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Keywords: uniformly starlike; Hadamard product; Lambert series; Mittag-Leffler function; Hankel
determinant

MSC: 30C45; 30C50

1. Introduction

The term “symmetry” on the open unit disk D := {z € C: |z| < 1} can relate to
rotational, reflection, or inversion symmetry, among other kinds of symmetry. The charac-
teristic known as “inversion symmetry” describes how an open unit disk appears when
it is inverted with respect to a certain point. When any complex number z in the disk is
inverted with respect to the origin, it yields the complex number —z whose inversion is
also in the disk, indicating that the open unit disk has inversion symmetry with regard to
its center (the origin). The open unit disk, in general, contains a rich set of symmetries that
are helpful in several geometric and mathematical situations. Our goal was to investigate
other geometric characteristics inside this symmetry area.

If a function maps a disk in the complex plane onto a shape that, with relation to a
fixed point on the disk, is star-shaped, it is said to be starlike. Stated differently, a function
is said to be starlike if, when subjected to appropriate scaling and rotation, its image is
contained inside a star-shaped domain. This domain is created by joining the fixed point to
every other point in the domain using straight-line segments. While starlike functions are
utilized in geometric function theory and mathematical physics to simulate phenomena like
electrostatics [1,2] and fluid flow [3,4], univalent functions are frequently used in geometric
function theory to explore conformal mappings and the Riemann mapping theorem.

The one-parameter Mittag-Leffler function E, (z) for « € C, with R («) > 0 (see [5,6])

is defined as
[ee] Zn

Eu(z) == ;0 RTERA

Further extension of the Mittag-Leffler function in two-parameters was studied by
Wiman [7]. For all &, € C, with R (a, B > 0), the two-parameters function E, g(z) is
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defined as

e} Zn

Eup(z) = ;O Tan g 2 €C

In fact, many researchers have worked on the generalization of the Mittag-Leffler

function (see [8]). In this study, we confine our attention to the generalization given by
Salah and Darus [9], as follows:

n

— )

z
n!

ok T
q9E, s = )3 H (8))
l’l:O]:l ajn

(Qj)kjn .
Bj

Note that (0), denotes the familiar Pochhammer symbol, which is defined as

g . [O+0) 1,if v=0, § € C\{0}
(6), = 1"(9){9(9+1)...(9+n1)/ ifv=necA 0eC,

(1), =nl, n e M= U{0}, ¥={1,23...},
and
(q eENj=123...q; 9%{6]-, /3]-} > 0,and R( ;) > max{0, R(k;) —1; R(k;) }; R(kj) > 0).

In number theory, (see [10-13]), the Lambert series is used for certain problems due to
its connection to the well-known arithmetic functions such as

Y oo(n)x" =) 1fx”' 2)

where 0y(n) = d(n) is the number of positive divisors of n-

[e9)

I(z) = io:la,x(n)x” =) nx’!

n=1 m, (3)
where 0, (1) is the higher-order sum of divisors function of n-

We restrict our attention to the series given by (3). In particular, when « = 1, we
write 01 (n) = o(n)- Here, o(n) is the sum of divisors function that appears in one of the
elementary equivalent statements to the well-known Riemann hypothesis.

We distinguish at the outset between the Lambert series and the Lambert W func-
tion, which appears naturally in the solution of a wide range of problems in science and
engineering [14].

In 1984, Guy Robin [15] proved that

0.6483n
Y - >
o(n) < e"nloglogn + loglog’ n =3 (4)

Moreover, he proved that the Riemann hypothesis is equivalent to
o(n) < e"nloglogn, n > 5040, (5)

where v = 0.7721 - - -, is the Euler-Mascheroni constant.

This article makes no attempt to prove or refute the Robin’s inequality (5) or the
Riemann hypothesis. For more details, we refer interested readers to the articles listed in
the references [16-21].



Symmetry 2024, 16, 580 30f 18
2. Preliminaries
Let o/ denote the class of analytic functions of the form
[e9)
fz)=z+ L anz", z€ D:= {z€C:z| <1}, 6)
n=2

and & be the subclass of &/ consisting of univalent (or one-to-one) functions on D. Let T be
the subclass of & consisting of functions of the form

flz)=z— i a,z", a, > 0. (7)
n=2

The importance of the coefficients given by the power series in (6) emerged in the early
stages of the theory of univalent functions.

The focus of this research is to introduce a linear operator to define a new subclass
of analytic functions of order a such that 0 < a < 1- First, it is necessary to recall the two
well-known subclasses of starlike and convex functions of order «, as given below:

59‘(“):{f€ §:m<zﬁi‘§>)>a,z e ]D)}

and

%(a):{fe é’:i)%(l—i—zjj:,/;‘(;;)) >w, z € ]D}.

Selectively, when a = 0, the above classes are reduced to their standard definition and
are simply called the starlike and convex functions.

Definition 1. A function f € < of the form (6) is starlike with respect to symmetrical points if

2f(2)
Wiy ) 20 2 €D.

We denote by ST S the class of all such functions.
Definition 2. A function f € o of the form (6) is B-uniformly starlike of order , if

of'(z) of'(z)
w{LE o} > p|FE 1

We denote by U ST («, B)the class of all such functions.

, 0<a<1,B>0z €D).

Definition 3. A function f € o of the form (6) isp-uniformly convex of order a, if

2f"(z) _
w1+ G —af > p
We denote by €% (w, B), the class of all such functions.

2f"(z)
f'(z)

,(0<a<1,Bp>0;z €D).

In particular, the classes #CV := %#CV(1,0), 48T = 48T (1, 0), B —UCV =
UCV (B, 0),and p—UST = UST (B, 0) are introduced by Goodman [22,23] (see also,
William Ma and David Minda [24] and Kanas and Wisniowska [25]). Furthermore,
%ST (1, 0) C T S In other words, every uniformly starlike function is starlike with
respect to symmetrical points.

Note that f(z) € %CV(a,B) <= z2f'(z) € UST (v, B).

The class of B-starlike functions of order « is an extension of the relatively more-well-
known class of B-starlike functions investigated by Kanas et al. [26,27] (for further details,
refer to Refs. [28-30]).

New subclasses of analytic functions have been introduced for various applications,
such as fractional calculus and quantum calculus, by involving some special functions,
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such as the Mittag-Leffler and Faber polynomial functions [31-33]. The most common
concern in such studies is the inclusion conditions. Alternatively, it means that for a given
new subclass, #, we seek a set of useful conditions on the sequence {a,} that are both
necessary and sufficient for f(z) to be a member of #'.

By following the same pattern, this study attempts to apply the Lambert series which
has not been so yet considered in the theory of univalent functions. Consequently, this
may lead to relevant studies if one considers extending the Lambert series, whose the
coefficients are the sum of divisors function to other subclasses of analytic functions.
Hence, we can investigate various topics such as Hankel determinants, subordination
properties, and Fekete-Szego inequalities. Furthermore, these results can be extended to
multivalent functions and meromorphic functions. In addition, by using the two Robin’s
inequalities, one of which is analogous to the Riemann hypothesis, we can extend the
resulting conclusions of some parts of this work and derive further findings. We can also
obtain additional forms of the Mittag-Leffler function, including the exponential function,
if we take into account certain values of the parameters in the generalized Mittag-Leffler
function given by (1) and then study various special cases.

Here, we recall the definition of the Hadamard product (convolution): For a given
function f € & of the form (6) and g € & of the form

g(z)=z+ 2 buz", zeD, (8)

the convolution () of the two functions f and g is obtained as follows:

(f*g)(z):=z+ i anbyz", z € D. )
n=2

Subsequently, we utilize the Lambert series #(z), whose coefficients are the sum of
divisors function ¢(#). The mathematical form is

T ia(n)z”:er Y o(n)Z", €D.

n=1 n=1 n=2

In addjition, since ng’kﬁ does not belong to the class &/, we consider some normalization
by introducing

1 (B,
ROk _
o=,

]

f(qFG,k_l):Z_'_ili[ Vg Vkgn 2" (10)
A\Th ' (“j)k (8) n!

]

For a function f € & of the form (7), we define the linear operator #(Z, f)(z) : o/ — o
as follows:

/ i o(n) ayz", € D.

o 4
F(ZF)(z)= F«L)z)=z+ Y]]
i (aj)k- ('Bf)a-n !
The above linear operator leads us to propose a definition in the following manner:
Definition 4. A function f € o of the form (6) is said to be in the class U S Ty () if the function
f satisfies the following condition:

w_l,oga<l,zeﬂ). (11)
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Finally, we consider functions with negative coefficients f € T, similarly to the condi-
tion (11), and simply write: Ty (a) = %S T (a) (N T- Based on Definition 3 and the subclass
T 7 (), the analytic characterization of the function f reduces to the following definition.

Definition 5. A function f € o of the form (7) is said to be in the class Tz () if the function
f satisfies the condition (11).

3. Characterization Property

In this section, we discuss the characterization properties of the members that be-
long to the new family of analytic functions. The characterization properties include a
couple of theorems related to the inclusion of functions, consequent corollaries, and a
closure theorem.

Theorem 1. A function f € o of the form (7) is said to be in the class Ty () if and only if

v 7(n) (225 ) laal <1, (12)
n=2
where
T (Ba, @in o(n)
j=1 (“])k]- (le)oc]n n!
The result is sharp.

Proof. To prove the assertion in (12), it is sufficient to show that

2(J(Z @) | @R
J(Z,F)(z) - F(Z,F)(z) '

After adding and subtracting 1 from the right-hand side, we obtain

-1

2(J(2,F)(2) 2(F(Z,F)(2)
RS 2)) | <« AL N2 gLy,
7Zne SN r@ne e
that is
(L)) (LR (2
Fena 1 - TAERE ) < RS 1‘

)

L (n=1)t(n)an|
)

IA
5

1= % t(n)|aal
n=2

The above expression is bounded by (1 — «), thus proving our assertion.
Conversely, let us assume that f € Ty (a), then (12) yields

[ee] o

1— Y nt(n)|ay|z" ! 1— ¥ (n—1)t(n)|a,|z" !
niz x> n=2 -

1— ¥ t(n)an|z"! 1— ¥ t(n)|an|z"1
n=2 n=2

Letting z — 1 along the real axis results in the inequality

2n—1—wa)t(n)|a,| <1—a.
=2

n
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Finally, the result is sharp with extremal function f given by

11—«
f&) =2 - i—a °

n

O

Corollary 1. Let a function f defined by (7) belong to the class Tz (x), then,

1 1—uw
N > 2.
T(n) 2n—1—« "=

|an| <

Next, we obtain lower bounds for the coefficients a, using Robin’s inequalities in (4)
and (5), the latter of which we simply refer to as the Riemann hypothesis.

Corollary 2. Let a function f defined by (7) belong to the class T g (x). If

11—«

ol = I8
T rn) 2n—1—a’

then,

-«  (n—1lloglogn 4 (‘Bj)l)éjn (“J')k]-
2n—1—wa ¢r(loglogn)® + 0.6483 =1 (9j)k]_n 8j),

|an| >

Proof. The proof follows from Corollary 1 and inequality (4). O

Corollary 3. Let a function f defined by (7) belong to the class T g («) . Assuming that the Riemann
hypothesis is true, and
1—ua

o] = e L
) 2n—1-4a’

then,

1—a (-1 2 Bilau ()
2n—1—a evloglogn . 0. ~, 1> 5040.

]

|an| >

Proof. The proof follows from Corollary 1 and inequality (5). O

Example 1. This is a special case; if g = 64 = p1 = a1 = k1 =1, then
0,k 11 _ v
qFlX’ g = 1F1,1 = Z Pl exp (z),

and we obtain the following special cases of the previous results:

1. The condition of Theorem 1 reduces to 22 (%) %Mﬂ <1
n—=

The coefficients bound in a Corollary 1 become |a,| < (7’(1}!1) -Mljﬁ,n > 2;
If p is a prime number, then |a,| < %-ﬁ;

mt_ 1-a .
2m 2m—1—ua’

The extremal functionf is given by f(z) =z — %-U% z"

If m is a perfect number, then |a,,| <

SARE- R

Similarly, the lower bounds in Corollaries 2 and 3, respectively, will be given by
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Example2. Ifg=0; =1 =01 =k =1,and

| = nt 1-a
" o(n) 2n—1—a’
then,
1—w (n—1)!loglogn

|an| >

2n—1—a ¢v(loglogn)? +0.6483

Example 3. Under the same conditions of Example 2, assuming the Riemann hypothesis yields

1—a (n—1)

jan] > 2n—1—a evloglogn

, 1 > 5040.

Theorem 2. Let a function f defined by (7) and g(z) = z — % byz" be in the class Ty («), then,
n=2
the function h states that

hz)= (1= p)f(2) +hgla) =2 L aut” (13)

where ¢, = (1 — B)an + Pby, 0 < B <1 also belongs to the class T ¢ (x).
Proof. The result follows easily upon using (12) and (13). O

Next, we define the following functions f;(z), (i = 1,2,3,...,m) of the form
filz) =z—)_ ay;z", a,; >0, z € D. (14)
n=2

Theorem 3. Let the functions f;(z), (i = 1,2,3,...,m) defined by (14) be in the classes T g (w;),
then, the function h defined by

nz) = z_% 5 <éan,i>zn

n=2

belongs to the class T 7 (a) for & = 1r<r11<n {aj}, with0 < a; < 1.
<i<m

Proof. Since f; € Ty (w;), (i =1,2,3,...,m), by applying Theorem 1, we observe that

Y. T(m)@n—1-u) (;i) -1 i( °°2T<n><zn 1o ))

n=2 i=1
O

Theorem 1. Again entails thathis a member of T y ().

4. Results Involving Convolution

This section discusses the convolutional results of two functions, f1(z) € Tg(«)
and f>(z) € Tz (p). Apart from presenting several theorems, some useful corollaries are
also deduced.

Theorem 4. For two functions f;(z) , (i = 1,2) defined by (14), let f1(z) € Ty(«) and fr(z) €
Ty (B). Then, f1  fo € Ty (E), where

F<1- 2(n—1)(1-a)(

1-p)
BT e pre g 2 2 (15)
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Proof. In view of Theorem 1, it suffices to prove that
= 2n—1—
) ur(ﬂ)anllang <ln >2
n=2 1- C
It follows from Theorem 1 and the Cauchy-Schwarz inequality that
© V2n—1—a-/2n—1—
y YAV \/T( n)\/Ap1dn2 < 1. (16)

n=2 \/( w)(1-B)

Thus, it suffices to find ¢ such that

2 2n—1-¢ X V2n—1—wa\/2n—1-P

Z 1— g \/T( An,10n,2 < 112::2 \/— \/ ( )\/ Ap10n,2 <1,

n=2

or

V2n—1—a\2n—1-B 1-¢
Vininz = T-0@-p 2n-1-¢

By virtue of (12), it suffices to find ¢ such that

1-a)(1-p) <\/2n—1—0¢\/2n—1—ﬁ. 1-¢
V2n—1—ay/2n—1—B\/t(n) ~ (1—a)(1—B) 2n—1-—¢'

which concedes the assertion of our theorem. [J

Again, by using the inequalities (4) and (5), we establish the next two results. For
brevity, we use ¢(n) and ®(n) in the forthcoming results, as indicated below.

), @)
¢(n) —]131 (D‘j)k. (/3]‘)“.,1. e (e"*loglogn+

] ]

0.6483
loglogn

1 (‘Bj)l)(j <9]')k]-n e"loglogn
e =1, B, w0

Corollary 4. For two functions f;(z), (i = 1,2) defined by (14), let f1(z) € Tg(a) and f(z) €
Tz (B). Then, f1 % f € Ty ((), where

2(n—1)(1—a)(1—
g =1- (2117170()((2711171)7(/5);();5)7/(31),&)(1,‘5), n>3.

Corollary 5. For two functions fi(z), (i = 1,2) defined by (14), let f1(z) € Ty (a) and f>(z) €
Ty (B). If the Riemann hypothesis holds true, then, fi x fo € T¢({), where

_ 2(n—1)(1—a)(1-P)
¢=1 (2n—1—a)2n—1-B)®d(n)—(1—a)(1—-B)”’ n > 5040.

Corollary 6. Let the functions fi(z), (j = 1,2) defined by (14) belong to the class Tz (a). Then,
(f1* f2)(z) € Tg(5), where

2(n—1)(1 —a)?
2n—1—a)’p(n) — (1 —a)*’

Proof. The result is established if we replace f = « in Theorem 4. [J

5<1-— >2.
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Similarly, by using (4) and (5), we deduce two more corollaries, as shown below.

Corollary 7. Let the functions fi(z), (j = 1,2) defined by (13) belong to the class Tz (a). Then,
(f1* f2)(z) € Ty (6), where
2(n—1)(1—a)?

0<1— , n > 3.
(2n—1—a)’p(n) — (1 —a)?

Corollary 8. Let the functions f;(z), (j = 1,2) defined by (13) belong to the class T 7 («), assuming
that the Riemann hypothesis is true, then, (f1 * f2)(z) € Tg(0), where

2(n—1)(1 —a)?

§<1- .
2n—1—a)®n)—(1—a)

5, 1> 5040,

Theorem 5. Let the function f defined by (7) belong to the class Ty (a), and let g(z) = z —
OZO‘, buz", for |by| < 1. Then, (f * g)(z) € Tg(w).
n=2

Proof. Using the convolution property and the concept defined by the left-hand side of
(12), we construct the following relation:

Y t(n)(2n—1—a)laby| = Y, t(n)(2n — 1 — a)|ay||bul
n=2 o n=2
< Ytm2n—1—a)|ay] <1—a.

n=2

Hence, it follows that (f * )(z) € Ty (). O

Corollary 9. Let the function f defined by (7) belong to the class Ty (). Furthermore, let
g(z) =z— Ozo: byz" for 0 < b, <1, then, (f *g)(z) € Tg(a).
n=2

Now, we consider the following:

Theorem 6. Let the functions f;(z), (j = 1,2) defined by (14) belong to the class Tz (a). Then, the
function h, defined by h(z) = z — f (alel + arzlrz)z”, belongs to the class Ty (i), where

n=2
B 4(1—a)?
P w20 T W

Proof. In view of Theorem 1, it suffices to show that

nir(mz”l__ly_” (2 +a2s) <1. (18)
From (11) and Theorem 1, we find that
> n—1-a)?, = 2n—1—uw ?
1;_2 [T(I’Z)H:| ay,; < L;z T(n)ﬁ an,jl , (19)
which yields
5 3[rn2etee] (a2, 4 a2,) <1 0)
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Upon comparing the inequalities (19) and (20), it is evident that the inequality (17) is

satisfied if )
2n—1—-pu 1 2n—1-—«

IEAEE—— . >

T(n) = 2|:T(1’l) T ],n 2,

that is, if
4(1—a)?
2n—1—a)’t(n) —2(1 —a)*

p=l-
This completes the proof. [J
Using (4) and (5), respectively, we can readily prove the next two inequalities.

,2) defined by (14) belong to the class Ty (). Then,

Corollary 10. Lef the functzons fi(2), (=
the function h defined by h(z) = z — oo ( Rl 2) " belongs to the class Ty (), where

. 4(1—a)?
p=l (2n—1—a)2p(n)—2(1—a)?’ nz3.

Corollary 11. Let the functions f;(z), (j = 1,2) defined by (14) belong to the class Ty (a) and
let us assume the Riemann hypothesis is true, then, the function h defined by h(z) = z —

ngz (”%,1 + airz)z” belongs to the class T g (yt), where
4(1-a)?

psl- (2n—1—a)2®(n)—2(1—a)2’ n > 5040.

5. The Integral Transform of Class Tg (&)
To convert class T ¢ () into integral form, we define the following integral transform:

n@ = [ wePa,

0 t

where ji(t) is a real valued, non-negative, and normalized weight function such that
Jy p(tydt = 1.
The special ca f(t)i(t)=(c“>5tf(1l)5_1 ¢ > —1,6 > 0, which yields th
pecial case of u(t) is u ) 0g7 , ,02>0, ch yields the
Komatu operator.

Theorem 7. Let f € Ty (a), then, V,,(f) € Tz (a).

Proof. By definition, we have,
(c+1)° /1 1
V, = ‘(1o t zZ— a,z"t

D) e+ 1 B ©
T et [/, £ (logt)’ 1<Z—n§anz t 1) dt],

r—0t

By applying basic mathematical principles, we derive the following expression:

W@ =2- 5 (S1) mer
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We need to prove that

L c0n) 2t () Jond < 1. 1)

n=

Conversely, f € Tz(a) if and only if,
> -1
2 n7|an| <1l
= It

This shows that % < 1, and, hence, Equation (21) holds. Thus, the proof is evident.
O

Next, we derive the radii of starlikeness and convexity of V,,(f)

Theorem 8. Let f € Ty (a), then, V,(f) is starlike of order 0 < & < 1in |z| < Ry, where
1
é - 1 n—1
(c—i—n) (1-¢)(2n—1 lx)r(n) .
c+1 n—¢)(1—uw)

The result is sharp with extremal function f(z) given in the proof of Theorem 1.

Rl = inf

n

N . . (V@) _
Proof. It is sufficiently fair to confirm that AGIO) 1l<1-¢.

Considering the left-hand side of the above inequality, we write

i(l—n)(%) e

n=2

1— ofj (%) |an|z"—1
=2

2(Vu(f)(2))’
AGION

_1’ _

¥ (n-1)(£2)° Jan| |z

n=2

1- §2(i) |2

n=

IN

The last expression is less than 1 — ¢ as

1 c+n\°(1-¢&)2n—1—n)
() e

2"
This completes the proof. [
Utilizing inequalities (4) and (5) again, we receive the following

Corollary 12. Let f € Tz (). Then, V), (f) is starlike of order 0 < ¢ < 1in |z| < Ry, where

1

c+n\’ (1-8@n—1-a) Al
(1) o gama )1 =3

Corollary 13. Let f € Ty () and let us assume that the Riemann hypothesis is true. Then,
Viu(f) is starlike of order 0 < ¢ < 1in |z| < Ry, where

<c+n)5_(l—§)(2n—l—zx
c+1 (n—38)(1—uw)

Rl = inf

n

1
n—1
)dD(n)] , 1> 5040.
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Finally, for this section, we have:

Theorem 9. If f € Ty (a) , then, V), (f) is convex of order 0 < v < 1, in |z| < Ry, where

Rz = inf

n

c+n\°(1—7)@2n—1—a) T
(c—i—l) nn—vy)(1—a) (n) ’

The result is sharp with extremal function f(z) given in the proof of Theorem 1.

Proof. The proof is evident from the fact that f(z) is convex if and only if zf’(z) is starlike.
O

Corollary 14. If f € Ty («),then, V,,(f)is convex of order 0 < & < 1, in |z| < Ry, where

(c+n>‘5(1 —¢)(2n—1 _“)4)(71)] nll, n > 3.

Rz:igf c+1 nn—2¢)(1—a)

Corollary 15. If f € Ty () and if the Riemann hypothesis is true, then, V,,(f) is convex of order
0 < ¢ <1,in|z| < Ry, where

c+n ‘5(1—5)(211_1_“) =
(C+1> n(n—&)(1—a) q’(”)] , n > 5040.

R2 = inf

n

6. Second Hankel Determinant

We derive the second Hankel determinant inequality for a function f € T ¢ («). First,
we recall the definition of the Hankel determinant of a locally univalent analytic function
f(z)fors >1,n > 1, (See [34])

an Ap1 -+ Aps—1
ant1 Any2 - An+s
Hs(n) = . . . .
Apts—1  fAn+s -+ Ap42s-2

Here, we consider the second Hankel determinant of f the case when g =2 and n = 2,
ie, Hy(2) = apaq — ag.

Lemma 1. ([35]). Let & (Caratheodory class of functions) be the class of all analytic functions
p(z) of the form .
p(z) =1+ ) Cu2", (22)
n=1
satisfying R(p(z)) > 0(z € D) and p(0) = 1. Then,
|ICul <2(n=1,23,...).

This inequality is sharp for each n. In particular, equality holds for all n for the function

_1+z_ v o
p(z)—l_z—1+n§12,z

Lemma 2. ([36]). If the function p € P, then

20, =Ci+ (4—C)x
4C3 =C} +2C1x(4—C}) —C1x2(4 — C3) +2(4 — C}) (1—|x*)z

for some x,z with |x|< 1 and |z|< 1.
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Theorem 10. Let f(z) given by (7) be in the class T g (x).
(D If

M +3P2T(3)* — (2P, S — PZ) (2) ) <0,
N M+ T(3)2PE + (14—3P12 2p1&) <0

then the second Hankel determinant satisfies the inequality;
2
P; '
47(3)?

’0204 - ﬂ%‘ <

) If
M +3P2T(3) — (2P S — P2)T(2)T(4) > 0,
20 — M —7T(3)*P2 +2
x(P? — 82+ s — §P)t(2)T(4)] >0

or the conditions

M +3P2T(3) — (2P S — P2)7(2)7(4) <0,
K+ M+ T3P+ [ RPE - 52— 2P| > 0.

Then the second Hankel determinant satisfies the inequality

N+l +T(3)*P2 + (§P2 — 82 — 2P 8)T(2)T(4)
©(2)7(4)7(3)* '

‘a2a4 — a%‘ <

3)If
M +3P2T(3) — (2P S — P2)T(2)T(4) > O,
24—t —7¢3P? +2
x (P2 — 82+ P§ — §P?)1(2)T(4)] <0,

then the second Hankel determinant satisfies the inequality

}ﬂ2a4 - a§| S W [4T( ) ( )
 [au+12P3(3) (81)15’ 9p2)r(2)r( )]
[#—27(3 P12+( $2)1(2)7(4)] !

whereN, M, and S are given by
W= Plr(3) [P+ (P3 — 2P, + Py) + (P, — Py)P],
M = PiT(3)*[P2+2(P,— Py)] (23)
s = P12 + (P, — Pp).
The result is sharp with extremal function f(z) given in the proof of Theorem 1.

Proof. By using the properties of Caratheodory functions, we can rewrite the definition of
Ty (). Setting

and we write
R(p(z)) > Blp(z) — 1| +a, z€D,
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or, p(z) < pg«, wWhere
PBa = 1+P12+P222+...
is a function with positive real part, which maps the unit disk onto a domain Qg , described
by the inequality R(w) > Blw — 1| + a.
Let Ty (a), then there exists a Schwarz function w, w(0) = 1, |w(z)|< 1 forz € D,

such that ,
A = Paa((2)
Further, let
po(z)—%—uclwczz%--- (24)
or, equivalently
po(z) —1

1 cz\ ,
—E C]Z+<C2_2>Z +

where the function py is analytic in the unit disk and has a positive real part, by using the
Taylor expansion of pg, and w, we obtain

_ 2
poalo(e)) = 1+ Bz (B 4 B2

P C3+(P,—P)C1Cy |, (P1+P3)C; PG 25)
+(13(22112_|_ 183 1_241)23_*_...
Now, we have
2(J(ZL,F)z) 22\ .2 _ 2 2\.3
AN 1+ 7(2)az + (21’(3){13 7(2) 112)2 ~|—(3T(4)a4 37(2)ap7(3)az + v(2)°a; )z (26)
By equating the last two Equations (25) and (26), we get
PG
2= 212) @7)
_ 1 22 2p.
= [PECE+2PiC + CR (P — 1) (28)
C3[P}+(P3—2P,+Py)+(P,—Py)Py]
a4 - 8T(4) (29)
201G [PH2AP—P)] | 4pGy
87(4) 87(4)

Therefore,
C N +2C2Col + 4C3CP21(3)°
—7(2)7T(4)[2C, Py + C2S)°
167(2)7(4)7(3)

Hy(2) = apay — a% =

where C = C; > 0and /#, #, § are given by (23). Now by applying Lemma 2, we obtain

CHw +a+7(3)° P2 —7(2)T(4) P2 —7(2)T(4)S2—27(2) T(4) P S

_ 1
Hy(2) = 16 7(2)7(4)7(3)"

TC2(4—C?) [l +2P}7(3)* —27(2)T(4) P S —27(2)T(4) P}
+ 7
167(2)7(4)7(3) (30)
72(4—C2)[C2P27(3)%+1(2)T(4) P?
+
16 T(2)7(4)( 7(3)?

20(4-C)e3P (1| ") s
167(2)7(4)7(3)?
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Now, we may assume, without restriction, that C € [0,2]. Since p(z) € &, so |Cq| < 2.
We set p =|7|, where —1 < p < 1 and applying triangle inequality on H,(2) for all [z|< 1,

we obtain
[H2(2)] < Y(p,C) = v(tip® + 12 + 13), (31)
where
= (4—C2) {CZP%T(3)2 +1(2)T(4)P? — 2CT(3)2P12} "
= (4-C?)P? [1(3)2C(C - 2)T(2)T(4)] 2
b =C(4-C?) ‘/1 +2P27(3)2 — 27(2)T(4)P,S — 27(2)1(4)1312’ (33)
ty = CH ¥ + 0 +T(3)2P? — T(2)T(4)P? — 1(2)T(4)S> — 27(2)7(4)191&‘ +2C(4-C?)T(3)°P} (34)
B 1
T 167(2)7(4)T(3)?
Differentiating (32) with respect to p we get
ay(a’;’c) =0(2tp +t2)

The inequality t, > 0 is obvious; t; > 0 such that
b= (4 - cz)pl2 [T(s)%:(c —2)+ r(z)r(4)} :

One can simply show that %ﬂ’c) > 0 for p > 0, hence, Y(p,C) is an increasing
function and, thus, the upper bound for Y(p, C) corresponds to p = 1 and

maxY (p) = Y(1,C) = G(C),

CH W+t +7(3)°P} — T(2)T(4) P}
fr(2)r(4)§2 2T(2)T(4)P1<~5’]

G(C) - 16T(2)T(4)7(3)?
c2( 4 c2 ) [ +2P2e(3)? - 21(2)(4)PiS (35)
—27(2
161(2)1(4)1(3)
[C2(4—C?) P21(3)*+(4—C?)T(2)7(4) P}
T 167(2)1(4)1(3)% ’
We simplify as
G(C) = C4[/V72-r(3) P2+(P}—&2)1(2)7(4)]

167(2)7( g (3)”
+C2[4/%+12P2 (3)°—(8P;8—9P2)T(2)T(4)]

167(2)7(4)7(3)>
[47(2)T(4)P]

167(2)1(4)7(3)?”

(36)

with the first and second derivatives given, respectively:

4C3 [ —21(3)2 P+ (P2 —52)T(2)T(4)]
167(2)1(4)7(3)?
n 2C[4.+12P}7(3)" — (8P, 8 —9P2 ) T(2)T(4)]
167(2)7(4)7(3)?

G'(C) =
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‘u2a4 - a%’ <

12C2[ —27(3)* P2+ (P —52)7(2)T(4)]
167(2)7(4)7(3)>
2[440+12P}7(3)*— (8P, S—9P}) T(2)7(4)]
+ 16T(2)7(4)7(3)

Solving G'(C) = 0 shows that the maxG(C) occurs at C = 0.
Using (36) we write

G"(C) =

G(C) = %(fﬁ tOT+ fg)

where
61 = N —27(3)*P2 + (P2 — §2)1(2)T(4),
£y = 4l +12P27(3)> — (8PS — 9P?)T(2)T(4),
£3 = 47(2)T(4) P}

and C? = 1. Since

63, 6,>0, 6> —%(or) £, <0,60 > -2,

max <f1T2+f2T+f3) = 161 + 462 + 3,60 > 0,01 < —%
OsT<4 4016512
a7
OHT2+6T+6) 6<0,6< -2
0215§4<1T+2T+ 3) 2= t=a
f:‘}/ LﬂZSO/ l’ﬂl S_%/

=164 +4r+ 85, 6H>0,60>~2ortr<0, 6> -2,

410302
S £2>0,0 < ~%,
Finally, we have
f3/ Z'ﬂZSOI flg_%/
1 s X Q1601 +46+ 63, £,> 0,61 > —Gor £ <0, 4 > — .
167(2)7(4)7(3) 4616313

2)
£ >0,0<—%,

i

Which, after simple calculations completes the proof of Theorem 10. [

7. Conclusions

In this article, we introduce a new subclass of uniformly starlike functions by utilizing
the Lambert series, with coefficients derived from the arithmetic function o(n). Conse-
quently, we explore the characteristics of the proposed subclass. Furthermore, we discuss
several relevant topics, including the Hadamard product, integral transform, and radii
of starlikeness and convexity. In addition, we extended some findings by incorporating
Robin’s inequalities and the Riemann hypothesis. Thus, applying the Lambert series to
additional subclasses of analytic functions may lead to significant research outcomes. Con-
sequently, we can conduct research on various subjects, including Fekete-Szego inequalities
and subordination characteristics. Furthermore, multivalent functions and meromorphic
functions can be included in the scope of these conclusions.

Generally, if we apply the same methodology as this study and take into account the
Lambert series, whose coefficients are the higher-order sum of divisors function o, (1), and
if we investigate various special cases of the Mittag-Leffler function, we can also get more
intriguing results.
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