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Abstract: We consider a scalar QED (quantum electrodynamics) model for the frictional force and
the momentum fluctuations of a polarizable particle in thermal equilibrium with radiation or in
hyperbolic motion in a vacuum. In the former case the loss of particle kinetic energy due to the
frictional force is compensated by the increase in kinetic energy associated with the momentum
diffusion, resulting in the Planck distribution when it is assumed that the average kinetic energy
satisfies the equipartition theorem. For hyperbolic motion in vacuum the frictional force and the
momentum diffusion are similarly consistent with an equilibrium with a Planckian distribution at
the temperature T = h̄a/2πkBc. The quantum fluctuations of the momentum imply that it is only the
average acceleration a that is constant when the particle is subject to a constant applied force.

Keywords: scalar quantum electrodynamics; Einstein–Hopf model; hyperbolic motion; Davies-Unruh
temperature

1. Introduction

The question of whether there is radiation from a uniformly accelerated oscillator in
vacuum continues to be of interest [1] (and refernces therein). In this paper, we revisit the
question within the context of a 2D (2-dimensional) scalar QED (quantum electrodynamics)
model [2,3]. Our approach differs from previous study with this model in that we focus on
the force on the particle and its momentum fluctuations as it exchanges energy with the
field. Since it is well established that the particle will perceive itself to be in a field with
a Planck distribution at a temperature T = h̄a/2πkBc, where a is the acceleration, h̄ is the
reduced Planck constant, c is the speed of light, and kB is the Boltzmann constant [4,5], we
first consider, within the 2D scalar QED model, a polarizable particle in equilibrium with
thermal radiation in the absence of any external force that would accelerate the particle.
We follow the original approach of Einstein and Hopf [6] and later Einstein [7] in which it
is shown that the frictional force and the momentum diffusion experienced by the particle
are consistent with the Planck distribution for the field. The 2D scalar QED model exhibits
the basic physics of the problem while permitting some simplification compared to the
complete QED theory [8,9].

Essentially the same approach in the case of a uniformly accelerated particle in vac-
uum yields the expected result: the particle undergoes a frictional force and momentum
fluctuations as if it were in thermal equilibrium at the temperature T = h̄a/2πkBc. The
result for the momentum fluctuations seems particularly interesting in the way that the
Bose–Einstein form of the fluctuations emerges. The coupling of the particle to the quan-
tum field results in quantum fluctuations about its classical hyperbolic trajectory. These
fluctuations are superposed on an otherwise uniformly accelerated motion.

In the following Section we present the basic equations of motion needed for our
analysis. In Section 3 we derive, based on the Lorentz transformation of the spectral energy
density of the field, the frictional force on a polarizable particle in a field of blackbody
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radiation, and in Section 4 we derive the momentum fluctuations experienced by such a
particle. The expressions obtained for the frictional force and the momentum fluctuations
are shown to be consistent with a Planck distribution for the spectral energy density of
the field. In Section 5 we extend these considerations to the case of hyperbolic motion in a
vacuum. Our results are summarized in Section 6.

2. Hamiltonian and Equations of Motion

We consider a point particle interacting with a (1 + 1)D scalar field , ϕ(y, t), with y
the coordinate and t the time, via a harmonically bound charged oscillator, as shown in
Figure 1. The Lagrangian of the system is [10]

L =
1
2

MẎ2 +
1
2

mẋ2 − 1
2

mω2
0x2 +

∫
dy

[
(∂tϕ(y, t))2 −

(
∂yϕ(y, t)

)2
+ eϕ(y, t)ẋδ(y − Y)

]
. (1)

Figure 1. Schematic representation of a point particle of mass M and harmonically bound oscillator
with a charge e and mass m. The charged oscillator moves along the x-axis with a frequency ω0

and interacts with a scalar field ϕ(y, t) at y = Y, where Y is the center-of-mass position of the point
particle. See text for more details.

Here, M denotes the mass of the particle, m and e are the mass and charge of the
oscillator, respectively, ω0 is the resonant frequency of the oscillator, ∂a = ∂/∂a, δ(·) is
the Dirac delta function, and the dot over a letter denotes the time derivative. We denote
the center-of-mass position of the particle by Y(t) and the charged oscillator coordinate
by x(t). The charged oscillator interacts with the field and its y coordinate is constrained
to be at Y(t). The bilinear coupling term is motivated by the minimal coupling form of
interaction, considering that one can draw a correspondence between ϕ and the vector
potential, as discussed in similar models used in microscopic descriptions of mirrors and
optomechanics [10–12]. Defining the canonical conjugate momenta associated with the
various degrees of freedom as Py = MẎ, px = mẋ + eϕ(Y, t) and Π(y, t) = ϕ̇(y, t), we
obtain the corresponding Hamiltonian in the minimal coupling form as

H = P2
y /2M +

1
2

mω2
0x2 +

1
2m

[px − eϕ(Y, t)]2 + ∑
k

h̄ωka†
k ak, (2)

with

ϕ(y, t) = ∑
k

Ck
[
ak(t)eiky + a†

k(t)e
−iky], Ck =

(
2πh̄
ωkL

)1/2
. (3)

ak and a†
k are the bosonic annihilation and creation operators, respectively, following the

canonical commutation relations [ak, a†
k′ ] = δkk′ , with δij the Kronecker delta, and the

quantization volume is of length L. (We omit the speed of light c in Equations (1)–(3)) From
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the Heisenberg equations of motion that follow from the Hamiltonian (2) we obtain the
following equations for the operators x, ϕ0, and (see Appendix A)

ẍ + 2βẋ + ω2
0x = − e

m
∂ϕ0(Y, t)

∂t
, (4)

ϕ0(y, t) = ∑
k

Ck
[
ake−i(ωkt−ky) + a†

k ei(ωkt−ky)], (5)

Ṗy =
e
2

(
ẋ

∂ϕ0(Y, t)
∂y

+
∂ϕ0(Y, t)

∂y
ẋ
)

. (6)

ϕ0(y, t) is the source-free part of ϕ(y, t); the source (“radiation reaction”) part of ϕ(y, t)
results in the damping force −2βmẋ in Equation (4). β is found without approximation to
be πe2/m, consistent with the commutation relation [x(t), mẋ(t)] = ih̄ maintained by the
formal solution of Equation (4); see, for instance, Ref. [13].

Equations (4) and (5), together with the equation for the radiation field ϕ(y, t), are the
basis for the analyses by Raine, Sciama and Grove [2] and Ford and O’Connell [3] and their
conclusion that an oscillator in hyperbolic motion does not radiate. We focus instead on
Equation (6). In other words, we focus not on the radiation field but on the force acting on
the particle. In the case of hyperbolic motion, this force results in fluctuations superposed
on the otherwise uniform acceleration.

For the linear response of x(t) to ∂ϕ0(Y, t)/∂t we define the polarizability

α(ω) =
e2/m

ω2
0 − ω2 − 2iβω

(7)

such that the steady-state expression for ex(t) for the particle at rest is

ex(t) = i ∑
k

Ckωk[α(ωk)ake−iωkt − α∗(ωk)a†
k eiωkt], (8)

where we have assumed without loss of generality that Y = 0 specifies the particle coordinate.

3. Frictional Force

A polarizable particle moving in a blackbody field experiences a drag force, as shown
nonrelativistically by Einstein and Hopf [6] and Einstein [7]. To obtain a relativistic ex-
pression for the drag force we can proceed as in Ref. [8] or Ref. [9], for instance. Here
we take a different, more heuristic approach based on the Lorentz transformation of the
Planck spectrum in the 2D scalar QED model. Our starting point is the expression for the
free-space energy density of the 2D massless scalar field:

E =
1
2

[(
∂ϕ

∂t

)2
+

(
∂ϕ

∂y

)2
]

, (9)

which is proportional to ω2 for a mode of frequency ω. In a frame S′ moving with velocity
v with respect to the frame in which the energy density is E, the energy density E′ ∝ ω′2,
with

ω = γω′(1 + v)

E = γ2(1 + v)2E′, γ = (1 − v2)−1/2. (10)
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We define the spectral energy density ρ(ω) such that ρ(ω)dω is the energy per unit
length (or “volume") in the frequency interval [ω, ω + dω]. In the moving frame ρ(ω, k̂) →
ρ′(ω′, k̂),

ρ′(ω′, k̂)dω′ =
E′

E
ρ(ω, k̂)dω =

1
γ2(1 + v)2 ρ(ω, k̂)dω (11)

for a plane wave of frequency ω propagating in the direction of the unit vector k̂, and therefore

ρ′(ω′, k̂) =
1

γ2(1 + v)2 ρ(ω, k̂)
dω

dω′ =
1

γ(1 + v)
ρ(ω, k̂). (12)

For plane waves propagating in the direction parallel to the velocity v,

ρ′(ω′) =
ρ[γω′(1 + v)]

γ(1 + v)
. (13)

The energy eigenvalues for the free field are (ωk = |k|)

∑
k

h̄ωk

(
n(ωk) +

1
2

)
=

L
2π

∫ ∞

−∞
dkh̄ω

(
n(ω) +

1
2

)
≡ L

∫ ∞

0
dωρ(ω), (14)

where the spectral energy density

ρ(ω) =
h̄ω

π

(
n(ω) +

1
2

)
, (15)

with n(ω) the average photon number at frequency ω. From Equations (13) and (15),

ω′
(

n(ω) +
1
2

)
= ω′

[
n
(
γω′(1 + v)

)
+

1
2

]
, (16)

and so the Lorentz-transformed spectral energy density is

ρ′(ω′) =
h̄ω′

π

[
n
(
γω′(1 + v)

)
+

1
2

]
. (17)

In the case of thermal equilibrium at temperature T,

n
(
γω′(1 + v)

)
+

1
2
=

1
2

coth
[

γh̄ω′

2kBT
(1 + v)

]
(18)

and

ρ′(ω′) =
h̄ω′

2π
coth

[
γh̄ω′

2kBT
(1 + v)

]
. (19)

This is the 2D version of the Lorentz-transformed Planck spectrum obtained in earlier
work [14,15].

The force on the particle may be expressed as

F =
1
2

∫ ∞

0
dωR(ω)ρ′(ω) =

h̄
2π

∫ ∞

0
dωR(ω)ω

[
n(γω(1 + v)) +

1
2

]
, (20)
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where R(ω) is the rate at which the field loses energy (and momentum p = E) in a given
direction (k > 0 or k < 0), this momentum being taken up by the particle. Perhaps the
simplest way to obtain an expression for R(ω) is to start from the wave equation for ϕ [10]:

∂2ϕ

∂y2 − ∂2ϕ

∂t2 = 4πeẋδ(y − Y), (21)

which has the same form as the wave equation for an electric field propagating in one
direction in a medium with number density N (= δ(y − Y) here) of particles with polariz-
ability α(ω). In that case the energy dissipation rate R(ω) = 2kI(ω) ∼= 4πNωαI(ω) in the
dilute-medium approximation, where kI and αI(ω) are respectively the imaginary parts of
the wave number and the polarizability [16].

In the present case we have one particle in our volume L, implying R(ω) = 4πωαI(ω)
and

F = 2h̄
∫ ∞

0
dωω2αI(ω)

[
n(γω(1 + v)) +

1
2

]
. (22)

This expresses the average force in terms of the linear response of the particle to
a broadband field with Doppler-shifted frequencies ω

√
(1 + v)/(1 − v). Including field

modes with k either parallel or anti-parallel to the particle velocity v, we obtain the net
force

F = 2h̄
∫ ∞

0
dωω2αI(ω)[n(γω(1 + v))− n(γω(1 − v))] ∼= 4h̄v

∫ ∞

0
dωω3αI(ω)

∂n
∂ω

= −4πv
∫ ∞

0
dωωαI(ω)

[
ρ − ω

∂ρ

∂ω

]
. (23)

In the full QED theory, in contrast, the nonrelativistic approximation to the friction
force is [14,15]

F = −4πv
∫ ∞

0
dωωαI(ω)

[
ρ − ω

3
∂ρ

∂ω

]
, (24)

with ρ(ω) = h̄ω3n(ω)/π2c3. It is noteworthy that Einstein and Hopf [6] and Einstein [7]
obtain ρ(ω)− ω

3
∂ρ
∂ω in their formula for the friction force from essentially just kinematic

effects involving Doppler shifts and aberration. The factor 1/3 that appears in (24) is
due to the vector character of the three-dimensional electromagnetic field, whereas our
expression (23) assumes a one-dimensional scalar field.

4. Momentum Fluctuations and Thermal Equilibrium

From Equation (6),

Py(t) = i ∑
K

∑
k

CKCkω2
Kk

[
α(ωK)aKakgKk(t)− α(ωK)aKa†

k fKk(t)

+ α∗(ωK)a†
Kak f ∗Kk(t)− α∗(ωK)a†

Ka†
k g∗Kk(t)

]
, (25)

where

fKk(t) =
∫ t

0
dτe−i(ωK−ωk)τ and gKk(t) =

∫ t

0
dτe−i(ωK+ωk)τ . (26)

The calculation of momentum fluctuations
〈

∆P2
y (t)

〉
= ⟨P2

y (t)⟩, averaged over the
state of the field, is simplified if we assume that ϕ0 and its derivatives may be regarded
as Gaussian random processes. This allows us to treat the K and k modes (K ̸= k) in
Equation (25) as uncorrelated. This property was originally employed in a classical context
by Einstein and Hopf [6,17]. A simplified proof of this property for Gaussian random
processes X and Y with ⟨X⟩ = ⟨Y⟩ = ⟨XY⟩ = 0 is given in Ref. [9]. We further sim-
plify by dropping terms involving gKk(t), since their nonresonant character results in no
contribution to ⟨P2

y (t)⟩. Then
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⟨P2
y (t)⟩ = ∑

K
∑
k

C2
KC2

k ω4
Kk2|α(ωK)|2

[
⟨aKa†

K⟩⟨aka†
k⟩+ ⟨a†

KaK⟩⟨a†
k ak⟩

]
| fKk(t)|2

→
( L

2π

)2 ∫ ∞

−∞
dK

( 2πh̄
ωK L

)
ω4

K|α(ωk)|2
∫ ∞

−∞
dk
(2πh̄

ωkL

)
k2

×
(
[n(ωK) + 1]n(ωk) + n(ωK)[n(ωk) + 1]

) sin2 1
2 (ωK − ωk)t

(ωK − ωk)2/4

∼= 4h̄2
∫ ∞

0
dωω4|α(ω)|2

∫ ∞

0
dω′[2n(ω)n(ω′) + n(ω) + n(ω′)]2πtδ(ω − ω′)

= 16πh̄2t
∫ ∞

0
dωω4|α(ω)|2[n2(ω) + n(ω)]. (27)

In the penultimate step we have used the long-time approximation
∫ ∞
−∞ dK sin2((ωK−ωk)t/2)

[(ωK−ωk)/2]2
∼=∫ ∞

−∞ dK 2πtδ(ωK −ωk).
In thermal equilibrium the average rate of increase of the kinetic energy must balance

the average rate ⟨Fv⟩ at which the particle loses energy because of the frictional force:

〈 d
dt

P2
y

2m
+Fv

〉
= 0, (28)

or, from (23) and (27), and the energy equipartition assumption, ⟨ 1
2 mv2⟩ = 1

2 kBT, for
thermal equilibrium at temperature T,

8πh̄2

m

∫ ∞

0
dωω4|α(ω)|2[n2(ω) + n(ω)] +

4h̄kBT
m

∫ ∞

0
dωω3αI(ω)

∂n
∂ω

= 0. (29)

Using the relation |α(ω)|2 = αI(ω)/2πω (Equation (7)), and the fact that αI(ω) > 0
for all ω > 0, we obtain

∂n
∂ω

= − h̄
kBT

(n2 + n), (30)

which is satisfied as expected by

n(ω) =
1

eh̄ω/kBT − 1
. (31)

5. Hyperbolic Motion in Vacuum

We expect the results above to apply to the case of hyperbolic motion in the zero-
temperature vacuum if we simply replace kBT by h̄a/2π. In particular, we expect the
coupling of the particle to the quantum vacuum field to cause quantum fluctuations about
its classical trajectory. A calculation showing this seems nevertheless worthwhile. We now
present such a calculation for the momentum fluctuations experienced by a polarizable
particle in hyperbolic motion in vacuum.

We start with Equations (5), (6) and (8), but now with

t(τ) =
1
a

sinh aτ and y(τ) =
1
a

cosh aτ (32)

for hyperbolic motion, and therefore

ωt(τ) + ky(τ) = ω(t(τ) + y(τ)) =
ω

a
eaτ (33)

for a particle accelerated in the y direction and for modes k = ω > 0, which we assume
for now. We will carry out the calculation with (proper) time durations τ registered by a
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clock moving with the particle characterized by a polarizability α(ω). Since ϕ0(y, t) may be
expressed as a function of τ, we write it in terms of operators g(Ω) and g†(Ω) as follows:

ϕ0(τ) =
∫ ∞

0
dΩ

[
g(Ω)e−iΩτ + g†(Ω)eiΩτ

]
. (34)

Then
eẋ =

∫ ∞

0
dΩΩ2[α(Ω)g(Ω)e−iΩτ + α∗(Ω)g†(Ω)eiΩτ

]
, (35)

∂ϕ0

∂y
= i

∫ ∞

0
dΩΩ

[
g(Ω)e−iΩτ − g†(Ω)eiΩτ

]
, (36)

and

Py(τ) =
i
2

∫ ∞

0
dΩ1

∫ ∞

0
dΩ2Ω2

1Ω2

[
α(Ω1)g(Ω1)g(Ω2)G12(τ)

− α(Ω1)g(Ω1)g†(Ω2)F12(τ) + α∗(Ω1)g†(Ω1)g(Ω2)F∗
12(τ)

− α∗(Ω1)g†(Ω1)g†(Ω2)G∗
12(τ)

]
+ h.c., (37)

where “h.c.” stands for Hermitian conjugate and we have defined

F12(τ) = 2e−i(Ω1−Ω2)τ/2 sin 1
2 (Ω1 − Ω2)τ

Ω1 − Ω2
,

G12(τ) = 2e−i(Ω1+Ω2)τ/2 sin 1
2 (Ω1 + Ω2)τ

Ω1 + Ω2
. (38)

Now we proceed as in the calculation for thermal equilibrium, regarding ϕ0 and its
derivatives as Gaussian random processes. Then, in taking expectation values, we can treat
the operators depending on Ω1 and Ω2 as uncorrelated.

5.1. Momentum Fluctuations

The momentum fluctuations, ⟨∆P2
y (τ)⟩ = ⟨P2

y (τ)⟩, of the particle can be obtained as:

⟨P2
y (τ)⟩ = 4Re

∫ ∞

0
dΩ1

∫ ∞

0
dΩ2

∫ ∞

0
dΩ3

∫ ∞

0
dΩ4Ω2

1Ω2
3Ω2Ω4

×
[
α(Ω1)α

∗(Ω3)⟨g(Ω1)g†(Ω3)⟩⟨g†(Ω2)g(Ω4)⟩F12(τ)F∗
34(τ)

]
. (39)

We have dropped terms involving Gij and G∗
ij. Because of their nonresonant character

they make no contribution to ⟨P2
y ⟩.

From Equation (34), again for a particle accelerated along the y direction,

g(Ω) =
1

2π

∫ ∞

−∞
dτeiΩτϕ0(τ) =

1
2π

∫ ∞

−∞
dτeiΩτ ∑

k
Ck

[
akei ωk

a eaτ
+ a†

k e−i ωk
a eaτ

]
=

1
2π ∑

k
Ck

[
akξ(ωk, Ω) + a†

k η(ωk, Ω)
]
, (40)

where we have defined the functions ξ(ωk, Ω) and η(ωk, Ω), corresponding to the time-
dependent Doppler shift observed by the accelerated observer [18], as

ξ(ω, Ω) =
∫ ∞

−∞
dτeiΩτei ω

a eaτ
=

1
a

Γ
(

iΩ
a

)(ω

a

)−iΩ/a
e−πΩ/2a, (41)

η(ω, Ω) =
∫ ∞

−∞
dτeiΩτe−i ω

a eaτ
=

1
a

Γ
(

iΩ
a

)(ω

a

)−iΩ/a
eπΩ/2a, (42)
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where Γ(x) is the Gamma function (see Appendix B for details).
We must now evaluate the correlation functions appearing in (39) that relate to the

power spectrum of the vacuum fluctuations as seen by the accelerated particle. Consider first

⟨g(Ω1)g†(Ω3)⟩ =
(

1
2π

)2

∑
k

C2
k ξ(ωk, Ω1)ξ

∗(ωk, Ω3). (43)

We have used the vacuum expectation values ⟨akak′⟩ = ⟨a†
k a†

k′⟩ = ⟨a†
k ak′⟩ = 0 and

⟨aka†
k′⟩ = δkk′ . Now, in the usual mode continuum limit,

∑
k

C2
k ξ(ωk, Ω1)ξ

∗(ωk, Ω3) =
h̄
a2 Γ

(
iΩ1

a

)
Γ∗

(
iΩ3

a

)
e−π(Ω1+Ω3)/2aei(Ω1−Ω3)/a

×
∫ ∞

0
dω

1
ω

(ω

a

)i(Ω1−Ω3)/a
. (44)

The integral may be evaluated with the change of variable x = ln(ω/a) to obtain
2πaδ(Ω1 − Ω3), and so

⟨g(Ω1)g†(Ω3)⟩ =
h̄

2πa

∣∣∣∣Γ( iΩ1

a

)∣∣∣∣2e−πΩ1/aδ(Ω1 − Ω3). (45)

We find similarly that

⟨g†(Ω2)g(Ω4)⟩ =
h̄

2πa

∣∣∣∣Γ( iΩ2

a

)∣∣∣∣2eπΩ2/aδ(Ω2 − Ω4) (46)

and ⟨g(Ω1)g(Ω3)⟩ = ⟨g†(Ω1)g†(Ω3)⟩ = 0. After some algebra we obtain

⟨P2
y (τ)⟩ = 4

∫ ∞

0
dΩ1

∫ ∞

0
dΩ2

∫ ∞

0
dΩ3

∫ ∞

0
dΩ4Ω2

1Ω2
3Ω2Ω4|α(Ω1)|2

×
(

h̄
2πa

)2∣∣∣∣Γ( iΩ1

a

)∣∣∣∣2∣∣∣∣Γ( iΩ3

a

)∣∣∣∣2δ(Ω1 − Ω3)δ(Ω2 − Ω4)

× e−π(Ω1−Ω2)/a sin2 1
2 (Ω1 − Ω2)τ

1
2 (Ω1 − Ω2)]2

→ 4
(

h̄
2πa

)2
(2πτ)

∫ ∞

0
dΩ1Ω6

1|α(Ω1)|2
∣∣∣∣Γ( iΩ1

a

)∣∣∣∣4. (47)

Finally we use the identity∣∣∣∣Γ( iΩ
a

)∣∣∣∣4 =
π2a2/Ω2

sinh2(πΩ/a)
=

π2a2

Ω2
4e2πΩ/a

(e2πΩ/a − 1)2 (48)

to obtain
⟨P2

y (τ)⟩ = 16πh̄2τ
∫ ∞

0
dωω4|α(ω)|2[n2(ω) + n(ω)], (49)

where a factor 2 is included to account for modes with k < 0 as well as k > 0, and
have defined

n(ω) = (eh̄ω/kBT − 1)−1, T ≡ h̄a/2πkB. (50)

The result (49) has the same form as Equation (27), as expected. Interestingly, the
Bose–Einstein factor n2 + n in Equation (27) was obtained from the algebra of annihilation
and creation operators, whereas the derivation of Equation (49) depended mainly on the
analytical properties of ξ(ω, Ω) and η(ω, Ω), as well as the vacuum expectation values
⟨aka†

k′⟩ = δkk′ .
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5.2. Frictional Force

Finally we consider briefly the frictional force on the particle’s center-of-mass, starting with

F =

〈
dPy(τ)

dτ

〉
. (51)

Using Equation (37) and ignoring the non-resonant terms, we obtain the simplified expression

F = − i
2

∫ ∞

0
dΩ1

∫ ∞

0
dΩ2Ω2

1Ω2

[
−α(Ω1)

〈
g(Ω1)g†(Ω2)

〉dF12(τ)

dτ

+α∗(Ω1)
〈

g†(Ω1)g(Ω2)
〉dF∗

12(τ)

dτ

]
+ h.c.. (52)

Noting that dF12(τ)
dτ = e−i(Ω1−Ω2)τ , and using the expectation values of the correlation

functions from Equations (45) and (46), yields

F = − ih̄
4πa

∫ ∞

0
dΩΩ3

∣∣∣∣Γ( iΩ
a

)∣∣∣∣2[−α(Ω)e−πΩ/a + α∗(Ω)eπΩ/a
]

+
ih̄

4πa

∫ ∞

0
dΩΩ3

∣∣∣∣Γ( iΩ
a

)∣∣∣∣2[−α∗(Ω)e−πΩ/a + α(Ω)eπΩ/a
]

=
h̄

πa

∫ ∞

0
dΩΩ3 cosh(πΩ/a)

∣∣∣∣Γ( iΩ
a

)∣∣∣∣2αI(Ω) (53)

= h̄
∫ ∞

0
dΩΩ2αI(Ω) coth(πΩ/a)

= 2h̄
∫ ∞

0
dωω2αI(ω)[n(ω) +

1
2
], (54)

where in the last step we have again defined n(ω) = (e2πω/a − 1)−1 and have expressed∣∣∣Γ( iΩ
a

)∣∣∣2 as πa/Ω
sinh(πΩ/a) . This expression has the form F = 1

2

∫ ∞
0 R(ω)ρ(ω), as in Equation (20)

but with ρ(ω) appearing instead of the Lorentz-transformed ρ′(ω). In our heuristic approach
we now argue, as in Section 3, that if the particle has a velocity v the spectral density ρ(ω)
experienced by it should be ρ′(ω), just as in Equation (17), such that

F = 2h̄
∫ ∞

0
dωω2αI(ω)

[
n(γω(1 + v)) +

1
2

]
. (55)

The net frictional force is then, exactly as in Section 3,

F = 4h̄v
∫ ∞

0
dωω3αI(ω)

∂n
∂ω

. (56)

Assuming an equilibrium power balance according to Equation (28) we obtain, from
Equations (56) and (49), Equation (30), but now with kBT = h̄a/2π if we assume the energy
equipartition relation ⟨1

2mv2⟩ = h̄a/2π for thermal equilibrium at the Davies-Unruh temperature.

6. Summary

The 2D scalar QED model was used previously [2,3] to address the question of whether
there is radiation from a uniformly accelerated oscillator in vacuum. We have focused here
not on the radiation, or lack thereof, but on the force on a polarizable particle in thermal
equilibrium (at some temperature T > 0) with the field or in uniform acceleration in a
vacuum. In both cases the momentum fluctuations of the particle depend on the photon
number variance having the Bose–Einstein form n2(ω) + n(ω), where n(ω) is the mean
photon number. In the former case this variance reflects the blackbody photon statistics of
real photons undergoing absorption and emission, whereas in the latter case it emerges,
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along with the Davies-Unruh temperature, as a consequence of the different vacuum
field experienced by the particle in hyperbolic motion [19]. The quantum-mechanical
momentum fluctuations of the particle imply that only the average acceleration is constant
when a constant external force acts on the particle. We also demonstrate that the frictional
force and momentum fluctuations obtained for hyperbolic motion in vacuum are related to
each other via the power balance (fluctuation-dissipation) relation (28).
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Appendix A. Equations of Motion

The equations of motion for the charge at Y = 0 are given by:

dx
dt

=
1

2m
(px − eϕ(0, t)), (A1)

dpx

dt
=− mω2

0x, (A2)

such that

d2x
dt2 + ω2

0x = − e
m

∂ϕ(0, t)
∂t

. (A3)

Dividing the field into source-free (ϕ0) and radiation reaction parts (ϕRR), we get:

d2x
dt2 + ω2

0x +
e
m

∂ϕRR(0, t)
∂t

= − e
m

∂ϕ0(0, t)
∂t

, (A4)

where a friction term arises explicitly from the radiation reaction part.
The Heisenberg equation of motion for the field operator ak is

ih̄
dak
dt

=

[
ak, ∑

k′
h̄ωka†

k′ ak′ −
e
m

ϕ(0, t)px +
e2

m
ϕ2(0, t)

]
(A5)

=⇒ dak
dt

=− iωkak + i
e
h̄

Ck

(
px − eϕ(0, t)

m

)
(A6)

Using Equation (A1) in the above and integrating over time, we obtain:

ak(t) = ak(0)e−iωkt +
ie
h̄

Ck

∫ t

0
dτẋ(τ)eiωk(t−τ) (A7)
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Substituting the above in Equation (3), one gets the free and source parts of the field
as follows

ϕ(y, t) = ∑
k

Ck

(
ak(0)e−iωkteiky + a†

k(0)e
iωkte−iky

)
︸ ︷︷ ︸

ϕ0(y,t) (Free field)

+∑
k

2C2
k e

h̄

∫ t

0
dτẋ(τ) sin(t − τ)︸ ︷︷ ︸

Radiation reaction

(A8)

The radiation reaction part of the field as it appears in the equation of motion for the
charge is

∂ϕRR(0, t)
∂t

=
2e
h̄ ∑

k
C2

k ωk

∫ t

0
dτẋ(τ) cos(ωk(t − τ)) → 2πeẋ(t), (A9)

where in the last step we have taken the continuum limit of the summation (∑k → L
2π

∫
dk).

Substitution of the above in Equation (A4) yields Equation (4).

Appendix B. Derivation of ξ(ωk, Ω) and η(ωk, Ω)

In this Appendix, we present a derivation of the functions ξ(ω, Ω) and η(ω, Ω) that
are related to the frequency spectrum seen by the accelerated observer [18]. We define the
variable z = eaτ , such that, dz = aeaτdτ, yielding:

ξ(ω, Ω) =
∫ ∞

−∞
dτeiΩτei ω

a eaτ
=

1
a

∫ ∞

0
dz ziΩ/a−1e−z/(ia/ω) (A10)

Substituting z̃ = z/(ia/ω), we obtain

ξ(ω, Ω) =
1
a

(
ia
ω

)iΩ/a ∫ ∞

0
dz̃ z̃iΩ/a−1e−z̃ =

1
a

Γ
(

iΩ
a

)(ω

a

)−iΩ/a(
eiπ/2

)iΩ/a
, (A11)

which readily gives Equation (41).
Similarly,

η(ω, Ω) =
∫ ∞

−∞
dτeiΩτe−i ω

a eaτ
=

1
a

Γ
(

iΩ
a

)(
−ω

a

)−iΩ/a
e−πΩ/2a

=
1
a

Γ
(

iΩ
a

)(
eiπ ω

a

)−iΩ/a
e−πΩ/2a, (A12)

which yields Equation (42).
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