
Citation: Lu, X.; Zhu, M.; Wang, S.; Li,

S.; Xu, Z.; Liu, Y. Progress in

Theoretical Modelling of Macroscopic

and Microscopic Dynamics of Bolted

Joints in Complex Equipment.

Lubricants 2024, 12, 182. https://

doi.org/10.3390/lubricants12050182

Received: 15 April 2024

Revised: 9 May 2024

Accepted: 14 May 2024

Published: 17 May 2024

Copyright: © 2024 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

lubricants

Review

Progress in Theoretical Modelling of Macroscopic and
Microscopic Dynamics of Bolted Joints in Complex Equipment
Xiaohan Lu 1, Min Zhu 1,*, Shengao Wang 1,*, Shengnan Li 2, Zijian Xu 1 and Yilong Liu 1

1 College of Nuclear Science and Technology, Naval University of Engineering, Wuhan 430030, China
2 College of Power Engineering, Naval University of Engineering, Wuhan 430030, China
* Correspondence: min0zhu@163.com (M.Z.); wangshengao123@163.com (S.W.)

Abstract: Bolt connection structure is a common form of connecting large and complex equipment.
Its object contact surfaces under normal and tangential loads will appear in the form of slip and
adhesion, which affects the service life of mechanical equipment. Bolted connection structures
cause changes in stiffness and damping, which have great impacts on the dynamic characteristics.
Experimental studies and numerical simulations have difficulty predicting the overall performance
of bolts in a timely manner, hence cannot ensure the reliability and safety of complex equipment. In
order to improve the overall performance of complex equipment, it is necessary to study the contact
theory model of bolt connection structures. Based on the relationship between friction force and
velocity in the classical friction model, the mathematical expressions of restoring force and tangential
displacement in the kinetic theory model are deduced to predict the stiffness degradation of the
bolted structure and to characterise the kinetic properties and laws of the bolted structure. From the
perspective of theoretical calculation, it makes up for the situation in which it is difficult to measure
the performance of bolts due to the existence of spanning scale and provides theoretical support for
the reliability of connecting complex equipment. This paper summarises and analyses the contact
theory model of bolt connection structures, ranging from macroscopic to microscopic; describes
the static friction model, kinetic friction model, statistical summation contact model, fractal contact
model; and analyses the influencing factors of the microscopic contact mechanism. The advantages
and disadvantages of the kinetic theoretical models are described, the manifestation of friction and
the relationship between tangential force–displacement are discussed, and the key research directions
of the kinetic theoretical models of bolted structures in the future are elucidated.

Keywords: bolted connection; static friction model; dynamic friction models; microscopic friction
model for rough surfaces

1. Introduction

High-strength bolted structures have an important role in the operation of important
mechanical equipment such as aerospace and complex equipment [1]. While most of the
parts of mechanical products, such as bolted joint structures, are scrapped due to excessive
wear and tear, mechanical products will be greatly enhanced if mechanical friction and
wear can be controlled and reduced [2,3]. Bolted joint structures are the weak link in the
safety and reliability of complex equipment. Under external loads, the connection interface
in the normal and tangential directions will produce nonlinear behaviours such as contact,
separation, slip, adhesion, etc., leading to preload relaxation and the nonlinear degradation
of connection stiffness. This poses a great challenge to the assessment of equipment
dynamic performance degradation, reliability assessment prediction, and structural design.
The bolt connection structure is located in the inner side of the bonding surface. There
is a nonlinear cross-scale phenomenon, which makes it difficult to predict the overall
performance of the bolts in a timely manner through experimental research and numerical
simulation, and it is not possible to ensure the reliability and safety of complex equipment.
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How to accurately represent the contact slip mechanism of rough surfaces, how to
establish the corresponding nonlinear models under different mechanical behaviours at
the connection interface, and how to calculate the complex nonlinear mechanical problems
at the interface of the connection structure are the key problems in the study of bolted
structures. Therefore, it is necessary to establish a set of nonlinear stiffness degradation
models from basic scientific support to practical engineering applications to solve the above
problems. Based on the kinetic model for studying the relationship between tangential
force, plate displacement, and friction force, the theoretical equation can solve the structural
stiffness degradation, along with energy dissipation equations, and the bolt can be judged
to be in sticking, micro-slip, macro-slip, and separate states, as shown in Figure 1. The
kinetic model can make up for the shortcomings of experimental research that cannot
be monitored in real time, which helps to predict the working state and performance
of the bolt, and can improve the safety and reliability monitoring of large and complex
equipment. In response to the above problems, researchers and scholars have established
many contact models to describe the friction at the interface of complex structures. Based
on the relationship between friction and velocity, the relationship between external load
recovery force and displacement is gradually deduced, and the theoretical model that can
predict the performance of the bolt is finally constructed. The study of kinetic theory model
starts from the Coulomb model to introduce the definition of friction, and then research
scholars sought to establish the kinetic theory model to calculate the friction research.
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Friction theory is the premise for the study of theoretical models of friction dynamics,
and scholars have long studied the phenomenon of friction. However, the progress of
tribological research has been slow for a long time. It was not until the 16th century that Da
Vinci, an Italian scholar, began a systematic study of tribology [4]. He put forward two laws
of friction: friction force and normal force is proportional to the relationship; and friction
force is independent of the contact area of the object and the opposite direction of motion [5].
The term “tribology” was introduced in the “Jost Report” [6]. In 1699, Amontons [7]
proposed two classical laws of friction: the friction force is proportional to the normal
load applied to an object; and the friction force is independent of the contact area between
objects. In 1781, Coulomb summarized the previous research and proposed two other laws
of friction based on experimental findings: the coefficient of friction is independent of the
sliding speed of the object; and the coefficient of static friction is greater than the coefficient
of sliding friction. Subsequently, Coulomb proposed the theory of mechanical friction [4],
which is the “surface concavity hypothesis”. When two contact surfaces are embedded in
each other, a static friction force is generated, and this force prevents the relative movement
of the contact surfaces. The two contact surfaces can move relative to each other only
after the bumps on the contact surfaces are flattened, deformed, or crushed. According
to the theory, the smoother and flatter the contact surfaces are, the lower the friction is.
However, this theory cannot explain the phenomenon that friction increases significantly
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when the contact surface is very smooth and has major drawbacks. Desaguliers proposed
the molecular adhesion theory, which discarded the surface bump hypothesis. He stated
that friction is generated by molecular interaction between the jointing surfaces of the
contacting objects [8] and proposed the hypothesis that the smoother the friction surface,
the greater the friction force. In 1929, Tomlinson [9] hypothesized that when two molecules
come into contact, i.e., enter each other’s repulsive field, and separate, energy loss occurs,
which manifests itself as friction. This theory did not make any assumptions about the
causes of gravitational and repulsive forces and viewed molecules as simple centres of
force fields. The final distribution of the lost energy among the various possible degrees
of freedom is also not considered in the theory, which deals only with the molecular
mechanism of the conversion of work into heat. And later, Kraguelsky [10] in 1939 found
that friction has to overcome not only the intermolecular forces but also the effect of the
microscopic contact surface roughness. In 1945, Bowden and Tabor found [11] that under
the action of a normal force, the real surface area of the two objects in contact is actually
smaller than the nominal contact surface area. Microscopically, the surface of the object
is not smooth; there are bumps and undercuts, and when the normal force increases, the
object is pressed down and contacts with more bumps, and its true contact area increases. It
is also proposed that its bump contact area is squeezed to produce adhesion and cold weld
junctions, and its friction is the sum of the force that shears the cold weld junctions and the
force required to contact the surface furrows of the object. In 1971, Israelachvili developed
an instrument that can directly measure the molecular forces on solid surfaces, the surface
force meter [12]. The Tribology Laboratory of Tsinghua University [13] conducted an
in-depth study of the surface force instrument in 1999, comparing the theoretical models of
adhesion and non-adhesion, and experimentally found that the Hertz theory matches the
experimental results of non-adhesive contact, while the JKR theory can better describe the
phenomenon of adhesion. After the continuous improvement of the apparatus, it can be
applied to subject areas such as fine-scale fluid dynamics and nanotribology [14–18].

Since Bowden and Tabor proposed the theory of adhesive friction, research scholars
have failed to make significant breakthroughs in macroscopic friction [19]. Research
scholars have studied more on the kinetic theoretical models of connection structures,
especially the Iwan model in dynamic friction model and the GW model and MB model in
the microscopic friction model for rough surfaces, as well as the kinetic theoretical models
through the finite element method. By recovering the force–object displacement curve, the
bolt connection is characterised to be in viscous, micro-slip, and macro-slip states, and the
degradation of structural stiffness and energy dissipation phenomena of the bolt connection
of complex equipment are predicted. The construction of the kinetic theory model helps
to improve the service performance monitoring of the mechanical system, the system life
cycle, and the overall performance of the bolted joint structure. In order to have a more
comprehensive understanding of the current state of research on theoretical models of
connection structure dynamics, this paper focuses on the research progress of macroscopic
friction models of connection interfaces [20–22] and microscopic friction models of rough
surfaces [23,24] in a review and analysis. The advantages and disadvantages of the various
models are compared, and the directions for future research are described.

2. Macroscopic Friction Models for Connected Interfaces

Based on the contact surface of the bolt connection with the flat plate, the expressions
of bolt tangential restoring force and displacement are constructed to describe the bolt
fastening state stage, as shown in Figure 2. The macroscopic friction model is divided into
the static friction model and dynamic friction model. The existing static friction model is
mainly used in the calculation of simulation software, which can accurately judge the state
of the connection structure and solve the friction force. The dynamic friction model can be
used in the theoretical analysis of engineering practice, which can characterise the energy
dissipation, stiffness degradation, and contact mechanism between objects, especially for
the Valanis model and Iwan model. By constructing the hysteresis return line using the
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theoretical friction model, the energy dissipation between objects and the change in bolt
contact state can be accurately described. From the aspect of theoretical calculation, it
makes up for the situation that it is difficult to measure the bolt performance due to the
existence of cross-scale and provides theoretical support for the connection reliability of
complex equipment.
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2.1. Static Friction Model

Early researchers and scholars have conducted a lot of studies on static friction, and
their models are mainly divided into the Coulomb model, Coulomb viscous model, static
friction Coulomb viscous friction model, and Stribeck model.

2.1.1. Coulomb Model

The Coulomb model was the first model to introduce a definition of friction, where
friction is independent of velocity and only related to the normal force. However, the
Coulomb model is only an idealised model and does not describe the magnitude of fric-
tion in an object with a non-zero velocity, and the Coulomb model is often used as a
friction compensation.

fy = fcsgn(υ) (1)

where fy is the friction force of the object, fc = µ|N| is the Coulomb friction force, µ is the
coefficient of friction, N is the normal force, and υ is the sliding velocity.

2.1.2. Coulomb Viscosity Model

In the 19th century, fluid mechanics continued to develop, and research scholars found
that viscosity exists in some fluids, which led to the proposal of the Coulomb + viscosity
model, which is known as the Coulomb viscosity model. The viscous friction force arises
from the viscous behaviour of the fluid lubrication layer between the contact surfaces,
which is proportional to the velocity and also has a value of 0 when the velocity is [25].

The linear viscous friction model is

fy = fυ · υ (2)

where fυ is the viscous friction coefficient. In order to better fit the model to the experimental
data, researchers have established a model that has a nonlinear linear relationship with the
absolute value of velocity [26], which is as follows:

fy = fυ|υ|δυ sgn(υ) (3)

where the value of δυ lies in the shape of the surface of the contacting object.
Therefore, the Coulomb viscous model can be expressed as the Coulomb + linear

viscous model:
fy = fυ · υ + fcsgn(υ) (4)
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2.1.3. Static Friction Coulomb Viscous Friction Model

The static friction model describes the magnitude of the friction force in the absence
of relative motion between objects, albeit in the presence of a relative tendency [25]. This
friction force is related to the magnitude of the external force and is independent of the
relative velocity. In general, when the external force on an object is less than the maximum
static friction, the static friction force is in the opposite direction to the external force and
is equal in size. When the external force is greater than or equal to the static friction, the
magnitude of the static friction is equal to the maximum static friction for

fy =

{
fe if v = 0 and | fe| < fs

fssgn(v) if v = 0 and | fe| ≥ fs
(5)

where fe is the external force and fs is the maximum static friction.
Morin [27,28] introduced a static friction model into the Coulomb viscous friction

model as follows:

fy =


fe if v = 0 and | fe| < fs

fssgn(v) if v = 0 and | fe| ≥ fs
fv · v + fc · sgn(v) otherwise

(6)

2.1.4. Stribeck Model

In 1902, Stribeck found through experimental studies that the change in friction force
is different from the linear trend of Coulomb’s viscous friction model. The friction force
exceeds the maximum static friction when the relative velocity of the object is low, and the
friction force decreases as the velocity increases. In 1982, Bo and Pavelescu [29] proposed
an exponential model to describe Stribeck’s research findings as follows:

fy = fc + ( fs − fc)e[−(
υ
υs )

δ ] (7)

where υ is the Stribeck velocity and υs and δ are empirical constants.
Armstrong [25] refined this model by adding viscous friction as follows:

fy = fc + ( fs − fc)e[−(
υ
υs )

δ ] + fυ · υ (8)

Stribeck model for Equations (7) and (8) are combined as follows:

fy =


fe if v = 0 and | fe| < fs

fssgn(v) if v = 0 and | fe| ≥ fs

fc + ( fs − fc)e[−(
v
vs )

δ ] + fv · v otherwise
(9)

where fe is the external force, fs is the maximum static friction, fc is the Coulomb friction, υ
is the sliding velocity, and υs is a set empirical constant.

2.1.5. Other Models

The Karnopp model [30] was developed to compensate for the above friction models
that require equation transformations to determine the relative sliding velocities. This
model defines an interval −DV ≤ υ ≤ DV; when the velocity is in this interval, the
default velocity is 0 and the magnitude of the friction force is determined by the external
force; when outside of this interval, the friction is a function of the velocity. The value
of DV is determined by the different operating conditions. Although this method avoids
the problem of how to determine that the velocity is 0 [31]; however, the method for
determining the value of DV is not clear. The authors of [32] identified the parameters
of this model and calculated the value of DV using a graphical method. However, this
method is affected by noise and has serious limitations.
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Armstrong proposed a seven-parameter ( fc, fy, Fs,∞, kt, υs, τL, γ) friction model [33],
which can better determine and calculate the sticking phase, sliding phase, and variable
static friction phase. The model can accurately determine the friction state, however, due
to the seven positional parameters, parameter identification is difficult, and a complete
parameter identification system has not been developed, and there are huge limitations in
the practical application of this method.

In recent years, researchers and scholars have gradually established the contact model
through finite element software and applied the static friction model formula to the finite
element algorithm, and better results were achieved by constructing the model through
ANSYS 2022, ABAQUS 2022, and MATLAB 2023 software.

In 2009, Buczkowski [34] constructed an elastic-plastic micro-contact model by using
the finite element method based on the various isotropy as well as orthogonal anisotropy
of the contact interface, considering the rough surface modelling as a stochastic process.
In 2012, Yang [35] digitally simulated microscopic rough surfaces, constructed a 3D point
cloud model of mutually contacting rough surfaces in ANSYS, and analysed the contact
characteristics such as normal force and true contact area. In 2018, Wu [36] constructed three-
bit microscopic rough surfaces by ANSYS and MATLAB software, performed parametric
finite element modelling using APDL, and carried out further analysis of contact and
stress conditions. In 2020, Wei [37] constructed a two-dimensional rough surface profile in
MATLAB based on the WM function and completed finite element modelling using the
secondary development of ABAQUS. By calculating the relationship between the friction
coefficient and the load, the error between the experimental results and the theoretical
results is not more than 10%, which proves the correctness of the present method. In 2021,
Weimin Wu [38] constructed a turning micro-roughness 3D morphology model based on
ABAQUS and compared it with the KE model to verify the correctness of the method.

The high-precision finite element model of bolts and plates can be established to
identify parameters of the macro friction model of the interface. The slip force and specific
parameters of the bolted interface were identified by the finite element results, and the
errors between them and the theoretical model were analysed. The hysteresis loop, energy
dissipation per unit period, and backbone curve were obtained. Finite element can capture
the nonlinear characteristics of the connected structure, make up for the defects of exper-
imental research, and verify the accuracy of the prediction of the theoretical model. The
finite element model is shown in Figure 3.
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The above studies show that the friction model constructed by the finite element
method is mature, and the experimental results are not much different from the theoretical
results. However, the finite element model still has the problems of precise meshing and
model convergence, and there is no good solution at present. The static friction model has
fewer parameters and a simple form, which cannot accurately describe the dynamic friction
behaviour or characterize the friction hysteresis. Therefore, researchers are committed
to studying dynamic friction models that can accurately describe the motion behaviour
of objects.

2.2. Dynamic Friction Models

Dynamic friction model includes Dahl model, sideburns model, LuGre model, Valanis
model, Iwan model, etc., of which the research scholars have studied the Iwan model more.
The dynamic friction model can make up for the shortcomings of the static friction model,
but there are some problems of its own.

2.2.1. Dahl Model

Dahl [39] proposed a method to deal with Coulomb friction damping oscillators,
applied to the ordinary friction model and carried out with rolling bearing servo system
dynamic friction experiments [40]. The results of this study show that before the objects
about to move relative to each other did not reach the maximum static friction, there was
no relative displacement but a small micro-slip. The Dahl model is a continuous model,
which solves the problem of discontinuity in the static friction model as well as friction
hysteresis. Its differential equation is

d fy

dx
= σ0

(
1−

fy

fc
sgn(υ)

)α

(10)

where A is the stiffness factor, B is the displacement, and C is the fitting factor, which is
used to fit the shape of the curve in Figure 4.
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This model is described from the time domain perspective as follows:
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fc
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2.2.2. Sideburns Model

In order to study the motion state of the convex peaks on the contact surface of
microscopic angle objects. Haessing and Friedland established a microscopic sideburns
model [41,42], as shown in Figure 5. The microscopic object motion process is assumed to
be elastic sideburns and rigid sideburns; above the moving elastic sideburns, below the
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stationary rigid sideburns, and when the two move against each other, the contact interface
will produce friction. The expression is

fy =
b

∑
b=1

k0(XE,b − XR,b) (12)

where k0 is the number of elastic sideburns above, XE,b, XR,b are the positions of elastic and
rigid sideburns, respectively, and N is the total number of sideburns.
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The higher the number of sideburns, the more complex the model is and also affects
the computational efficiency. The literature shows that when the number of sideburns is
20–25, it is more effective in calculating friction [43]. Because it is difficult to construct a
large number of sideburns with small space in the simulation calculation, this model is less
often used in simulation calculation.

2.2.3. LuGre Model

The Dahl model cannot describe the static friction and Stribeck effect, and the sideburns
model cannot calculate the friction in the case of random sideburns. Therefore, based on the
above problems, Canudas proposed the LuGre model [44,45], which treats the kinematic
state of the sideburns of the microscopic rough contact surface as an average deformation,
and its modelling function is

dz
dt

= υ− z|υ|
g(υ)

σ0 (13)

where z is the average sideburn deformation, σ0 is the sideburn stiffness, and g(υ) is the
Stribeck effect.

The expression for friction is given by:

fy = σ0z + σ1
dz
dt

+ σ2υ (14)

where σ1 is the microscopic damping coefficient (generally a constant [46]), and σ2 is the
viscous friction coefficient.

2.2.4. Leuven Model

The LuGre model is a more perfect model. However, it still has the disadvantages of
not considering local memory and not being able to adapt to arbitrary force–displacement
curves. Therefore, Swevers constructed the Leuven model [47,48] based on the above
problems, which can accurately model the two states of sliding and pre-sliding without
a transition function. And it was applied to the friction behaviour of the robot to achieve
accurate tracking.

fy = Fh(z) + σ1
dz
dt

+ σ2υ (15)

Fh(z) = Fd(z) + Fb (16)
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dz
dt

= υ

[
1− sgn

(
Fd(z)

S(υ)− Fb

)
∗
∣∣∣∣ Fd(z)
S(υ)− Fb

∣∣∣∣n] (17)

where Fh(z) is the static nonlinear force containing nonlocal memory, Fd(z) is the excess
curve, Fb is the starting position, S(υ) is the friction behaviour, and n is the friction coefficient.

Leuven model is considered as the complete model to confirm the behaviour of the
system through various parameters to get accurate tracking. However, this model has six
parameters with three mechanisms, which makes parameter identification more difficult
and the model more complex.

2.2.5. Valanis Model

The Valanis model is often used as a nonlinear theoretical model in the modelling of
bolted structures [49] and plastic structures [50]. The model can generalize the microscopic
and macro-slip motion between the contact interfaces of the connected structure and the
response of the structure under dynamic loading with the functional expression [51]:

T(x) =
E0
•
x
[
1 + sgn

(•
x
)

λ
E0
(Etx− F)

]
1 + κsgn

(•
x
)

λ
E0
(Etx− F)

(18)

λ =
E0

α0

(
1− κ Et

E0

) (19)

where T(x) and x are the restoring force and displacement, E0, Et are the parameters
of the material, κ is the dimensionless parameter, and α0 is the yield point parameter.
Setting different parameters according to the requirements, the nonlinear behaviour of the
structure subjected to external forces can be observed, and in the parameter processing and
optimization through MATLAB, the accurate identification value under the excitation state
can be obtained [52], and the working principle of its Valanis model is shown in Figure 6.
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2.2.6. Iwan Model

Based on the bilinear hysteresis model (the system is defined as a series–parallel
combination of two linear springs and a damper) and assuming that the hysteresis system
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consists of elastic–plastic units with different yield limits [53], Iwan [54–56] constructed
the structurally simple Iwan hysteresis model and obtained the steady-state response
equations, of which their theoretical modelling data and experimental data are shown in
Figure 7. The Iwan model consists of n ideal-case elastic–plastic Jenkins cells, while a single
sliding damper and a linear spring of stiffness kt

n form an elastic–plastic Jenkins cell with a

maximum yield force f ∗i
n .
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ϕi is the yield displacement, and the relationship between yield displacement and
yield force in the whole system is

f ∗i = kt × ϕi (20)

During the initial loading stage, the sliding damper is subjected to a tangential tension
T, which produces a displacement x. When the tangential displacement x is less than the
yield displacement ϕi, the yield force of a single Jenkins cell is

fi(x) =
kt

n
× x (21)

When the tangential displacement x is greater than the yield displacement ϕi, the yield
force of a single Jenkins cell is

fi(x) =
f ∗i
n

(22)

When the loading direction of the force–displacement curve changes, the yield force
can be expressed as

fi(x) =
[
ktx−

(
kt A− f ∗i

)]
N

, A− 2ϕi ≤ x ≤ A (23)

fi(x) = −
f ∗i
n

, x ≤ A− 2ϕi (24)

where the maximum displacement in the A backbone curve, as shown in Figure 8.
During the initial loading stage, the total tangential force of the system consists of two

components, the force generated by the yielded member and the force generated by the
un-yielded member:

T(x) =
b

∑
i=1

f ∗i
n
+ktx

n− b
n

(25)

where b Jenkins cells yielded and n-b cells have not yielded; T is the tangential force.
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When the number of Jenkins cells is approximately infinite, the relationship between
the tangential force and displacement at the initial loading stage (backbone curve) is

T(x) =
ktx∫
0

f ∗φ( f ∗)d f ∗ + ktx
∞∫

ktx

φ( f ∗)d f ∗ (26)

where φ( f ∗) represents the density function of the yield force. The density function of the
yield force in the classical Iwan model is uniformly distributed, as shown in Figure 9. When
x → ∞ , the tangential force is expressed as follows:

T(x) =
∞∫

0

f ∗φ( f ∗)d f ∗ (27)
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Similarly, the relationship between tangential force and displacement in the unloading
stage is

T(x) = −

kt (A−x)
2∫

0

f ∗φ f ∗( f ∗)d f ∗ +
kt A∫

kt (A−x)
2

[ktx− (kt A− f ∗i )]φ( f ∗)d f ∗ + ktx
∞∫

kt A

φ( f ∗)d f ∗ (28)

Based on the Msaing’s criterion, the expressions for the restoring forces and displace-
ments for the cycles of the loading and unloading phases can be deduced as follows:
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→
T(x) = −T(A) + 2T(

A + x
2

) (29)

←
T(x) = T(A)− 2T(

A− x
2

) (30)

When macroscopic slip occurs, the tangential force versus displacement is given by
Equation (27) with a stiffness of 0. While there is still residual stiffness present in the system,
Song [57] added a separate linear spring with a stiffness of that shown in Figure 10 to the
Iwan model. Its tangential force versus displacement is given by

T(x) =
x∫

0

ϕρ(ϕ)dϕ+

∞∫
x

xρ(ϕ)dϕ+ k∞x (31)

where k∞ is the residual stiffness of the independent linear spring, and ρ(ϕ) = kt
2 φ( f ∗) is

the density function of the yield displacement:

ρ(ϕ) = R[H(ϕ−ϕ1)− H(ϕ−ϕ2)] + k∞δ(ϕ−ϕ∞) (32)

where H(ϕ) and δ(ϕ) are the Heaviside function and Dirac function, respectively; R
is a parameter; ϕ1 is the yield displacement at the onset of micro-slip; ϕ2 is the yield
displacement at the onset of macro-slip; and ϕ∞ is much higher than the yield displacement
at ϕ1 and ϕ2.
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The application of the Iwan model is limited to the case where the normal load
is constant, and Rajaei proposed a generalized Iwan model with variable normal load
in order to study the effect of the normal load on the contact [58] and validated it for
beams with frictional contact support. Segalman studied the relationship between energy
dissipation and loading and proposed a four-parameter Iwan model containing the force
Fs, stiffness KT , and dimensionless parameter χ, β required for macroscopic slip [59]. This
model can predict the force–displacement curve at any moment, but it is difficult for this
model to output the residual stiffness. Li proposed a six-parameter model based on the
double impulse function and the truncated power–law distribution function [60], with
the parameters of the onset positions of micro-slip and macro-slip ϕ1, ϕ2, the change in
contact stiffness when macro-slip occurs, as well as the residual contact stiffness K2, K∞
and the power–law distribution R, α. Improved methods of the parameter identification
and discretization of the model are used to derive force–displacement expressions. The
six-parameter model provides better characterization than the four-parameter model.
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The contact area of a bolted joint structure varies under tangential load application,
but all existing Iwan models assume a constant contact area [61]. In view of this, Wang
classified the Iwan models into two categories: dynamic Iwan models for which the contact
area and pressure remain variable [62,63], and static Iwan models for which the contact area
and pressure are assumed to remain constant [64]. In the study of the dynamic Iwan model
based on the case of applied mixed loads, the expressions for the contact boundary function
and the dynamic pressure function were proposed, and by using the constraint method of
modification, a density function solution method was obtained that can characterize both
of them. In the static-Iwan model based on Fernlund’s compression function, hysteresis
return lines and backbone curves are derived, and the correctness of the model is proved
by experiments and finite element methods.

In recent years, researchers have studied the Iwan model further, and Liu Bing pro-
posed the parametric modelling of Iwan model using classical Ansys [65]. Zhu modelled
and identified the parameters of bolted structures based on the six-parameter Iwan [66].
Iwan has good applicability and can better characterize the dynamics of bolted structures,
but some of the parameters do not have a clear meaning, and some of the assumptions are
oversimplified, ignoring the physical properties.

Six commonly used dynamic friction models were introduced above, and there
are many other models, such as the generalized friction model [67,68], the time-lag
model [69,70], the Maxwell model [71], the Bilman–Sorine model [72], the Bouc–Wen
model [73,74], and the shear layer model [75–77], etc. The static friction model is simple,
and it cannot characterize the dynamics of bolted structures. The static friction model
is simple and cannot reflect the real characteristics of the object according to the actual
situation, the dynamic friction model solves this problem and can better characterize the
physical properties; however, there are more model parameters, and the construction of a
simple and effective parameter identification method has become an urgent problem to be
solved at present.

3. Microscopic Friction Model for Rough Surfaces

The kinetic friction model presented above is mainly from the macroscopic point of
view of the object. However, the object indicates that it is not smooth, there are a large
number of bumps and a certain degree of roughness, the surface of the object is in contact
through the bumps, and the contact area is not a measured surface area but a real contact
area [11], as shown in Figures 11 and 12. Researchers and scholars have then proceeded to
conduct research from the microscopic point of view, trying to establish a link between the
contact model of the bolted joint structure and the microscopic mechanism.
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Bolted structures interact with flat metal plates, and the microscopic contact surfaces
are coupled when the object is subjected to normal compressive loading [78]. It tends to
cause changes in the actual contact area and local stress concentrations. This leads to an
increase in the tangential tension required to move the object, which causes material failure
and reduced friction. This effect can strongly affect the friction characteristics by more
than 10 per cent. The contact surface coupling effect also alters the displacement, which,
in turn, leads to the separation of the contact surfaces and the appearance of gaps. This
may even cause the leakage of confined fluids, seriously affecting the safety performance of
the structure. Meng [79,80] investigated the effects of the thickness of flat plate structures
and the contact surface coupling effects on the properties of flat plates. The shear force at
the interface in the substrate with thinner material thickness strongly affects the friction
and contact area. Mixed load coupling produces asymmetric contact for the elastic and
viscoelastic dimensions, which affects the change in contact area [81,82], which in turn
generates additional friction. Therefore, in order to study the real contact area and surface
morphology of microscopic rough surfaces, a large number of researchers and scholars
have constructed a variety of microscopic friction models. The friction models can be
divided into statistical summation contact model and fractal contact model.

3.1. Statistical Summation Contact Model

The statistical summation contact model with other statistical methods, assuming
that there are a variety of micro-convex body on the surface of the object, including the
measurement, calculation, and other methods, can determine the height of the micro-
convex body on the surface of the object, height difference, equivalent radius R, and other
parameters, in conjunction with the material parameters of the object, such as Young’s
modulus, density, and so on. The density function of the micro-convex body on the
surface of the roughness can be determined. By solving the density function under certain
constraints, the height profile of the micro-convex body can be calculated Z(x). Based on the
statistical summation method, the deformation and force analysis of all the micro-convex
bodies are carried out to obtain the friction force.

3.1.1. GW Model

In 1966, Greenwood proposed a new model, the Greenwood–Williamson (GW) model [83].
The following basic assumptions were made: the rough surface is isotropic; the bumps are
spherical near their vertices and have a radius of curvature; only the bumps deform when
the objects are in contact; the surfaces of the contacting objects are assumed to be in contact
between a rough surface and an ideally smooth surface, whereas the number and shapes of
the microbumps on the rough surface are random, and there are no interactions between
the bumps. Through the Hertzian theory of a single micro-convex body, the real contact
area is calculated by using the method of statistical summation, which is

A = πNβ

∞∫
d

(z− d)ϕ(z)dz (33)

where N is the number of bumps, z is the height of the bumps on the rough surface, β is
the radius of the hypothetical bump, ϕ(z) is the probability that the height of a particular
rough body on the reference plane is between z and z + dz, and d is the distance between
the ideal plane of the rough contact surface and the smooth plane.

The GW model is suitable for smaller normal loads, and when the load is larger, the
micro-convex body deforms more, without focusing on the principle of volume conserva-
tion, so the calculation error is larger.

3.1.2. CEB Model

The GW model is to describe the pure elastic model, which cannot describe the
elastic–plastic roughness model. Therefore, Chang proposed the Chang–Etsion–Bogy (CEB)



Lubricants 2024, 12, 182 15 of 23

model [84]. An approximate model is used to predict the contact area of the rough body
without considering the exact shape, and the model controls the volume conservation of
the micro-convex body during plastic deformation. The contact area equation for a single
micro-convex body is expressed as

A = πRω
(

2− ωc

ω

)
(34)

where A is the real contact area of a slightly convex body, ωc A is the deformation height
of a single micro-convex body at the beginning of plastic deformation, ω is the deforma-
tion height of a single micro-convex body during the stress process, and R is the radius
of curvature.

The CEB model agrees with the GW model in predicting the true contact area in
general. However, the GW model cannot be applied to critical cases such as contact surface
separation, and the CEB model is limited in its narrow range of applicability and does not
explore the stage between purely plastic and fully elastic deformation [85].

3.1.3. KE Model

In 2002, Kougut and Etsion optimised the CEB model based on the establishment
of an elastic–plastic finite element model of a deformable sphere in frictionless contact
with a smooth plane [85,86]. By applying normal contact loads, the variation rules of the
three stages of fully elastic, elasto-plastic transition, and fully plastic contact interface were
investigated. The whole elastic–plastic phase was also divided into two stages based on the
factorless parameter ω/ωc. By identifying the normal load Pc and contact area Ac when
plastic deformation is generated by finite elements, the normal load P and contact area A of
the two stages are expressed. The classical Hertzian contact is extended to the fully plastic
contact, and the Kougut–Etsion (KE) model applicable to any elastic or plastic deformation
is established.(

P
Pc

)
1
= 1.03

(
ω

ωc

)1.425
and

(
A
Ac

)
1

= 0.93
(

ω

ωc

)1.136
for 1 ≤ ω

ωc
≤ 6 (35)

(
P
Pc

)
2
= 1.40

(
ω

ωc

)1.263
and

(
A
Ac

)
2

= 0.94
(

ω

ωc

)1.146
for 6 ≤ ω

ωc
≤ 110 (36)

where ωc A is the deformation height of a single micro-convex body at the beginning of
plastic deformation, and ω is the deformation height of a single micro-convex body during
the stress process.

Based on the above normal contact model study, Kougut found that the static friction
coefficient is significantly affected by the normal contact load and the adhesive force. In
order to derive the expression of the static friction coefficient, it is based on the assumption
that the individual variable spheres are independent of each other. The dimensionless
normal contact load P in the normal KE model is calculated by statistical summation. The
dimensionless static friction force Qmax and dimensionless adhesion force Fs are calculated
by using the Gaussian distribution probability density function, and the relationship
between the three is shown in Figure 13. This method proves that the classical friction law
is only applicable to certain cases, the static friction force applicable to the elastic–plastic
contact, adhesion, and sliding stages is constructed, and the results are more accurate.



Lubricants 2024, 12, 182 16 of 23

Lubricants 2024, 12, x FOR PEER REVIEW 17 of 25 
 

 

1.425 1.136

c 1 1

1.03  0.93   for 1 6
c c cc

P Aand
P A

ω ω ω
ω ω ω

      
= = ≤ ≤      

      
 (35)

1.263 1.146

c 2 2

1.40  0.94   for 6 110
c c cc

P Aand
P A

ω ω ω
ω ω ω

      
= = ≤ ≤      

      
 (36)

where cω  A is the deformation height of a single micro-convex body at the beginning of 
plastic deformation, and ω   is the deformation height of a single micro-convex body 
during the stress process. 

Based on the above normal contact model study, Kougut found that the static friction 
coefficient is significantly affected by the normal contact load and the adhesive force. In 
order to derive the expression of the static friction coefficient, it is based on the assumption 
that the individual variable spheres are independent of each other. The dimensionless 
normal contact load P  in the normal KE model is calculated by statistical summation. 
The dimensionless static friction force maxQ  and dimensionless adhesion force sF  are 
calculated by using the Gaussian distribution probability density function, and the 
relationship between the three is shown in Figure 13. This method proves that the classical 
friction law is only applicable to certain cases, the static friction force applicable to the 
elastic–plastic contact, adhesion, and sliding stages is constructed, and the results are 
more accurate. 

 
Figure 13. Microscopic rough surface contact force. 

Therefore, the coefficient of friction, the factorless static friction, can be expressed as 
follows [87]: 

max max

s

Q Q
F P F

μ = =
−

 (37)

( )
* * * *

3 51 2 4

* * *

6
*

max
2 0.52 0.01 0.09 0.4 0.85
3

c c

c

d d
b bb b b

a c
d d

Q K I I I I I
ω ω

ω

πβ ω
+ +

+

 
= + − + − + 

  
   (38)

Figure 13. Microscopic rough surface contact force.

Therefore, the coefficient of friction, the factorless static friction, can be expressed as
follows [87]:

µ =
Qmax

F
=

Qmax

P− Fs
(37)

Qmax =
2
3

πβKaω∗c

0.52

d∗+ω∗c∫
d∗

Ib1 +

d∗+6ω∗c∫
d∗+ω∗c

(
−0.01Ib2 + 0.09Ib3 − 0.4Ib4 + 0.85Ib5

) (38)

where β is the roughness parameter, Ka is the hardness coefficient, and ω∗c is the critical

point of fully elastic deformation, Ib∗ =
(

z−d
ωc

)b∗
ϕ(z)dz.

3.1.4. BKE Model

The above model has been investigated mainly for the normal load and actual contact
area. Only the expression for the tangential static friction was calculated, and the effect of
the tangential load on the model was not considered. Therefore, Brizmer [88,89] investi-
gated the contact behaviour of a variable sphere with an ideal rigid plane under mixed
loads in 2007. The coefficient of static friction was found to decrease with increasing normal
load, and eventually stabilised at around 0.3 for small normal loads. The resulting Brizmer–
Kligerman–Etsion (BKE) model better describes the contact behaviour of a variable sphere
with an ideal rigid plane under mixed normal and tangential loads. The theoretical results
do not differ much from the finite element results, which proves the correctness of the
model, shown in Figure 14.
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In addition to the above commonly used models, statistical summation contact models
include Cohen et al.’s combination of the BKE model with the GW model and the pro-
posed Cohen–Kligerman–Etsion (CKE) model [90,91]. Greenwood and Tripp proposed
the Greenwood–Tripp (GT) model based on the elastic deformation theory and the GW
model [92,93]. Whitehouse proposed the microscopic rough contact surface with Archard
proposed the Whitehouse–Archard (WA) model with three assumptions and two statistical
parameters [94]. Jackson proposed the Jackson–Green (JG) model based on the material
parameters, hardness, and dimensions of the micro-convex body [95]. Nayak proposed
the Nayak model based on the geometric theory of statistics [96,97]. Zhao proposed the
Zhao–Maietta–Chang (ZMC) model based on the 4th order polynomials and the three
stages of deformation of the micro-convex body [98], etc. The microscopic friction model of
rough surfaces using statistical summation can better describe the external appearance of
rough surfaces and better explain the physical mechanism, but the rough surfaces of objects
are random, and their models cannot accurately describe the real contact characteristics,
only assuming that the contact surfaces are in first contact. The accuracy of the model is
also limited by the precision of the measuring instrument.

3.2. Fractal Contact Modeling

In 1967, Mandelbrot proposed fractal geometry based on the principle of coastline
length variation [99]. Majumdar constructed the Majumdar–Bhushan (MB) model in 1991
based on the Weierstrass–Mandelbrot (W-M) model [100] by applying the ideas of fractal
theory to the microscopic friction model of rough surfaces [101]. The conception that the
rough surface of an object consists of a continuum of micro-convex bodies that can be
infinitely enlarged, that the rough surface is not smooth, and that the micro-convex bodies
can be infinitely subdivided is proposed. The W-M model function can represent the rough
surface contour in two-dimensional coordinates, and its expression is

z(x) = GD−1
∞

∑
n=n1

cos 2πγnx
γ(2−D)n

; 1 < D < 2; γ > 1 (39)

where z(x) is the contour height, D is the fractal dimension, and G is the characteristic coefficient.
Based on the W-M model in the fractal geometry of shoreline change, the true contact

area between objects is derived as follows:

A =
D

2− D
A1 =

A1∫
0

n
(

A
)

AdA (40)

where A is the contact area of a single microbump, n
(

A
)

is the distribution function, and
A1 is the maximum contact area of a single microbump.

In 1994, Wang [102] investigated the frictional warming phenomenon on microscopic
rough surfaces, and based on the statistical temperature rise distribution of a single mi-
crobump and the maximum temperature rise of a fractal, he determined the density distri-
bution function of the temperature rise in the real contact area and proposed a modified
MB model with a total real contact area as follows:

A =
D

2(2− D)
ψ

(2−D)
2 aL (41)

where ψ is the domain expansion factor of the micro-contact size distribution, and aL is the
maximum truncated area.

In 2022, Cao [103] derived the distribution function of the truncated area of the micro-
convex body based on the fractal theory and MB model and proposed a friction coefficient
model based on the normal force, fractal dimension, and characteristic coefficients, and
verified the correctness of the model through experiments. When the maximum truncation
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area is smaller than the critical truncation area, pure plastic deformation occurs, and its
actual contact area is as follows:

S =

(
D− 1
3− D

)
sm (42)

When the maximum truncation area is larger than the critical truncation area, the
mixing deformation occurs, and its actual contact area is as follows:

S =
D− 1

6− 2D

[
1 +

(
sc

sm

)(3−D)/2
]

sm (43)

where s is the truncated area of the micro-convex body, and sm is the maximum truncated
area of the micro-convex body.

The core idea of MB model is to construct the probability density function and then
calculate the real contact area by integration. In recent years, the MB model has been used
in the fields of friction coefficient measurement, material wear, sealing, etc. [104–106]. The
MB model can well characterize the real contact area and the relationship between the
contact area and the load based on the fractal dimension D and the characteristic coefficient
G, and the model is not affected by the sampling length and the accuracy of the instrument.
However, it does not consider the elastic-plastic deformation state and the microscopic
rough contact surface of the object may not be suitable for the fractal theory, so there are
some limitations.

3.3. Study of Microscopic Contact Mechanism

All of the above microscopic contact mechanics models use spherical and circular
shapes to approximate the roughness of the microscopic surfaces, with the micro-convex
bodies acting independently on the contact surfaces and no interaction between multiple
micro-convex bodies. The measured true contact area is smaller than the calibrated contact
area. In the elastic range, when a single micro-convex body is deformed by extrusion, its
elastic deformation will extend for a certain distance in the tangential direction, affecting the
deformation of other micro-convex bodies. Only when the normal force is small, the above
model can achieve more accurate results. Persson improved the above problem [107,108]
and proposed a new contact theory from the perspective of arbitrary size of normal force.
The stress probability distribution function P(σ, ζ) of the contact surface is constructed
through the amplification of an arbitrary reference length ζ. The Persson contact theory
employs numerical simulation to investigate the effects of different parameters on the
contact surface. A calculation equation is derived to satisfy the surface with arbitrary
roughness. The Persson contact theory can calculate the actual contact area of the rough
surface of microscopic contact in elastic and elastoplastic phases, and its theoretical predic-
tion results are more accurate. This study is the most effective contact theory among the
current microscopic contact theories.

P(σ, ζ) = ⟨δ[σ− σ1(x)]⟩ (44)

where σ1(x) is the stress generated in the contact zone after the surface roughness is
smoothed, σ is the stress throughout the contact area, and δ is a set coefficient.

Since statistical summation contact models and fractal contact models are mostly
studied for two-dimensional planes, they do not satisfy the three-dimensional contact of
bolted joints. Therefore, Persson proposed a method to calculate the coefficient of kinetic
friction of microscopic three-dimensional contact surfaces [109] and investigated the effect
of adhesive force on the coefficient of friction. A contact theory in which the degree of
surface contact varies with magnification was proposed.

Rough surfaces of metallic materials undergo plastic deformation at first contact, caus-
ing changes in surface roughness and microscopic local stress concentrations. Tiwari [110]
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carried out numerical simulations on the rough surfaces based on the boundary element
method. It was found that the metal undergoes elastic deformation when the surface
stress is less than the indentation hardness. When the local stress reaches the indentation
hardness, the metal deforms plastically. In this case, the indentation hardness depends on
the length scale of the selected micro-interface.

4. Conclusions and Future Directions

By establishing a kinetic theory model to describe the phenomenon from “appearance”
to “mechanism”, constructing force–displacement expressions, microscopic surface contact
morphology, and other forms. The bolt connection in viscous, micro-slip and macro-slip
states were characterised, and the stiffness degradation and energy dissipation of the bolt
connection in large and complex equipment were predicted. This model can circumvent
the problems of inability to monitor in real time and nonlinear cross-scale in engineering
and improve the overall safety performance of complex equipment. This paper provides
an overview of the research progress of the macroscopic friction model of connection
interfaces and the microscopic friction model of rough surfaces. The static friction model
has fewer parameters and a simple form, which cannot accurately describe the dynamic
friction behaviour or characterize the ability of friction hysteresis. However, it can be
applied to finite element analysis, and the finite element contact model has been widely
used in a variety of research fields. Its mesh division is more difficult, the problem of model
non-convergence is difficult to be solved, and the generality is poor. The dynamic friction
model solves this problem. It can better characterise the physical properties. However,
it has more model parameters, and the construction of a simple and effective parameter
identification method has become an urgent problem. The statistical summation contact
model can better describe the appearance of rough surface and better explain the physical
mechanism. However, the rough surface of an object has randomness, and its model cannot
accurately describe the real contact characteristics, only assuming that the contact surface is
the first contact. The accuracy of the model is also limited by the precision of the measuring
instruments. The fractal contact model is not affected by the accuracy of the instrument
and can characterise the stiffness and damping variations, but its universality is low and
fractal parameters need to be obtained. The Persson contact theory analyses the mechanism
of microscopic contact surfaces and investigates a variety of parameters affecting the real
contact area with a high degree of accuracy.

In recent years, certain progress has been made in the dynamic modelling, but there
are still some problems, and future research should be carried out in the following aspects:

1. The Iwan model is still the focus of research, especially regarding the yield force
density function from the bolt contact mechanism, the addition of a normal load, based
on the change in contact area and dynamic pressure for the dynamic Iwan model.
Their models can better characterise the evolution of the contact state, reflecting
the dynamic degradation characteristics, residual stiffness. However, the contact
area function and dynamic pressure change function still need to be corrected at
special points.

2. A complete set of parameter identification methods should be established. Even if the
dynamic model of bolted structures can accurately characterise the dynamic properties,
the difficulty in parameter identification will lead to difficulties in model application.

3. The problems of the cross-scale and non-linearity of bolted structures should be solved.
Simple dynamic models of bolted structures can no longer meet the current needs,
and the problems of cross-scale and non-linearity seriously affect the life of bolts. At
present, it is necessary to carry out research on this aspect.

4. After the dynamic model of the bolted structure is established, it is usually trans-
formed into an equivalent model through finite element for stress–strain calculation.
In recent years, the mechanical model has been further developed. However, various
assumptions in the kinetic model lead to a large deviation between the theory and
reality, and there are non-uniform micro-convex bodies on the microscopic surface
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of the connection structure, which greatly affects the accuracy of the mechanical
prediction. Wang Biao of Sun Yat-sen University addressed the above problems [111],
and from the thermodynamic point of view, through the introduction of elastic and
dissipative energies, the material structure was equated to a thermodynamic sys-
tem, and a mechanical computational prediction that can be made under complex
loading conditions. Additionally, the deformation of complex structures was estab-
lished [112,113], which achieves an accurate prediction of the strength of the material
failure and deformation of the material localisation. This method has proved the
correctness of the method through a variety of experiments. However, how to apply
this method in engineering practice still needs to be studied.
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