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Abstract: We deal with the following singular perturbation Kirchhoff equation: — <62u +eb fR3 [Vul 2dy>

Au+ Q(y)u = |ulP~'u, u € H'(R3?), where constants a,b,e > 0and 1 < p < 5. In this paper, we
prove the uniqueness of the concentrated solutions under some suitable assumptions on asymptotic
behaviors of Q(y) and its first derivatives by using a type of Pohozaev identity for a small enough e.
To some extent, our result exhibits a new phenomenon for a kind of Q(x) which allows for different
orders in different directions.

Keywords: Kirchhoff equations; single-peak solutions; uniqueness; Pohozaev identity

MSC: 35A01; 35A02; 35B25; 35]20; 35]60

1. Introduction

In 1746, D’ Alembert first formulated the wave equation in his treatise and proved
its functional relationships in 1750. The study of elastic string vibrations pioneered the
discipline of partial differential equations. In 1883, Kirchhoff [1] extended the classical
D’Alembert wave equation to the free vibration of elastic strings by considering a physical
model for the change in string length due to transverse vibrations.

o%u Py E L 9%u o%u
ou (Lo B [o0u, \oH 1
e <h+2L/08y2|y>8y2 0 @
where L is the length of the string, & is the cross-sectional area, E is the Young’s modulus
of the material, p is the mass density, and Py is the initial tension. With further research,
scholars have found that Kirchhoff-type equations have a wealth of applications [2-4] and

have become a typical class of issues in partial differential equations.
In this paper, we are concerned with the following nonlocal Kirchhoff problem

—(eza —i—eb/3 \Vu|2dy)Au +Q(y)u = |u|P~tu, u € H'(R3), ()
R

where € > 0 is a small parameter, and constants a,b > 0and 1 < p < 5.

In recent decades, there has been considerable interest in the existence and uniqueness
of solutions for (2) under suitable conditions on the function Q(y). In particular, when
€ = 1and Q(y) is a constant, the existence and non-degeneracy of ground state solutions
were implied in [5,6]. Using the non-degeneracy of ground states, in [5], Li et al. added the
existence and uniqueness of single-peak solutions to (2) and Luo, Peng, Wang and Xiang [7]
obtained the existence of multi-peak positive solutions of (2) by combining the variational
method and the Lyapunov-Schmidt reduction for small e. For more works concerning the
uniqueness of concentrated solutions, one can refer to [8-12].

Now, we state the conditions of Q(y) in [5] as follows:

(Q1) Q(y) is a bounded C' function with inIRg3 Q(y) > 0.
ye
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(Q2) There exist y° € R3 and rg > 0 such that Q(y°) < Q(y) for 0 < |y — y°| < ro.
(Q3) There exist m > 1 and p > 0 such that

9Q(y)

Qy) = QW) + i1 ¢jlyj — v + O(ly — v°I" 1), y € Bo(y"),
S = meily; = 1" 2y —v)) + Oly = °1"), y € By(v°),

where p > 0 is a small constant and c; # 0 for j = 1,2,3.

Theorem 1 (c.f. [5]). Suppose that Q(y) satisfies (Q1), (Q2) and (Qs3). Let ug),i = 1,2 be two
positive solutions of (2) concentrating at the same point y°. Then, uE_l) = uéz) for a sufficiently

small €.

Here, we want to mention that the authors in [5] used the assumption that Q(y) has
the same order in different directions at yo. However, to our knowledge, whether there is
similar uniqueness when Q(y) has different increasing rates in different directions is still
unknown. In this paper, we give an answer on this aspect and we consider a class of Q(y)
as follows:

(Q3) Q(y°) < Q(y) for any y € R*\ {y°} and Q(y) satisfies

29 = mejly; — 21"y~ v2) + Oly = y°I™), v € By(y),

{Q(J/) = Q") + iy cjly; = ¥2I" + Oy —y°|"™*1), y € By(°),

where p > 0 is a small constant, m; > 1, m = max{my, my, mz} and cj #0forj=1,23.

Theorem 2. Suppose that Q(y) satisfies (Q1) and (Q3). Then, (2) has only one positive single-peak
solution if € is small enough.

2. Some Basic Estimates

Let U0 (v) be the unique positive solution of the following problem:

—(a+b [gs [Vul?dy)Au+ Q(y°)u = |u[P~1u, inR3,
u(0) = maxu(y), u(y) € HY(R3).
yER3

It follows from [5] that Uy, (v) is a radially symmetric decreasing function satisfying

[D*U,o(y)| < Ce~ W, with |a| < 1 and some C, 6 > 0.

First we denote

lulle = (uly), u()é = ( [ (alTul+ Q) *,

N|—

and for x € R3, we let

oU,o (>
Eex = {u e HIE) () Up (e =0, (ut), S5

7 Je =0,j = 1,2,3}.

By using the standard Lyapunov-Schmidt reduction as that in Theorem 1.3 in [5], the
following basic structure of the concentrated solutions can be obtained.

Proposition 1. Suppose that Q(y) satisfies (Q1) and (Qs). Then, there exists € such that for all
€ € (0,¢€g), problem (2) has a solution u¢ of the form

te(y) = Upp (F2%) + welw), 3)
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with Ye, we € Eey, satisfying
lve =3’ = 0(1), llwelle = o(e?). @
Now, we consider
Le(we) = — (e2a+eb/ |Vuo(y;y€)|2)Awe+Zeb(/R3 Vi (1Y) Ve At (1Y)

+Q)we — puly (T w,

€

We can rewrite Le(we) as
Le(we) = Re(we) + Ne(we), ()
where Re(we) = (Q(y°) — Q(y))Ujp(**), and

) S22

Y= Ye 2 Y—VYe
+€b/}¥3 (ZVUyo( c )Vwe+|Va)€| )A(UyO(T>+we)}

+{ (U (=2 + we)?
=:N?(we) + N (we).

uly (=5 — puly (e

e

Lemma 1 (c.f. [5]). There exist e > 0,p1 > 0and v > 0 sufficiently small such that for any
€€ (0,e1),p € (0,0),
| [, Le(wewel = vlwel?

holds uniformly with respect to ye € By (y°).

Proposition 2. It holds

|welle = O(eirmintrumansd) + Ofel max [ye, = ™).

Proof. First, using the condition (Q3) and the Holder inequality, for a small constant d, we

have
= - Y=Yy,
], o Relwewe =1 [ (Q0) ~ QU (")

<CZ/

vy = ¥ Uy () o

Bd ye (6)
< Ce? Z(e I+ [ye,; = v 1" lwelle,
j=1
where yj, ye , y? denote the jth components of v, ye, .
Moreover, by the exponential decay of U,o o(£2£<), we can obtain that for any o > 0,
Re(we)we| < Ce7||welle. 7
|/R3\Bd<ye> eleoe)eve] < CeTlleee 7

Thus, (6) and (7) give that

3 : 3 X
| [ Re(wooe| = (el mntmmaahy |-+ O(ed max [ye; 1" llwelle: @
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On the other hand, it can be directly calculated that
| [ Nl @ewe] =€ [ fae(y) P13 = o(1) el ©
R3 R3
2 — | Y= Ve 2 _ 2\4
\/Bd(%) Nz (we)we| = | Beb/]RS vuyo( - YWVwe(y) /RS |Vwe| eb(/]Rs [Vwe|?)"| 10)
= o(1)||wel[2.

So, from (5), (8)—(10) and Lemma 1, the result follows. [

Proposition 3. Suppose that uc(y) is a positive solution of (2). Then, for any R >> 1, there exist
7 > 0and C > 0 such that

o ly—vel
€
4

ue()| + [Vue(y)| < x € R%\Bre(ve)- (1)

Proof. Using the comparison principle of He and Xiang [13], we can obtain (11), which
also can be found in [5]. O

Let u(y) be a positive solution of (2). Then, by multiplying dy,u on both sides of (2)
and then integrating by parts, we have for each j = 1,2,3

/ guz(y)dy =0. (12)

Proposition 4. Let u¢(y) be the solution of (2) with the form (3) and (4). Assume that (Q) and
(Q3) hold. Then,

|welle = O(ex+mintmmamaly and |y, —y°) = ofe).

Proof. First, (11) and (12) tell us that for a small d > 0, there exists some ¢ > 0 such that

0 — Ye 2 _a
+we)dy = O(e ¢).
/Bdwe) ay, W () + ) dy =0

Also, similar to (6), we have

. a — § m;— m:—
‘/B <y>a§”y°(yeye>wedy! < Ce2 (" + [ye; — 91" ) [wel e,
d\Ye ]

which implies that from Proposition 2

aQ 2 —Ye _ 3 mi+min{my,my,mz}—1 012m:—1
}/Bd (ve) ay] yo € )dy’ = O(e(e™ + Inla2x3|y€] | 7). (13)

On the other hand, we also find

LHS of (13) = cjm;e’ /B o ey + e — Y7 1" 2 (ey) + v, — v ) Uo (y)dy
d

; (14)
+0((e" + lye —y°I"))-
Thus, (13) and (14) imply that
[t g 2 e gy = o) o, )
B, 0" € Ui € Y

€
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which, together with Proposition 2, gives that for j = 1,2, 3,
[Yej — ) = O(e) and [welle = O(eFmin{mmama}). (16)

[ve; =4}
Up to a subsequence, we can suppose that %

have

— 7. Then, letting € — 0 in (15), we

vy 3,172+ 7) U3 )y = 0.

T?i; gives that 7 = 0 since U,o([y|) is strictly decreasing with respect to |y|. So, [ye — Y| =
o(e). O

3. Proof of the Main Theorem
(/)

Suppose that u¢’,j = 1,2 are two distinct solutions derived as in Proposition 1. By

(11), u6 ,j = 1,2 are bounded functions in R3. Set

L _ 2

Ue " — Uge
e =

l[ud — u2|| oo (msy
Then, |[77¢|| g3y = 1, and similar to Propositions 6.1 and 6.2 in [5], we have

Lemma 2. There holds s
[7elle = O(e2).

Lemma 3. Letting fje = 1e(ey + ygl)) then there exist B; € R, j = 1,2,3 such that, up to a

subsequence if necessary, e (y) — 23 1 ,B] a umformly in C1(Bg(0)) for any R > 0.
Lemma 4. Let B; be as in Lemma 3. Then, p; =0, forj=1,2,3.

Proof. Since uél), ugz) are the positive solutions of (2), the Pohazaev identity (12) gives that

/( )35]( ') + 1l ()e(y)dy = Oe™?). 17)

On the other hand,

= mjc; / o, 195 = 41" 2w = o)) ) (y) + u (y))ne(y)dy (18)
d

Note that

_,1 _ 2 ,
u(y) + 1 (y) = 20 (L1 1o VU (L) v oL W) (9)
1
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Then, it holds

/B o 95 P12y — ) () + ul (1) e (y)dy
a\Y

—2/ Iy] vy (yj*y?)uyo(y_eye )1e(y)dy
(20)

Fon) [ by =My = VU (L e )y

. 40pmi—1 (1) (2)
+O(/Bd(y;) lyj =y 1" (Jwe” ()| + |we™ (v) )16 (v)dy).

. oUpo(y) . . . . .
Now, since 5y- is an odd function with respect to y; and an even function with respect
j

to y; for i # j, using Lemma 3, we deduce that

0ym;—2 0 y— yg)
/Bd(yg))|yj*yj| 5y — v Uy ()1 (y)dy

™ _ 0 ® _ Q

Yej —Y; LY 3. oUyp(y)
o mi+2 ) €] ] ymi—2/. €j y 21
=2 [l SR 4 S D)L By, = +o(D)dy @
oU o (y)
_p.mi+2 mi—=2. Y mi+2
= B [ ()= =y ol ),
and similarly,
0ym;—2 0 Y- ygl) mi+2 22
Jy iy W =2 = VU (L ey = O, @)
Also, Proposition 4 gives that
[ =2 (o )+ o () ey
B, (y")
= 0" (M e + [ )17 ) @)
_ O(emj-&-z-&-min{ml,mz,mg})'
Moreover, with the same argument, we obtain
Jyyny =91 0) 0 )y = 02, 4)
d\Ye
Then, from (20)—(24), it holds
m; mi— auo(y) .
LHS of (18) = 2¢;m;Bje"i 2 /R3 ;1" 2yl (y) ayyj dy +o(e"i*?). (25)

Thus, (17) and (25) imply that g; = 0. [

Proof of Theorem 2. Suppose that u(] ) ,j = 1,2 are two distinct solutions derived as in
Proposition 1; then, ||| ~(rs) = 1 by assumption. But it follows from Lemmas 3 and 4
and the maximum principle that 7:(y) = 0. We reach a contradiction by constructing
#e. We find ugl) = uél), which proves that problem (2) has only one positive single-peak
solution if € is small enough. O
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