2
Thus, we obtain Ay = M/{ + ﬁ and Ay = M/{. Since M{ < 1, there exists # > 0 such that

(MZ + %) < 1. Hence, Q(W) < 1, which follows that W converges to zero. Thus, we conclude that

N is a generalized jic-condensing operator.

Finally, it remains to show the priori bounds on solutions. In fact, let ({1,{2) € @, with

({1,82) = AN({1,22)- Then, {1 = AN1({1,(2) and {» = ANz({1,{2). From the assumptions (Hj) (ii),
(H3)(7), and (Hy)(i) — (ii), for t € J and each ({1, {») € </, we have

161 () la < AlIN1(1,G2) (B) ]«
< |IR(#)[Zo1 + Hi(e1(21), 2] ||, + /Ot |R(t =) f1(s,21(5), C2(s))]], ds
+ ./Ot |R(t —s)Crup(s)||,, ds
< MlIgoallx + (81 +mllGallc)
t
+Ma/0 (t—s)"" (7’1(5)||§1(5)Ha + Ql(S)H@z(S)Ha) ds

t
+ MM, My [ (= 5)[[20all + Mo | + 1A (% + By alc)]

—I\1-9 ,_
+M(T=2) (1P glie + @il Izalic )] ds.
q L7 L7

Then,

al—/x B
l21llc < M(IZo ll + 1) + MaMe, My (§—) [161]l + Mllgoall + MI A= [ ]

+ [Ma(li%)lfqayrq”pl”ﬁ 1 Mhy
1-a ) n M“MclelM(%)qfl ai’*_”‘;

a
+MaMcle1h1<1 —

q
1Pl 3 allc

+ [MW(%)liqal_“_C’lIQlHL%

o N C S [ [

<GS +GLillc + GRllzalles
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where
A al w
Gy = M(lIGo1lla + V1) + MaMe, Ma, ( 7—— ) | 1010l + M G0 ]| + M ARy |,
11—«
1-— 1-q
A _ q 1-a—q
G 7Ma(1iaiq) a 1Pyl g+ My

al—lx _ 1 qfl a3_“_q
+M,XMC1Mw1h1(m) +M,XMC1MwlM<qT) — 1Pl .
1

— 1—q . 3—a—q
G =M=, 1) el

+M“M61M101M<Q;1>17*1<a1 —

el ;-

1 1
q q

Similarly, we obtain
182Dl < AIN2(81,82) (8) lla
< [|R(#) [0z + Ha(oa(C2), )], + /Ot IR(t = 5)f2(5, 61 (5), Sa(s)] s
+/Ot |R(t —s)Coua(s)||, ds

< M| llZo2la + (N2 + h2llZ2llc)
M (=9 (P11 (6) o + Q291025 ds
4 MMM [ =57 [2all + Mozl + 1471 0% + halz]c)]
+M(%)Haz-q(u%uﬁ lalle+ 11221l 3 lizzlc)] ds.
Then,

1-a

a

Z2llc < MGzl + ) + MaMe; Ma (7—
1

—q \'71 1-a—q
) am,

V12l + MIigoall + MJAT* R

+ [MD((lle

1
q

—1\4-1a321
+ MaMey Moy M (=) Il e
1—q 11 1-a—q —a al~®
M) Qg MMM MIA ()

+ My Mg, M M (2 ; 1)q_1(

aSﬂx

-1
—— )22 [zl

< Gy +GlIzllc + Golglle,

where
A al—zx
Gh = M(G02llx + R2) + MuMe; Mu (1— ) [I224ll + Mllgoall + M A 2],
= 1- 1-q —1\9-1g3-0—1
A q 1-a—q L a
Gt =Mi(y—y 1) @Ry o+ MMM M (T )T S Py
- 1_ 17,7 o B al—lx
Gt =Mi(5=, L) @ Tl o+ MaMe Mo MIA ()
q—1\7-1a%%1
+ MMe M M=) (= )12l -
Hence,

ale] = 2]+ (&)
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where A A
~ G G
zZ- [ Gl G }
Gt &
It implies that
~ GA
5| lalc } < { Go } 13
-2 ] < | & 1

Since (I — Z) satisfies all conditions of Lemma 2, (I — Z)~! is order-preserving. Applying
(I — Z)~! to both parts of the inequality (13) yields

11llc } 5 71{ Gy }
< (I-Z ~A |-
gl ] = =27 @
As a result of Theorem 1, we conclude that N has at least one fixed point, thereby implying the

controllability of the coupled system (1). O

4. An Example

To illustrate the applicability of the theoretical findings, we consider in this section the following
system of PFIDEs with state-dependent nonlocal conditions:

C)d Jrhl( 321{525)/32252,6))

ot ez agz
+oqui(t,§), ¢€ [0, n),t € [0,1],

0z1(t,¢) 7821 t,¢) /
+

(&) 0*2(4§) 9%25(s, &) 0z1(t,¢) 9z2(t,G)
a2 +/ (=) s+ (1, & e )
+anuy(t,&), ¢€l0,m],te[0,1],

(14)

1

2000 =201@ + [ [T 0o (8 Fhs,0) duds, 0=,
1 7

200, = 2020+ [ [ 026)a(6, 2 (5,) dxds, 0<g<r

where z1(t, &) and z;(t, ) represent the state variables, zo1(¢),2z02(&) € X := L%([0, 71]) represent
the initial functions, u; € L2([0, 7t]) fori = 1,2, 7 : [0,a] — R, 3 > 0 for i = 1,2. The description of
the functions ¢; and ¢; is provided below.

Now, we assume the following conditions, fori =1, 2:

(a1) The functions h; : [0,4] x R x R — R are continuous for i = 1,2; there exists 0 < 4 < 1 —a and

functions 4;(-), b;(+) € L7 such that for any x1,x € R
hi(t,x1,%2)] < ai(t)|xa] + bi(#)[x2].

(a2) The functions ; € C([0,1],R) and satisfies for i = 1, 2; there exists some positive constant c;
such that |¢;(#)] < ¢;.

(a3) The functions ¢; € C!(]0, 7] x R) for i = 1,2 and satisfy that, there exist k;, k; > 0 such that, for
x€Rand ¢ € [0, 7],

0 _
—b: < k: .
|51 (E )] < kil + K
(ag) n(-) satisfies g1(A) := 14+ 7*(A) # 0 with Ag1(A) € A, for A € A, and moreover, if 7*(A) — 0,
as [A] = +oo, A € A.
It is worth mentioning that the nonlocal system (14) can describe and model systems that

have frequently arisen in the context of heat flow in materials [37]. The controllability of such
coupled systems is of great practical significance, as external control inputs are applied to steer the
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system to any desired temperatures. First, we are required to rewrite this system in the form of
(1) to apply our controllability results. To do so, let ¥ = U := L2([0, 7t]). We define the operator
A:D(A)C X = Xby
Az;=z],i=1,2,
with
D(A) = {zi(-) €X:2,2) € X,z(0) = zi(n) = o}.

It is clear that the operator A generates a strongly continuous Cyp-semigroup (S(t))>o on X,
which is analytic and compact [38]. Moreover, A has a discrete spectrum given by its eigenvalues,
which are {—n?, n € N}. The related normalized eigenvectors are ¢, () = \/% sin(ng), forn € N.
Consequently, the following well-known properties hold fori = 1,2:

(p1) If zj € D(A), then (—A)z; = ) n? < zj,eq > ey

n=1
(o]

1
(p2) Ifa=1tandz € X, (—A)’%zi =) - < Zisen > en. Particularly, || A~!|| < 1and HA*% <1
n=1

(p3) The operator A’ is defined as

(—A)%z,- =Y n<z,es>ey z€Xon D(A%)

n=1

with

3
=
I

{ yeX: Zn<z,,en>en€/’\f}
{zi(

) € X,z € X,z;(0) = z;(m) = 0}.

Lemma 7 ([39]). Ifz € X%, then z is absolutely continuous, z’ € X, and

Izlly = 12/ = | A%z].
Next, set
a(t)(@) ==n(t¢), 0<t<1,0<g<m,
0(H)(&) =2z(58), 0<t<1,0<¢<m,
01(0)(¢) ==z1(0,¢), 0<¢<m,
02(0)(¢) =22(0,8), 0<g<m

We define also the operator
(Y(Hw)(¢) = B(hw"(¢), t € [0,a] and € € [0, 71].
First, we know that for the operator (A, D(A)), there exists b € (0, %) such that
A= {/\E(C: |arg A| < §+b} co(A),
where 0(A) represents the resolvent set of the operator A. Thus, based on (41), the assumptions

(V{) — (V}) stated in [13] are satisfied. Consequently, the linear system associated with (14) possesses
an analytic resolvent operator denoted by (R(t));>0, with R(0) = I, and

1 At * -1
R(t)z = — AM—A-Y"(A A, A
(2= 5 [ (V)2 d, A >0,
for z € X', where I is specified in Section 2.
Since the nonlinear function f includes a term involving the partial derivative, we should discuss
it in the space . For this purpose, we select & = . We define the functions f; : [0,1] x X 1 X X 1= X,

fori =1,2,by

filt, 81, 82)(8) = hi(t,24'(2), 22/ (€)),
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and the functions H; : [0,1] x C([0,1], X%) — X%, i =1,2, be defined as

Hi(01(81), 01)(8) = /01 [ n@en (800) dxas,
Ho(@),0)@) = [ [ 2000 (2,60)) e s
and also o;(+) : C(][0, 1];X%) — [0,1], for i = 1,2, be defined as

o1(G1)(t) = 1(t) and 02(82) (£) = 9a(t).

Thus, following these notations and definitions, we may rewrite system (14) in the abstract
form (1).

Now, it can readily be checked that the above functions f;(-,-, ), H;(-,-), 0;(:), fori = 1,2,
satisfy the conditions stated in Theorem 2.
First, assumption (41) ensures that the functions f; meet the hypothesis (H,)(i) — (ii). In fact, by
applying Lemma 7 and the Cauchy-Schwarz inequality, for {1,{» € X L i=1,2,and t € [0,1], we have

r

(e, 0,2 AR

< [T (alg@]+nnis@l) @

< (wOP [( 15 @F de+ 2] [ 18118 a2
P [ i@ )

< (laOPlgly +2la bl 12205 + O P2l 2)

< (Ol + Blzl,)

Thus, we obtain

Ifit, 81,8 < Pi(H)lIcalls + Qi(®)lIS2ll1,

where
Pi(t) = [a;i(t)], Qi(t) = [bi(t)]-

Moreover, the state-dependent functions Hj, i = 1,2, clearly satisfy the hypothesis (H3),~which

is guaranteed by the conditions (a,) and (a3). Now, it remains to verify that the matrix (I — Z)~!is

order-preserving to draw our conclusions. To do so, let

1 2 1 2
P t) = 7e_t ’ Q t) = -t s
1) = 100 1t 500(v/f + 1)
1 /In(t+1) 1 ¢ sin(t)
t) = — | ————5= t) = — .
Palt) 94( 1412 ) (1) 94(1+\/z>
Forg = %, we calculate
|P1ll 1 ~0.00785, ||Qq] 1 ~ 0.001062,
L1 Ld
P2l } ~0.008165, [[Qa]| ; = 0.003134.

1 1
q q

Additionally, by setting My = M = M, = My, = 1,i = 1,2, we obtain

G{ ~0.02592, G% = 0.003505,
G{ ~0.010451, G% =~ 0.010351.
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Therefore, we have
(I B Zv)_l . 1.026569 0.003635
—\ 0.010841 1.010272 )’

which implies that (I — Z)~1 is order-preserving. Hence, all conditions (H;) — (H3) stated in
Theorem 2 hold.

Furthermore, we define the operators C; : L?([0,71]) — L?([0,7t]) for i = 1,2 by Cju; =
sui(t,§), for & € [0, 7], the operators W are defined by

W) (€)= [ RO (s, ) ds.

We assume that the operators W, fulfill the hypothesis (Hy); thus, all hypotheses of Theorem 2
hold. Hence, it can be inferred that the coupled system (14) is controllable on the interval [0, 1].

5. Conclusions

This paper presents novel sufficient conditions for establishing controllability in the a-norm
for a system of PFIDEs with nonlocal conditions in GBS. To derive our findings, we employ the
resolvent operator as defined by Grimmer, generalized measures of noncompactness, fractional
power operators, and Schaefer’s fixed-point theorem for condensing operators. We emphasize that
the issue addressed in the current setting is novel and contributes additional insight into studying
nonlocal and nonlinear coupled problems. In forthcoming research, we aim to extend these findings
to systems with discrete nonlocal initial conditions on an infinite interval.
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