. mathematics

Article

Maximum Packing of A-Fold Complete 3-Uniform Hypergraph
with a Special Tetrahedron

Yuzhe Zhu * and Hongtao Zhao

check for
updates

Citation: Zhu, Y.; Zhao, H. Maximum
Packing of A-Fold Complete
3-Uniform Hypergraph with a Special
Tetrahedron. Mathematics 2024, 12,
1421. https://doi.org/10.3390/
math12101421

Academic Editor: Mario Gionfriddo

Received: 17 March 2024
Revised: 2 May 2024
Accepted: 4 May 2024
Published: 7 May 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics and Physics, North China Electric Power University, Beijing 102206, China;
50901595@ncepu.edu.cn
* Correspondence: 120212209071@ncepu.edu.cn; Tel.: +86-15532473569

Abstract: Let KT(,3) = (V,E) be the complete 3-uniform hypergraph, where the vertex set is
V = {x1,x2,---,xp}, in which the edge set E is of all triples. Let ST denote the special tetrahedron
with four edges, where each edge contains three vertices of degree 2. In this paper, we consider the
decomposition and packing of a complete 3-uniform hypergraph of an A-fold special tetrahedron.
Firstly, the necessary conditions for the existence of the A-fold ST-decomposition are discussed in
four distinct cases. Secondly, according to the recursive constructions, the required designs of small
orders are found. For hypergraphs with large orders, they can be recursively generated using some
designs of small orders. Then, it is proven that the above necessary conditions are sufficient. Finally,
we prove that a maximum ST-packing of a complete 3-uniform hypergraph KZ(,S)
and A > 1.

exists forallv > 6

Keywords: complete 3-uniform hypergraph; hypergraph decomposition; packing design; maximum
packing; special tetrahedron; leave
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1. Introduction

As efficient relational representation structures, graphs have been widely used for
modeling pairwise relations. However, non-paired relations are difficult to effectively
express using general simple graph structures. The emergence of hypergraphs provides a
natural advantage for the expression of such relationships.

A hypergraph is defined as an ordered binary group (V, E), where V is a finite set
V = {xq,x2,x3,- -+, Xy}, the elements in V are called vertices, E is a family of finite non-
empty subsets of V, and the elements in E are called hyperedges. If a hypergraph does not
contain multiple hyperedges, that is, there are no repeated elements in its hyperedge E, the
hypergraph is called a simple hypergraph.

For a hypergraph, if every hyperedge has exactly ¢ vertices, such a hypergraph is
called t-uniform. A 2-uniform hypergraph is a graph. A t-uniform hypergraph is called a
complete f-uniform hypergraph if its hyperedge contains every t-subset of vertices exactly

once. When |V |= v, a completely t-uniform hypergraph is denoted as KT(,t), where v is the

order of the hypergraph. Therefore, a complete 3-uniform hypergraph KT(,B') is a hypergraph
with a vertex set V = {x1,x2,x3,- - - , Xy}, and its hyperedge set is 3-subsets of the vertex

set V. Each 3-subset occurs only once; that is to say, a complete 3-uniform hypergraph has
v
(3> hyperedges.
(£)

Let A be a positive integer and H = K;’ be a t-uniform hypergraph, that is, AH is a
hypergraph derived from H, the vertices of which are those of H, and the edges of which
contain every edge of H exactly A times.
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A commonly studied problem in combinatorics is the decomposition of hypergraphs
into edge-disjoint sub-hypergraphs. Let AH be a t-uniform hypergraph and I' be a set of
the t-uniform hypergraph. The I'-decomposition of the hypergraph AH is its partitioning
into sub-hypergraphs, each of which is isomorphic to a certain hypergraph of I, which is
denoted by (AH,T')-design or S (t,T, H). If I’ only contains one type of hypergraph K, it is
denoted by S, (t,K, H). When A =1, S(t,K, H) is replaced with S, (¢, K, H).

Keevash [1] recently showed that for all ¢ and k, the obvious necessary conditions
for the existence of an S(t,k, v)-design are sufficient for sufficiently large values of v.
Similar results were obtained by Glock, Kuhn, Lo, and Osthus [2,3], which included the
corresponding asymptotic results for H-designs of order v for all uniform hypergraphs
H. These results for t-uniform hypergraphs mirror the celebrated results of Wilson [4] for
graphs. For t = 3, Feng Tao and Chang Yanxun [5] summed up the necessary conditions
for the existence of S(3,T, v).

Let s ( < v) be a non-negative integer. A (KT(,t)\Ks(t), I')-design is an ordered triple
(X,Y, B), where X is the set of vertices of Kz(f)\Ks(t), Y is the set of vertices of th), Y is

called a hole, and B is the set sub-hypergraphs of Kz(,t) \Ks(t) , where each sub-hypergraph
is isomorphic to a hypergraph in I', each sub-hypergraph is called a block, and every

edge of Kz(,t) \th) is required to be contained in a block of . Such a design is denoted as
HS(t,T;v,s).

Let n and t be positive integers. Let X be a set of vertices and B be a family of
hypergraphs whose vertices are defined on some subsets of X. Then, every hypergraph in
B is isomorphic to a hypergraph in I'. Every hypergraph in B is called a block. Let G be
a partition of X, where X is divided into # non-empty subsets. Each non-empty subset is
called a group. For an ordered triple (X, G, B), if each edge in the edge set of each block
intersects any given group by one point at most, and, for any t-subset T of X, if the t points
in T are from t different groups, then T is contained in exactly one block. Such a design is
called a group-divisible (T, t)-design.

We use the usual exponential notation for the group-divisible (T, t)-designs. Then,
type £1185° - - - gn" denotes that there are a; groups of size g;, 1 < i < m. A group-divisible
(T, t)-design of type g1'g5* - - - gn" can be denoted by GDD(t,T, v), where the vertex set is
v =a18] + a2+ - - - + amgm. If I contains only one hypergraph ], we write GDD(¢t, {]},v)
as GDD(t, ], v).

Let H be a complete t-uniform hypergraph, H = KY(,t). Then, (AH,T)-packing is
a binary (X, B), where X is the finite vertex set of AH, and B is the set of some sub-
hypergraphs of AH, where each hypergraph of B is isomorphic to a hypergraph in T,
called a block, and each edge of H is contained in, at most, one block of 5. In this case, an
(AH,T)-packing design can be denoted by P, (t,I', v). When there is no packing (X, .A) such
that the number of blocks in B and the number of blocks in A satisfy condition |B|<|.A|,
then packing (X, B) is called the maximum packing, denoted by MP) (t,T,v). When A =1,
MP(t,T,v) is replaced with MP) (t,T,v). The same applies to hypergraph decomposition;
when considering the packing design of hypergraphs, we mainly focus on the number
of blocks.

For any t-subset e = {v1, vy, - - -, vt} of X, let I be the number of blocks containing e.
The leave of a packing P (t, T, v) is the t-uniform hypergraph spanned by all t-subsets e of
X with multiplicity A —1.

To enhance the understanding of hypergraph maximum packing, we give the follow-
ing examples. First, in this paper, the symbol ST always denotes a hypergraph with vertices
{a,b,c,d,e, f} and edges {(a,c,e), (b,c,e),(a,d, f), (b, d, f)}, and such a hypergraph can be
denoted as an ordered hextuple (a,b,c,d, e, f).

Example 1. In this example, we first construct an MP(3,ST,7) on the point set {0,1,2,3,4,5,6}.
Its {(;) / 6J = 8 blocks, listed as follows:
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(0,3,5,2,6,4),(0,6,1,4,2,5),(5,6,0,3,1,4),(1,2,0,4,3,6),(5,6,0,1,2,3)
(4,5,1,0,2,3),(3,5,2,4,6,1),(3,4,2,0,5,6)

It can be verified that the leave of the above packing contains three edges, {1,2,3},
{1,0,4}, and {1,5,6}. Then, the above blocks form a maximum packing of ST.

In the theory of combinatorial mathematics, the study of graphs has been greatly
improved. At present, many studies focus on the related problems of complete 3-uniform
hypergraphs. Several authors have obtained many results on the I'-decomposition, pack-

ing, and covering problems of 3-uniform hypergraphs, where I’ is Kf) —e, Wf) and

Kf’) + e [5-10]. In 1987, Zbigniew LONC [11] defined the hyperstar, which is a 3-uniform
hypergraph consisting of one vertex of degree m and 2m vertices of degree one, and it is de-

(3)

noted by s,(ﬁ' ), Necessary and sufficient conditions for the existence of S;,”-decompositions

of Kz(,s) are given in [12] for m € {4,5,6} and settled in [13] for any m. Some results on
(3) (3)

maximum S;,’-packings of K, are given in [14]. In 2014, Hoffman solved the packing and
covering problems of any k-star [15]. Amber Armstrong [16] found the maximum packings

of )\Kz(,3) with copies of the symmetric triple-hyperstar with four edges. Ryan C. Bunge [17]
resolved the problem of a maximum loose 3-cycle packing of a A-fold complete 3-uniform
hypergraph of order v. The corresponding problems of tight six-cycle and tight nine-cycle

o

decompositions of K;; * were resolved in [18,19].

Here, we are interested in the maximum ST-packings of /\KZ(,B) , where ST is a 3-uniform
special tetrahedron with four edges [20]. The special tetrahedron is a hypergraph with a ver-
tex set of (a,b,¢,d, e, f), and its hyperedge set contains {(a,c,e), (b,c,e),(a,d, f), (b,d,f)},
as shown in Figure 1. The three vertices contained in each hyperedge appear twice, that is,
vertex 4 is contained in both the hyperedge (4, ¢, e) and the hyperedge (a,d, f), so we call

vertex “a” a vertex of degree 2. Thus, each hyperedge of special tetrahedron contains three
vertices of degree 2.

Figure 1. The special tetrahedron (ST) of size 4, denoted as (4, b, ¢, d, ¢, f).

In this paper, we prove that for all v > 6, A > 1, a maximum ST-packing of )\Kz(,3)

exists, where the leave has fewer than four edges. The rest of this paper is outlined as
follows. Section 2 presents some related preliminaries, including notations, notions, and
the method of analysis. In Section 3, we provide some small-order designs that are used to
help prove the main conclusions of this paper. Other designs are listed in Appendix A. In
Section 4, we prove the main results. We first show the decompositions and packings of
simple hypergraphs. Based on the simple hypergraphs, we consider the ST decomposition
of AK?) and its maximum packing of ST. In Section 5, we provide the conclusions of this
work. In Section 6, we discuss the practical implications of the findings, especially their
application in neural networks.
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2. Preliminaries
2.1. Additional Notations and Terminology

Let V = V3 U V, U V3. The complete tripartite 3-uniform hypergraph H consists of
the vertex set V and the hyperedge set E, where V. = VUV, U V3, V;NV; = &, and

E={eleCV,le|=3,eNnV; # @} for1 <i < j<3.Thehypergraph is denoted by KZ(’??UZ/UB'
Currently, this partition of V is denoted by GDD(3, ST, v), where v = vy + v + v3.

Let V = V3 U V,. The complete bipartite 3-uniform hypergraph H consists of
the vertex set V and the hyperedge set E, where V. = ViU V,, ViNV, = &, and
E = {eleCV,le|=3,enV;# @} fori = 1,2. The hypergraph is denoted by Lg,??vz.
Currently, this partition of V is denoted by S(3, ST, vy, v3).

For the complete 3-uniform hypergraph KZ(,B), the A-fold maximum packing of the
special tetrahedron is denoted by MP,(3,ST,v), and the A-fold decomposition of the
special tetrahedron is denoted by S, (3,ST,v). When A = 1, MP) (3, ST, v) is denoted by
MP(3,S5T,v), and S, (3, ST, v) is denoted by 5(3,ST, v).

2.2. Method of Analysis

Theorem 1. Let a, r, and [ be non-negative integers. Let v = ar + | and v > 3. Under the given

®)

conditions, a partition of K !

each of the following:

exists, as shown as Figure 2, which comprises isomorphic copies of

° Kl(3) ifr=0;
o K ifr=1;

. K(3> K, H,\K LKD) ULy ifr =2;
. K(3> K&, KBNK, KD UL, K it > 3.

v =ar +1

[

Y
r

Figure 2. The partition of K[(”L I

Proof of Theorem 1. When a = 0 and / > 3, then K(s) = K;Ql Ké‘:’il, H,\K

K(i) U L,g ,Z) , and K‘Ea)a are empty (i.e., without any edges), and the decomposition is
trivial. Let AO, Ay, Ay, -+, and A, be pairwise-disjoint sets of vertices with |Ap|=1,

|A1|=|Az|= - - =|A;|= a. Then, the above theorem has five cases:
Case1: Whenr =0,a > 1, Kir)ﬂ = Kl(3), the partition of KS)H is Kl(3)with the vertex set Ay,

and the decomposition is trivial.

Case2: Whenr=1,a > 1, K‘gil = Kﬁ)l Let V = Ay U Aj, where the partition of K:Srl—l is
K(3)

ol with the vertex set Ag U A1, and the decomposition is trivial.
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Case 3: Whenr =2,a > 1, Kéfll = Kg)ﬂ Let V = Ay U Aj U Ay, where the partitions

of Kﬁ‘:’ll are two K[(z:jr)l with each vertex set Ag U A1, two K[(i)l\Kl(g’) with each vertex set

A1 U Ap and the hole set Ap, one L,§3a) with the vertex set A; U Ay, and one Kl(:;) , with the
vertex set Ag U A1 U As.

Case 4: Whenr = 3,a > 1, KSL = ng)ﬂ Let V = AgU Aj U Ay U A3, where the partitions

of KS}H are three Kﬁ)l with each vertex set Ag U Aq, three K’Ei)l\Kl(B) with each vertex set

A1 U Ap and the hole set Ay, three Lt(fa) with each vertex set A; U A,, three Kl(i) , with each
3)

vertex set Ay U A1 U Ay, and one K,g 4,0 With the vertex set A; U Ay U As.

Case 5: Whenr > 3,a > 1, Kc(:::ll = Kéi)ﬂ LetV =A0UA L1 UAU---U A,, where the
r

partition of K® s (r) K(3> with each vertex set AgU A4, (1

ar+1 1 a+tl ) Kfli)l\Kl(s) with each vertex

set A1 U Ap and the hole set Ay, (;) L£3u) with each vertex set A1 U A», (;) Kl(?a with

each vertex set Ag U A1 U Ay, and (;) Kfu)a with the vertex set A1 U Ay U As.

According to Theorem 1, as long as v = ar + [ and r > 1, the hypergraph Kz(,s) can be

decomposed to the union of the following subgraphs: Kl(3), k¥ K’Si)l\Kl(S), K® U L,Si},

a-+l’ La,a
and K[(m)a
Combined with the number of hyperedges of ST and the characteristics of ST, we

have 4| (g) and 2| <v ; 1> . When the order v of KZ(,?’) satisfies the above conditions, the
(3)

decomposition of hypergraph K’ exists. At this point, in order to obtain the decomposition
of the hypergraph Kz(,S), v = ar + I, we need to find the following design: S(3,TS,a+1),
S(3,TS,a,a), HS(3,TS;8+1,1),and GDD(3,ST,2a + 1) of type a*I' and GDD(3, ST, 24) of
type 8°.

If the order v of KZ(,B) does not satisfy the above conditions, for these hypergraphs KZ(,3),
their packing design is considered. To obtain the maximum packing of the hypergraph Kz(,g),
we need to consider the following design: MP(3,TS,a+1),S(3,TS,a,a), HS(3,TS;8+1,1),
and GDD(3,ST,2a + 1) of type a*I' and GDD(3, ST, 24) of type 8°.

Moreover, we can know that the I'-decomposition of the hypergraph is the maximum
I'-packing without a leave. [J

3. Some Small Orders

Next, we provide some small-order designs of ST-packing, the decomposition design
of which is the special packing design without a leave. The designs in the following and
in Appendix A were constructed directly and are used to prove the main conclusions of
this paper.

Example 1. S(3,ST,4,4) exists.

Proof of Example 1. Let X = {0,2,4,6} U {1,3,5,7}. All blocks consist of the base block
(1,7,0,4,2,6) under the action of +1 modulo 8 and the base block (5,1,0,2,4,6) under the
actionof j = j+i, wherei =1,2,3,4. O

Example 2. GDD(3, ST, 12) of type 42 exists.
Proof of Example 2. Let X = {0,2,4,6} U{1,3,5,7} U {001, 00y, 003,004 }. The base blocks

for this design are given below. All other blocks can be obtained using the following base
blocks of +1 modulo 8, where o0; + 1 = 00;. (001,003,3,2,6,1), (c03,004,4,0,3,5). O
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Example 3. MP(3,ST, v) exists, where v = 7.

Proof of Example 3. Let X = {0,1,2,3,4,5,6}. The base blocks for this design are given
below. The maximum packing of KS’) consists of the following base blocks, and the leave

consists of the edge {1,2,3}, {1,0,4}, and {1,5,6}.

(0,3,5,2,6,4), (0,6,1,4,2,5), (5,6,0,3,1,4),(1,2,0,4,3,6),(5,6,0,1,2,3),
(4,5,1,0,2,3), (3,5,2,4,6,1), and (3,4,2,0,5,6).

Meanwhile, another MP(3,ST,7) exists. Let X = {0,1,2,3,4,5,6}. The base blocks for

this design are given below. The maximum packing of K;S) consists of the following base
blocks and the leave consists of the edge {1,2,6}, {5,6,3}, and {3,0,4}. (1,4,2,5,0,6),
(1,2,0,4,3,6), (5,6,0,1,2,3), (3,5,2,4,6,1), (5,6,0,3,1,4), (54,2,0,1,6), (1,5,2,0,3,4),
and (3,5,2,0,4,6). 0

Example 4. MP(3, ST, v) exists, where v = 8.

Proof of Example 4. Let X = {0,1,2,3,4,5,6,7}. The base blocks for this design are given
(3)

below. The maximum packing of Kg consists of the following base blocks, and the leave
H consists of the edge {2,3,7}, {2,4,5}, {7,2,6},and {7,0,1}.

(0,7,1,3,2,6), (0,5,1,7,3,2), (6,1,0,2,4,3), (0,4,5,2,1,6), (7,0,1,5,6,4),
(2,3,0,6,4,1),(2,3,5,1,0,4), (2,6,1,4,5,7), (4,5,2,7,3,0), (2,7,0,6,3,5),
(5,7,3,0,4,6), (3,1,4,7,6,5), and (3,4,1,6,7,5).

Meanwhile, another MP(3, ST, 8) exists, where v = 8. Let X = {0,1,2,3,4,5,6,7}. The
(3)

base blocks for this design are given below. The maximum packing of K consists of the
following base blocks, and the leave consists of the edge {6,7,3}, {6,0,1}, {3,2,6}, and
{4,5,3}.

(4,3,5,7,6,2), (4,1,5,3,7,6), (2,5,4,6,0,7), (0,4,5,2,1,6), (3,4,5,1,2,0),
(6,7,4,2,0,5),(6,7,1,5,4,0), (2,6,5,0,1,3), (0,1,6,3,7,4), (6,3,4,2,7,1),
(7,5,0,3,2,1), (7,0,5,2,3,1), and (3,1,7,4,0,2).

O
Example 5. S(3,ST, 11) of type 423 exists.

Proof of Example 5. Let X = {0,2,4,6} U {1,3,5,7} U {001,005, 003}. The base blocks for
this design are given below. All other blocks can be obtained using the following base
blocks of +1 modulo 8, where co; + 1 = o0;.

(001,3,4,2,7,1), (00p,003,4,0,7,1), and (5,7,0,6,2,3).
]

4. Main Results
4.1. Decompositions and Packings of Simple Hypergraphs

There are no repeated elements in the hyperedge set of the hypergraph of 1-fold ST,
so it is a simple hypergraph. In this section, we consider the 1-fold ST decomposition and

packing of complete 3-uniform hypergraphs Kz(,3).

Theorem 2 ([20]). S(3, ST, v) exists if, and only if, v =1,2,6 (mod 8).
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Proof of Theorem 2. We can easily know that the necessary conditions for the existence
of 5(3,ST,v) are v = 1,2,6 (mod 8). Therefore, we need to prove its sufficiency. Let
v =8r+1, wherer > 1and ! € {1,2,6}. According to Theorem 1, it suffices to find

the ST-decompositions of Kéi)l, Kéi)l\Kl(‘%), Kl(,%?s U Lé‘?’g , and Ké?S),S’ that is, S(3,ST,8 + 1),
HS(3,ST;8+1,1), and GDD(3,ST,16 + 1) of type 8%I' and GDD(3,ST,24) of type 83.

According to Examples A1-A9 and A12, we know that 5(3,ST, v) exists. I

Theorem 3. If v > 6 is an integer, then an MP(3,ST,v) of Kz(,a) exists, where the leave has fewer
than four edges.

Proof of Theorem 3. According to Theorem 2, when v = 1,2,6 (mod 8), the ST-decomposition

of KZ(,3> is the maximum ST-packing, where the leave is empty. Hence, we need to only
consider the maximum ST-packing when v = 0,3 (mod 4), v > 7,and v = 5 (mod 8).
Let v = 4r, where v > 7. According to Theorem 1, we only need to consider the

maximum ST-packing of K§3), where a leave has four edges, and the ST-decompositions of

L) and K], thatis, MP(3,ST,8), S(3,ST, 4,4), and GDD(3, ST, 12) of type 43. According
to Examples 1,2, and 4, MP(3,ST,8), S(3,ST,4,4),and GDD(3,ST, 12) of type 4> exist.
Let v = 4r + 3, where v > 1. According to Theorem 1, we only need to consider the

maximum ST-packing of K§3) where a leave has three edges, and the ST-decompositions

of K}, and K}, ULY), that is, MP(3,ST,7), S(3,5T,4,4), and GDD(3, ST, 11) of type
423! and GDD(3,ST,12) of type 43. According to Examples 1, 2, 3, and 5, MP(3,ST,7),
S(3,5T,4,4),and GDD(3,ST, 11) of type 423! and GDD(3,ST, 12) of type 43 exist.

Let v = 8r + 5 where r > 1. According to Theorem 1, we only need to consider the
(3)
3

maximum ST-packing of K;,’, where a leave has two edges and the ST-decompositions

of KENKS, K8 U LYY, and K, that is, MP(3, ST, 13), HS(3,5T;13,5), 5(3,5T,8,8),
and GDD(3, ST, 21) of type 825! and GDD(3, ST, 24) of type 8%. According to Examples
A5, A9, A10, A11, and A14 in Appendix A, the above construction exists. Thus, for v > 6,

MP(3,ST,v) of KZ(,3) exists, where the leave has fewer than four edges. U

4.2. Decompositions of A-Fold Hypergraphs

The leave of the maximum packing of a complete 3-uniform hypergraph is related
to the decomposition of the A-fold complete 3-uniform hypergraph. Without the loss of
generality, leta,b,c,d,e, f € {V(Kg) }, where both a maximum ST-packing, say C1, with a
leave consisting of two edges {(a,c,e), (b,c,e)} and a maximum ST-packing, say C,, with
a leave consisting of two vertex-disjoint edges {(a,d, f), (b,d, f)} exist [17]. Hence,

(C1\E(H1)) U (C2\E(H2)) U{E(H1) UE(H)}
is the decomposition of a 2-fold complete 3-uniform hypergraph.

Theorem 4. Let v > 6 be an integer. The necessary conditions for the existence of Sy (3,ST,v) are
as follows:

e IfA=1,3(mod4),thenv=1,2,6(mod 8);
If A =2 (mod4), thenv =0,1,2 (mod 4);
If A =0 (mod 4), thenv > 6.

Proof of Theorem 4. Because |E(ST)|= 4 and ged{d(x) : x € V(ST)} = 2, we must have
4IA<§) = 4|(Av(v - 1)(v —2)/6) and 2|;\<U ; 1> = 2|(Av(v — 1)(v — 2)/2), that is,

24|Av(v —1)(v —2) and 4[|A(v—1)(v —2). Because of 3|v(v—1)(v—2), for A and v,
8|Av(v —1)(v —2) and 4|A(v —1)(v —2) exist. A denotes that the hyperedge set of a
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hypergraph AH is repeated A times by the hyperedge set of a hypergraph H. Because
|E(ST)|= 4, for the necessary conditions for the existence of S, (3, ST, v), the following
four cases exist:

Case 1: When A = 1 (mod 4), A = 4k + 1. Because of 8/A, we need to consider
8lv(v—1)(v—2) and 4|(v —1)(v —2); thus, v =1,2,6 (mod 8).
Case 2: When A = 2 (mod 4), A = 4k + 2. Because of 2|A, we need to consider
4lv(v —1)(v—2) and 2|(v —1)(v — 2); thus, v = 0,1,2 (mod 4).
Case 3: When A = 3 (mod 4), A = 4k + 3. Because of 8/A, we need to consider

8lv(v—1)(v—2) and 4/(v—1)(v —2); thus,v =1,2,6 (mod 8).
Case 4: When A = 0 (mod 4), A = 4k. Because of 4|\, we need to consider 2|v(v — 1) (v — 2) and
1|(v — 1)(v — 2); thus, v > 6. O

According to the above Theorem 4, we can first consider the sufficiency of S, (3, ST, v),
A =1,2,3,4. We can observe that when A = 3, the case of v is the same as that for A = 1. We
already know that S(3, ST, v) exists according to Theorem 2. Then, the design in S(3,ST,v)
is repeated three times to obtain the design that S3(3, ST, v) needs. Thus, S3(3, ST, v) exists.
We need to consider the sufficiency of Sy (3,ST,v), and A = 2,4.

Theorem 5. S, (3, ST, v) exists if, and only if, v = 0,1,2 (mod 4).

Proof of Theorem 5. When v = 1,2,6 (mod 8), the result follows from the fact that there
are 2 copies of 5(3,ST,v). Thus, we need to consider the cases of v = 0 (mod 4) and
v =5 (mod 8).

When v = 8, two types of MP(3,ST,8) exist according to Example 4, denoted as
C1 and Cy. Let Hj and Hj be the edges in the leaves of C1 and C,, where both H; and
Hj; have four edges. Then,

(C1\E(H1)) U (C2\E(H))U{(2,3,4,6,5,7),(7,6,0,2,1,3)}

is a set of ST-blocks such that each edge of Ké3) is represented exactly twice. Therefore, we

()

have an ST-decomposition of 2Kg
When v = 13, let V4, Vo, V3, Vy, V5, Vi, Vi, Vg, Vg € {V(Kz(,3) ) } According to Example

A14, both a maximum ST-packing of Kg), say C1, with a leave consisting of two edges that

share a single vertex, and a maximum ST-packing of KS), say Cp, with a leave consisting of
two vertex-disjoint edges exist [17]. Let H; and Hj be the leaves of C1 and C», respectively.
Without the loss of generality, we may assume that E(Hy) = {(V4, V2, V3), (V1, Vi, Vs)},

E(Hz) = {(Ve, V2, V3), (V6, Vs, V5) }. Hence,
(C1\E(H1)) U (C2\E(H2)) U{E(H;) UE(H2)}

is a set of ST-blocks such that each edge of Kg) is represented exactly twice. Therefore, we
have an ST-decomposition of ZKS).
Now, let v = 4r, r > 2. It suffices to find the ST-decompositions of (2-fold) Ké‘q’), L(3)

447
and K}, that is, S,(3,ST,v), S5(3, ST, 4,4), and GDD,(3, ST, 12) of type 4°. We already

found ZKé ), According to Examples 1 and 2, S(3,ST,4,4) and GDD(3, ST, 12) exist. We
know that the S5(3,ST,4,4) and GDD;(3, ST, 12) follow from the fact that there are two
copies of S(3,ST,4,4) and GDD(3,ST,12). Hence, when v = 0 (mod 4), S»(3, ST, v) exists.

Now, let v = 8x + 5. It suffices to find the ST-decompositions of (2-fold) Kg), Kg) \K (3),
K$)g ULSY, and Ky, that is, HS(3,ST;13,5), S(3,ST, 8,8), and GDD(3, ST, 21) of type

825! and GDD(3,ST,24) of type 8. We already found ZKS). According to Examples
A5, A9, A10, All, and Al14, HS(3,ST;13,5), S(3,5T,8,8), and GDD(3,ST,21) of type
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825! and GDD(3, ST, 24) of type 83 exist. We know that HS,(3,ST;13,5), S»(3,ST,8,8),
GDD;(3,5T,21), and GDD;(3,ST,24) follow from the fact that there are two copies
of HS(3,ST;13,5), S(3,ST,8,8), GDD(3,ST,21), and GDD(3,ST,24). Hence, when
v =0 (mod 4), S»(3,ST,v) exists. [J

Theorem 6. S4(3,ST,v) exists, if and only if v > 6.

Proof of Theorem 6. When v = 0,1,2 (mod 4), the result follows from the fact that there
are two copies of S»(3, ST, v). Hence, we need to only consider the ST-decomposition when
v =3 (mod 4).

Now, let v = 4r +3 and v > 7. It suffices to find the ST-decompositions of (4-
fold) Ky, K ULS), and K{yg, that is, S4(3,5T,4,4) and GDD4(3,ST,11) of type
423! and GDDy(3, ST, 12) of type 43. We already found S4(3,ST,7) using Example A13.
According to Examples 1, 2, and 5, S(3,ST,4,4), GDD(3,ST,11), and GDD(3, ST, 12) exist.
We know that S4(3,ST,4,4), GDD4(3,ST,11), and GDDy(3, ST, 12) follow from the fact
that there are four copies of S(3,ST,4,4), GDD(3,ST,11), and GDD(3, ST, 12). Thus, for
v =3 (mod 4), S4(3,ST, v) exists. To sum up, for v > 6, S4(3, ST, v) exists. [

4.3. Maximum Packing of A-Fold Hypergraphs

Theorem 7. For v > 6, MP,(3,ST,v) exists.

Proof of Theorem 7. According to Theorem 6, when v = 0,1,2 (mod 4), the ST-decomposition

of 2Kz(,3) is the maximum ST-packing, the leave of which is empty. Thus, we only need to
consider the case of v = 3 (mod 4).

When v = 7, two types of MP(3,ST,7) exist according to Example 3. Then, we denote
the two types of packing as C1; and C,. Let H; and H, be the edges in the leaves of Cq
and C,, where both H; and Hj have three edges. Then,

(C1\E(H1)) U (C2\E(H2)) U{(1,3,0,5,4,6)}

is the maximum ST-packing with the leave consisting of two edges {(1,2,3),(1,2,6)}.
Therefore, MP,(3,ST,7) exists.

Now, let v = 4r + 3, r > 1. It suffices to find ST-decompositions of (2-fold) Kﬁl,

K$),ULY), and K], that is, MP,(3,ST,7), 5(3,5T,4,4), and GDD(3, ST, 11) of type
423! and GDD(3,ST,12) of type 43. We already found MP,(3,ST,7). According to
Examples 1,2, and 5, S(3,ST,4,4) and GDD(3,ST,11) of type 423! and GDD(3,ST,12)

of type 43 exist. Therefore, for v > 6, MP5(3,ST,v) exists. [J
Theorem 8. For v > 6, MP5(3,ST, v) exists.

Proof of Theorem 8. When v = 1,2,6 (mod 8), the result follows from the fact that
there are three copies of S(3,ST,v), and the ST-decomposition of Kz(,3) is the maximum
ST-packing, the leave of which is empty. Hence, we need to only consider the 3-fold
maximum ST-packing when v = 0,3 (mod 4) and v =5 (mod 8).

When v =7,let C1 bea MP(3,ST,7) with the leave consisting of three edges, which
exists according to Example 3, and let C, be MP>(3,ST,7) with the leave consisting of two
edges, which exists according to Theorem 7. Let H; and H, be the edges in the leaves of
C1 and C,. Without the loss of generality, we may assume that

E(Hy) = {(V1, V2, V3), (V1, V4, V5), (Vs, V2, V3) }
E(Hp) = {(Ve, V4, V5), (Va, Vo, V3)}
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Thus, according to the edge set E(H;) U E(H;), we can obtain a new block and an
edge, denoted as H3 and consisting of the edge (Vy, V3, V3). Then, the (multi-)set

(C1\E(H1)) U (C2\E(Hz)) U{(E(H1) U E(H2))\E(H3), E(H3)}

is the maximum ST-packing with the leave consisting of one edge. Thus, MP5(3,ST,7)
exists.

When v = 8, let C1 be MP(3,ST,8) with the leave consisting of four edges, which
exists according to Example 4, and let C; be MP(3,ST,7) with the empty leave, which
exists according to Theorem 7. Let H; be the edges in the leave of Cq. Then, the (multi-)set

(C1\E(H1)) U (C2) U{(E(H1)}

is the maximum ST-packing with the leave consisting of four edges. Hence, MP5(3, ST, 8)
exists.

When v = 13, let C1 be MP(3,ST,13), consisting of two leaves, which exists according
to Example 4, and let C; be MP,(3,ST,13), consisting of empty leaves, which exists
according to Theorem 7. Let H; be the leaves of C1. Then, the (multi-)set

(C1\E(H1)) U (C2) U{(E(H1)}

is the maximum ST-packing consisting of two leaves. Hence, MP5(3, ST, 13) exists.

Let v = 4r where v > 7. According to Theorem 1, we only need to consider the 3-fold
maximum ST-packing of ng)
of L) and K{*),, that is, MP3(3,ST, ), S3(3,ST,4,4), and GDD5(3,ST,12) of type 43.
We already found MP5(3,ST,8). According to Examples 1 and 2, S(3,5T,4,4) and
GDD(3,ST,12) of type 43 exist. We know that S3(3,ST,4,4) and GDDj3(3,ST,12) follow
from the fact that there are three copies of S(3,5T,4,4) and GDD(3,ST,12). Thus, for
v =0 (mod 4), MP5(3,ST,v) exists.

Let v = 4r + 3 where r > 1. According to Theorem 1, we only need to consider

(3)

the 3-fold maximum ST-packing of K, where a leave consists of one edge, and the 3-
fold ST-decompositions of K&)A U Lﬁ and KSAL)A’ that is, MP5(3,ST,7), S3(3,5T,4,4),
and GDD;(3,ST,11) of type 423! and GDD;(3,ST,12) of type 4°. We already found
MP5(3,ST,7). According to Examples 1,2, and 5, S(3,ST,4,4) and GDD(3,ST,11) of type
423! and GDD(3,ST,12) of type 4> exist. We know that S3(3,ST,4,4), GDD5(3,ST, 11),
and GDDj3(3,5T,12) follow from the fact that there are three copies of S(3,5T,4,4),
GDD(3,S8T,11), and GDD(3,ST,12). Thus, for v = 3 (mod 4), MP;(3,ST,v) exists.

Let v = 87 45 where r > 1. According to Theorem 1, we only need to consider the
maximum ST-packing of Kg) where a leave has two edges and the 3-fold ST-decompositions of
KINKY, K U LYY, and K{ ), that is, MP3(3, ST, 13), HS(3,ST; 13,5), and GDDjs(3, ST, 21)
of type 825! and S3(3,ST,8,8) and GDD(3,ST,24) of type 8°. We already found MP;(3, ST, 13).
According to Examples A5, A9, A10 and A11, HS(3,TS;13,5) and GDD(3, ST, 21) of type
825! and S(3,ST,8,8) and GDD(3,ST,24) of type 8 exist. We know that S3(3,ST,8,8),
HS3(3,5T;13,5), GDD3(3,ST,21), and GDDs3(3, ST, 24) follow from the fact that there are
three copies of 5(3,57,8,8), HS(3,5T;13,5), GDD(3,ST,21), and GDD(3, ST, 24). Thus,
forv =5 (mod 8), MP3(3,ST, v) exists. [J

where a leave has four edges and the 3-fold ST-decompositions

5. Conclusions
Theorem 9. S, (3, ST, v) exists if, and only if, the following cases are true:
e IfA=1,3(mod4),thenv=1,2,6 (mod 8);

If A =2 (mod4), thenv =0,1,2 (mod 4);
If A =0 (mod 4), then v > 6.
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Proof of Theorem 9. According to Theorem 4, we obtained the necessary conditions for the
existence of S (3,ST,v). For sufficiency, we will consider the following cases.

Case 1. When A = 0 (mod 4), let A = 4k, where k is a positive integer. The result follows
from the fact that there are k copies of S4(3, ST, v). According to Theorem 6, we prove that
S4(3,ST,v) exists forallv > 6.

Case 2. When A = 1,3 (mod 4), we have v = 1,2,6 (mod 8). Let A = 4k +1, I € {1,3}
and k > 0. The result follows from the fact that there are k copies of S4(3,ST,v) and !
copies of 5(3,ST,v). According to Theorem 4 and Theorem 6, we prove that S(3,ST, v) and
S4(3,ST,v) exist.

Case 3. When A = 2 (mod 4), we have v = 0,1,2 (mod 4). Let A = 4k + 2 and k > 0. The
result follows from the fact that there are k copies of S4(3, ST, v) and one copy of S»(3, ST, v).
According to Theorem 5 and Theorem 6, we prove that S»(3, ST, v) and S4(3, ST, v) exist. [J

Theorem 10. M P, (3,ST, v) exists forallv > 6 and A > 1.

Proof of Theorem 10. When A = {1,2,3}, according to Theorem 3, Theorem 7, and
Theorem 8, we found that MP(3,ST,v), MP,(3,ST,v), and MP3(3,ST, v) exist. For A = 4,
we prove that t S4(3, ST, v) exists according to Theorem 6, that is, MP,(3,ST, v) exists with
an empty leave. For A > 4,let A =4k + I and ! € {1,2,3}. We prove that the result follows
from the fact that there are k copies of S4(3,ST,v) and one copy of the (I-fold) maximum
ST-packing, that is, MP;(3,ST,v). According to Theorem 3, Theorem 7, and Theorem 8,
MP(3,ST,v), MP(3,ST,v) and MP3(3,ST,v) exist.
This completes the proof. [

6. Discussion

The decomposition and packing theory of hypergraphs not only accurately captures
the non-pairedness of complex data relations but also provides more abundant expression
means for neural networks to optimize their performance. Therefore, with the continu-
ous development of data science and artificial intelligence, the research and application
prospects of hypergraphs will be broader.
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Appendix A

We provide some examples of the ST-decomposition and maximum ST-packing as
follows.

Example A1. 5(3,ST, v) exists, where v = 6.

Proof of Example Al. Let X = {0,1,2,3,4} U {oo}. The base blocks for this design are
given below. All other blocks can be obtained using the following base blocks of +1 modulo
5, where o0 + 1 = co.

(3,4,0,2,0,1).

0

Example A2. 5(3,ST, v) exists, where v = 9.
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Proof of Example A2. Let X = {0,1,2,3,4,5,6} U {001,005 }. The base blocks for this design
are given below. All other blocks can be obtained using the following base blocks of +1
modulo 7, where co; +1 = o0;,i = 1, 2.

(002/ 001/ 2/ 1/ 0/ 4)/ (001/ 6/ 4/ 0/ 5/ 002)/ (1/ 5/ 0/ 6/ 3/ 2)
O
Example A3. 5(3,ST, v) exists, where v = 10.

Proof of Example A3. Let X = {0,1,2,3,4,5,6,7,8,9}. The base blocks for this design are
given below. All other blocks can be obtained using the following base blocks of +1 modulo
10.

(3,8,2,6,1,4), (2,3,7,8,4,6), (1,5,6,2,0,9).

O
Example A4. S(3, ST, v) exists, where v = 14.

Proof of Example A4. Let X = {0,1,2,3,4,5,6,7,8,9,10,11,12} U {co}. The base blocks
for this design are given below. All other blocks can be obtained using the following base
blocks of +1 modulo 13, where co + 1 = co.

(3,0,9,6,11,7), (5,7,9,1,10,12), (3,9,6,1,0,11), (5,8,2,0,00,1),(7,9,4,1,12,5),
(0,2,0,3,1,5)(c0,2,3,5,8,1).

]
Example A5. 5(3,ST, 8, 8) exists.

Proof of Example A5. Let X = {0,2,4,6,8,10,12,14} U {1,3,5,7,9,11,13,15}. The base
blocks for this design are given below. All other blocks can be obtained using the following
base blocks of +1 modulo 16.

(1,3,12,6,13,8),(2,10,0,7,5,1), (4,5,1,13,2,12), (7,9,8,2,6,0),(8,9,4,2,1,15),
(10,12,5,2,1,15), (11,12,1,0,2,15).

O
Example A6. GDD(3,ST, 17) of type 8*11 exists.

Proof of Example A6. Let X = {0,2,4,6,8,10,12,14} U {1,3,5,7,9,11,13,15} U {oo}. The
base blocks for this design are given below. All other blocks can be obtained using the
following base blocks of +1 modulo 16, where co + 1 = co.

(00,6,2,4,3,7), (1,11,0,7,6,10), (0,12,4,14,5,3), (9,12,0,2,3,11),
(12,13,6,10,9,11), (13,15,8,1,4,12), (3,5,4,0,13,8), (c0,10,12,4,5,9).
O
Example A7. GDD(3,ST, 18) of type 822 exists.

Proof of Example A7. Let X = {0,2,4,6,8,10,12,14} U {1,3,5,7,9,11,13,15} U {oo1, 007 }.
The base blocks for this design are given below. All other blocks can be obtained using the
following base blocks of +1 modulo 16, where co; +1 = o0;, i = 1,2.

(001,002,0,2,1,5), (c01,002,3,6,8,13).
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Example A8. GDD(3,ST,22) of type 8%6' exists.

Proof of Example A8. Let X = {0,2,4,6,8,10,12,14} U {1,3,5,7,9,11,13,15}U {0y, 00y,
003,004, 005,006 }. The base blocks for this design are given below. All other blocks can
be obtained using the following base blocks of +1 modulo 16, where co; +1 = oo;,
i =1,234,5,6.

(ooerOZIOIZI 1/5)/ (001/002r3r6r81 13)/ (0031004171 12r819)/ (003100417/4/2/11)1
(005, 096,0,7,15,4), (c0s, 006, 10,13, 15,4).

0
Example A9. GDD(3,ST,20) of type 8*4' and GDD(3,ST,24) of type 8> exist.

Proof of Example A9. Let X = {0,2,4,6,8,10,12,14} U {1,3,5,7,9,11,13,15} U {001, 00y,
003,004 }. The base blocks for this design are given below. All other blocks can be ob-
tained using the following base blocks of +1 modulo 16, where oo; +1 = 0;,1 = 1,2, 3, 4.
(001,009,1,2,0,5), (001,007,3,13,8,6), (c03,004,1,5,0,2), (c03,004,8,13,3,6).

We know that ng,S decomposes Ki%),S' where we already found GDD(3, TS, 20).
Hence, GDD(3, TS, 24) of type 83 exists. [J

Example A10. GDD(3,ST,21) of type 825! exists.

Proof of Example A10. Let X = {0,2,4,6,8,10,12,14} U {1,3,5,7,9,11,13,15} U {001, 00y,
003,004,005 }. The base blocks for this design are given below. All other blocks can be ob-
tained using the following base blocks of +1 modulo 16, where oo; +1 = 00;,i = 1,2,3,4,5.

(Or 2/ 3/ 5/ 001, 002)/ (Zr 6/ 11/ 15/ 001, 003)/ (4/ 14/ 5/ 3/ 007, 003)/ (004/ 5, 0/ 2/ 1/ 5)/
(004, 005,6,2,11,9).

0
Example A11. HS(3,ST;13,5) exists.

Proof of Example A11. Let X = {0,1,2,3,4,5,6,7} U {001, 00,003,004, 005 } with ooy, 00y,
003, 004, 005 being the vertices in the hole. The base blocks for this design are given below.
All other blocks can be obtained using the following base blocks in Iy of +2 modulo 8, along
with I;, where o0; +2 = 00;,i = 1,2,3,4,5.

{(Or 1/ 003, 603, 001, 004)/ (1r 2/ 004,003,001, 005)/ (1/ 3/ 0603, 695, 003, 004)/ (OOZr 03, 2/ 3/ O/ 1)/
Iy = (0,7,005,003,001,004), (0,1, 003,00,,001,005), (c02,003,1,2,0,3), (004,05, 1,3,0,2),
<004, 05, 3/ 1/ 0/ 4)/ <004I 05, 0/ 3/ 2/ 1)/ <004I 05, 0/ 4/ 3/ 1) }

{(1/ 01, 3/ 5/ 0/4)/ (7/ 01, 1/ 2/ 0/4)/ (001/ 0/ 1/ 7/ 6/ 3)/ (001, 6/ 0/ 2/4/ 5)/ (61 01, 7/ 2/ 0/ 3)/
(001, 6r 1r 5/4r 3)r (7/ 00112/ 1/ 6/ 3)/ (5/ 001, 1/ 7r 214)r (11 001/3/ 5/ 0/ 4)/ (O/ 7/ 2/ 1/ 3/ 5)/

(001/ 1/3/ 6/ 4/ 7)/ 001,3, 5/ 6/ 7/ O)/ (001/ 1/ 5/ 2/ 6/ 7)/ (O/ 6/ 1/ 3/ 2/ 4)/ (O/ 2/ 1/ 3/ 4/5>/
(
(

_ (
Il N 003, 003, 1/ 4/ 5/ 0)/ (OOZ, 03, 2/ 3/ 6/ 7)/ (OO4, 05, 1/ 4/ 5/ 0)/ (2/ 5/ 4/ 0/ 3/ 6)/
01, 7/ 6/ 5/ 4/ 1)/ (001, 7/ 3/ 2/ 6/ 0)/ (4/ 01, 5/ 1/ 0/ 7)1 (004/ 5, 2/ 3/ 6/ 7)1
(0,3,1,4,5,7),(2,6,1,4,3,5),(0,6,5,4,7,2) }.
O

Example A12. HS(3,ST; 14, 6) exists.

Proof of Example A12. Let X = {0,1,2,3,4,5,6,7} U {001, 00y, 003,004, 005, 00 } With 0oy, 00y,
003, 004, 005, 004 being the vertices in the hole. The base blocks for this design are given
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below. All other blocks can be obtained using the following base blocks in Iy of +1 modulo
8, along with I;, where co; +1 = o0;,i = 1,2,3,4,5,6.

IO = {(001, 02, l/ l0/ 3/ 7)/ (001, 02, 2/ 0/ 6/ 5)/ (1/ 01, 0/ 2/ 02, 3)}

{(1,001,3,5,0,4), (7,001,1,2,0,4), (01,0,1,7,6,3), (001, 6,0,2,4,5),(0,7,2,1,3,5),
(001,6,1,5,4,3), (7,01,2,1,6,3),(5,001,1,7,2,4),(1,00,3,5,0,4), (0,3,1,4,5,7),
L (001,1,3,6,4,7),(c01,3,5,6,7,0), (c01,1,5,2,6,7),(0,6,1,3,2,4), (0,2,1,3,4,5),
1™ (00p,003,1,4,5,0), (c02,003,2,3,6,7), (004, 05,1,4,5,0), (004, 05,2,3,6,7),
(001,7,6,5,4,1),(01,7,3,2,6,0), (4,001,5,1,0,7), (6,00,7,2,0,3),
(0,6,5,4,7,2),(2,5,4,0,3,6),(2,6,1,4,3,5)}.

O
Example A13. S54(3,ST, v) exists, where v = 7.

Proof of Example A13. Let the vertex set X = {0,1,2,3,4,5,6}. The hyperedge set contains
(3)

every edge in K, exactly four times. The base blocks for this design are given below. All
other blocks can be obtained using the following base blocks of +1 modulo 7.

(1,6,0,2,4,3),(2,3,0,4,1,5),(4,5,2,0,3,1),(3,4,0,2,5,6),(0,5,1,2,3,4).
U
Example A14. MP(3,ST,v) exists, where v = 13.

Proof of Example A14. Let X = {0,1,2,3,4,5,6,7,8,9,10} U {001, 005 }. The base blocks for

this design are given below. The maximum packing of Kg) consists of the following base
blocks in Iy using +1 modulo 13 along with I;, where oo; +1 = o0}, i = 1,2. Meanwhile, the
leave consists of the edges {2,7,10}, {5,7,10}.

{(O/ 1/ 003,007, 001, oo5)/ (1/ 2/ 00y, 003,01, Oo5)/ (1/ 3/ 002, 05, 03, Oo4)/ (004/ 05, 0/ 4:/ 3/ 1)/
IO = (O/ 7, 005, 002, 001, 004)/ (0/ 1,00, 03,001, 004)1 (002/ 03, 2,3,0, 1)/ (004/ 05, 3,1,0, 4)/
(004, 05, Or 3r 2/ 1)/ (002/ 03, 11 2; Or 3)/ (004, 05, 11 3r Or 2)}

{(0,2,4,5,6,8),(0,3,8,9,10,6), (0,7,4,6,9,2), (3,10,1,7,8,9), (5,10,1,3,0,7), (9,10,4,1,6,7),
4,9,3,1,8,6),(7,9,1,0,3,8),(2,10,3,7,6,9), (5,9,2,3,4,10), (3,10,5,7,6,8), (1,10,0,2,4,6),
2,5,0,1,4,10), (8,10,4,2,5,0), (2,8,6,5,9,10), (5,8,1,7,0,3), (9,10,2,0,8,3), (3,7,5,4,3,8),
1,10,0,2,5,4),(1,9,10,2,4,5), (1,10,2,0,4,5), (1,7,4,3,5,6), (3,6,4,5,7,8), (2,3,6,7,8,10),
0,6,2,4,5,8),(0,8,1,2,6,7),(1,7,0,5,9,8),(1,9,4,2,10,5),(2,6,7,3,9,10), (8,9,6,1,10,4),
0,1,5,2,6,9),(0,2,1,4,8,7),(6,9,3,1,4,10), (9,10,5,4,7,8), (4,6,2,7,3,10), (1,5,8,7,9,2),
1,3,0,5,7,9),(2,7,3,4,5,8),(7,8,2,0,3,6), (0,10,3,5,4,9), (4,6,1,5,7,9), (6,9,1,3,10,4),
(3,10,0,2,6,9)}.

|
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