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Abstract: We report a rationally designed coupled photonic crystal (PhC) cavity system that comprises
twoidentical linear defect nanocavities, and we numerically investigate the controllable non-Hermitian
optical properties of the eigenmodes of the nanocavities. Three different coupling schemes, namely,
the tuning of the sizes of shared airholes, vertical shifting of one of the nanocavities, and lateral
shifting of one of the nanocavities, are proposed. We examined the ability of these schemes to
control the coupling strength between component cavities, which is a key factor that determines the
non-Hermiticity of the system. Moreover, we introduce controlled levels of spatially asymmetric
optical gain to the coupled PhC cavity by employing the vertical shifting scheme and independently
tuning the gain and loss of individual nanocavities. Consequently, we successfully achieve the
correspondingly tuned non-Hermitian behaviors of complex eigenfrequencies, such as the controlled
emergence of phase transitions at exceptional points and the asymmetric development of amplified
and decayed eigenmodes.

Keywords: photonic crystal cavity; asymmetric optical gain;, non-Hermitian optical system;
exceptional points

1. Introduction

Rationally designed photonic crystal (PhC) nanostructures have accelerated the development of
various optical devices, such as low-loss optical waveguides, wavelength-selective filters, high-speed
modulators, and low-threshold ultra-small nano-lasers [1-4]. In such devices, the PhC nanostructures
take advantage of the photonic bandgap, which prohibits the propagation of photons with certain
frequencies, thereby serving as excellent light reflectors and mirrors. In particular, wavelength-scale PhC
defect nano-cavities, which support resonant optical modes with high-quality factors, efficiently confine
photons into an extremely small physical volume. Furthermore, they have enabled the development of
chip-scale photon sources. Moreover, they have facilitated studies on intriguing quantum photonic
phenomena, such as quantum phase transitions in cavity quantum electrodynamics [5-9]. In this regard,
the application of the quantum mechanical concept of parity—time (PT) symmetry to a coupled optical
cavity system has drawn increasing attention; this is because unprecedented lasing operations have been
successfully demonstrated using such a system [10-16]. Particularly, the authors of [15] systematically
controlled the spatially asymmetric optical gain in a coupled PhC defect nano-cavity system by
introducing absorptive nanomaterials, e.g., graphene, and enabled the realization of non-Hermitian
lasing actions in unbroken and broken PT-symmetric phases and the unique non-Hermitian phase
transition at exceptional points (EPs). Furthermore, they identified and accurately analyzed lasing
modes and the corresponding non-Hermitian behaviors using a PhC defect nano-cavity that exhibits
only a few resonant optical modes with a wide free spectral range within a given optical gain frequency
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range. However, despite numerous merits, the potential of PhC nano-cavities for non-Hermiticity
control has not been explored sufficiently, suggesting that rational design and cavity engineering can
facilitate the development of new non-Hermitian photon sources.

In this study, we theoretically investigate the controllable non-Hermitian behaviors of the
eigenmodes and eigenfrequencies in doubly coupled PhC cavity systems by controlling the intercavity
coupling and the level of asymmetricity in the optical gain. We propose three different coupling
control schemes by slightly modifying the coupled cavity structures and examine the tunability of the
coupling constant. In addition, we introduce the spatially asymmetric optical gain and analyze the
non-Hermitian behaviors of complex eigenfrequencies and modal field distributions. Our numerical
analysis reveals that the interplay of the asymmetric gain and intercavity coupling plays a key role in
determining the state of the non-Hermitian optical system.

2. Numerical Calculation for Coupled PhC Cavities

To explore non-Hermiticity in a coupled optical system, we performed three-dimensional (3D)
numerical simulations using the finite element method (FEM; COMSOL Multiphysics 5.4, RF module,
COMSOL Inc, Stockholm Sweden). The FEM solves the 3D vector Helmholtz equation, which is
based on Maxwell’s equations, for a given optical structure, and it provides complex eigenfrequencies
and field profiles of resonant optical modes in the structure. We employed the modified L3 defect
PhC cavity, which was constructed by using three missing airholes and two reduced and shifted
nearest-neighbor airholes in a triangular lattice PhC slab structure. The lattice constant of the PhC was
420 nm with a regular airhole diameter of 265 nm. At the cavity boundary, the reduced airholes with a
diameter of 140 nm were outwardly shifted by 63 nm from their original lattice positions. The thickness
of the slab was 250 nm. The complex index of refraction, Ny, (x) + iKgap(x), defined the slab PhC
structure and the cavity. The initial refractive index (Ng|p) and extinction coefficient (Kg,p,) of the slab
were 3.3 and 0.01, respectively. To introduce optical gain in the cavity, we changed Kg,p in the cavity
region with a volume of 1.46 x 2.52 x 0.25 um? centered at the middle of the cavity: Kgap was varied
from 0.01 to —0.01 in the cavity, which led to an optical gain of 0-1.106 THz. An intrinsic optical loss
of 0.573 THz was fixed. Ng,}, and Kg,p in the airholes were set to one and zero, respectively. In this
study, we considered the coupling of the fundamental mode in each single cavity. The simulation
domain was terminated by the scattering boundary condition to eliminate unwanted reflections from
the domain boundaries.

3. Results and Discussion

3.1. Doubly Coupled PhC Cavity

Figure 1 shows the coupled PhC cavity structure, referred to as the doubly coupled PhC
cavity that we employed for non-Hermiticity control. The two identical vertical L3 line defect PhC
cavities, referred to as component cavities, are horizontally coupled via three vertical lines of airholes.
This coupled PhC cavity supports two independent eigenmodes that are slightly different from the one
in the single component cavity in terms of eigenfrequency and field profile. These two eigenmodes
originate from the coupling between the two fundamental modes (left and right panels of Figure 1a) of
the individual component cavities. The resultant eigenmodes can be classified based on the spatial
field distribution or symmetry with respect to the central line of the coupled cavity. The eigenmode
with the symmetric (or in-phase) field distribution is known as the bonding mode (right, Figure 1b),
whereas the eigenmode with the antisymmetric (or out-of-phase) field distribution is known as the
antibonding mode (left, Figure 1b).
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Figure 1. Doubly coupled photonic crystal (PhC) cavity. (a) Coupled PhC cavities that consist of two
identical defect PhC cavities. The fundamental mode of each single cavity is shown to the left and right
of the coupled cavities. The frequency diagram of the resonant modes in the single and coupled cavities
is shown. f( is the eigenfrequency of the fundamental mode of the single cavity, and ] is the coupling
constant in the coupled cavities. (b) Calculated field profiles of the two eigenmodes in the doubly
coupled PhC cavity: out-of-phase anti-bonding (f_) and in-phase bonding mode (f+). The electric field
of the cavity modes was polarized in the x-direction.

The eigen-frequencies of the bonding (f) and antibonding modes (f-) in the coupled cavity are
determined by the eigenfrequency of the single component cavity (fy) and the inter-cavity coupling
constant (J). The set of coupled differential equations describing the interaction between the two

component cavities is given by
Al ¢ | fo T || ¢
ldt[ ¢2 ]_zn[ I fo ” b2 ] g

where ¢ and ¢, are the wavefunctions of component cavities 1 and 2, respectively [11,15]. Based on
the assumption of steady-state oscillations, ¢(t) = exp(=2imft), the eigenfrequencies of the doubly
coupled PhC cavity are obtained as follows:

fe=fox] )

Figure 1a shows the eigen-frequency relation between the single component cavity and the doubly
coupled cavity: the eigenfrequency f of the single component cavity is split into two eigenfrequencies,
f+ and f_, of the doubly coupled cavity with a frequency difference of 2], based on Equation (2).
Equation (2) reveals that the rational design of two component cavities with controllable | can allow for
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the systematic tuning of eigenmodes and the corresponding eigenfrequencies in the coupled PhC cavity.
Henceforth, we focus on controlling | while maintaining the structural parameters of the component
cavities. As the L3 line defect PhC cavity supports a high-quality (high-Q) fundamental mode with
strong light confinement near the cavity, alterations of the cavity structure can introduce undesirable
complexities, which may lead to a considerable optical loss.

3.2. Coupling Control Schemes in the Doubly Coupled PhC Cavity

We propose three different coupling control schemes in the doubly coupled PhC cavity. First,
we controlled the size of the shared airholes (blue circles, radius R) in the coupling region between the
two component cavities while fixing the size of regular airholes (radius Ry), as shown in Figure 2a.
Figure 2b shows the calculated eigenfrequencies fy (black) and coupling constants ] (red) plotted
as a function of the ratio of the shared airhole size to the regular airhole size (R/Rg). As expected,
the coupling constant varied in response to the change of R/R: | slowly increased with R/R(. Moreover,
the eigenfrequency sensitively varied in response to the change of R/Rg as well because the L3 line
defect cavity is readily affected by the cavity size and the airholes around the cavity. Consequently,
this control scheme can allow for the substantial tuning of eigenfrequencies of bonding and antibonding
modes with small structural variations.
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Figure 2. Coupling control schemes in doubly coupled PhC cavity. (a,c,e) Three different coupling
control methods: (a) changing the size of the shared airholes (blue dots) between two component
cavities, (c) vertical shifting of cavity 2, and (e) lateral shifting of cavity 2. (b,d,f) The estimated
fundamental mode frequency of a single cavity, o, and the intercavity coupling constant J as a function
of (b) the ratio of the shared airhole size to the regular airhole size (R/Ry), (d) the number of vertical
airhole shifts of cavity 2, and (f) the number of lateral airhole shifts of cavity 2.

Second, we vertically shifted one of the component cavities (cavity 2) using a designated
number of airholes with respect to the other component cavity (cavity 1), as shown in Figure 2c.
Although the vertical shift only allows for discrete levels of control regarding |, unlike the shared
airhole-based control, this scheme preserves the fundamental modes of the individual component



Appl. Sci. 2020, 10, 8074 5 0f 10

cavities well. Figure 2d shows the calculated eigenfrequencies, f; (black), and coupling constants,
J (red), plotted as a function of the number of airhole shifts. Interestingly, while the eigenfrequency
remained almost constant, the coupling constant exhibited more structured behaviors as the number of
shifts increased. For example, at first, the maximum | at zero shift decreased as the number of shifts
increased; subsequently, it became minimum at three airhole shifts and recovered at five airhole shifts.
We attribute this characteristic behavior to the unique field distribution of the fundamental mode,
which shows directional field leakage at 60 degrees to the cavity axis.

Third, we increased the level of control of | by laterally shifting cavity 2 using the designated
number of airholes with respect to cavity 1, as shown in Figure 2e. This lateral shift entailed a pairwise
correspondence between airholes owing to the triangular symmetry of the PhC structure, such that
the centers of the component cavities could be aligned horizontally. As expected, the fundamental
eigenfrequency fy (black) showed a trend similar to the one observed in the vertical shift scheme,
but the coupling constant ] (red) exhibited a drastic decrease as the number of airhole shifts increased
(Figure 2f). Taken together, the vertical and lateral shift schemes are more desirable than the shared
airhole control scheme because they guarantee the independent control of | while keeping f, unaffected.
In addition, the vertical shift scheme allows for finer levels of control of | than the lateral one,
which is beneficial for the detailed study of non-Hermiticity when an asymmetric gain is introduced.
Therefore, we exclusively employ the vertical shift scheme for the systematic tuning of non-Hermiticity
(explained in the following section).

3.3. Asymmetric Gain in the Doubly Coupled PhC Cavity

The introduction of universal optical gain to an optical cavity system does not have a significant
effect on the eigenmodes and eigenfrequency because the entire cavity structure and the correspondingly
excited modes equally experience the gain in space. However, applying a spatially asymmetric optical
gain to a coupled cavity system can introduce unanticipated behaviors with regard to the eigenmodes
and eigenfrequencies, thereby entailing the concept of PT symmetry in a non-Hermitian optical
system [10,12,15]. The optical gain with controlled levels of asymmetricity can affect the state of the
non-Hermitian optical system, that is, whether the system is in the unbroken or broken PT-symmetric
phase. For example, at moderate levels of asymmetric optical gain, the system remains in the unbroken
PT-symmetric phase, supporting two non-degenerate eigenmodes, that is, the bonding and antibonding
modes. However, when the asymmetricity reaches a critical point, known as the exceptional point
(EP), the phase transition between the two PT-symmetric phases occurs. Importantly, at the EP,
these two eigenmodes are degenerated, yielding the same eigenfrequency [15-17]. Furthermore,
for higher levels of asymmetricity than that of the EP, the system enters the broken PT-symmetric phase
and supports single degenerate super-modes. We apply this concept of the non-Hermitian optical
system to our doubly coupled PhC cavity and achieve systematic manipulation of the eigenmodes
and eigenfrequencies.

In our non-Hermitian coupled cavity system, the eigenfrequencies are determined by the
fundamental eigen-frequency (fy), the inter-cavity coupling constant (J), and the individual optical
gain and loss in component cavities. Considering all of these, the previous set of coupled differential
equations is modified as follows:

f0+i(]y1_K) fo+i(]yz—1<) ][ i;}:f[ iﬁ] v

where y; and y; are optical gains in component cavities 1 and 2, respectively. We assumed that the
two component cavities have the same optical loss, i.e., k, and the eigenmodes are in a steady state.
Based on Equation (3), the eigenfrequencies of the two eigenmodes are given by

fi = fO'—" \”2 —A)/2 +i(7/avg_7<) 4)
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where Ay = (y2 — y1)/2 and yavg = (y1 + Y2)/2 are the gain contrast and average gain, respectively.
We systematically change the value of Ay to control the level of the asymmetricity in the optical gain.
The result of Equation (4) reveals important features: First, the eigenfrequencies in Equation (4) are
determined by the interplay between the coupling constant | and the gain contrast Ay. Subsequently,
the frequency difference between f, and f_ can be tuned based on the gain contrast level. Second,
the real part of the eigenfrequencies has two different values when J? > Ay? (the unbroken PT-symmetric
phase), but unexpectedly, it has a single value when J? < Ay? (the broken PT-symmetric phase). Third,
the imaginary part of the eigenfrequencies can have either a positive or negative value depending on the
relative magnitude of (Ay? — J*)12 and Yavg — kK when the system is in the broken PT-symmetric phase.
These results indicate that one can tune the real and imaginary parts of complex eigenfrequencies,
determine the system symmetry phase, and consequently manipulate the non-Hermiticity by simply
introducing different levels of gain in component cavities 1 and 2.

Figure 3 shows our approach for exploring the control of non-Hermiticity. As mentioned earlier,
to independently control | while keeping f( constant, we employed the doubly coupled PhC cavity in
which one of the component cavities was vertically shifted (cavity 2). Then, we introduced different
optical gains, y1 (shaded yellow box) and y, (shaded blue box), to component cavities 1 and 2 by
systematically changing the extinction coefficient K, (Figure 3a). At the initial stage, we started with
two passive component cavities, then slowly increased ) to the maximum gain ymax while keeping
cavity 2 passive; finally, y, was increased to the maximum gain ymax while keeping 31 = ¥max, as shown
in Figure 3b.

(a) (b)

Optical gain
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Cavity 1 - .
Initial gain Increase y4 Increase v,

Gain, 7o
Gain, i

— — 3

Cavity 1 Cavity 2 Cavity 1 Cavity 2 Cavity 1 Cavity 2 Gain Trajectory

Figure 3. Asymmetric optical gain in doubly coupled PhC cavity. (a) Asymmetric optical gain in
doubly coupled PhC cavity with gain y; in cavity 1 (yellowish shaded area) and gain y; in cavity 2
(bluish shaded area). (b) Asymmetric gain trajectory in doubly coupled PhC cavity. The initial gain was
set to zero. Next, y; was increased to the maximum gain ymax (yellow bar) and then y, was increased
to ¥max while y; was kept equal to Ymax (blue bar).

Figure 4 shows the results. First, we employed the doubly coupled PhC cavity without performing
vertical airhole shifting and calculated the real (Re(f), black squares) and imaginary parts (Im(f),
red circles) of the complex eigenfrequencies as a function of the gain trajectory presented in Figures 3b
and 4a. Analytical solutions (black and red lines) obtained from Equation (4) were co-plotted, and they
agree well with the numerical simulations. The model parameters such as Ay, YVavg, K, and | were
obtained from the numerical simulations by fitting them with Equation (4). The results clearly reveal
the unique non-Hermiticity nature, exhibiting the evolution of the state from the unbroken to the
broken PT-symmetric phase and vice versa with phase transitions occurring at the EPs. For example,
the real part of the eigenfrequencies, Re(f), shows two distinct eigenmodes (i.e., bonding (Re(f))
and antibonding (Re(f-)) modes) at Ay = 0, as expected from Equation (4). As |Ay| increases,
the eigenfrequency difference between Re(f+) and Re(f_) reduces, and the system is in the unbroken
PT symmetry phase. At the EP with |Ay| = 0.345 THz, which is equal to ], the two eigenmodes
coalesce and become a single degenerate eigenmode. As |Ay| further increases, the system enters the
broken PT-symmetric phase, and the degenerate eigenmode holds until |Ay| = 1.106 THz. In contrast,
the imaginary part of the eigenfrequencies, Im(f), exhibits an opposite development. Im(f) of two
eigenmodes are both equal to each other when |Ay| < 0.345 THz, which indicates that the two
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eigenmodes experience an equal amount of optical gain. However, at |Ay | values larger than that at the
EP, Im(f) is bifurcated, independently contributing to the two degenerate eigenmodes. Consequently,
the degenerate eigenmodes are classified into two kinds of eigenmodes that experience positive
(amplifying mode) and negative (decaying mode) optical gain. The maximum bifurcation of Im(f) is
obtained when |Ay| = |Ay|max (i-e., 1.106 THz). Figure 4b,c shows the field and intensity profiles of the
eigenmodes in the unbroken and broken PT-symmetric phases. Figure 4b shows the field distributions
of the out-of-phase antibonding and in-phase bonding modes at y; = 2 = Ymax. As |A)| increases,
these field distributions slowly alter in response to the relative magnitude of y; and y;,. For example,
at optical gains of 1 = Ymax and y, = 0, the fields are confined exclusively in cavity 1 for the amplifying
mode and in cavity 2 for the decaying mode (Figure 4c). This unique non-Hermitian behavior can be
exploited in experiments to help develop a new active tuning mechanism, without altering the cavity
structure, that enables dramatic changes in terms of resonant frequency and field profile. In laser
applications, for example, one can readily excite two eigenmodes (e.g., bonding and antibonding
modes) with slightly asymmetric pumping and judiciously induce an unbalanced modal competition
that favorably acts on one of the eigenmodes, resulting in the final laser mode [8,17,18]. In addition,
one can exclusively excite a single amplifying laser mode by applying for the further increased levels
of the asymmetry.
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Figure 4. Evolution of eigenfrequencies in doubly coupled PhC cavity. (a) The calculated
eigenfrequencies of the coupled cavity modes in the doubly coupled PhC cavity without vertical airhole
shifting. The optical gain in component cavities 1 and 2 followed the trajectory shown in Figure 3b.
The real (black squares) and imaginary parts (red circles) of the eigenfrequencies obtained from the
numerical full-wave simulation were co-plotted with the analytical solutions (black and red lines)
obtained from Equation (4). (b) The cavity mode profiles of the antibonding and bonding modes at
Y1 = Y2 = Ymax. The field profiles clearly show the in-phase and out-of-phase characteristics in the
coupled modes. (c) Calculated intensity profiles of the amplifying and decaying modes at 31 = Ymax
and y; = 0. The intensity distributions clearly show the strong and spatially exclusive confinement of
the fields of the amplifying and decaying modes.

Next, we performed the vertical airhole shifting of cavity 2 to independently control | in Equation
(4) and observed the corresponding changes in non-Hermiticity (Figure 5). The calculated complex
eigenfrequencies of the coupled cavity with one and two vertical airhole shifts are shown in Figure 5a,d,
respectively. As discussed earlier, the vertical shift results in the reduction of ], which suggests that the
system is substantially affected by the gain contrast |Ay|. For example, the eigenmode coalescence
in Re(f) with bifurcation in Im(f) appears at EPs with lower values of |Ay| (e.g., 0.271 THz in (a) and
0.100 THzin (d)). In addition, regarding the decrease in y, from ymax with fixed 1 = Ymax, one branch of
the bifurcated Im(f), which contributes to the amplifying mode, varies slowly, whereas the other branch
undergoes an abrupt change until |Ay| equals |[Ay|max. On the contrary, regarding the increase in y; for
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two passive cavities (y1 = y» = 0), the same branches exhibit an opposite behavior. These controlled
non-Hermitian properties can be advantageously exploited in several applications. For example,
the readily obtainable phase transition with low asymmetric gain enables sensitive and rapid switching
operations between optical states. Moreover, the stable development of mode amplification guarantees
steady and robust single-mode operation at varied pumping powers, which is hardly obtainable in
nano and microcavity-based optical devices. Figure 5b,c,e,f show the field (Figure 5b,e) and intensity
profiles (Figure 5¢,f) of the non-degenerate (1 = 2 = Ymax) and degenerate eigen-modes (1 = Ymax,
Y2 = 0) in the coupled cavity with one and two vertical airhole shifts. Despite the applied structural
modifications, which slightly break the structural symmetry, the mode profiles are similar to those
shown in Figure 4b,c. This result directly confirms that our analysis of the non-Hermitian optical system
based on Equation (4) is effectively valid for describing the asymmetrically coupled cavity system
and for explaining the control of non-Hermitian properties. Taken together, the asymmetric optical
gain introduced to the doubly coupled PhC cavity can enable controllable interplay between Ay and J.
This helps in simultaneously tuning the eigenfrequency and field profile in a fixed cavity structure,
and it provides an unprecedented active tuning mechanism for coupled cavity-based optical devices.
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Figure 5. Eigenfrequencies of doubly coupled PhC cavity with vertical airhole shifting. (a,c) The
calculated eigenfrequencies of the coupled cavity modes in a doubly coupled PhC cavity with (a) one
and (c) two vertical airhole shifts. The optical gain in component cavities 1 and 2 followed the trajectory
shown in Figure 3b. The real (black squares) and imaginary parts (red circles) of eigenfrequencies
obtained from the numerical full-wave simulation were co-plotted with analytical solutions (black and
red lines) obtained from Equation (4). (b,e) The cavity mode profiles of the antibonding and bonding
modes at y1 = 2 = Ymax in the doubly coupled PhC cavity with (b) one and (d) two vertical airhole
shifts. The field distributions clearly show the in-phase and out-of-phase characteristics in the coupled
modes. (c,f) The intensity profiles of the amplifying and decaying modes at 1 = Ymax and y, = 0 in the
doubly coupled PhC cavity with (c) one and (f) two vertical airhole shifts.
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4. Conclusions

In summary, we have investigated the cavity modes in a non-Hermitian doubly coupled PhC
cavity system with the systematic manipulation of the intercavity coupling constant. In the doubly
coupled PhC cavity, the coupling constant can be tuned by changing the cavity structure, such as by
varying the sizes of the shared airholes or via the discrete vertical/lateral airhole shifting of one of the
component cavities. We found that discrete airhole shifting, which yields a tunable coupling constant
with a constant fundamental eigenfrequency, is more desirable for non-Hermicity control. In addition,
we analyzed the evolution of eigenmodes and eigenfrequencies in the non-Hermitian doubly coupled
PhC cavity system by varying the coupling constant via the vertical shifting of one of the component
cavities and by systematically controlling the spatially asymmetric optical gain. It was revealed that
the interplay between the gain contrast and the coupling constant is crucial for determining the EP.
This unique non-Hermitian behavior with EP can provide a new method to control laser emission by
the additional tuning knob and asymmetric optical gain, which helps in increasing the design flexibility
of the cavity structures. We believe that the proposed method of manipulation of non-Hermicity in the
coupled PhC cavity system can allow us to develop a novel actively tunable PhC cavity laser, using a
fixed cavity structure, that exclusively excites a steady and robust single amplifying laser mode.
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