
Citation: Alsheekhhussain, Z.;

Ibrahim, A.G.; Al-Sawalha, M.M.;

Rashedi, K.A. Mild Solutions for

w-Weighted, Φ-Hilfer,

Non-Instantaneous, Impulsive,

w-Weighted, Fractional, Semilinear

Differential Inclusions of Order

µ ∈ (1, 2) in Banach Spaces. Fractal

Fract. 2024, 8, 289. https://doi.org/

10.3390/fractalfract8050289

Academic Editor: Gani Stamov

Received: 19 March 2024

Revised: 27 April 2024

Accepted: 8 May 2024

Published: 13 May 2024

Copyright: © 2024 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

fractal and fractional

Article

Mild Solutions for w-Weighted, Φ-Hilfer, Non-Instantaneous,
Impulsive, w-Weighted, Fractional, Semilinear Differential
Inclusions of Order µ ∈ (1, 2) in Banach Spaces
Zainab Alsheekhhussain 1,* , Ahmed Gamal Ibrahim 2,3 , M. Mossa Al-Sawalha 1 and Khudhayr A. Rashedi 1

1 Department of Mathematics, College of Science, University of Ha’il, Ha’il 55425, Saudi Arabia;
m.alswalha@uoh.edu.sa (M.M.A.-S.); k.rashedi@uoh.edu.sa (K.A.R.)

2 Department of Mathematics, College of Science, Cairo University, Cairo 12613, Egypt;
agamal@kfu.edu.sa or agamal2000@yahoo.com

3 Department of Mathematics, College of Science, King Fiasal University, Al-Ahsa 31982, Saudi Arabia
* Correspondence: za.hussain@uoh.edu.sa

Abstract: The aim of this work is to obtain novel and interesting results for mild solutions to a
semilinear differential inclusion involving a w-weighted, Φ-Hilfer, fractional derivative of order
µ ∈ (1, 2) with non-instantaneous impulses in Banach spaces with infinite dimensions when the
linear term is the infinitesimal generator of a strongly continuous cosine family and the nonlinear
term is a multi-valued function. First, we determine the formula of the mild solution function
for the considered semilinear differential inclusion. Then, we give sufficient conditions to ensure
that the mild solution set is not empty or compact. The desired results are achieved by using
the properties of both the w-weighted Φ-Laplace transform, w-weighted ψ-convolution and the
measure of non-compactness. Since the operator, the w-weighted Φ-Hilfer, includes well-known
types of fractional differential operators, our results generalize several recent results in the literature.
Moreover, our results are novel because no one has previously studied these types of semilinear
differential inclusions. Finally, we give an illustrative example that supports our theoretical results.

Keywords: fractional differential inclusions; w-weighted Φ-Hilfer fractional derivative; infinitesimal
generator of cosine family; w-weighted Φ-Laplace transform; measure of non-compactness;
non-instantaneous impulses; multivaluted functions
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1. Introduction

Fractional differential inclusions and equations have many applications in our life [1–4].
Impulsive differential equations and impulsive differential inclusions are suitable models
for studying the dynamics of actions in which a sudden change in state occurs. If this
change occurs instantaneously, it is called an instantaneous impulse [5,6], but if this change
continues for a period of time, it is called a non-instantaneous impulse [7–9].

There are many definitions for the fractional differential operator, and some of them are
particular cases of others. Therefore, it is useful to consider fractional differential equations
and fractional differential inclusions that contain a fractional differential operator which
includes a large number of other fractional differential operators. This is our goal in this
work. Indeed, in this paper, we consider a semilinear differential inclusion involving the
w-weighted Φ-Hilfer fractional derivative, Dµ,v,Φ,w

0,σ (Definition 3, below), which generalizes
the concepts of fractional differential operators that were presented by Riemann–Liouville
(w(σ) = 1; σ ≥ 0, Φ(σ) = σ, v = 0), Caputo (w(σ) = 1; σ ≥ 0, Φ(σ) = σ, v = 1),
Hadamard (w(σ) = 1; σ ≥ 0, Φ(σ) = log σ, σ > 0, v = 1), Φ- Riemann–Liouville (w(σ) =
1; σ ≥ 0, v = 0), Φ- Caputo (w(σ) = 1; σ ≥ 0 , v = 1), Katugampola (w(σ) = 1; σ ≥
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0, Φ(σ) = σρ, ρ ≥ 1,v = 1), Hilfer–Hadamard, (w(σ) = 1; σ ≥ 0, Φ(σ) = log σ, σ > 0),
Hilfer (w(σ) = 1; σ ≥ 0, Φ(σ) = σ), Hilfer–Katugampola (w(σ) = 1; σ ≥ 0, Φ(σ) =
σρ, ρ ≥ 1) and Φ-Hilfer derivatives (w(σ) = 1; σ ≥ 0).

Since the mild solution of a differential equation is not required to be continuously differ-
entiable, like the classical solution, the study of the existence of mild solutions to differential
equations or differential inclusions has been of interest for decades, especially for semi-linear
differential equations and semi-linear differential inclusions. More than thirty years ago, the
study of the existence of a mild solution to semi-linear differential Equations and semi-linear dif-
ferential inclusions containing a fractional differential operator became of interest. Some of these
equations contained the Caputo fractional derivative [10–12], some involved the Riemann–
Liouville fractional differential operator [13,14], some contained the Caputo-Hadamard
fractional differential operator [15,16], some included the Hilfer fractional differential oper-
ator of order α ∈ (0, 1) in [17–26], some contained the Katugampola fractional differential
operator [27], some contained the Hilfer–Katugampola fractional differential operator of
order α ∈ (0, 1) [28–32] and others involved the Hilfer fractional differential operator of
order λ ∈ (1, 2) [33].

In this article, we will prove the existence of a mild solution to a semi-linear differen-
tial inclusion involving the w-weighted Φ-Hilfer fractional differential operator. Because
the fractional differential operators introduced by Caputo, Riemann–Liouville, Caputo-
Hadamard, Hilfer and Hilfer–Katugampola are special cases of w-weighted Φ-Hilfer frac-
tional differential operators, our work generalizes many of the abovementioned results by
replacing the fractional differential operator considered in these papers with the w-weighted
Φ-Hilfer fractional differential operator.

In order to formulate the problem, we mention some symbols that will be used during
this paper.

- ℑ = [0, b].
- E is a Banach space.
- µ ∈ (1, 2), υ ∈ [0, 1] and γ = µ + 2υ − µυ.
- w : ℑ →]0, ∞[ and w−1(σ) = 1

w(σ)
.

- Φ : ℑ → R is a strictly increasing continuously differentiable function with Φ′(ϑ) ̸= 0
for any ϑ ∈ ℑ, and Φ−1 is its inverse.

- m is a natural, N0 = {0, 1, 2, .., m}, N1 = {1, 2, .., m} and N2 = {2, 3, 4, ..., m}.
- ϑ0 = 0 < σ1 ≤ ϑ1 < σ2 ≤ ϑ2 < ...... < σm ≤ ϑm < σm+1 = b.
- ℑk = (ϑk, σk+1]; k ∈ N0, Ti = (ϑi, σi+1]; i ∈ N1,.
-Dµ,v,Φ,w

ϑi ,σ
is the w-weighted Φ-Hilfer derivative operator of order µ and of type v and

with a lower limit at ϑi

- I2−µ,Φ,w
ϑi ,σ

is the w-weighted Φ-integral operator of order 2 − µ and with a lower limit
at ϑi.

- A is the infinitesimal generator of a strongly continuous cosine family{C(σ)}σ∈R,
where C(σ) maps E into itself.

- F : ℑ× E → Pck(E) (the family of non-empty, convex and compact subsets of E )
- gi, g∗i : [σi, ϑi] × E → E; i ∈ N1 are continuous functions, and x0, x1 ∈ E are

fixed points.
- AC(ℑ, E) is the Banach space of absolutely continuous functions from ℑ to E.
In this paper, and by using the properties of w-weighted Φ-Laplace transform, we de-

rive at first the formula of a mild solution to the following differential inclusion containing
the w-weighted Φ-Hilfer fractional derivative order µ and of type υ with the existence of
non-instantaneous impulses in Banach spaces with infinite dimensions:
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Dµ,v,Φ,w
ϑi ,σ

x(σ) ∈ Ax(σ) + F(σ, x(σ)), a.e., σ ∈ (ϑi, σi+1], i ∈ N0,
x(σ+

i ) = gi(σi, x(σ−
i )), i ∈ N1

x(σ) = gi(σ, x(σ−
i )), σ ∈ (σi, ϑi], i ∈ N1,

limσ→0+ w(σ)I2−γ,Φ,w
0,σ x(σ) = x0, limσ→0+

1
Φ′(σ)

d
dσ (w(σ)I2−γ,Φ,w

0,σ x(σ)) = x1,

limσ→ϑ−i
(w(σ)I2−γ

0,σ x(σ)) = gi(ϑi, x(ϑ−
i )), ∀i ∈ N1

limσ→ϑ−i
1

Φ′(σ)
d

dσ (w(σ)I2−γ
0,σ x(σ)) = g∗i (ϑi, x(ϑ−

i )), ∀i ∈ N1,

(1)

Then, without assuming the compactness of C(σ); σ > 0, we find the sufficient condi-
tions that ensure that the mild solution set of Problem (1) is not empty or compact in the
Banach space PC2−γ,Φ,w(ℑ, E), which will be defined latter.

To further explain our arguments that clarify our motivation for studying Problem
(1) addressed in this manuscript, as well as the importance of our purpose, we state the
following: In a very recently published paper, Alsheekhhussain et al. [34] considered
Problem (1) when the operator A is the zero operator. Zhou et al. [10] and He et al. [11]
investigated the existence of mild solutions to Problem (1) when ϑi = σi = b, ∀i ∈
N1, w(σ) = 1, Φ(σ) = σ; σ ∈ ℑ and v = 1. Wang et al. [12] considered Problem (1)
when w(σ) = 1, Φ(σ) = σ; σ ∈ ℑ and v = 1. Thongsalee et al. [13] proved that solutions
for Problem (1) exist; when A is the zero operator, F is a single-valued function, v = 0,
ϑi = σi = b, ∀i ∈ N1, w(σ) = 1, and Φ(σ) = σ ∈ ℑ, Shu et al. [14] studied Problem
(1) in the particular cases v = 0, w(σ) = 1 and Φ(σ) = σ, ∀σ ∈ ℑ, Gu et al. [17] was
the first to consider Problem (1) when µ ∈ (0, 1), ϑi = σi = b, ∀i ∈ N1, w(σ) = 1 and
Φ(σ) = σ; σ ∈ ℑ.

Working with the Laplace transform and density function, Gu et al. [17] was the first
to define the mild solution for the semilinear differential equation:{

Dδ,η
0,σx(σ) = Ξx(σ) + f (σ, x(σ)), a.e., σ ∈ (0, b],

limσ→0+ I1−ρ
0,σ x(σ) = x0,

(2)

where Dδ,η
0,σ is the Hilfer fractional derivative of order δ, η ∈ (0, 1), ρ = δ + η − δη, Ξ is the

infinitesimal generator of C0-semigroup of linear bounded operators, f : [0, b]× E → E
and x0 ∈ E is a fixed point. Jaiwal et al. [18] presented the definition of a mild solution for
(2) when Ξ is an almost sectorial operator, and then they found the sufficient conditions
that guarantee that the solution exists.

Yang et al. [19] proved the existence of mild solutions for the non-local semilinear
differential equation:{

Dµ,v
0,σ x(σ) = Ξx(σ) + f (σ, x(σ)), a.e., σ ∈ (0, b],

limσ→0+ I1−ρ
0,σ x(σ) = x0 − g(x),

(3)

where µ ∈ (0, 1), v ∈ [0, 1], ρ = µ + v − µv, and Ξ generates an analytic semigroup
of uniformly bounded linear operators. Wang et al. [20] showed solutions for (3) with
the existence of non-instantaneous impulses and where f is a multi-valued function and
studied the controllability of the problem. Very recently, Elbukhari et al. [23] proved the
existence of a mild solution for Problem (3), when Ξ is the infinitesimal generator of a
compact C0-semigroup and g does not satisfy any assumption such as compactness or
Lipschitz continuity, making their findings interesting.

Suechoei et al. [35] derived the formula of a mild solution for Problem (1) in the
particular cases µ ∈ (0, 1), ϑi = σi = b, ∀i ∈ N1 w(σ) = 1, σ ∈ ℑ and v = 1.

Later on, Asawasamrit et al. [36] studied non-instantaneous, impulsive differential
equations involving the Φ-Caputo fractional derivative of order α ∈ (0, 1) with Riemann–
Stieltjes fractional integral boundary conditions.
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Sousa et al. [37] introduced the concept of the Φ-Hilfer fractional derivative of order
µ ∈ (0, 1) and obtained important results. Kucche et al. [38] showed that solutions for the
following non-linear differential equation involving the Φ-Hilfer fractional derivative exist:

Dµ,v,Φ
a+ ,σ x(σ) = f (σ, x(σ)), a.e., σ ∈ (a, b]− {σ1, σ2, . . . , σm}

limϵ→0+ I1−ρ
a+ ,σx(σk + ϵ)− limϵ→0+ I1−ρ

a+ ,σx(σk − ϵ) = ξk ∈ R, k = 1, .., m,

limϵ→a+ I1−ρ
a+ ,σx(σ) = x0 ∈ R,

where µ ∈ (0, 1), v ∈ [0, 1], Dµ,v,Φ
a+ ,σ is the Φ-Hilfer fractional derivative, ρ = µ + v − µv and

f : [a, b]×R → R.
In [39–46], there are studies on the existence of mild solutions of differential equations

and inclusions involving the w -weighted Φ-Hilfer fractional derivative of order µ ∈ (0, 1)
and of type v ∈ [0, 1] in the special case w(σ) = 1; ∀σ ∈ ℑ.

Very recently, Benial et al. [47] considered w-weighted Φ-Riemann–Liouville differen-
tial equation of order σ(ξ), where σ(ξ) : [0, b] → (1, 2].

For other contributions on weighted fractional boundary value problems, we refer
to [48–50].

Remark 1. Our work is novel and interesting because:
1- To date, none of the researchers in the field have considered studying semilinear differen-

tial equations or semilinear differential inclusions containing the w-weighted Φ-Hilfer fractional
derivative of order µ ∈ (1, 2) and of type v ∈ [0, 1].

2- Our studied problem is considered with the existence of non-instantaneous impulses and in
infinite-dimensional Banach spaces.

3- Our problem contains the w-weighted Φ-Hilfer fractional derivative, which interpolates
many fractional differential operators, and hence, it includes the majority of problems cited above.

4- Li et al. [33] derived the representation of mild solutions to Problem (1) in the particular
situations when w(σ) = 1 and Φ(σ) = σ, ∀σ ∈ ℑ.

The following summarizes the focal contributions of our work.

• A new class of differential inclusions is formulated, involving the w-weighted Φ-Hilfer

differential operator, Dµ,v,Φ,w
0,σ , of order µ ∈ (1, 2) and of type υ in Branch spaces with

finite dimension, when the linear term is the infinitesimal generator of a strongly
continuous cosine family, and the nonlinear term is a multi-valued function

• By utilizing both the w-weighted Φ-Laplace transform and w- weighted Φ-convolution,
the representation of mild solutions for Problem (1) is derived (Lemma 10 and Defini-
tion 12).

• Our obtained formula for mild solutions coincides with the formula that was obtained
by Li et al. [33] in the special case w(σ) = 1 and Φ(σ) = σ, ∀σ ∈ ℑ (Corollary 1).

• The conditions that ensure that the mild solution set for Problem (1) is not empty or
compact are obtained (Theorem 1).

• This work is a generalization of what was achieved in [17,19,33–35].
• An example is given to show the possibility of applying our results (Example 1).
• Our method helps interested researchers to generalize the majority of the aforemen-

tioned works to the case where the non-linear term is a multifunction and the space is
infinite-dimensional.

• Since a large class of fractional differential operators can be obtained from Dµ,v,Φ,w
0,σ ,

the works in many results mentioned above can be generalized by replacing the
considered fractional differential operator with Dµ,v,Φ,w

0,σ and making the dimension of
the space infinite, and this is considered as a suggestion for future research work as a
result of our work.

• One can obtain a broad class of fractional differential equations and inclusions as a
particular case of Problem (1) (see Remark 1).
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We organize our work as follows: in Section 2, we present definitions and results
from previous work that we will need to obtain our results. In the third section, we obtain
the relation between Problem (1) and the correlating fractional integral equation and the
representation of mild solutions. Moreover, we prove that the mild solution set for Problem
(1) is not empty or compact. Finally, an example is presented to clarify the possibility of the
application of our results.

2. Preliminaries and Notations

We commence this section by recalling some symbols that will be used later.
For any p ≥ 1, denote by Lp,Φ

w ((0, b), E) the Banach space of all Lebesgue measurable

functions f such that f w(Φ′)
1
p ∈ Lp((a, b), E) when p ∈ [1, ∞), and f w ∈ L∞((0, b), E)

when p = ∞, where

|| f ||
Lp,Φ

w ((0,b),E)
:=

{
(
∫ b

0 || f (x)w(x)||PΦ′(x)dx)
1
p , if p ∈ [1, ∞),

|| f w||L∞((0,b),E), if p = ∞.

For any function f : [0, b] → E, define [50]

D1,Φ,w f (σ) := w−1(σ)
1

Φ′(σ)

d
dσ

( f (σ)w(σ)),

Dk,Φ,w f (σ) := D1,Φ,wDk−1,Φ,w f (σ) = w−1(σ)[
1

Φ′(σ)

d
dσ

]k( f (σ)w(σ)), k ∈ N2,

and
fk,Φ,w(σ) := w(σ)Dk,Φ,w f (σ) = [

1
Φ′(σ)

d
dσ

]k( f (σ)w(σ)), k ∈ N2.

Let us consider the Banach spaces:
-Cw([a, b], E) := {x ∈ C(ℑ, E) : wx ∈ C([a, b], E)}, where ||x|| = maxs∈ℑ ||w(s)x(s)||.
-C2−γ,Φ,w(ℑ, E) := {x ∈ C((0, b], E) : (Φ(.)− Φ(0))2−γx(.) ∈ Cw(ℑ, E)}, where

||x||C2−γ,Φ,w(ℑ,E) := sup
ϱ∈ℑ

|| (Φ(ϱ) − Φ(0))2−γw(ϱ)x(ϱ)||.

-PC2−γ,Φ,w(ℑ, E) := {x : [0, b] → E, (Φ(.) − Φ(ϑk))
2−γx(.) ∈ Cw(ℑk, E), x|σi

∈
C(σi, E),

limσ→ϑ+k
(Φ(σ)− Φ(ϑk))

2−γx(σ) and limσ→σ+
i

x(σ) exists, k ∈ N0, i ∈ N1}, where

||x||PC2−γ,Φ,w(ℑ,E) := max{ sup
σ∈ℑk
k∈N0

(Φ(σ)− Φ(ϑk))
2−γ||w(σ)x(σ)||E, sup

σ∈Tk
k∈N1

||x(σ)||E},

-AC1,w(ℑ, E) := {x : [a, b] → E, xw ∈ AC(ℑ, E)}, where ||x||AC1,w(ℑ,E) = ||xw||AC(ℑ,E).
-C1

2−µ,Φ,w(ℑ, E) := {x ∈ C2−µ,Φ,w(ℑ, E) : D1,Φ,wx ∈ C2−µ,Φ,w(ℑ, E)}.

-Cn
2−γ,Φ,w(ℑ, E) := {x ∈ Cn−1

2−γ,Φ,w(ℑ, E) : Dn,Φ,wx ∈ C2−γ,Φ,w(ℑ, E)}, n ∈ N− {1},
where

||x||Cn
2−µ,Φ,w(ℑ,E) :=

k=n−1

∑
k=1

||Dk,Φ,wx||Ck
2−µ,Φ,w(ℑ,E) + ||Dn,Φ,wx||C2−µ,Φ(ℑ,E).

-ACn,Φ,w(ℑ, E) := {x : ℑ → E, Dn−1,Φ,wx ∈ AC1,w(ℑ, E), Dn,Φ,wx ∈ L1,Φ
w ((0, b), E)};

n ∈ N− {1}, where ||x||ACn,Φ,w(ℑ,E) := ||xn−1,Φ,w||AC(ℑ,E).
The function χPC2−γ,Φ,w(ℑ,E) : Pb(PC2−γ,Φ,w(ℑ, E)) → [0, ∞), which is given by :

χPC2−γ,Φ,w(ℑ,E)(D) := max{max
k∈N0

χC(ℑk ,E)(D
|ℑk

), max
i∈N1

χC(Ti ,E)
(D

|Ti
)},
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is a measure of noncompactness on PC2−γ,Φ,w(ℑ, E), where

D|ℑk
:= {h∗ ∈ C(ℑk, E) : h∗(σ) = (Φ(σ)− Φ(ϑk))

2−γw(σ)h(σ), σ ∈ ℑk,

h∗(ϑk) = lim
σ→ϑ+k

h∗(σ), h ∈ D},

and
D|Ti

:= {h∗ ∈ C(Ti, E) : h∗(σ) = h(t), t ∈ Ti, h∗(ti) = h(t+i ), h ∈ D}.

Definition 1 ([50]). Let α > 0. The w-weighted Riemann–Liouville fractional integral of order α

where the lower limit at a of a function f ∈ Lp,Φ
w ([a, b], E) in regard to Φ is given by:

(Iα,Φ,w
a,t f )(σ) :=

w−1(σ)

Γ(α)

∫ σ

a
(Φ(σ)− Φ(ϑ))α−1Φ′(ϑ) f (ϑ)w(ϑ)dϑ.

Lemma 1 ([50], Theorem 2.4). Assume f ∈ Lp,Φ
w ((a, b], E), 1 ≤ p ≤ ∞, α > 0 and β > 0, then

Iα,Φ,w
a,σ Iβ,Φ,w

a,σ f = Iα+β,Φ,w
a,σ f .

Definition 2 ([50]). Let n ∈ N and α ∈]n − 1, n[. The w-weighted Riemann–Liouville fractional
derivative whose order α where the lower limit at a of a function f : [a, b] → E in regard to Φ is
given by:

(Dα,Φ,w
a,σ f )(σ) := Dn,Φ,w

σ (In−α,Φ,w
a,σ f )(σ)

=
1

w(σ)Γ(n − α)
Dn,Φ,w

σ (
∫ σ

a
(Φ(σ)− Φ(ϑ))n−α−1Φ′(ϑ) f (ϑ)w(ϑ)dϑ,

assuming that the right-hand side is well defined.

Lemma 2 ([50], Proposition 1.3).
i- If α > 0 and β > 0, then

Iα,Φ,w
a,σ (

(Φ(σ)− Φ(a))β−1

w(σ)
)

=
Γ(β)

Γ(β + α)

(Φ(σ)− Φ(a))β+α−1

w(σ)
; ∀σ ∈ ℑ. (4)

ii- If β > 0 and α < β, then

Dα,Φ,w
a,σ (

(Φ(σ)− Φ(a))β−1

w(σ)
)

=
Γ(β)

Γ(β − α)

(Φ(σ)− Φ(a))β−α−1

w(σ)
; ∀σ ∈ ℑ.

One can use similar arguments to the ones used in E = R ([50], Theorems 3.3–3.6) to
prove the next lemma.

Lemma 3. i- If α ∈ (n − 1, n) and f ∈ ACn,Φ,w([a, b], E), then Dα,Φ,w
a,σ f exits almost everywhere

and

(Dα,Φ,w
a,σ f )(σ) :=

w−1(σ)

Γ(n − α)
(
∫ σ

a
(Φ(σ)− Φ(ϑ))n−α−1Φ′(ϑ)Dn,Φ,w

ϑ (w(ϑ) f (ϑ))dϑ

−
k=n−1

∑
k=0

(Φ(σ)− Φ(a))k

k!
fk,Φ,w(a), a.e.,
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where f0,Φ,w(a) = f (a)w(a).
ii- If f ∈ Lp,Φ

w ((a, b], E) and α > β > 0, then Dβ,Φ,w
a,σ Iα,Φ,w

a,σ f (σ) = Iα−β,Φ,w
a,σ f (σ), ∀σ ∈ ℑ.

iii- If f ∈ Lp,Φ
w ((a, b], E), then Dα,Φ,w

a,σ Iα,Φ,w
a,σ f (σ) = f (σ), ∀σ ∈ ℑ.

iv- If α ∈ (n − 1, n) and f ∈ Lp,Φ
w ((a, b], E) such that In−α,Φ,w

a,σ f ∈ ACn,Φ,w([a, b], E), then
for any σ ∈ [a, b]

Iα,Φ,w
a,σ (Dα,Φ,w

a,σ f )(σ)

= f (σ)− w−1(σ)
n

∑
k=1

(Φ(σ)− Φ(a))α−k

Γ(α − k + 1)
lim
σ→a

(
1

Φ′(σ)
d

dσ
)n−k(w(σ)In−α

a,σ f (σ)). (5)

Definition 3 ([50]). Let n ∈ N and α ∈]n− 1, n[. The w-weighted Φ−Caputo fractional derivative
of order α where the lower limit at a of a function f ; [a, b] → E in regard to to Φ is given by:

cDα,Φ,w
a,σ f )(σ) := Dα,Φ,w

σ ( f (σ)−
k=n−1

∑
k=0

(Φ(σ)− Φ(a))k

k!
fk,Φ,w(a)),

assuming that the right-hand side is well defined.

In the following, we recall some properties for Iα,Φ,w
a,σ , Dα,Φ,w

a,σ and cDα,Φ,w
a,σ .

Lemma 4 ([50], Theorems 4.2–4.5). i- If α ∈ (n − 1, n) and f ∈ ACn,Φ,w([a, b], E), then for a.e.

cDα,Φ,w
a,σ f )(σ) =

w−1(σ)

Γ(1 − α)
(
∫ σ

a
(Φ(σ)− Φ(ϑ))n−α−1[

1
Φ′(σ)

d
dσ

]n( f (ϑ)w(ϑ))dϑ.

ii- If α ∈ (0, 1) and f ∈ ACn,Φ,w([a, b], E), then for a.e.

cDα,Φ,w
a,σ f )(σ) =

w−1(σ)

Γ(1 − α)
(
∫ σ

a
(Φ(σ)− Φ(ϑ))n−α−1 d

dϑ
( f (ϑ)w(ϑ))dϑ.

iii- cDα,Φ,w
a,σ (w−1(σ)(Φ(σ)− Φ(a))k(σ) = 0; ∀k = 0, 1, . . . , n − 1, where n − 1 < α < n.

As a result of definitions (3) and (1), we give in the following definition the concept of
the w-weighted Φ-Hilfer derivative operator.

Definition 4. The w-weighted Φ-Hilfer derivative of order µ and of type v where the lower limit
at a for a function f : [a, b] → E is given by

Dµ,v,Φ,w
a,σ f (σ) := Iv(2−µ)

a,σ D2,Φ,w
σ I(2−µ)(1−v),Φ,w

a,σ f (σ)

= Iv(2−µ)
a,σ D2,Φ,w

σ I2−γ,Φ,w
a,σ f (σ)

= Iv(2−µ)
a,σ Dγ,Φ,w

a,σ f (σ), (6)

where γ = µ + 2vs. − µvs., assuming that the right-hand side is well defined.

Remark 2. 1- If f ∈ C2,Φ,w([a.b], E), then Dγ,Φ,w
a,σ f (σ) exists a.e., and consequently Dµ,v,Φ,w

a,σ f (σ)
exists for σ ∈ (a, b].

2- If I2−γ,Φ,w
a,σ f (σ) ∈ Cγ

2−µ,Φ,w([a, b], E), then Dγ,Φ,w
a,σ f (σ) ∈ C2−µ,Φ,w([a, b], E), and conse-

quently Dµ,v,Φ,w
a,σ f (σ) exists for σ ∈ (a, b].

3- Let x ∈ Lp,Φ
w ((a, b], E) be such that I2−γ,Φ,w

a,σ x ∈ C2
2−γ,Φ,w([a, b], E). Since

C2
2−γ,Φ,w([a, b], E) ⊆ C2,Φ,w([a, b], E), then, I2−γ,Φ,w

a,σ x ∈ C2,Φ,w([a, b], E). Therefore, by Lemma
1, (5) and (6), we obtain for σ ∈ (a, b],
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Iµ,Φ,w
a,σ (D µ,v,Φ,w

a,σ x)(σ) = Iµ,Φ,w
a,σ Iv(2−µ),Φ,w

a,σ Dγ,Φ,w
a,σ x(σ)

= Iγ,Φ,w
a,σ Dγ,Φ,w

a,σ x(σ)

= x(σ)− (Φ(σ)− Φ(a))γ−1

w(σ)Γ(γ)
lim

σ→a+
(

1
Φ′(σ)

d
dσ

)(w(σ)I2−γ,Φ,wx(σ))

− (Φ(σ)− Φ(a))γ−2

w(σ)Γ(γ − 1)
lim

σ→a+
(w(σ)I2−γ,Φ,wx(σ)). (7)

Definition 5 ([51]). We call a one-parameter family of bounded linear operators {C(σ)}σ∈R which
maps the Banach space E into itself a strongly cosine family if and only if

(i) C(0) = I,
(ii) C(ϑ + σ) + C(ϑ − σ) = 2C(ϑ)C(σ) for all ϑ, σ ∈ R,
(iii) The map σ 7−→ C(σ)x is continuous for each x ∈ E.

Definition 6 ([51]). Let {C(σ)}σ∈R be a strongly cosine family, Then, we call the family
{S(σ)}σ∈R, where

S(σ)x =
∫ σ

0
C(ϑ)xdϑ, (8)

a strongly continuous sine family correlated with {C(σ)}σ∈R.

Lemma 5 ([51]). Let {C(σ)}σ∈R be a strongly cosine family on E. Then, the following are true.
1- S(0) = 0, C(σ) = C(−σ), S(σ) = −S(−σ) for all σ ∈ R;
2- C(σ), C(ϑ), S(σ) and S(ϑ) are commute for all σ, ϑ ∈ R;
3- For any x ∈ E, σ 7−→ C(σ)x is continuous;
4- S(σ + ϑ) + S(σ − ϑ) = 2S(σ)C(ϑ)for all σ, ϑ ∈ R;
5- S(σ + ϑ) = S(σ)C(ϑ) + C(σ)S(ϑ)for all σ, ϑ ∈ R;
6- There are positive constants M0 and ς such that ||C(σ)|| ≤ M0e ς|σ| for all σ ∈ R and

||S(σ)x − S(ϑ)x|| ≤ M0|
∫ σ

ϑ
e ς|τ|xdτ|, for all σ, ϑ ∈ R.

Definition 7 ([51]). The infinitesimal generator of a strongly cosine family {C(σ)}σ∈R is given by

Ax =
d2

dσ2 C(σ)x|x=0,

where D(A) = {x ∈ E : C(σ)x is twice continuously differentiable of σ}.

Lemma 6. Let A be the infinitesimal generator of a strongly continuous cosine family {C(σ)}σ∈R.
Then, for λ with Rel λ > ς, λ2 belongs to the resolvent set of A, λ(λ2 − A)−1u =

∫ ∞
0 e−λσC(σ)u dσ

and (λ2 − A)−1u =
∫ ∞

0 e−λσS(σ)u dσ ; u ∈ E, where ς is defined in the sixth item 6 of Lemma 5.

Definition 8 ([50]). The w− weighted Φ−Laplace transform for a function f : [a, ∞) → E is
given by

{LΦ,w f (.)}(λ) :=
∫ ∞

a
e−λ(Φ(σ)−Φ(0))w(σ) f (σ)Φ′(σ)dσ, λ > 0. (9)

Definition 9 ([50], Definition 5.9). The w− weighted Φ−convolution of functions f : [a, ∞) →
E and h : [a, ∞) → R is given by

(h ∗Φ,w f )σ

= w−1(σ)
∫ σ

a
w(Φ−1(Φ(σ)− Φ(a)− Φ(ϑ))h(Φ−1(Φ(σ)− Φ(a)− Φ(ϑ))w(ϑ) f (ϑ)Φ′(ϑ)dϑ.
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where Φ−1 is the inverse function of Φ; that is, σ = Φ−1(Φ(σ)− Φ(a)− Φ(ϑ)) ⇐⇒ Φ(σ) =
Φ(σ)− Φ(a)− Φ(ϑ).

Definition 10 ([50]). A function f : [0, ∞) → E is considered to be a w-weighted Φ-exponential
function if there are positive constants L, C, K such that ||w(x) f (x)|| ≤ LeCΦ(x), ∀x > K.

Lemma 7 ([50], Proposition 5.2, Remark 5.8, Theorem 5.9 and Corollary 5.11). Let a ≥ 0.
1- f ∗Φ,w h = h ∗Φ,w f .
2-

{LΦ,ww−1(.)((Φ(.)− Φ(a))β−1}(λ) = Γ(β)

λβ
; β > −1. (10)

3- If α > 0 and x : [a, ∞] → E is a piecewise continuous function on each interval [0, σ] and
w−weighted Φ−exponential, then

{LΦ,w(Iα,Φ,w
a,σ x)}(λ) :=

{LΦ,wx}(λ)
λα

; λ > 0. (11)

4- If the w−weighted Φ−Laplace transform of f and h exist for λ > 0, then

{LΦ,w( f ∗Φ,w h)}(λ) = {LΦ,w f }(λ)× {LΦ,wh}(λ). (12)

5- Let α ∈ (n − 1, n). If (Dα,Φ,w
a,σ f )(σ) is well defined for almost a > 0, then

{LΦ,w(Dα,Φ,w
a,σ f (σ))}(λ) = λα{LΦ,w( f (σ)}(λ)− lim

σ→0

n−1

∑
k=0

(
d

Φ′(x)dx
)kw(x)In−α,Φ,w

a,σ f (a+). (13)

Lemma 8 ([52], Corollary 3.3.1.). Assume that U is a not empty, closed and convex subset of E
and Υ : U → Pck(E) is χ−condensing and with a closed graph, where χ is a non-singular measure
of noncompactness defined on subsets of U. Then, Υ has a fixed point.

Lemma 9 ([52], Propostion 3.5.1.). Assume that U is as in Lemma 8 and Υ : U → Pck(E) is
χ−condensing on all bounded subsets of U, where χ is a monotone measure of noncompactness
defined on E. If Υ has a closed graph, and the fixed-points set for Υ, Fix(Υ), is a bounded subset of
E, then it is compact.

3. Non-Emptiness and Compactness of the Mild Solution Set for (1)

Firstly, by using the properties of the w−weighted Φ−Laplace transform, we derive
the formula of a mild solution function for Problem (1). For this purpose, we consider the
following w-weighted semilinear differential equation of order µ and of type v :

Dµ,v,Φ,w
0,σ x(σ) = Ax(σ) + f (σ, x(σ)), σ ∈ (0, b],

limσ→0+ I2−γ,Φ,w
0,σ w(σ)x(σ) = x0,

limσ→0+
1

Φ′(σ)
d

dσ (I2−γ,Φ,w
0,σ w(σ)x(σ) = x1,

(14)

where f : ℑ× E → E. By applying the operator Iµ,Φ,w
0,σ on both sides of Equation (14) and

using (7), we have for σ ∈ (0, b]

x(σ) = x0w−1(σ)
(Φ(σ)− Φ(0))γ−2

Γ(γ − 1)
+ x1w−1(σ)

(Φ(σ)− Φ(0))γ−1

Γ(γ)

+ Iµ,Φ,w
0,σ Ax(σ) + Iµ,Φ,w

0,σ f (σ, x(σ)). (15)

Equation (15) is called the corresponding integral equation for Problem (14). In the
next lemma, we obtain the formula of a mild solution function for (14).
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Lemma 10. Assume that A is the infinitesimal generator of a strongly continuous cosine family
{C(σ)}σ∈R and x ∈ Lp,Φ

w (ℑ, E) such that I2−γ,Φ,w
0,σ x ∈ C2

2−γ,Φ,w([0, b], E). If x satisfies (15),
then, for σ ∈ (0, b],

x(σ) = D2δ−γ+1,Φ,w
0,σ ((Φ(σ)− Φ(0))δ−1Kδ,Φ,w(σ, 0))x0 + (Z1 ∗Φ,w Z2)(σ)

+
∫ σ

0
(Φ(σ)− Φ(ϑ))δ−1Kδ,Φ,w(σ, ϑ) f (ϑ, x(ϑ))w(ϑ)Φ′(ϑ)dϑ, (16)

where σ ∈ (0, b], δ = µ
2 , Z1(σ) = w−1(σ)(Φ(σ)−Φ(0))γ−2δ−1

Γ(γ−2δ)
, Z2(σ) = (Φ(σ)−

Φ(0))δ−1KΦ,δ,w(σ, 0)x1, Z3(σ) = (Φ(σ)− Φ(0))δ−1KΦ,δ,w(σ, 0)x0,

Kδ,Φ,w(σ, ϑ)u =
1

w(σ)

∫ ∞

0
δθξδ(θ)ϑ((Φ(σ)− Φ(ϑ))δθ)udθ; σ ∈ (0, ∞), 0 ≤ ϑ ≤ σ, (17)

ξδ(θ) = 1
δ θ−1− 1

δ ρδ(θ
− 1

δ ) and ρδ(θ) = 1
π ∑∞

n=1(−1)n−1θ−δn−1 Γ(n δ+1)
n! sin(nπδ), σ ∈

(0, ∞).

Proof. Let λ > 0 be such that Rel λδ > ς, where ς is given as in the sixth item of Lemma 5.
Then, using Lemma 6, (λ2δ − A)−1 is well defined and

(λ2δ − A)−1u =
∫ ∞

0
e−λδσϑ(σ)u dσ ; u ∈ E. (18)

Applying the generalized w−weighted Φ−Laplace transform, defined by (9), on both sides
of Equation (15) and using (10) and (11), it follows that

{LΦ,wx(.)}(λ)

= {LΦ,wx0w−1(.)
(Φ(.)− Φ(0))γ−2

Γ(γ − 1)
}(λ)

+ {LΦ,wx1w−1(.)
(Φ(.)− Φ(0))γ−1

Γ(γ)
}(λ)

+ {LΦ,w Iµ,Φ,w
0,σ Ax(.)}(λ) + {LΦ,w Iµ,Φ,w

0,σ f (σ, x(.))}(λ). (19)

Set
X(λ) = {L0

Φ,wx}(λ),

and
F(λ) = {L0

Φ,w f (., x(.))}(λ).

Then, (19) becomes

X(λ) =
x0

λγ−1 +
x1

λγ
+

AX(λ)

λµ +
F(λ)
λµ

=
x0

λγ−1 +
x1

λγ
+

AX(λ)

λ2δ
+

F(λ)
λ2δ

. (20)

From (18), it yields

X(λ) = λ2δ−γ+1(λ2δ − A)−1x0 + λ2δ−γ(λ2δ − A)−1x1

+ (λ2δ − A)−1F(λ)

= λ2δ−γ+1
∫ ∞

0
e−λδσS(σ)x0 dσ + λ2δ−γ

∫ ∞

0
e−λδσS(σ)x1 dσ

+
∫ ∞

0
e−λδσS(σ) F(λ)dσ

= I1 + I2 + I3. (21)
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In I2, replacing σ with (Φ(ϑ)− Φ(0))δ, we obtain

I2 = λ2δ−γ
∫ ∞

0
δ(Φ(ϑ)− Φ(0))δ−1e−(λ(Φ(ϑ)−Φ(0))δ

S((Φ(ϑ)− Φ(0))δ)Φ′(ϑ)x1dϑ. (22)

Because δ ∈ ( 1
2 , 1), then [53]

e−(λ(Φ(ϑ)−Φ(0))δ
=

∫ ∞

0
e−λθ(Φ(ϑ)−Φ(0))ρδ(θ)dθ. (23)

Equations (22) and (23) imply that

I2

= λ2δ−γ
∫ ∞

0

∫ ∞

0
δ(Φ(ϑ)− Φ(0))δ−1e−λθ(Φ(ϑ)−Φ(0))×

ρδ(θ)S((Φ(ϑ)− Φ(0))δ)Φ′(ϑ)x1dθdϑ.

Replacing θ(Φ(ϑ)− Φ(0)) with Φ(τ)− Φ(0),

I2 = λ2δ−γ
∫ ∞

0

∫ ∞

0
δ
(Φ(τ)− Φ(0))δ−1

θδ
e−λ(Φ(τ)−Φ(0))ρδ(θ)×

S(
(Φ(τ)− Φ(0))δ

θδ
)Φ′(τ)x1dθdτ.

Replacing θ with σ
−1
δ and using (11), (12) and (17), we obtain

I2 = λ2δ−γ
∫ ∞

0
e−λ(Φ(τ)−Φ(0))(Φ(τ)− Φ(0))δ−1×

∫ ∞

0
σ(σ

−1
δ

−1
ρδ(σ

−1
δ ))S((Φ(τ)− Φ(0))δσ)Φ′(τ)x1dσdτ

= λ2δ−γ
∫ ∞

0
e−λ(Φ(τ)−Φ(0))(Φ(τ)− Φ(0))δ−1Φ′(τ)×

(
∫ ∞

0
δσξδ(σ)S((Φ(τ)− Φ(0))δσ)dσ)x1dτ

= λ2δ−γ
∫ ∞

0
e−λ(Φ(τ)−Φ(0))(Φ(τ)− Φ(0))δ−1Φ′(τ)w(τ)Kδ,Φ,w(τ, 0)x1dτ.

Since, from (10),

LΦ,w(w−1(σ)(Φ(σ)− Φ(0))γ−2δ−1 = λ2δ−γΓ(γ − 2δ),

it yields,

I2 = LΦ,w(Z1}(λ)× {LΦ,w(Z2}(λ)
= LΦ,w(Z1 ∗Φ,w Z2). (24)

Similarly,

I1

= λ2δ−γ+1
∫ ∞

0
e−λ(Φ(τ)−Φ(0))(Φ(τ)− Φ(0))δ−1Φ′(τ)w(τ)KΦ,δ(τ, 0)x0dτ

= λ2δ−γ+1{LΦ,w((Φ(τ)− Φ(0))δ−1}(λ).
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Since limσ→0 I1−(2δ−γ+1),Φ,w[(Φ(σ)− Φ(0))δ−1KΦ,δ,w(σ, 0)x0] = 0 and 1 − (2δ − γ +
1) ∈ (0, 1), by (13), we have

I1 = λ2δ−γ+1{LΦ,w(Z3}(λ) = {LΦ,w (D2δ−γ+1,Φ,w
0,σ Z3}(λ). (25)

For I3, by arguing as in (21)–(23), we can arrive at

I3 =
∫ ∞

0

∫ ∞

0
δ
(Φ(τ)− Φ(0))δ−1

θδ
e−λ(Φ(τ)−Φ(0))ρδ(θ)×

S(
(Φ(τ)− Φ(0))δ

θδ
)Φ′(τ)F(λ)dθdτ

=
∫ ∞

0

∫ ∞

0

∫ ∞

0
δ
(Φ(τ)− Φ(0))δ−1

θδ
e−λ(Φ(τ)−Φ(0))ρδ(θ)×

S(
(Φ(τ)− Φ(0))δ

θδ
)e−λ(Φ(κ)−Φ(0)) f (κ, x(κ))w(κ)Φ′(κ)Φ′(τ)dκdθdτ

=
∫ ∞

0

∫ ∞

0

∫ ∞

0
δ
(Φ(τ)− Φ(0))δ−1

θδ
e−λ(Φ(τ)+Φ(κ)−Φ(0))ρδ(θ)×

S(
(Φ(τ)− Φ(0))δ

θδ
) f (κ, x(κ))w(κ)Φ′(κ)Φ′(τ)dκdθdτ. (26)

Replacing, in (26), Φ(κ) with Φ(σ)− Φ(τ) + Φ(0), one can obtain

I3 =
∫ ∞

0

∫ ∞

τ

∫ ∞

0
δ
(Φ(τ)− Φ(0))δ−1

θγ
e−(λ(Φ(σ)−Φ(0))ρδ(θ)×

S((
Φ(τ)− Φ(0)

θ
)δ)Φ′(τ)×

f (Φ−1(Φ(σ)− Φ(τ) + Φ(0)), x(Φ−1(Φ(σ)− Φ(τ) + Φ(0)))×
w(Φ−1(Φ(σ)− Φ(τ) + Φ(0)))Φ′(σ)dθdσdτ

=
∫ ∞

0
e−(λ(Φ(σ)−Φ(0))

∫ σ

0

∫ ∞

0
δ
(Φ(τ)− Φ(0))δ−1

θγ
ρδ(θ)×

S((
Φ(τ)− Φ(0)

θ
)δ)Φ′(σ)Φ′(τ)×

f (Φ−1(Φ(σ)− Φ(τ) + Φ(0)), x(Φ−1(Φ(σ)− Φ(τ) + Φ(0)))×
w(Φ−1(Φ(σ)− Φ(τ) + Φ(0)))dθdτdσ. (27)

Replacing Φ(τ), in (27), with Φ(σ)− Φ(ϑ) + Φ(0), we obtain:

I3 =
∫ ∞

0
e−(λ(Φ(σ)−Φ(0))

∫ σ

0

∫ ∞

0
γ
(Φ(σ)− Φ(ϑ))δ−1

θγ
ρδ(θ)×

S((
Φ(σ)− Φ(ϑ)

θ
)δ) f (ϑ, x(ϑ))w(ϑ)Φ′(ϑ)Φ′(σ)dθdϑdσ.
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Replacing θ with θ
−1
δ and using (17), we get

I3 =
∫ ∞

0
e−(λ(Φ(σ)−Φ(0))

∫ σ

0

∫ ∞

0
θ(Φ(σ)− Φ(ϑ))δ−1e−λΦ(σ)ρδ(θ

−1
δ )θ

−1
δ

−1
×

S((Φ(σ)− Φ(ϑ))δθ) f (ϑ, x(ϑ))w(ϑ)Φ′(ϑ)Φ′(σ)dθdϑdσ

=
∫ ∞

0
e−(λ(Φ(σ)−Φ(0))

∫ σ

0
(Φ(σ)− Φ(ϑ))δ−1[

∫ ∞

0
δθξδ(θ)×

S((Φ(σ)− Φ(ϑ))δθ) f (ϑ, x(ϑ))dθ]w(ϑ)Φ′(ϑ)Φ′(σ)dϑdσ

=
∫ ∞

0
e−(λ(Φ(σ)−Φ(0))w(σ)[

∫ σ

0
(Φ(σ)− Φ(ϑ))δ−1Kδ,Φ,w(σ, ϑ)×

f (ϑ, x(ϑ))w(ϑ)Φ′(ϑ)dϑ]Φ′(σ)dσ

= LΦ,w{Z4}(λ), (28)

where Z4(σ) =
∫ σ

0 (Φ(σ)− Φ(ϑ))δ−1w(ϑ)Kδ,Φ,w(σ, ϑ) f (ϑ, x(ϑ))Φ′(ϑ)dϑ.
Equations (20), (25), (26) and (28) give us

{LΦ,wx}(λ) = {LΦ,w (D2δ−γ+1,Φ,w
0,t Z2}(λ) + LΦ,w(Z2 ∗Φ,w Z1}(λ)

+ +LΦ,w{Z4}(λ).

By utilizing the w−weighted Φ−Laplace transform, we obtain, for any σ ∈ (0, b],

x(σ) = D2δ−γ+1,Φ,w
0,σ Z3(σ) + (Z1 ∗Φ,w Z2)(σ) + Z4(σ)

= D2δ−γ+1,Φ,w
0,σ ((Φ(σ)− Φ(0))δ−1KΦ,δ,w(σ, 0)x0) + (Z1 ∗Φ,w Z2)(σ)

+
∫ σ

0
(Φ(σ)− Φ(ϑ))δ−1Kδ,Φ,w(σ, ϑ) f (ϑ, x(ϑ))w(ϑ)Φ′(ϑ)dϑ.

So, (16) is satisfied.

As a consequence of Lemma 10, we obtain the next definitions:

Definition 11. A function x ∈ C2−γ,Φ,w(ℑ, E) is called a mild solution for Problem (14) when it
satisfies the next fractional integral equation:

x(σ) = Dµ−γ+1,Φ,w
0,σ ((Φ(σ)− Φ(0))δ−1Kδ,Φ,w(σ, 0)x0) + (Z1 ∗Φ,w Z2)(σ)

+
∫ σ

0
(Φ(σ)− Φ(ϑ))δ−1Kδ,Φ,w(σ, ϑ) f (ϑ, x(ϑ))Φ′(ϑ)w(ϑ)dϑ. (29)

Definition 12. A function x ∈ PC2−γ,Φ,w(ℑ, E) is called a mild solution for Problem (1) if it
satisfies the following fractional integral equation:

x(σ) =



Dµ−γ+1,Φ,w
0,σ ((Φ(σ)− Φ(0))δ−1Kδ,Φ,w(σ, 0))x0 + (Z1 ∗Φ,w Z2)(σ)

+
∫ σ

0 (Φ(σ)− Φ(ϑ))δ−1Kδ,Φ,w(σ, ϑ) f (ϑ)w(ϑ)Φ′(ϑ)dϑ, σ ∈ ℑ0,
gi(σ, x(σ−

i )), σ ∈ σi, i ∈ N1,
Dµ−γ+1,Φ,w

ϑi ,σ
((Φ(σ)− Φ(ϑi))

δ−1Kδ,Φ,w(σ, ϑi))gi(ϑi, x(ϑ−
i ))

+(Z5,i ∗Φ,w Zx
6,i)(σ)

+
∫ σ

ϑi
(Φ(σ)− Φ(ϑ))δ−1Kδ,Φ,w(σ, ϑ) f (ϑ)w(ϑ)Φ′(ϑ)dϑ, σ ∈ ℑi, i ∈ N2,

(30)

where ℑi = (ϑi, σi+1]; i ∈ N0, Ti = (σi, ϑi]; i ∈ N1, Z1(σ) =
w−1(σ)(Φ(σ)−Φ(0))γ−2δ−1

Γ(γ−2δ)
, Z2(σ) =

(Φ(σ) − Φ(0))δ−1KΦ,δ,w(σ, 0)x1, Z5,i(σ) = w−1(σ)(Φ(σ)−Φ(ϑi))
γ−2δ−1

Γ(γ−2δ)
, Zx

6,i(σ) = (Φ(σ) −
Φ(ϑi))

δ−1KΦ,δ,w(σ, ϑi)g∗i (ϑi, x(ϑ−
i )), δ = µ

2 and f ∈ L1((0, b), E) with f (ϑ) ∈ F(ϑ, x(ϑ)), a.e.
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Corollary 1. If σi = ϑi = b, ∀i ∈ N1, w(σ) = 1 and Φ(σ) = σ,∀ σ ∈ ℑ, then the mild solution
function of the following problem:{

Dµ,v
0,σ x(σ) ∈ Ax(σ) + F(σ, x(σ)), a.e., σ ∈ (0, b]

limσ→0+ I2−γ
0,σ x(σ) = x0, limσ→0+

d
dσ (I2−γ

0,σ x(σ)) = x1
(31)

becomes

x(σ) =

{
Dµ−γ+1

0,σ (σδ−1Kδ(σ, 0)x0) + (Z1 ∗ Z2)(σ)

+
∫ σ

0 (σ − ϑ)δ−1Kδ(σ, ϑ) f (ϑ)dϑ, σ ∈ (0, b],
(32)

where δ = µ
2 ,

Kδ(σ, ϑ)u =
∫ ∞

0
δθξδ(θ)ϑ(σ − ϑ)δθ)udθ, (33)

Kδ(σ, ϑ)u =
∫ ∞

0 δθξδ(θ)S(σ − ϑ)δθ)udθ and

(Z1 ∗ Z2)(σ) =
1

Γ(γ − 2δ)

∫ σ

0
(σ − ϑ)γ−2δ−1ϑδ−1Kδ(ϑ, 0)x1 = Iγ−2δ

0,σ σδ−1Kδ(σ, 0)x1, (34)

and this coincides with Definition (8) in [33].

The next lemma illustrates some properties of Kδ(., .).

Lemma 11. Suppose that the operator A satisfies the next condition:
(A) A is the infinitesimal generator of a strongly continuous cosine family {C(σ)}σ∈R, and

there is M > 0 such that supσ≥0||C(σ)|| ≤ M.
Then,
1- For every σ > 0, every ϑ ∈ (0, σ) and every u ∈ E,

w(σ)||Kδ,Φ,w(σ, ϑ)u|| ≤ M(Φ(σ)− Φ(ϑ))δ||u||
Γ(2δ)

. (35)

2- For any σ2 ≥ σ1 ≥ ϑ,

lim
σ2→σ1

||w(σ2)Kδ,Φ,w(σ2, ϑ)− w(σ1)Kδ,Φ,w(σ1, ϑ)|| = 0. (36)

Proof. 1- Since supσ≥0||C(σ)|| ≤ M, it yields

w(σ)||Kδ,Φ,w(σ, ϑ)u|| ≤
∫ ∞

0
δθξδ(θ)||S((Φ(σ)− Φ(ϑ))δθ))||udθ

≤
∫ ∞

0
δθ2ξδ(θ)M(Φ(σ)− Φ(ϑ))δ||u||dθ

= M(Φ(σ)− Φ(ϑ))δ||u||δ
∫ ∞

0
θ2ξδ(θ)dθ.

Since
∫ ∞

0 θ2ξδ(θ)dθ = Γ(3)
Γ(1+2δ)

, it follows that

w(σ)||Kδ,Φ,w(σ, ϑ)u|| ≤ M(Φ(σ)− Φ(ϑ))δ||u||δ Γ(3)
Γ(1 + 2δ)

=
M(Φ(σ)− Φ(ϑ))δ||u||

Γ(2δ)
.
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2- For any u ∈ E with ||u|| ≤ 1, we have

lim
σ2→σ1

||w(σ2)(Kδ,Φ,w(σ2, ϑ)u − w(σ1)(Kδ,Φ,w(σ1, ϑ)u||

≤ lim
σ2→σ1

∫ ∞

0
δθξδ(θ)||S((Φ(σ2)− Φ(ϑ))δθ)− S((Φ(σ1)− Φ(ϑ))δθ)||udθ

= lim
σ2→σ1

M|(Φ(σ2)− Φ(ϑ))δθ)− S((Φ(σ1)− Φ(ϑ))δθ)|||u||δ
∫ ∞

0
θ2ξδ(θ)dθ

≤ lim
σ2→σ1

M|(Φ(σ2)− Φ(ϑ))δθ)− S((Φ(σ1)− Φ(ϑ))δθ)|
Γ(2δ)

= 0.

Lemma 12. For every u ∈ E and every σ ∈ (ϑi, σi+1], i ∈ N0

d
dσ

((Φ(σ)− Φ(ϑi))
δ−1w(σ)Kδ,Φ,w(σ, ϑi)u)

= (δ − 1)(Φ(σ)− Φ(ϑi))
δ−2Φ(σ)w(σ)Kδ,Φ,w(σ, ϑi)u

+ δ2(Φ(σ)− Φ(ϑi))
2δ−2Φ(σ)

∫ ∞

0
θ2ξδ(θ)C((Φ(σ)− Φ(ϑi))

δθ)ξδ(θ)udθ, (37)

and

|| d
dσ

((Φ(σ)− Φ(ϑi))
δ−1w(σ)Kδ,Φ,w(σ, ϑi)u)||

≤ (Φ(σ)− Φ(ϑi))
2δ−2Φ́(σ)

M||u||
Γ(2δ)

. (38)

Proof.

d
dσ

((Φ(σ)− Φ(ϑi))
δ−1w(σ)Kδ,Φ,w(σ, ϑi)u)

= (δ − 1)(Φ(σ)− Φ(ϑi))
δ−2Φ́w(σ)Kδ,Φ,w(σ, Φ́)u

+ (Φ(σ)− Φ(ϑi))
δ−1 d

dσ
(
∫ ∞

0
δθξδ(θ)S((Φ(σ)− Φ(ϑi))

δθ)udθ. (39)

However,

d
dσ

(
∫ ∞

0
δθξδ(θ)S((Φ(σ)− Φ(ϑi))

δθ)udθ

=
∫ ∞

0
δθξδ(θ)

d
dσ

[S((Φ(σ)− Φ(ϑi))
δθ]udθ

=
∫ ∞

0
δθξδ(θ)δ(Φ(σ)− Φ(ϑi))

δ−1θΦ́(σ)C((Φ(σ)− Φ(ϑi))
δθ)udθ

= δ2(Φ(σ)− Φ(ϑi))
δ−1Φ́(σ)

∫ ∞

0
C((Φ(σ)− Φ(0)δθ)θ2ξδ(θ)udθ. (40)

Then, Equation (37) is yielded from (39) and (41). Now, by (35), (37) and assumption
(A), we obtain
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|| d
dσ

((Φ(σ)− Φ(ϑi))
δ−1w(σ)Kδ,Φ,w(σ, ϑi)u)||

≤ ||(δ − 1)(Φ(σ)− Φ(ϑi))
δ−2Φ́(σ)w(σ)Kδ,Φ,w(σ, ϑi)u||

+ ||(Φ(σ)− Φ(ϑi))
2δ−2Φ́(σ)

∫ ∞

0
δ2θ2ξδ(θ)C((Φ(σ)− Φ(ϑi))

δθ)udθ||

≤ (1 − δ)(Φ(σ)− Φ(ϑi))
δ−2Φ́(σ)

M(Φ(σ)− Φ(ϑi))
δ||u||

Γ(2δ)

+ (Φ(σ)− Φ(ϑi))
2δ−2Φ́(σ)M ||u||

∫ ∞

0
δ2θ2ξδ(θ)dθ

= (1 − δ)(Φ(σ)− Φ(ϑi))
2δ−2Φ́(σ)

M||u||
Γ(2δ)

+
δ((Φ(σ)− Φ(ϑi))

2δ−2Φ́(σ)M||u||
Γ(2δ)

= (Φ(σ)− Φ(ϑi))
2δ−2Φ́(σ)

M||u||
Γ(2δ)

.

So, (38) holds.

Lemma 13. If σ ∈ σ ∈ (ϑi, σi+1], i ∈ N0, then

w(σ)((Φ(σ)− Φ(ϑi))
2−γ||Dµ−γ+1,Φ,w

ϑi ,σ
((Φ(σ)− Φ(ϑi))

δ−1Kδ,Φ,w(σ, ϑi))x0)||

≤ M||x0||
(2δ − 1)Γ(γ − 1)

. (41)

Proof. In view of (i) of Lemma 3, (ii) of Lemma 4 and (38), we have

||Dµ−γ+1,Φ,w
ϑi ,σ

((Φ(σ)− Φ(ϑi))
δ−1Kδ,Φ,w(σ, ϑi))x0)||

= || w−1(σ)

Γ(γ − µ)

∫ σ

0
(Φ(σ)− Φ(ϑ))γ−µ−1 d

dϑ
[(Φ(ϑ)− Φ(ϑi))

δ−1w(σ)Kδ,Φ,w(ϑ, ϑi)x0]dϑ||

≤ w−1(σ)

Γ(γ − µ)

∫ σ

0
(Φ(σ)− Φ(ϑ))γ−µ−1|| d

dϑ
[(Φ(ϑ)− Φ(ϑi))

δ−1w(σ)Kδ,Φ,w(ϑ, 0)x0]||dϑ

≤ w−1(σ)

Γ(γ − µ)

∫ σ

0
(Φ(σ)− Φ(ϑ))γ−µ−1Φ́(ϑ)

(Φ(ϑ)− Φ(ϑi))
2δ−2 M||x0||

Γ(2δ)
dϑ

=
M||x0||w−1(σ)

Γ(γ − µ)Γ(2δ)

∫ σ

0
(Φ(σ)− Φ(ϑ))γ−µ−1Φ́(ϑ)(Φ(ϑ)− Φ(ϑi))

2δ−2dϑ

=
M||x0||
Γ(2δ)

Iγ−µ,Φ,w
0,σ (w−1(σ)(Φ(σ)− Φ(ϑi))

2δ−2)

=
M||x0||Γ(2δ − 1)

Γ(2δ)Γ(2δ − 1 + γ − µ)
w−1(σ)(Φ(σ)− Φ(ϑi))

2δ−2+γ−µ

=
M||x0||

(2δ − 1)Γ(γ − 1)
w−1(σ)(Φ(σ)− Φ(ϑi))

γ−2.

So, (41) is true.

In the next theorem, we demonstrate that the mild solution set for Problem (4) is not
empty or compact.

In addition to condition (A), assume F : ℑ× E → Pck(E) to be such that:
(F1) For any u ∈ E, F(., u) is measurable and for almost σ ∈ ∪k∈N1ℑk, F(σ, .) upper

semicontinuous.
(F2) There is a function φ ∈ L1

Φ,w(ℑ, [0, ∞)) such that for every u ∈ E and any k ∈ N0,

||F(σ, u)|| ≤ φ(σ)(1 + ||u||), a.e. for σ ∈ ∪k∈N1ℑk.
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(F3) There is ς ∈ L1,Φ
w (ℑ,R+) such that for every bounded set D ⊆ E,

χ(∪u∈DF(σ, u)) ≤ (Φ(σ)− Φ(0))2−γς(σ)χ(D), a.e.or σ ∈ ∪k∈N1ℑk,

where χis the Hausdorff measure of non-compactness on E.
(H1) For every i ∈ N1, gi : [σi, ϑi]× E → E such that for every σ ∈ [σi, ϑi], gi(σ, .)

map, every bounded set to a relatively compact subset and for every bounded set D, ⊆ E,

lim
τ2→τ1

sup
x∈D

||gi(τ2, x)− gi(τ1, x)|| = 0.

Moreover, there is h1 > 0 with

∥gi(σ, u)∥ ≤ hi∥u∥, ∀σ ∈ Ti, and ∀u ∈ E.

(H2) For any i ∈ N1, g∗i : [σi, ϑi]× E → E is defined such that it maps bounded sets to
relatively compact sets, and there is h∗i > 0 with

∥g∗i (σ, u))∥ ≤ h∗i ∥u∥, ∀σ ∈ Ti, and ∀u ∈ E.

Hence, Problem (1) has a mild solution assuming that the next inequalities are satisfied.

3hMΦ(b)
Γ(γ − 2δ + 1)Γ(2δ)

+
MΦ(b)1−γ+2δ

Γ(2δ)
||φ||L1,Φ

w (ℑ,R+)
+ h < 1. (42)

and
2MΦ(b)1−γ+2δ

Γ(2δ)
||ς||L1,Φ

w (ℑ,R+)
< 1, (43)

where h = maxi∈N1{hi, h∗i }. Moreover, the set of mild solutions is compact in Banach space
C2−γ,Φ,w(ℑ, E).

Proof. Let u ∈ C2−γ,Φ,w(ℑ, E). Assumptions (F1) and (F2) imply the existence of a measur-
able function f ∈ L1((0, b), E) with f (σ) ∈ F(σ, u(σ)), a.e. [52]. We define a multi-valued
function ℜ :PC2−γ,Φ,w(ℑ, E) → P(C2−γ,Φ,w(ℑ, E)) (the family of non-empty subsets of
C2−γ,Φ,w(ℑ, E)) in the following manner: v ∈ ℜ(u) means that

v(σ) =



Dµ−γ+1,Φ,w
0,σ ((Φ(σ)− Φ(0))δ−1Kδ,Φ,w(σ, 0))x0 + (Z1 ∗Φ,w Z2)(σ)

+
∫ σ

0 (Φ(σ)− Φ(ϑ))δ−1Kδ,Φ,w(σ, ϑ) f (ϑ)w(ϑ)Φ′(ϑ)dϑ, σ ∈ ℑ0,
gi(σ, x(σ−

i )), σ ∈ Ti, i ∈ N1,
Dµ−γ+1,Φ,w

ϑi ,σ
((Φ(σ)− Φ(ϑi))

δ−1Kδ,Φ,w(σ, ϑi))gi(ϑi, x(ϑ−
i ))

+(Z5,i ∗Φ,w Zx
6,i)(σ)

+
∫ σ

ϑi
(Φ(σ)− Φ(ϑ))δ−1Kδ,Φ,w(σ, ϑ) f (ϑ)w(ϑ)Φ′(ϑ)dϑ, σ ∈ ℑi, i ∈ N1,

(44)

where f ∈ L1((0, b), E) with f (σ) ∈ F(σ, u(σ)), a.e. Our aim in the following steps is to
show that, by using Lemma 8, the ℜ has a fixed point, and it is clear that this point is a mild
solution for Problem (4).

Step 1. For any u ∈ C2−γ,Φ,w(ℑ, E), ℜ(u) is convex. This is, clearly, achieved since the
set of values of F is convex.

Step 2. There exists n0 ∈ N such that ℜ(℧n0) ⊆ ℧n0 , where℧n0 = {u ∈ C2−γ,Φ,w(ℑ, E) :
||u||C2−γ,Φ,w(ℑ,E) ≤ n0}. To clarify this, assume that there are un, vn; n ∈ N with vn ∈
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ℜ(un),||un||C2−γ,Φ,w(ℑ,E) ≤ n and ||un||C2−γ,Φ,w(ℑ,E) > n. So, according to (44), there are
fn ∈ L1((0, b), E) ; n ∈ N with fn(σ) ∈ F(σ, un(σ)), a.e., and

vn(σ) =



Dµ−γ+1,Φ,w
0,σ ((Φ(σ)− Φ(0))δ−1Kδ,Φ,w(σ, 0))x0 + (Z1 ∗Φ,w Z2)(σ)

+
∫ σ

0 (Φ(σ)− Φ(ϑ))δ−1Kδ,Φ,w(σ, ϑ) fn(ϑ)w(ϑ)Φ′(ϑ)dϑ, σ ∈ ℑ0,
gi(σ, vn(σ

−
i )), σ ∈ Ti, i ∈ N1,

Dµ−γ+1,Φ,w
ϑi ,σ

((Φ(σ)− Φ(ϑi))
δ−1Kδ,Φ,w(σ, ϑi))gi(ϑi, vn(ϑ

−
i ))

+(Z5,i ∗Φ,w Zvn
6,i)(σ)

+
∫ σ

ϑi
(Φ(σ)− Φ(ϑ))δ−1Kδ,Φ,w(σ, ϑ) fn(ϑ)w(ϑ)Φ′(ϑ)dϑ, σ ∈ ℑi, i ∈ N1.

(45)

Let σ ∈ (0, σ1]. By (41),

(Φ(σ)− Φ(0))2−γw(σ)||Dµ−γ+1,Φ,w
0,σ ((Φ(σ)− Φ(0))δ−1Kδ,Φ,w(σ, 0))x0||

≤ M||x0||
(2δ − 1)Γ(γ − 1)

. (46)

Moreover, according to the definition of ∗Φ,w, we have

(Φ(σ)− Φ(0))2−γw(σ)||(Z1 ∗Φ,w Z2)(σ)||

= (Φ(σ)− Φ(0))2−γ||
∫ σ

0
w(Φ−1(Φ(σ)− Φ(0)− Φ(ϑ))w−1(Φ−1(Φ(σ)− Φ(0)− Φ(ϑ))×

(Φ(σ)− 2Φ(0)− Φ(ϑ))γ−2δ−1

Γ(γ − 2δ)
w(ϑ)Φ′(ϑ)(Φ(ϑ)− Φ(0))δ−1KΦ,δ,w(ϑ, 0)x1dϑ||

≤ Φ(b)2−γ||
∫ σ

0

(Φ(σ)− 2Φ(0)− Φ(ϑ))γ−2δ−1

Γ(γ − 2δ)
(Φ(ϑ)− Φ(0))δ−1×

w(ϑ)KΦ,δ,w(ϑ, 0)x1Φ′(ϑ)dϑ||.

This inequality with (35) leads to

(Φ(σ)− Φ(0))2−γw(σ)||(Z1 ∗Φ,w Z2)(σ)||

≤ (Φ(σ)− Φ(0))2−γ
∫ σ

0

|(Φ(σ)− 2Φ(0)− Φ(ϑ))γ−2δ−1|
Γ(γ − 2δ)

Φ′(ϑ)×

M(Φ(ϑ)− Φ(0))2δ−1

Γ(2δ)
dϑ

≤ M(Φ(b)1−γ+2δ

Γ(2δ)Γ(γ − 2δ)

∫ σ

0
|(Φ(σ)− 2Φ(0)− Φ(ϑ))γ−2δ−1|Φ′(ϑ)dϑ

=
M(Φ(b)1−γ+2δ

Γ(2δ)Γ(γ − 2δ)

(Φ(σ)− 3Φ(0))γ−2δ + 2Φ(0)γ−2δ

(γ − 2δ)

≤ 3MΦ(b)
Γ(γ − 2δ + 1)Γ(2δ)

. (47)

Next, from assumption (F2) and (35), one obtains for almost ϑ ∈ (0, σ],

||w(σ)Kδ,Φ,w(σ, ϑ) fn(ϑ)|| ≤
M(1 + n)

Γ(2δ)
(Φ(σ)− Φ(ϑ))δ|| fn(ϑ)||

≤ M(1 + n)
Γ(2δ)

(Φ(σ)− Φ(ϑ))δ φ(ϑ)

≤ M(1 + n)
Γ(2δ)

(Φ(σ)− Φ(ϑ))δ φ(ϑ). (48)

This inequality leads to
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(Φ(σ)− Φ(0))2−γw(σ)
∫ σ

0
(Φ(σ)− Φ(ϑ))δ−1||Kδ,Φ,w(σ, ϑ) fn(ϑ)w(ϑ)||Φ′(ϑ)dϑ

= (Φ(σ)− Φ(0))2−γ
∫ σ

0
|(Φ(σ)− Φ(ϑ))δ−1| ||w(σ)Kδ,Φ,w(σ, ϑ) fn(ϑ)||w(ϑ)Φ′(ϑ)dϑ

≤ M(1 + n)Φ(b)2−γ

Γ(2δ)
|
∫ σ

0
(Φ(σ)− Φ(ϑ))2δ−1w(ϑ)Φ′(ϑ)φ(ϑ)dϑ|

≤ M(1 + n)Φ(b)1−γ+2δ

Γ(2δ)

∫ σ

0
w(ϑ)Φ′(ϑ)φ(ϑ)dϑ

=
M(1 + n)Φ(b)1−γ+2δ

Γ(2δ)
||φ||L1,Φ

w (ℑ,R+). (49)

For σ ∈ (σi, ϑi], the assumption (h1) leads to

||vn(σ)|| ≤ hn. (50)

Next, let σ ∈ (ϑi, σi+1]. Set

L(σ) = ||Dµ−γ+1,Φ,w
ϑi ,σ

((Φ(σ)− Φ(ϑi))
δ−1Kδ,Φ,w(σ, ϑi))gi(ϑi, v(ϑ−

i ))||.

It is yielded from (41) that

w(σ)((Φ(σ)− Φ(ϑi))
2−γL(σ)

≤ M||x0||
(2δ − 1)Γ(γ − 1)

. (51)

Moreover, from the definition of ∗Φ,w, (35) and (H2), we get,

||(Φ(σ)− Φ(ϑi))
2−γw(σ)(Z5,i ∗Φ,w Zx

6,i)(σ)||

≤ Φ(b)2−γ

Γ(γ − 2δ)

∫ σ

ϑi

(Φ(σ)− 2Φ(ϑi)− Φ(ϑ))γ−2δ−1(Φ(ϑ)− Φ(ϑi))
δ−1×

||w(ϑ)KΦ,δ,w(ϑ, ϑi)g∗i (ϑi, x(ϑ−
i ))||Φ′(ϑ)dϑ

≤ nMh Φ(b)2−γ

Γ(2δ)Γ(γ − 2δ)

∫ σ

ϑi

(Φ(σ)− 2Φ(ϑi)− Φ(ϑ))γ−2δ−1(Φ(ϑ)− Φ(ϑi))
2δ−1Φ′(ϑ)dϑ

≤ nMhΦ(b)1−γ+2δ

Γ(2δ)Γ(γ − 2δ)

∫ σ

ϑi

(Φ(σ)− 2Φ(ϑi)− Φ(ϑ))γ−2δ−1Φ′(ϑ)dϑ

≤ 3nMhΦ(b)
Γ(2δ)Γ(γ − 2δ + 1)

. (52)

Next, by arguing as in (49), one has

||(Φ(σ)− Φ(ϑi))
2−γw(σ)

∫ σ

ϑi

(Φ(σ)− Φ(ϑ))δ−1||Kδ,Φ,w(σ, ϑ) fn(ϑ)w(ϑ)||Φ′(ϑ)dϑ

≤ M(1 + n)Φ(b)1−γ+2δ

Γ(2δ)
||φ||L1,Φ

w (ℑ,R+)
. (53)

Relations (46), (47) and (49)–(53) give us

n < ||vn||

≤ M||x0||
(2δ − 1)Γ(γ − 1)

+
3(1 + nh)MΦ(b)

Γ(γ − 2δ + 1)Γ(2δ)
+

M(1 + n)Φ(b)1−γ+2δ

δΓ(2δ)
||φ||L1,Φ

w (ℑ,R+)

+ hn.
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Dividing both sides of this inequality and then letting n → ∞ yields

1 <
3hMΦ(b)

Γ(γ − 2δ + 1)Γ(2δ)
+

MΦ(b)1−γ+2δ

Γ(2δ)
||φ||L1,Φ

w (ℑ,R+)
+ h,

but this inequality contradicts (42).
Step 2. The graph of ℜ is closed on ℧n0 . Let vn ∈ ℜ(un); n ∈ N, with unϵ℧n0 , un → u

and vn → v. Then, there are fn ∈ L1((0, b), E); n ∈ N with fn(σ) ∈ F(σ, un(σ)), a.e.
such that (45) is fulfilled. From (49), ( fn) is uniformly bounded, and hence, it has a weakly
convergent subsequence. We denote it, again, by ( fn) to a function f in L1((0, b), E).
From Mazur’s lemma, there exists a subsequence of ( fn), (zn), which converges almost
everywhere to f . For any n ∈ N, let

v∗n(σ) =



Dµ−γ+1,Φ,w
0,σ ((Φ(σ)− Φ(0))δ−1Kδ,Φ,w(σ, 0))x0 + (Z1 ∗Φ,w Z2)(σ)

+
∫ σ

0 (Φ(σ)− Φ(ϑ))δ−1Kδ,Φ,w(σ, ϑ)zn(ϑ)w(ϑ)Φ′(ϑ)dϑ, σ ∈ ℑ0,
gi(σ, vn(σ

−
i )), σ ∈ Ti, i ∈ N1,

Dµ−γ+1,Φ,w
ϑi ,σ

((Φ(σ)− Φ(ϑi))
δ−1Kδ,Φ,w(σ, ϑi))gi(ϑi, vn(ϑ

−
i ))

+(Z5,i ∗Φ,w Zvn
6,i)(σ)

+
∫ σ

ϑi
(Φ(σ)− Φ(ϑ))δ−1Kδ,Φ,w(σ, ϑ)zn(ϑ)w(ϑ)Φ′(ϑ)dϑ, σ ∈ ℑi, i ∈ N1.

Obviously, (v∗n) is a subsequence of (vn ) and converges to the function

v∗n(σ) =



Dµ−γ+1,Φ,w
0,σ ((Φ(σ)− Φ(0))δ−1Kδ,Φ,w(σ, 0))x0 + (Z1 ∗Φ,w Z2)(σ)

+
∫ σ

0 (Φ(σ)− Φ(ϑ))δ−1Kδ,Φ,w(σ, ϑ) f (ϑ)w(ϑ)Φ′(ϑ)dϑ, σ ∈ ℑ0,
gi(σ, v(σ−

i )), σ ∈ Ti, i ∈ N1,
Dµ−γ+1,Φ,w

ϑi ,σ
((Φ(σ)− Φ(ϑi))

δ−1Kδ,Φ,w(σ, ϑi))gi(ϑi, v(ϑ−
i ))

+(Z5,i ∗Φ,w Zv
6,i)(σ)

+
∫ σ

ϑi
(Φ(σ)− Φ(ϑ))δ−1Kδ,Φ,w(σ, ϑ) f (ϑ)w(ϑ)Φ′(ϑ)dϑ, σ ∈ ℑi, i ∈ N1.

Then, v∗ = v; moreover, the upper semi-continuity of F(σ, .) implies f (σ) ∈ F(σ, u(σ)), a.e.,
and so, v ∈ ℜ(u).

Step 3. Let £ = ℜ(℧n0). For every k ∈ N0, and every i ∈ N1, let

£|ℑk
:= {z ∈ C(ℑk, E) : z(σ) = (Φ(σ)− Φ(ϑk))

2−γw(σ)v(σ), σ ∈ ℑk,

z(ϑk) = lim
σ→ϑ+k

z(σ), v ∈ £},

and
£|Ti

:= {z ∈ C(Ti, E) : z(σ) = v(σ), σ ∈ Ti, z(σi) = z(σ+
i ), v ∈ £}.

In this step, our aim is to show that the sets £|ℑk
and £|Ti

are equicontinuous in the Banach

spaces C(ℑk, E) and C(Ti, E).
Case 1. Suppose that z ∈ £|ℑ0

. Then, there is v ∈ ℜ(℧n0) with

z(σ) =
{

(Φ(σ)− Φ(ϑk))
2−γw(σ)v(σ), σ ∈ ℑ0

z(ϑk) = limσ→0+ z(σ).

According to the definition of ℜ, there exists u ∈ ℧n0 and f (σ) ∈ L1((0, b), E) with f (σ) ∈
F(σ, u(σ)), a.e., such that

v(σ) =

{
Dµ−γ+1,Φ,w

0,σ ((Φ(σ)− Φ(0))δ−1Kδ,Φ,w(σ, 0))x0 + (Z1 ∗Φ,w Z2)(σ)

+
∫ σ

0 (Φ(σ)− Φ(ϑ))δ−1Kδ,Φ,w(σ, ϑ) f (ϑ)w(ϑ)Φ′(ϑ)dϑ, σ ∈ ℑ0,
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Let τ1, τ2 ∈ ℑ0 and τ1 < τ2. We have

∆1 = ||(Φ(τ2)− Φ(0))2−γw(τ2)Dµ−γ+1,Φ,w
0,σ ((Φ(σ)− Φ(0))δ−1Kδ,Φ,w(σ, 0))x0(τ2)

− (Φ(τ1)− Φ(0))2−γw(τ1)Dµ−γ+1,Φ,w
0,σ ((Φ(σ)− Φ(0))δ−1Kδ,Φ,w(σ, 0))x0(τ1)||

≤ |(Φ(τ2)− Φ(0))2−γ − (Φ(τ1)− Φ(0))2−γ|×

||w(τ2)Dµ−γ+1,Φ,w
0,σ ((Φ(σ)− Φ(0))δ−1Kδ,Φ,w(σ, 0))x0(τ2)||

+ (Φ(τ1)− Φ(0))2−γ||w(τ2)Dµ−γ+1,Φ,w
0,σ ((Φ(σ)− Φ(0))δ−1Kδ,Φ,w(σ, 0))x0(τ2)

− w(τ1)Dµ−γ+1,Φ,w
0,σ ((Φ(σ)− Φ(0))δ−1Kδ,Φ,w(σ, 0))x0(τ1)||

= ∆11 + ∆12.

Due to the continuity of Φ and (41), limσ1→σ1 ∆11 = 0. Moreover, using (35), we obtain

lim
σ→0

(Φ(σ)− Φ(0))2−γw(σ)||Kδ,Φ,w(σ, 0)u||

≤ lim
σ→0

M(Φ(σ)− Φ(0))2−γ+δ||u||
Γ(2δ)

= 0.

Then, by Definition 3,

Dµ−γ+1,Φ,w
0,σ ((Φ(σ)− Φ(0))δ−1Kδ,Φ,w(σ1, 0))x0(σ)

=c Dµ−γ+1,Φ,w
0,σ ((Φ(σ)− Φ(0))δ−1Kδ,Φ,w(σ1, 0))x0(σ).

Therefore, by (38),

lim
τ2→τ1

∆12

= lim
τ2→τ1

||w(τ2)Dµ−γ+1,Φ,w
0,σ ((Φ(σ)− Φ(0))δ−1Kδ,Φ,w(σ, 0))x0(τ2)

− w(τ1)Dµ−γ+1,Φ,w
0,σ ((Φ(σ)− Φ(0))δ−1Kδ,Φ,w(σ, 0))x0(τ1)||

≤ lim
τ2→τ1

1
Γ(γ − µ)

||
∫ τ2

0
((Φ(τ2)− Φ(ϑ))γ−µ−1

× d
dϑ

(((Φ(ϑ)− Φ(0))δ−1w(ϑ)Kδ,Φ,w(ϑ, 0))x0)dϑ

−
∫ τ1

0
((Φ(τ1)− Φ(ϑ))γ−µ−1

× d
dϑ

(((Φ(ϑ)− Φ(0))δ−1w(ϑ)Kδ,Φ,w(ϑ, 0))x0)dϑ||

≤ lim
τ2→τ1

Φ(b)2δ−2M||x0|
Γ(2δ)Γ(γ − µ)

∫ τ2

τ1

((Φ(τ2)− Φ(ϑ))γ−µ−1Φ́(ϑ)dϑ

+ lim
τ2→τ1

Φ(b)2δ−2M||x0||
Γ(2δ)Γ(γ − µ)

∫ τ1

0
|((Φ(τ1)− Φ(ϑ))γ−µ−1

− ((Φ(τ2)− Φ(ϑ))γ−µ−1|Φ́(ϑ)dϑ

= 0.
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Next, from (47), we obtain

∆2 = ||(Φ(τ2)− Φ(0))2−γw(τ2)(Z1 ∗Φ,w Z2)(τ2)

− (Φ(τ1)− Φ(0))2−γw(τ1)((Z1 ∗Φ,w Z2)(τ1)||

= ||(Φ(τ2)− Φ(0))2−γ
∫ τ2

0

(Φ(τ2)− 2Φ(0)− Φ(ϑ))γ−2δ−1

Γ(γ − 2δ)
×

w(ϑ)Φ′(ϑ)(Φ(ϑ)− Φ(0))δ−1KΦ,δ,w(ϑ, 0)x1dϑ

− (Φ(τ1)− Φ(0))2−γ
∫ τ1

0

(Φ(τ1)− 2Φ(0)− Φ(ϑ))γ−2δ−1

Γ(γ − 2δ)
×

w(ϑ)Φ′(ϑ)(Φ(ϑ)− Φ(0))δ−1KΦ,δ,w(ϑ, 0)x1dϑ||

≤ ||(Φ(τ2)− Φ(0))2−γ
∫ τ2

τ1

(Φ(τ2)− 2Φ(0)− Φ(ϑ))γ−2δ−1

Γ(γ − 2δ)
×

w(ϑ)Φ′(ϑ)(Φ(ϑ)− Φ(0))δ−1KΦ,δ,w(ϑ, 0)x1dϑ||

+ ||(Φ(τ2)− Φ(0))2−γ
∫ τ1

0

(Φ(τ2)− 2Φ(0)− Φ(ϑ))γ−2δ−1

Γ(γ − 2δ)
×

w(ϑ)Φ′(ϑ)(Φ(ϑ)− Φ(0))δ−1KΦ,δ,w(ϑ, 0)x1dϑ

− (Φ(τ2)− Φ(0))2−γ
∫ τ1

0

(Φ(τ1)− 2Φ(0)− Φ(ϑ))γ−2δ−1

Γ(γ − 2δ)
×

w(ϑ)Φ′(ϑ)(Φ(ϑ)− Φ(0))δ−1KΦ,δ,w(ϑ, 0)x1dϑ||

+ ||(Φ(τ2)− Φ(0))2−γ
∫ τ1

0

(Φ(τ1)− 2Φ(0)− Φ(ϑ))γ−2δ−1

Γ(γ − 2δ)
×

w(ϑ)Φ′(ϑ)(Φ(ϑ)− Φ(0))δ−1KΦ,δ,w(ϑ, 0)x1dϑ

− (Φ(τ1)− Φ(0))2−γ
∫ τ1

0

(Φ(τ1)− 2Φ(0)− Φ(ϑ))γ−2δ−1

Γ(γ − 2δ)
×

w(ϑ)Φ′(ϑ)(Φ(ϑ)− Φ(0))δ−1KΦ,δ,w(ϑ, 0)x1dϑ||
= ∆21 + ∆22 + ∆23.

Relation (35) implies that

lim
τ2→τ1

∆21

≤ MΦ(b)1−γ+2δ||x1||
Γ(γ − 2δ)Γ(2δ)

lim
τ2→τ1

∫ τ2

τ1

(Φ(τ2)− 2Φ(0)− Φ(ϑ))γ−2δ−1Φ′(ϑ)dϑ

= 0.

Again, by (35), one has

lim
τ2→τ1

∆22

≤ MΦ(b)1−γ+2δ||x1||
Γ(γ − 2δ)Γ(2δ)

×

lim
τ2→τ1

||(Φ(τ2)− Φ(0))2−γ
∫ τ1

0
[(Φ(τ2)− 2Φ(0)− Φ(ϑ))γ−2δ−1

− Φ(τ2)− 2Φ(0)− Φ(ϑ))γ−2δ−1]Φ′(ϑ)dϑ

= 0,
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and

lim
τ2→τ1

∆23

≤ lim
τ2→τ1

|(Φ(τ2)− Φ(0))2−γ − (Φ(τ2)− Φ(0))2−γ|×

MΦ(b)δ

Γ(γ − 2δ)Γ(2δ)

∫ τ1

0
(Φ(τ1)− 2Φ(0)− Φ(ϑ))γ−2δ−1Φ′(ϑ)dϑ

= 0.

Next,

||(Φ(τ2)− Φ(0))2−γw(τ2)
∫ τ2

0
((Φ(τ2)− Φ(ϑ))δ−1Kδ,Φ,w(τ2, ϑ) f (ϑ)w(ϑ)Φ′(ϑ)dϑ

− (Φ(τ1)− Φ(0))2−γw(τ1)
∫ τ1

0
((Φ(τ1)− Φ(ϑ))δ−1Kδ,Φ,w(τ1, ϑ) f (ϑ)w(ϑ)Φ′(ϑ)dϑ||

≤ ||(Φ(τ2)− Φ(0))2−γw(τ2)
∫ τ2

τ1

((Φ(τ2)− Φ(ϑ))δ−1Kδ,Φ,w(τ2, ϑ) f (ϑ)w(ϑ)Φ′(ϑ)dϑ||

+ ||(Φ(τ2)− Φ(0))2−γw(τ2)
∫ τ1

0
((Φ(τ2)− Φ(ϑ))δ−1Kδ,Φ,w(τ2, ϑ) f (ϑ)w(ϑ)Φ′(ϑ)dϑ

− (Φ(τ1)− Φ(0))2−γw(τ2)
∫ τ1

0
((Φ(τ2)− Φ(ϑ))δ−1Kδ,Φ,w(τ2, ϑ) f (ϑ)w(ϑ)Φ′(ϑ)dϑ||

+ ||(Φ(τ1)− Φ(0))2−γw(τ2)
∫ τ1

0
((Φ(τ2)− Φ(ϑ))δ−1Kδ,Φ,w(τ2, ϑ) f (ϑ)w(ϑ)Φ′(ϑ)dϑ

− (Φ(τ1)− Φ(0))2−γw(τ2)
∫ τ1

0
((Φ(τ1)− Φ(ϑ))δ−1Kδ,Φ,w(τ2, ϑ) f (ϑ)w(ϑ)Φ′(ϑ)dϑ||

+ ||(Φ(τ1)− Φ(0))2−γw(τ2)
∫ τ1

0
((Φ(τ1)− Φ(ϑ))δ−1Kδ,Φ,w(τ2, ϑ) f (ϑ)w(ϑ)Φ′(ϑ)dϑ

− (Φ(τ1)− Φ(0))2−γw(τ1)
∫ τ1

0
((Φ(τ1)− Φ(ϑ))δ−1Kδ,Φ,w(τ1, ϑ) f (ϑ)w(ϑ)Φ′(ϑ)dϑ

= ∆31 + ∆32 + ∆33 + ∆34.

Note that assumption (F2) leads to

|| f (ϑ)|| ≤ φ(σ)(1 + n0), a.e.

Then, relations (35) and (50) tell us

||w(τ2)Kδ,Φ,w(τ2, ϑ) f (ϑ)w(ϑ)||

≤ M(1 + n0)(Φ(τ2)− Φ(ϑ))δ φ(ϑ)w(ϑ)

Γ(2δ)

≤ M(1 + n0)Φ(b)δ φ(ϑ)w(ϑ)

Γ(2δ)
.a.e.for ϑ ∈ (0, τ2].

From (51), we have

lim
τ2→τ1

∆31

≤ lim
τ2→τ1

||(Φ(τ2)− Φ(0))2−γw(τ2)

×
∫ τ2

τ1

((Φ(τ2)− Φ(ϑ))δ−1Kδ,Φ,w(τ2, ϑ) f (ϑ)w(ϑ)Φ′(ϑ)dϑ||

= lim
τ2→τ1

Φ(b)2−γ
∫ τ2

τ1

|((Φ(τ2)− Φ(ϑ))δ−1| ||w(τ2)Kδ,Φ,w(τ2, ϑ) f (ϑ)w(ϑ)||Φ′(ϑ)dϑ

≤ M(1 + n0)Φ(b)δ

Γ(2δ)
lim

τ2→τ1

∫ τ2

τ1

(Φ(τ2)− Φ(ϑ))δ−1 φ(ϑ)w(ϑ)Φ′(ϑ)dϑ

= 0.
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Next, using (51) and the continuity of Φ, it follows that

lim
τ2→τ1

∆32

≤ lim
τ2→τ1

|(Φ(τ2)− Φ(0))2−γ − (Φ(τ1)− Φ(0))2−γ|×∫ τ1

0
|((Φ(τ2)− Φ(ϑ))δ−1||w(τ2)Kδ,Φ,w(τ2, ϑ) f (ϑ)w(ϑ)|| Φ′(ϑ)dϑ

≤ M(1 + n0)Φ(b)δ

Γ(2δ)
lim

τ2→τ1
|(Φ(τ2)− Φ(0))2−γ − (Φ(τ1)− Φ(0))2−γ|×∫ τ1

0
((Φ(τ2)− Φ(ϑ))δ−1 φ(ϑ)w(ϑ)Φ′(ϑ)dϑ

= 0.

For ∆33, we have

lim
τ2→τ1

∆33

≤ lim
τ2→τ1

(Φ(τ1)− Φ(0))2−γ
∫ τ1

0
|((Φ(τ2)− Φ(ϑ))δ−1 − (Φ(τ1)− Φ(ϑ))δ−1|×

||w(τ2)Kδ,Φ,w(τ2, ϑ) f (ϑ)w(ϑ)||Φ′(ϑ)dϑ

≤ M(1 + n0)Φ(b)δ

Γ(2δ)
×

lim
τ2→τ1

∫ τ1

0
[((Φ(τ1)− Φ(ϑ))δ−1Φ′(ϑ)− (Φ(τ2)− Φ(ϑ))δ−1Φ′(ϑ)]φ(ϑ)w(ϑ)dϑ

= 0.

Finally, due to (36) and (51), it yields

lim
τ2→τ1

∆34

≤ lim
τ2→τ1

||(Φ(τ1)− Φ(0))2−γw(τ2)
∫ τ1

0
((Φ(τ1)− Φ(ϑ))δ−1Kδ,Φ,w(τ2, ϑ) f (ϑ)w(ϑ)Φ′(ϑ)dϑ

− (Φ(τ1)− Φ(0))2−γw(τ1)
∫ τ1

0
((Φ(τ1)− Φ(ϑ))δ−1Kδ,Φ,w(τ1, ϑ) f (ϑ)w(ϑ)Φ′(ϑ)dϑ||

≤ Φ(b)2−γ lim
τ2→τ1

∫ τ1

0
((Φ(τ1)− Φ(ϑ))δ−1×

||w(τ2)Kδ,Φ,w(τ2, ϑ)− w(τ1)Kδ,Φ,w(τ1, ϑ)|| ||w(ϑ) f (ϑ)||Φ′(ϑ)dϑ

≤ Φ(b)2−γ
∫ τ1

0
((Φ(τ1)− Φ(ϑ))δ−1×

lim
τ2→τ1

||w(τ2)Kδ,Φ,w(τ2, ϑ)− w(τ1)Kδ,Φ,w(τ1, ϑ)||w(ϑ)φ(ϑ)Φ′(ϑ)dϑ

≤ Φ(b)4−2γ
∫ τ1

0
((Φ(τ1)− Φ(ϑ))δ−1×

lim
τ2→τ1

||w(τ2)Kδ,Φ,w(τ2, ϑ)− w(τ1)Kδ,Φ,w(τ1, ϑ)||w(ϑ)φ(ϑ)Φ′(ϑ)dϑ

= 0,

independently of v.
Suppose that z ∈ £|Ti

; i ∈ N1. Then, there is v ∈ ℜ(℧n0) ⊆ ℧n0 with

z(σ) =

{
v(σ) = gi(σ, v(σ−

i )), σ ∈ Ti
z(σi) = limσ→σ+

i
z(σ).
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Case 2. Let τ1, τ2 ∈ Ti and τ1 < τ2. Since ℧n0 , then due to (H1),

lim
τ2→τ1

||z(τ2)− z(τ1)||

= lim
τ2→τ1

||gi(τ2, v(σ−
i ))− gi(τ1, v(σ−

i ))|| = 0,

independently of v. If τ1 = σi, then

lim
τ2→τ1

||z(τ2)− z(τ1)||

= lim
τ2→τ1

lim
σ→τ1

||gi(τ2, v(σ−
i ))− gi(σ, v(σ−

i ))|| = 0,

independently of v.
Case 3. Suppose that z ∈ £|ℑi

; i ∈ N1. Following the same arguments used in case 1,
one can show that £|ℑi

; i ∈ N1 is equicontinuous.
As a result of the above discussion, the proof of the results in this step is complete.
Step 4. Let ℧ = ∩∞

n=1℧n, where ℧1 = ℜ(℧n0) and ℧n+1 = ℜ(℧n), n ∈ N1. Then,
(℧n) is a decreasing sequence of not empty, bounded, convex subsets. In this step, our
aim is to show that ℧ is not empty or compact. Using the Cantor intersection property, it
remains to be shown that

lim
n→∞

χC2−γ,Φ,w(ℑ,E){℧n : n ∈ N1} = 0, (54)

where χC2−γ,Φ,w(ℑ,E) is the measure of noncompactness on C2−γ,Φ,w(ℑ, E), which is defined
in the introduction section.

Assume n ∈ N is fixed and ϵ > 0 is arbitrarily small. By Lemma 5 in [54], one can find
a sequence (vr)r≥1 in ℧n with

χC2−γ,Φ,w(ℑ,E)(℧n) ≤ 2χC2−γ,Φ,w(ℑ,E)(D) + ε, (55)

where D = {vr : r ≥ 1}. From Step 3, it yields

χPC2−γ,Φ,w(ℑ,E)(D)

= max{max
k∈N0

max
σ∈ℑk

χE{v∗(σ) : v∗ ∈ D
|ℑk

, max
i∈N1

max
σ∈Ti

χE{v∗(σ) : v∗ ∈ D
|Ti
}},

where χE is the measure of non-compactnes in E,

D|ℑk
:= {v∗ ∈ C(ℑk, E) : h∗(σ) = (Φ(σ)− Φ(ϑk))

2−γw(σ)v(σ), σ ∈ ℑk,

v∗(ϑk) = lim
σ→ϑ+k

v∗(σ), h ∈ D},

and
D|Ti

:= {v∗ ∈ C(Ti, E) : v∗(σ) = v(σ), σ ∈ Ti, v∗(σi) = v(σ+
i ), v ∈ D}.

Since, for any v ∈ D, and any i ∈ N1, v(σ) = gi(σ, v(σ−
i )), ∀ σ ∈ Ti, and since gi(σ, ) maps

bounded sets into relatively compact sets, it follows that maxi∈N1 maxσ∈Ti
{v∗(σ) : v∗ ∈

D
|Ti
} = 0, and hence inequality (55) becomes

χC2−γ,Φ,w(ℑ,E)(℧n)

≤ 2 max
k∈N0

max
σ∈ℑk

χE{(Φ(σ)− Φ(ϑk))
2−γw(σ)vr : r ≥ 1}+ ε. (56)



Fractal Fract. 2024, 8, 289 26 of 32

Let σ ∈ ℑ0. Since for any r ∈ N, vr ∈ ℧n = ℜ( ℧n−1), there are ur ∈ ℧n−1 such that

vr(σ) = Dµ−γ+1,Φ,w
0,σ ((Φ(σ)− Φ(0))δ−1Kδ,Φ,w(σ, 0))x0 + (Z1 ∗Φ,w Z2)(σ)

+
∫ σ

0
(Φ(σ)− Φ(ϑ))δ−1Kδ,Φ,w(σ, ϑ)w(ϑ) fr(ϑ)Φ′(ϑ)dϑ,

where f r ∈ L1((0, b), E) with fr(σ) ∈ F(σ, ur(σ)), a.e. In view of (F3), it holds for a.e.
ϑ ∈ (0, σ]

ϱ(ϑ) = w(ϑ)χ{ fk(ϑ) : k ≥ 1} ≤ w(ϑ)χE(∪k∈NF(ϑ, ur(ϑ)))

≤ w(ϑ)(Φ(ϑ)− Φ(0))2−γς(ϑ)χE{ur(ϑ) : r ∈ N}
= ς(ϑ)χE{(Φ(ϑ)− Φ(0))2−γw(ϑ)ur(ϑ) : r ∈ N}
≤ ς(ϑ)χC2−γ,Φ,w(ℑ,E)(℧n−1). (57)

Set

L(σ)

= χ({
∫ σ

0
(Φ(σ)− Φ(ϑ))δ−1Kδ,Φ,w(σ, ϑ)w(ϑ) fr(ϑ)Φ′(ϑ)dϑ : r ∈ N}dϑ.

Therefore, from (35), (56) and (57) and the properties of the measure of noncompactness,
we obtain

Φ(σ)− Φ(0))2−γw(σ)L(σ)

= Φ(σ)− Φ(0))2−γχ({
∫ σ

0
(Φ(σ)− Φ(ϑ))δ−1||w(σ)Kδ,Φ,w(σ, ϑ)||ϱ(ϑ)Φ′(ϑ)dϑ

≤ MΦ(b)2−γ

Γ(2δ)

∫ σ

0
(Φ(σ)− Φ(ϑ))2δ−1ϱ(ϑ)Φ′(ϑ)dϑ

≤ MΦ(b)1−γ+2δ

Γ(2δ)
χC2−γ,Φ,w(ℑ,E)(℧n−1).

∫ σ

0
Φ′(ϑ)ς(ϑ)w(ϑ)dϑ

=
MΦ(b)1−γ+2δ

Γ(2δ)
||ς||L1,Φ

w (ℑ,R+)
χC2−γ,Φ,w(ℑ,E)(℧n−1). (58)

Let σ ∈ ℑk, k ∈ N1. As above, for any r ∈ N,

vr(σ) = Dµ−γ+1,Φ,w
ϑi ,σ

((Φ(σ)− Φ(ϑi))
δ−1Kδ,Φ,w(σ, ϑi))gi(ϑi, vr(ϑ

−
i ))

+ (Z5,i ∗Φ,w Zvr
6,i)(σ)

+
∫ σ

0
(Φ(σ)− Φ(ϑ))δ−1Kδ,Φ,w(σ, ϑ) fr(ϑ)w(ϑ)Φ′(ϑ)dϑ,

where f r ∈ L1((0, b), E) with fr(σ) ∈ F(σ, ur(σ)), a.e. Because both gi(σ, .) and g∗i (σ, .) map
bounded sets to relatively compact sets, it yields

χ{(Φ(σ)− Φ(ϑk))
2−γw(σ)vr : r ≥ 1}

= {(Φ(σ)− Φ(ϑk))
2−γw(σ)Υ(σ) : r ≥ 1},

where

Υ(σ)

= χ({
∫ σ

0
(Φ(σ)− Φ(ϑk))

δ−1w(σ)Kδ,Φ,w(σ, ϑ)w(ϑ) fr(ϑ)Φ′(ϑ)dϑ : r ∈ N}dϑ.
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As in (58)

χ{(Φ(σ)− Φ(ϑk))
2−γw(σ)vr : r ≥ 1}

≤ MΦ(b)1−γ+2δ

Γ(2δ)
||ς||L1,Φ

w (ℑ,R+)
χC2−γ,Φ,w(ℑ,E)(℧n−1). (59)

From (56), (58) and (59), one has

χC2−γ,Φ,w(ℑ,E)(℧n)

≤ 2MΦ(b)1−γ+2δ

Γ(2δ)
||ς||L1,Φ

w (ℑ,R+)
χC2−γ,Φ,w(ℑ,E)(℧n−1) + ϵ.

Then,

χC2−γ,Φ,w(ℑ,E)(℧n)

≤ (
2MΦ(b)1−γ+2δ

Γ(2δ)
||ς||L1,Φ

w (ℑ,R+)
)nχC2−γ,Φ,w(ℑ,E)(℧n0) + ϵ.

Step 5. By applying the Cantor intersection property, the set ℧ is not empty or compact.
Then, the multi-valued function ℜ : ℧ → Pck (℧) satisfies the assumptions in Lemma 8,
and hence, the fixed-points set of the function is not empty. Moreover, Using Lemma 9, the
set of fixed points of ℜ is compact in C2−γ,Φ,w(ℑ, E).

4. Discussion and Conclusions

There are many definitions for the fractional differential operator, and some of them
include others. Therefore, it is useful to consider fractional differential equations and frac-
tional differential inclusions that contain a fractional differential operator which includes
a large number of other fractional differential operators. Since the w-weighted Φ-Hilfer
fractional derivative, Dµ,v,Φ,w

0,σ , interpolates the fractional derivative differential operators
that were presented by Riemann–Liouville, Caputo, Hadamard, Φ-Riemann–Liouville,
Φ-Caputo, Katugampola, Hilfer–Hadamard, Hilfer, Hilfer–Katugampola and Φ- Hilfer
derivatives, it contains a large number of fractional differential operators. In this work,
the representation for a mild solution to a semilinear differential inclusion involving the
w-weighted Φ-Hilfer fractional derivative of order µ ∈ (1, 2) and of type v ∈ (0, 1) is
derived in the presence of non-instantaneous impulses, and then the non-emptiness and
compactness of the set of mild solution for the considered problem is proved in infinite di-
mensional Banach spaces. The nonlinear part of the considered problem is the infinitesimal
generator of the strongly continuous cosine family, and the nonlinear part is a multi-valued
function. Our results are novel and interesting because no researchers have previously
studied such semilinear differential inclusion. Moreover, since the fractional differential
operator Dµ,v,Φ,w

0,σ interpolates many other known fractional differential operators, our
objective problem includes many problems which are considered in many cited papers in
the introduction section. In addition, our technique can be used to generalize many cited
papers in the introduction to the case when the considered fractional differential operator is
replaced by Dµ,v,Φ,w

0,σ and the dimension of the space is infinite, and this can be considered
as a suggestion for future research work as a result of this paper.

5. Example

Example 1. Assume that E is a Hilbert space, D is a non-empty convex compact subset of E, b =
3, ℑ = [0, 3], m = 1, ϑ0 = 0, σ1 = 1, ϑ1 = 2, σ2 = 3, µ = 4

3 , ν = 1
2 . Then, v(2 − µ) = 1

3 ,
γ = µ + 2ν − µν = 5

3 and 2 − γ = 1
3 , w : ℑ →]0, ∞[, Φ : ℑ → R is a strictly increasing
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continuously differentiable function with Φ′(ϑ) ̸= 0, and for any ϑ ∈ ℑ, x1, x2 are two fixed points
in E, and λ = sup{||x|| : x ∈ Ω}.The definition of an operator A : D(A) ⊂ E → E is given by:

Av = v′′, (60)

with
D(A) = {v ∈ L2[0, π] : vyy ∈ L2[0, 1], v(0) = v(π) = 0}.

Note that the representation of the operator A is

Ax =
∞

∑
k=1

−k2 < x, xk > xk, x ∈ D(A),

where xk(y) =
√

2 sin ky, k = 1, 2, ..., is the orthonormal set of eigenfunctions of A. In
addition, A is the infinitesimal generator of a strongly continuous cosine family C(σ)σ∈R
which is defined by

C(σ)(x) =
∞

∑
k=1

cos kσ < x , xk > xk, x ∈ E,

and the corresponding sine family S(σ)σ∈R on E is given by

S(σ)(x) =
∞

∑
k=1

sin kσ

k
< x , xk > xk, x ∈ E.

Suppose F : ℑ× E → Pck(E) is a multivalued function given by:

F(σ, u) =


ξ(Φ(σ)− Φ(0))

1
3 ||u|| Ω, σ ∈ ℑ0 = [0, 1],

ξ Ω, σ ∈ T1 = (1, 2],
ξ(Φ(σ)− Φ(2))

1
3 ||u|| Ω, σ ∈ ℑ1 = (2, 3],

(61)

where ξ > 0. Clearly, for any u ∈ E, F(., u) is measurable and, for any y ∈ F(σ, u),

||y|| =


λξ(Φ(σ)− Φ(0))

1
3 ||u|| , σ ∈ ℑ0,

ξ λ, σ ∈ T1,
λξ(Φ(σ)− Φ(2))

1
3 ||u||, σ ∈ ℑ1,

≤


λξ(Φ(σ)− Φ(0))

1
3 (1 + ||u||), σ ∈ ℑ0,

ξ λ, σ ∈ T1,
λξ(Φ(σ)− Φ(2))

1
3 (1 + ||u||), σ ∈ ℑ1,

≤


λξ(Φ(b)− Φ(0))

1
3 (1 + ||u||), σ ∈ ℑ0,

ξ λ, σ ∈ T1,
λξ(Φ(b)− Φ(0))

1
3 (1 + ||u||), σ ∈ ℑ1.

So, assumption (F2) is verified with

φ(σ) = λξ(Φ(b)− Φ(0))
1
3 , ∀σ ∈ ∪k∈{0,1}ℑk. (62)

Moreover, let u1, u2 ∈ E and if y1 ∈ F(σ, u1), then

y1 =


ξ(Φ(σ)− Φ(0))

1
3 ||u1|| e1, σ ∈ [0, 1],

ξ κ1, σ ∈ (1, 2],
ξ(Φ(σ)− Φ(2))

1
3 ||u|| ϱ1, σ ∈ (2, 3],
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where e1, κ1, ϱ1 are elements in Ω. Set

y2 =


ξ(Φ(σ)− Φ(0))

1
3 w(σ)||u2|| e1, σ ∈ [0, 1],

ξ κ1, σ ∈ (1, 2],
ξ(Φ(σ)− Φ(2))

1
3 w(σ)||u|| ϱ1. σ ∈ (2, 3].

Due to the definition of F, it yields y2 ∈ F(σ, u2) and

||y2 − y1|| =


λξ(Φ(σ)− Φ(0))

1
3 w(σ)||u2 − u1|| , σ ∈ [0, 1],

0, σ ∈ (1, 2],
λξ(Φ(σ)− Φ(2))

1
3 w(σ)||u2 − u1||, σ ∈ (2, 3].

Therefore,

h(F(σ, u2), F(σ, u1) ≤ λξ(Φ(σ)− Φ(ϑk))
1
3 ||u2 − u1||, ∀σ ∈ ℑk, k = 0, 1. (63)

It follows from (63) that F(σ, .) is upper semicontinuous for every σ ∈ ℑk, k = 0, 1,
and for almost σ ∈ ℑk, k = 0, 1,

χE(F(σ, u) : u ∈ D))

≤ (Φ(σ)− Φ(ϑk))
2−γς(σ)χE{(u(σ) : z ∈ D}.

Then, (F3) holds with

ζ(σ) = λξ, for almost σ ∈ ℑk, k = 0, 1. (64)

ζ(σ) = λξ, ∀σ ∈ ℑ.
Next, let g1 : [1, 2]× E → E , g∗1 : [1, 2]× E → E as follows:

g1(σ, x) = ξΥ(x), g∗1(σ, x) = ξΥ∗(x), (65)

where Υ, Υ∗ : E → Ω are the projection operator on Ω. Notice that ||g1(σ, x)|| ≤ λξ||x|| and
||g1(σ, x)|| ≤ ξ||Υ∗|| ||x||, ∀(σ, x) ∈ [1, 2]× E. So, conditions (H1) and (H1) are satisfied,
where h1 = λξ and h∗1 = ξ||Υ∗||.

As a result of Theorem (1), we have the following problem:

D
4
3 , 1

2 ,Φ,w
ϑi ,σ

x(σ) ∈ Ax(σ) + F(σ, x(σ)), a.e., σ ∈ ℑ1, i ∈ {0, 1},
x(σ+

i ) = gi(σi, x(σ−
i )), i = 1,

x(σ) = gi(σ, x(σ−
i )), σ ∈ (σi, ϑi], σ ∈ T1,

limσ→0+ w(σ)I2−γ,Φ,w
0,σ x(σ) = x0, limσ→0+

1
Φ′(σ)

d
dσ (w(σ)I2−γ,Φ,w

0,σ x(σ)) = x1,

limσ→ϑ−i
(w(σ)I2−γ

0,σ x(σ)) = gi(ϑi, x(ϑ−
i )), i = 1

limσ→ϑ−i
1

Φ′(σ)
d

dσ (w(σ)I2−γ
0,σ x(σ)) = g∗i (ϑi, x(ϑ−

i )), i = 1

which has a mild solution where A, F , g and g∗ are as in (60), (61) and (65) given that

3hMΦ(3)
Γ(γ − 2δ + 1)Γ(2δ)

+
MΦ(3)1−γ+2δ

Γ(2δ)
||φ||L1,Φ

w (ℑ,R+)
+ h < 1. (66)

and
2MΦ(3)1−γ+2δ

Γ(2δ)
||ς||L1,Φ

w (ℑ,R+)
< 1, (67)

where M = supσ∈ℑ ||C(σ)||, δ = µ
2 = 2

3 , φ and ς are as in (62) and (64). By choosing
sufficiently small Φ, λ, ρ and ξ, inequalities (66) and (67) are satisfied.
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