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1. Introduction

The classical linear Gronwall integral inequality has played a fundamental role in the
theory of ordinary and partial differential equations.

Many linear and nonlinear versions of this inequality can be found in the mono-
graphs [1-3]. All of such integral inequalities contained in these monographs have regular
kernels. The most known and very often quoted nonlinear one is the Bihari inequality,
originally proved in the paper [4]. Many other nonlinear integral inequalities are, in some
sense, modifications of this inequality. The first result on linear integral inequality with the
weakly singular kernel

(t—s)1, a>0, (1)

frequently called the Henry lemma or Henry inequality, is proved in the famous monograph
by D. Henry ([5], Lemma 7.1.1). In the book, it plays a fundamental role in the theory
of semilinear parabolic equations. Another result also proved in this monograph ([5],
Lemma 7.1.2) concerns the linear integral inequality with the weakly singular kernel
(t—5)*"1s771, a9 >0.

These two results are proved by an iteration argument. Unfortunately, this method is
not applicable in nonlinear cases. A new approach (so-called desingularization method),
presented in the papers [6,7], is suitable also for the investigation of nonlinear integral
inequalities with various types of weakly singular kernels. This method is helpful in the
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theory of fractional differential equations (see, e.g., [8]), abstract evolution differential equa-
tions (see, e.g., [7,9-11]), and parabolic partial differential equations. The results from the
papers [6,7] are included altogether with their proofs in monographs ([12], Theorem 1.2.17)
and ([13], Theorems 1.4.7-1.4.9).A generalization of ([13], Theorem 1.4.9) to nonlinear frac-
tional iterative integral inequalities is proved in [14]. It is also applied in the proof of a
sufficient condition for the nonexistence of blow-up solutions in a class of nonlinear integral
equations with several integrals possessing weakly singular kernels of the form of (1), as in
(5], Lemma 7.1.1).

The desingularization method was successfully applied in many papers on integral
inequalities with weakly singular kernels (see, e.g., recently published papers [15-18]) and
in the study of asymptotic properties of fractional differential equations. The first result of
this type was published in the paper [19]. Later, other papers followed (e.g., [9,20-26]). It is
worth to mention that the Henry lemmas were generalized to weakly singular nonlinear
integral inequalities with a delay [27], stochastic inequalities with singular kernels [28],
integral inequalities with doubly singular kernels [29], etc.

In the present paper, we apply the desingularization method to nonlinear integral
inequalities with the weakly singular kernel

K7 (1 s) = (¥ (1) = ¥(s)* 1 (s)7 e MO ¥y (s), @)

where ¥ is a C'—function with a positive derivative. The case 7 = 1 was studied in the
paper [30] and its linear form in [31], where the definition of the tempered Y—Caputo
fractional derivative was introduced.

It is obvious that the second Henry inequality is obtained if ¥ () = 1, A = 0, and the
first one if, in addition, v = 1. Clearly, the new integral inequality can be applied to some
modifications of the above-mentioned fractional problems in the framework of tempered
Y—fractional differential equations.

The structure of this paper is as follows: In the next part, we introduce the tempered
Y-Riemann-Liouville fractional derivative and the tempered Y—Caputo fractional deriva-
tive. Moreover, some of their properties are derived. In Section 3, we prove the Henry—
Gronwall inequality for integrals with kernel ICQ';,’V’/\. In Section 4, we apply the integral
inequality to obtain results for fractional differential equations involving the tempered
Y-Caputo derivative. Here, we also provide examples of initial value problems with
explicit solutions. Finally, Section 5 summarizes the results and outlines possible future
research directions.

In the whole paper, we denote by N and Ny the set of all positive and nonnegative
integers, respectively. Next, for a,b € Z, a < b, we use ZZ for a discrete interval [a,b] N Z =
{a,a+1,...,b}.

2. Preliminaries

In this section, we recall known definitions and prove auxiliary results. Here, we also
define the tempered Y-Riemann-Liouville fractional derivative.

Definition 1 ([31]). Leta > 0,A > 0,and ¥ € Cl[a, b] satisfy ¥'(t) > O forall t € [a,b]. The
tempered ¥—Hilfer fractional integral of order « > 0 of a function x € Cla, b] is defined by

I;c,/\,‘l/x(t) = 1"(10c) /t ]Cf‘l;)‘(t, S) x(s) ds

for t € [a,b], where K&M(t,s) = KYYM(t,5) for K" (t,s) given by (2) and T(-) is the Euler
gamma function.

Note that
gAY x(f) = e MUY (e 0x(1)), )
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where L‘Z’"‘Y = I,’;"O"P is the Y-Riemann-Liouville fractional integral [32,33], sometimes
referred to as the fractional integral with respect to function Y. It is worth to mention that
if x € Cla, b], then I¥"¥x € Cla), where |-] is the floor function.

Definition 2. Letn € Nyn—1 < a < n, A > 0,and ¥ € C"[a,b] satisfy ¥'(t) > 0 for

all t € [a,b]. The tempered Y—Riemann—Liouville fractional derivative of order w of a function
x € C"1[a, b] is defined by

RLDZ,/\,‘I’x(t) _ e—)L‘Y(t) (Ig—a,/\,\l’x(t)> [n]

ALY
where n
0= (i) 7o)
ie.,
D) = w (‘Fl(t)jt) /,;(‘FU) —¥($))" T (5)e ) x(s) ds.
Note that

RLDZ(,A,‘Fx(t) _ e—/\‘l’(t) RLDg,‘I’(e/\‘P(t)x(t)) ()

RLDDl,lY _ RLDIX,O/‘Y
a - a

for the Y-Riemann-Liouville fractional derivative, , as introduced

in [34].
Definition 3. Letn e Nyn—1 < a <n, A > 0,and ¥ € C"[a,b] satisfy ¥'(t) > 0 for all

t € [a,b]. The tempered ¥Y—Caputo fractional derivative of order a of a function x € C"~1[a,b] is
defined by

CDz,)\,‘Yx(t) _ RL Dg,/\,‘f’

() — e 10 T (O = ¥@)F g (a)] )

fort € [a,b].

AY(H)x(t), we obtain

n—1 _ a k
v =), W,f())y@(a)],

k=0

By denoting y(t) = e

CDg,/\,‘Fx(t) _ ef/\‘I’(t) RLDZ"Y

where y\[;f] (t) = y([)rfx]l,(t). Now, if x € C"[a,b], by using the definition of the ¥-Caputo

fractional derivative, “D¥¥, from ([34], Definition 1), by ([35], Theorem 3),C DY x (1)

reads C ALY AY(t) C Y
DM x(t) = e MO DYy (1)

_ o AY(t) pn—a¥ 1 i "

— e—/\‘P(t) I;:—a,‘l’xkﬂy (t)

(6)

_ re(;ﬁ(z) / () — ¥ () (5) aly (5) s,

which agrees with the definition of the tempered Y—-Caputo fractional derivative from ([31],
Definition 6).

Next, we summarize several properties of the above-defined fractional operators in
auxiliary lemmas.
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Lemma 1. Let A > 0and ¥ € C'[a, b] satisfy ¥'(t) > 0 forall t € [a,b]. A continuous function
x defined on [a, b] fulfills the following:

1. I;’"A"FIf’A’Tx(t) = Ig%’A’\Fx(t)for a,B>0;

2. (Iﬁ"’\’\yx(t))[;i = MO Ay (1) for w > n € Ny;

n
3. (Ig’A’Tx(t))i/L =My (t) forn € N.
Proof. By making use of fractional integral composition (see [34,36]), one derives
BV () = e MO (Y Ox ()
_ e—A‘Y(t)I;l+ﬁr‘1’(e)\‘1’(t)x(t))

= I P,

Statement 1 is proved.
If n =0, then (Ig’/\’?x(f))ii = MO [5MF x(1). This confirms Statement 2 for 1 = 0.

Let n > 0. Then, Iﬁ"A’Tx c cle [a,b] with |a] > n. By subsequently differentiating,
one obtains

(Ig,/\,‘l’x(t))iL = (‘I”l(t);t) (eA‘Y ) AT (t))
R TC o W ACCR I e

n—1 .
~ e (wa) [ 0O e &

- (zgflf%‘l’x(t))["_” == (o (t))m

ALY
e n«lH)‘I”(t);t at“’(” = ¥(s)" Y ()M x(s) ds.

Now, if & = n, this is equal to

1 d (" ) / ()
Wa/ﬂ M) x(6)9 (5) ds = MV (p)
proving Statement 3; on the other hand, for « > 1, one can differentiate once more to obtain

= . H(E) — () W (5)e YO x(s) ds = MO LA (),

which proves Statement 2 for n > 0. [

From now on, we refer to the statements of the latter lemma by adding the correspond-
ing number, e.g., Lemma 1(1). The same holds for the next lemma.

Lemma2. Letn €e NNn—1<a<n A>0and¥ € C"[a,b] satisfy ¥'(t) > 0 for all
t € [a,b]. Then, the following holds:

1. fork €N,

0, n >k,

CpaAY (oA (w1 — (oK) = ¢
Y (eYO(H ()~ ¥ (a) SO () w(a)n, n<k

2. CD%”\'TIf’A’Yx(t) = Iffa/A"Fx(t)for a < Band x € Cla,b].
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3. CDMAMYIEAE N () = x(t) for x € Cla, b).
4. forx € C" 1a,b).

. . v S (E () — ¥ (a))k
Ia,/\,‘I’CDa,A,‘Yx(t) =x(t)—e AY(F) Z (Y(t) - (a)) x[Ak/]‘I,(a).

Proof. First, observe that

e -], = () [0 - ¥

ALY

0, n>k,
N ﬁ(‘l’(t) ~Y¥(a))k ", n<k.

Then, Formula (6) is applied to immediately see that Statement 1 holds whenever n > k. If
n < k, the substitution ¥ (s) = o(¥(t) — ¥(a)) + ¥(a) results in
DM (e MO (¥ () — ¥ (a)F)

o A¥(H)

e MO (P () — F(a))k—akt 1 ] n
ef/\‘l’(t)k!
T Tn—a)(k—n)!
ef)\‘I’(t)k!

T T(k+1-a) T

B(n—a,k—n+1)(¥(t) —¥(a)) =
—¥(2)*,

where B(-, -) is the Euler beta function. So, Statement 1 is proved.

Now, IP*¥x e clAl [a,b] with |B] > n —1. So, in general, Formula (6) cannot be
used. Instead, we use Definition 3. Under the assumptions of Statement 2, we obtain, as a
consequence of Lemma 1(2),

(If’A’Tx(t)) .

= k=01,....,.n—1= .
e 0, 0,1,...,n la] < B

t=a

Consequently, by using (5), Definition 2, and Lemma 1, we have

CDIAY PN (1) = REDEMY AT (1)

_ _ [n]
—e A¥(t) (1;1 tx,/\,‘I’IaﬁrAr‘Fx(t)) v

_ oA () (e Y [n]
e MO (I x(t))w

=15 M)

This proves Statement 2.
Similarly, we have

(12*x(m)

(K]
ALY
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and

. ]
DM Yx(t) = MO (12 x(1)) = x(0)

due to Lemma 1(3), which proves Statement 3.
To show Statement 4, we apply an analogous result for A = 0 proved in ([34], Theo-
rem 1):

[8AY CDRAY (1) = o M (0) (0¥ Ca¥ (A¥ (1) 1 (1))

e—w(t)l ¥4 i(? —¥(@)* (¥ Ox(e)

This completes the proof. [J

Let us consider the following initial value problem:

CDGMEx(t) = ftx(t), t=a, )
xgc]\l,(a) =xk ke zp1 8)

for some x’; e RN ke Zg_l, wheren —1 <a <n €N, A>0,¥Y € C"[a, o) satisfies
Y'(t) > 0forallt > a,and f € C([a,0) x RN,RN). Here, the differential operator is to
be understood component-wise. In accordance with ([37], Definition 4) and Definition 3,
function x € C""![a,a + h) for some 0 < h < oo is a solution of initial value problem (7)
and (8) if D¥M¥ x(t) exists and is continuous on [a,a + ), and x fulfills Equation (7) for all
t € [a,a+ h) and initial conditions (8).

The following theorem extends ([37], Theorem 2) to C"~!—functions.

Theorem 1. Function x is a solution of initial value problem (7) and (8) if and only if it satisfies

1a) /’l'tlcf‘I,’A(t,s)f(s,x(s))dS, t>a  (9)

x(t) = e MY nil (¥(t) ;'T(“))k pn

Proof. If x solves (7) and (8), the application of operator 1;;"“’

due to Lemma 2(4) and conditions (8).
Now, assume that x fulfills integral Equation (9). Applying

CpIAY () = CDRAY (e)\‘Y(t) "il (¥(t) —¥(a)F xl{;)
+ DM A f (1, x (1))
= f(t,x(t)),

where Statements 1 and 3 of Lemma 2 were applied. It only remains to verify initial
conditions (8). For each j € Zgil, we have

to Equation (7) yields (9),

CD¥MY results in

(e_W(t>’§<w<t> (o)) k>m & d)”f(‘l’(t)—‘f’(a))k .
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that is equal to x} at t = a. Moreover,

i ¥ () =AY
s e I f(t,x(t))

(¥ (1))

by Lemma 1(2). Here, we used 0 < j < |a| < a. One can easily see that

=0 foreachje Zi L

t=a

(e xe) )

This verifies the initial conditions and completes the proof. [

3. Integral Inequalities

Here, we investigate the integral inequality
t
u(t) <a(t)+ b(t)/ K& (t,5) F(s) w(u(s))ds, a<t<T. (10)
a

In [33], an inequality of the Henry—Gronwall type (see ([33], Theorem 3)) is proved for
inequality (10) with A = 0, w(u) = u, and F(t) = 1. In the papers [6,7], inequality (10) with
A =0and ¥(¢t) = tis studied.

First, we recall a generalized Holder inequality.

Lemma 3. Letn € Nand p; > 1 for j € ZY satisfy

f — =1 (11)

Then,

/abfluj(s)dsf ; (/abuj(s)mds) v 12)

This lemma was proved by A. Kufner, O. John, and S. Fuéik in ([38], p. 67) (see
also ([39], 5.9¢, pp. 355-356)).

Theorem 2. Leta € R; o,y € (0,1); A > 0; p,qr > 1, p < (1 —06)_1; g < (1 —fy)_l
satisfy % + % +1 =1;a,b € Cla, T) be nonnegative functions; b(-) be nondecreasing, where
a<T < oo;and¥ € Cla,o0) satisfy ¥'(t) > 0forall t € (a,00). Let w € C[0,0) be a
positive, nondecreasing function; F,u € Cla, T) be nonnegative functions; and u satisfy inequality
(10). Then,

¢ 1/r
u(t) < [s—l (E(A(t)) + B(t) / eN(s)‘P’(s)F(s)rdsﬂ (13)
a
forall a <t < T for which the right side makes sense, where

A(t) =21 sup a(s)’, B(t) = 271K sup b(s),

a<s<t a<s<t

K =K(a,7,A p,q) = Ki(a, A, p) K2(7,9),
_ [T(p(a—1)+1)7"7
Ki(a, A p) = {(W\)p(“_l)“ ’
T(g(y =1 +1)]"7
Ka(7,q) = [W ,

z  do
) w(o'l/r)r

(14)

E(z) = forzg,z > 0,
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and E~1 is the inverse of E.

Proof. Since % + % + 1 =1, we rewrite ¥/(t) as ¥'(t)1/P¥/(+)1/9¥()!/". By using this

equality, the identity e¥() e=¥() = 1, and Lemma 3, we obtain

/t KM (1,5) F(s) w(u(s)) ds

t 1/p
< < / ¥ (s) (¥ () _T(S))pm1>epA<‘F(t>T<s>)dS)

1/q

< ([ e v as) ([ ) O s

- 1/p 4
_ ( / FOFW 1) g-pre da) < / M et dT>
A ¥(a)

X ( / LY F(s) w(u(s)) ¥ (5) ds) v

T(px —1) + D\ P (T(q(y -1 + 1)\
S( (pA)])(ﬂ(*l)“rl ) < qq(771)+1 >

X ( / L6 (s o (u(s)) ¥ (5) ds)l/r.

By (10), this yields the inequality

u(t) < a(t) +Kb(t) (/ateV‘Y(S)F(S)rw(u(S))rT/(S) ds)

1/r

(15)

(16)

where the constant K is defined by (14). By using the estimation (& + )" < 2"~1(&" + ")

valid for any ¢, > 0, we obtain, from (16),

u(t)" < a(t) +b(t) /at YO F(s) w(u(s)) ¥ (s) ds,

where
a(t) = Zr’la(t)r, E(t) = 2”1K7b(t)’.

If v(t) = u(t)", we rewrite inequality (17) as

o(t) < a(t) +b(t) /ﬂter‘P(S)‘T"(s)F(s)r[w(v(s)l/r)}rds.

A theorem of Butler and Rogers ([40], Theorem, p. 78) implies

o(t) <

[1

(=am)+e [

Ja

YO (5)F(s)" ds) .

Thus, inequality (13) is verified. O

For our purpose, it is worth to explicitly state the following corollary.

(17)

(18)

(19)

(20)

Corollary 1. Leta € R; a,7 € (0,1); A > 0; p,q,r > Lp< (1—-a) Lg< (1—7)7!
satisfy % + % + % =1;b € Cla, T) be a nonnegative, nondecreasing function, where a < T < oo;
)

and ¥ € Clla,c0) satisfy ¥'(t) > O forall t € (a,00). Let u € Cla,T) be a nonnegative

function satisfying
t
u(t) < b(t)/ K& Mt s)ds, a<t<T.
a
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Then,

sup b(s) (21)

r a<s<t

(1) < 27K (emt) et ) %
u(t) <27 K| ————

foralla <t < T, where K is given by (14).
In particular,

r

1
o . rY(t) _ r¥a) \ T
/ K7 (t,5) ds < 2r11<<ee>
Ja

foralla <t <T.

Proof. The direct use of Theorem 2 with a(t) = 0 and F(t) = 1 = w(t) yields (21). Notice
that this time, E(z) = In %, so the inverse in (13) is defined for any t. [J

4. Applications to Initial Value Problems Involving the Tempered ¥Y-Caputo Derivative

This section applies the results proved in Section 3 to initial value problems cor-
responding to fractional differential equations with the tempered Y—-Caputo fractional
derivative. We consider the following assumptions:

H1 Thereisy € (0,1) such that
HYf(x) = f(Ey)ll < Llx =yl forall (£ x), (t,y)€ [a,00) x RY.

H2 ¥(t) <tforallt >a.

The type of “Lipschitz condition” assumed in H1 was introduced in the paper [41].
First, we state a result on the existence of a unique solution of the initial value problem.

Theorem 3. Let « € (0,1), A > 0, and ¥ € C'[a, c0) satisfy ¥'(t) > 0 forall t € (a,c0).
Moreover, let conditions H1 and H2 be fulfilled and

a+y>1 (22)

Then, there exists h > 0 such that there is a unique solution x of initial value problem (7) and (8)
on the interval I, = [a,a + h).

Proof. Letus fix p,q,7r > 1, p < (1—a)~1, g < (1 — )~ ! such that % + % + 1 =1. Note
that by (22), such p, g, and r exist. Indeed, one can set

B 1 1 1 €_a+'y—1
“1-ate 1 N '

P :1—74—8' Y 3

Then, it is easy to see that 0 < ¢ < %, r>3,p<(1- w)71, g<(1- 7)1, and

1 1 1
—+-+-=2—-a—7+3e=1
p q T
Let i > 0 be arbitrary and fixed. By Theorem 1, it suffices to prove the existence of a
unique solution of integral Equation (9) on I;. Let X;, = C[a,a + h) be the Banach space
equipped with the norm |u| = sup,¢, [|u(t)|. Define the operator F: X}, — X, by

Fx)(t) = e M0 4 r(la) / thff;)‘(t,s) f(s,x(s))ds, tely. (23)
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If x,y € Xj, then by using conditions H1 and H2, we obtain

IF0) = FOO < iy [ 0,5 1671 x(5) — Fls, () | ds
<V f(sx(s) = f(sy ()l

< v NS x0) ey s

<Ljx(s)=y(s)l

1 f a7,
<L m/ﬂlﬂy (t,s)ds ||x —y|.

By applying Corollary 1, we obtain

=1 rY(t) _ r¥(a) \ 7
17 ()~ F) (0] szr(j)K<e - ) x -yl 5)

forallt € [a,a+ h). Hence, we obtain

[F(x) = F(y)l <

1
=1 r¥(a+h) _ r¥(a) \ 7
: LK<e - ) -yl 26)

I'(a) r
Since the coefficient on the right side of the above inequality tends to 0 as h — 0%, for h > 0
sufficiently small, operator F is contractive. The Banach fixed point theorem yields the

existence of a unique fixed point. [J

Remark 1. If condition H1 holds only for all (t,x), (t,y) € [a,a + H) x RN for some H > 0,
Theorem 3 remains valid with 0 < h < H.

Next, we present a version of Theorem 3 under the local “Lipschitz condition”
H1” Thereis y € (0,1) such that

N f(8 ) = f(Ly)ll < Llx—yl| - forall (tx), (t,y) € [a,00) x Br

for some R > 0, where Bg = {z € RN | ||z — e A¥(@)x0|| < R}.
Theorem 4. Theorem 3 remains valid if H1 is replaced by H1'.
Proof. Let p, q, and r be as in the proof of Theorem 3. Let us fix i > 0 such that
e ) ) oY@ 0| < 2 @)

Let us consider the set

tely

Xy, = {u € Cla,a+h)

sup () — M| < §}

equipped with the supremum norm | - | and define the operator F: X;, — C[a,a + h) by
(23). Clearly, (X, | - |) is a Banach space. Let us denote M := sup lf(s,x)||. Then,
for (t,x) € I, x X,

s,x)E€I, x BR

_ M t
1F(x)(F) — e MO0 < W/ KM, 5) ds.
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The substitution A(¥(t) — ¥(s)) = o yields

_AY¥() 0 M ARM-Y@)
7)) - e Oxf) < i | *ledo
_ MA@, A(¥(t) — ¥(a)))

T(a)Ax ’

where 7(+, -) is the incomplete gamma function (see, e.g., [42]). Note that v (a, A(¥(t) —
¥(a))) — 0" ast — a'. So,if h > 0is sufficiently small, then F: X;, — X;,. Now, if x € X,
then

sup [[x(f) —e M|l < sup [|x(t) — e Y]

telh fEIh
+ sup He_w(t)x;J - e_w(“)xgﬂ
tEIh
R R
<4+ R
-2 + 2

by the property of X;, and (27). Hence, x(t) € Bg for all t € I;,. As a consequence, one can
show exactly as in the proof of Theorem 3 that F is a contraction by assuming that » > 0 is
small enough. The use of the Banach fixed point theorem completes the proof. [

The following examples illustrate the above existence results.
Example 1. Let us consider the initial value problem

CDg"\"Px(t) =c, t>a,
} 29)
xﬂ

xg?,]q,(a)

for some ¢, x3 € R; o € (0,1); A > 0; and ¥ € C'[a, c0) satisfying condition H2 and ¥'(t) > 0
forallt > a.

It is obvious that condition H1 is fulfilled for any ¢ € (0,1) and L > 0. Theorem 3
gives the existence of a unique solution to (28). In this case, it can be evaluated from the
integral equation

_ c t A
x(t) = e MO0 4 a) /u K§” (t,s)ds

SAF(),0 | cy(a, A(Y() — ‘Y(‘l))).

- I(w)

Example 2. Let us consider the initial value problem

A1 — atp
CrmAY _ ¢ ( B) A¥(t) .0\ P
Dyt x(t) = TaA—a—p) (e x(t) xﬂ) , t>a,

20 (a) = 29

(29)

for some x0 € R, € (0,1); 0+ B < 1;A > 0;and ¥ € C'[a, o) satisfying condition H2 and
Y'(t) > 0forall t > a.
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Let us estimate

—A¥ () _ atp atp
(b 1) — F(ty)] = er(1 71;(17 /333) (e/\‘}'(t)x _ xg) P (e/\‘}’(t)y_ xﬁ) B
_ (a+peMira—p) p
- ﬁr(l—a—ﬁ) ‘e/\q{(t)e_xg /3|x_y|

for some 6 between x and y. If x, y € Bg for some R > 0, then 6 € Bg, and one obtains

aA¥(t)

@
e P P

(g _ 0 B _ 0 _ o V()0

a

aAY(t)

e F (‘6 — e AY(@),0

IN

a

4 ’efA‘I’(a)xO e (D)0

aA¥(t)

<e P (2R)F

for all ¢ sufficiently close to a, let us say that t € [a,a + H) for some H > 0. Consequently,

ftx) = flty) <7

(w+B)T(1—B) (2R)F av(r)(1-8) 4
BTI—a—p) h 7]|x—y|.

Now;, one can take the supremum of the bracket over all t € [a,a 4+ H) as the constant L. It
results that condition H1” is fulfilled for all t € [a,a + H). The use of Theorem 4 along with
a remark analogous to Remark 1 proves the existence of a unique solution to (29). It can be
easily verified that the solution is given by

x(t) = e (xg F(E() — T(a))—ﬁ).

Next, we give a result on the nonexistence of a blow-up solution. This means that
under certain conditions, every solution of the initial value problem is bounded. We need
one more assumption.

H3 Thereisy € (0,1) such that
Y f () || < E(Hw(||x|])  forall (¢,x) € [a,00) x RN,

Theorem 5. Let a« € (0,1), A > 0,and ¥ € C![a, 00) satisfy condition H2 and ¥'(t) > 0 for all
t € (a,00). Let us assume that condition H3 is fulfilled for some positive function F € C[a, c0).
Moreover, let (22) hold and
) rfld
gav (30)
v w(0)

forsomer > (a+~ — 1)L and vy > 0. Then, there is no blow-up solution to initial value problem
(7) and (8).

Proof. Let us set

8—1 o+ —1—1 _ -
2 ¥ r ) P o1 are q_l—'y—i—e'

14—1:2—1x—'y+2e:1—1.
p 9 ¥
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Let x: [2,T) — RN be a continuous solution of integral Equation (9) witha < T < oo,
and lim;_,7- ||x(t)|| = co. Analogously to estimates (24), by using H3, we derive, for
tea,T),

I < 81+ iy [ 097G )
< 10+ g Y 095G (60

1 t A
< 0 7/ & F .
< [lxall + ) J, K" (t,s)F(s)w([|x(s)|]) ds
From Theorem 2, it follows that

xOI"  dz
= ry — -
20N = [ oy

Ix)ll g —1de

= 1
Jyr oy o

zrflKr t

< EQTHRM + T(a) / YW/ (5)F(s)'ds forallt € [a,T),
a
where K is given by (14). Since
x(®)l gr—1

lim o dr_ (32)

t-T- Jol/m w(o)"

and the limit of the right-hand side of inequality (31) is finite as t — T, we have a
contradiction. This completes the proof. [

Example 3. Let us consider the initial value problem

CD%,A,‘I’x(t) _ x(H)T(3) et
VA(VVE=T+ (VE-1)i) (33)
(1) =1
with ¥(t) = tfort > 1and A > 0.
For v = %, condition H3 has the form
1)

HYf(t )] < |x].

VA(VVE=1+ (VE- 1))

/°° o tdo /°° do
= —_— = Q0
k%) 0—}' k) o

for any fixed vg > 0 and arbitrary r > 8, all assumptions of Theorem 5 are fulfilled.
Therefore, initial value problem (33) does not possess a blow-up solution. It can be verified
that its solution is given by

Since

x(t) = e*Aﬂ(l + (V- 1)*i>.
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Remark 2. In Example 3, the majorant function (w) had the form w(z) = z. Another often-used
majorant satisfying (30) is w(z) = [In(z" + c)]%for ¢ > 0. Then,

© g"=ldg _/°° o ldo 1/“’ dt
v In(c"+c¢c) r

0w w(@) "y In(t+o)
for any fixed vy > 0 and appropriate r.

5. Conclusions

In this paper, new definitions of fractional derivatives of ordera forn —1 < a <n € N
were presented, namely, the tempered Y-Riemann-Liouville fractional derivative and the
tempered ¥-Caputo fractional derivative. Both definitions were given for only C"~!-
functions, unlike the recent definition of the Caputo one from [31], which required a
C"—function. Next, a new Henry-type nonlinear integral inequality with a weakly singular
kernel was derived. It was applied to prove the existence of a unique solution of an
initial value problem corresponding to fractional differential equations with the tempered
Y-Caputo derivative. A result on nonexistence of a blow-up solution was also proved.
[lustrative examples of initial value problems were given.

Additional potential uses of the new nonlinear integral inequality include investigating
the stability, asymptotics, and controllability of solutions to initial value problems; the
study of boundedness and other asymptotic properties of nonoscillatory solutions like
in [43,44]; or generalization to retarded or stochastic integral inequalities as mentioned in
Section 1.
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