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Abstract: The present research introduces a novel concept termed “neutrosophic fuzzy metric space”,
which extends the traditional metric space framework by incorporating the notion of neutrosophic
fuzzy sets. A thorough investigation of various structural and topological properties within this
newly proposed generalization of metric space has been conducted. Additionally, counterparts of
well-known theorems such as the Uniform Convergence Theorem and the Baire Category Theorem
have been established for this generalized metric space. Through rigorous analysis, a detailed under-
standing of its fundamental characteristics has been attained, illuminating its potential applications
and theoretical significance.
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1. Introduction

Fuzzy set theory is a mathematical framework that deals with sets whose elements
have degrees of membership. This departure from traditional set theory, where an element
either belongs or does not belong to a set, allows for more nuanced and flexible modelling,
particularly in situations where boundaries between categories are ambiguous or uncertain.
Zadeh'’s [1] seminal paper, “Fuzzy Sets”, published in 1965, laid the foundation for this field
of study. This whole new field of study has influenced many other scientific fields since
that time. Numerous advancements have emerged subsequent to Zadeh’s introduction
of fuzzy sets in 1965. For instance, Atanassov [2] introduced intuitionistic fuzzy sets,
Smarandache [3] proposed neutrosophic sets, and in 2023, Al-Shami and Mhemdi [4]
introduced orthopair fuzzy sets. These foundational contributions paved the way for the
development of various related concepts, including the introduction of fuzzy metric spaces
by Kramosil and Michdlek [5] in 1975 and its modification by George and Veeramani [6] in
1994 , intuitionistic fuzzy topological spaces by Coker [7] in 1997, and intuitionistic fuzzy
metric spaces by Park [8] in 2004.

The introduction of all these concepts and ideologies has impacted many other research
works by several mathematicians, such as: in 1984, Kaleva and Seikkala [9] defined fuzzy
metric space as a distance between two points and expressed it as a positive fuzzy number;
in 2006, Smarandache [10] gave the notion of neutrosophic sets as a generalization of
intuitionistic fuzzy sets; Salama and Alblowi [11] in 2012 extended the concepts of fuzzy
topological space and intuitionistic fuzzy topological space to the case of neutrosophic sets;
Ejegwa [12], in 2014, introduced some algebraic operations such as modal operator, and
normalization to intuitionistic fuzzy sets; and Majumdar [13] conducted an exploration
into the practical applications of neutrosophic sets within decision-making contexts. Apart
from these, several researchers delved into various generalizations of fuzzy metric space
such as intuitionistic fuzzy metric space, soft fuzzy metric space, fuzzy soft metric space,
orthogonal fuzzy metric space, bipolar fuzzy metric space, etc. [14-24]. Furthermore,
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Broumi [25] introduced several novel concepts related to neutrosophic sets, including
refined neutrosophic sets, bipolar neutrosophic sets, neutrosophic hesitant sets, multi-
valued neutrosophic sets, rough neutrosophic sets, and rough bipolar neutrosophic sets.
Additionally, Jeyaraman [26] applied multi-criteria decision-making (MCDM) techniques in
conjunction with neutrosophic sets to address a real-life problem involving wind turbines.

In 2020, Kirisci and $imsek [27] introduced the notion of neutrosophic metric spaces.
Further, several fixed-point results have been established in this generalization [28] with
some generalizations of neutrosophic fuzzy metric space were introduced by researchers
such as orthogonal neutrosophic metric spaces by Ishtiaq et al. [29], neutrosophic 2-metric
spaces by Asghar et al. [30], orthogonal neutrosophic 2-metric spaces by Janardhanan
et al. [31], neutrosophic pentagonal metric spaces by Mani et al. [32], neutrosophic b-metric
space [33], etc. Further, Das et al. [34] introduced the conception of neutrosophic fuzzy sets.
It is quite noticeable how the concept of fuzzy sets has been used to establish the concept of
fuzzy metric space. In a similar way, the ideology of neutrosophic sets has been used to
define the conception of neutrosophic metric space. Keeping these in mind, the primary
objective of this research is to elucidate the conceptual framework of neutrosophic fuzzy
metric space. The concept of neutrosophic fuzzy sets has been utilised for this purpose, in
a similar manner as described above.

The motivation behind introducing neutrosophic fuzzy metric spaces (NFMS) lies in
their ability to model uncertainty and indeterminacy in real-world phenomena more accu-
rately than traditional fuzzy or crisp sets. Neutrosophic sets allow for the representation of
elements with three components, truth, indeterminacy, and falsehood, providing a more
nuanced description of uncertainty. An example that highlights the need for NFMS could
be in the field of medical diagnosis. Consider a scenario where a patient presents symptoms
that are not clearly indicative of a single disease. Traditional fuzzy sets could represent
the likelihood of the patient having a certain disease on a continuum between 0 and 1.
However, this approach might not adequately capture the uncertainty associated with the
diagnosis, especially if the symptoms are ambiguous or conflicting. In contrast, neutro-
sophic sets can represent the uncertainty more comprehensively by explicitly accounting
for the degree of truth, indeterminacy, and falsehood associated with each symptom and
potential diagnosis. NFMS can then be used to define a metric space where the distance
between two diagnoses reflects not only their similarity but also the degree of uncertainty
or indeterminacy associated with each.

By introducing NFMS, we provide a mathematical framework that aligns more closely
with the complex and uncertain nature of real-world phenomena, such as medical diagnosis,
decision making under uncertainty, or pattern recognition in ambiguous data sets. This
motivates the development of NFMS theory to enhance our ability to model, analyze, and
make decisions in uncertain environments more effectively.

The following describes the structure of the paper. Some characteristics and funda-
mental ideas of neutrosophic fuzzy sets and neutrosophic metric spaces are provided in
Section 2. Section 3 introduces the conception of neutrosophic fuzzy metric space, followed
by examples of neutrosophic fuzzy metric space. The topological characteristics of the estab-
lished generalization of metric space have been demonstrated in this section. In this section,
we have also presented various results describing distinct properties of the established neu-
trosophic fuzzy metric space, such as the Hausdorff property, compactness, completeness,
and nowhere denseness. Section 4 of this work contains the conclusion. Further, this study
can be extended to investigate neutrosophic fuzzy metric space in connection with other
concepts such as best proximity point results, optimization theory, approximation theory,
etc. Moreover, concepts like soft sets, soft equality, soft lattices, etc., can be connected to the
established theory and results [35,36].

2. Preliminaries

In this section, we provide some fundamentally useful definitions for establishing
the main results. Here, J0~, 17| is a non-standard unit interval, where the non-standard
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finite numbers (17) = 1+ ¢, where “1” is its standard part and ¢ its non-standard part, and
(07) = 0 — &, where “0” is its standard part and ¢ its non-standard part. Here, 0 and 1 are
analogously non-standard numbers infinitely small but less than 0 or infinitely small but
greater than 1, respectively, and belong to the non-standard unit interval |0~, 17|

Definition 1 ([1]). With respect to a universal set X, a fuzzy set F is characterised by the expression
F={<aup(a) >0 < pup(a) <1,a € X}. Here, ur(a) signifies the membership grade of a
inF.

Definition 2 ([27]). A neutrosophic set N with respect to a universal set X is declared as
N = {<a,(Tn(a), In(a), En(a)) >:a € X, Tn(a), In(a), Fn(a) €]07,11[}. Here, Tn(a), In(a),
and Fn(a) denote the truth, indeterminacy, and falsity membership grades of a in N, respectively, and
107, 1%[ a non-standard unit interval.

Definition 3 ([34]). A neutrosophic fuzzy set B in a universal set X is defined as

B = {<x, (up(x), Tp(x, ), Ig(x, ), F(x, 1)) >: x € X, up(x) € [0,1],
Ty(x, ), Ip(x, 1), F(x,u) €107,17[}

In this context, each membership grade yp(x) is expressed by a truth, indeterminacy, and falsity
membership grade denoted by Tg(x, u), Ig(x, ) and F(x, u), respectively, and |0~,1%[ a non-
standard unit interval.

Definition 4 ([6,27]). A function % : [0,1] x [0,1] — [0,1] is said to be a continuous t-norm (TN)
if the following conditions hold V' t,s, j, k € [0,1]:

1. tx1=1¢

2. t<sandj<kimpliestxj<sxk;

3. continuity of x;

4. commutativity and associativity of .

Definition 5 ([6,27]). A function ¢ : [0,1] x [0,1] — [0, 1] is said to be a continuous t-conorm
(TC) if the following conditions hold V' t,s, j, k € [0,1]:

1. to0 =1t

2. t<sandj<kimpliestoj<sok;

3. Continuity of o;

4. Commutativity and associativity of o.

Definition 6 ([27]). A 6-tuple (G, A, M, R, %, ¢) is known as a Neutrophic Metric Space (NMS)
if G is a non-empty arbitary set, x represents a continuous t-norm, < denotes a continuous t-conorm,
and A, M, and R are three fuzzy sets defined on G2 x (0, 00), subject to the following conditions for
allp,q,vr € Gands, t > 0:

1. 0<A(pg1t)<10<Mpqt)<1,0<R(pgt) <1
2. Alpgt)+M(p,qt)+R(p.g,t) <3
3. Alp.gt)=Alqpt)

4. Alpgt)=1lifp=gy

5 limine A(p,g,t) = 1;

6. A(pqt)*A(gqr,s) < A(prt+s);

7. Continuity of A(p,q,.) : R U 0 — (0,1];
8. M(p,q,t) =M(q,pt);

9. M(p.g,t) =0ifp=g;

10.  limye M(p,gq,t) =0;

11. M(p,q,t)oM(q,r,s) > M(p,1,t+5s);
12.  Continuity of M(p,q,.) : Rt U 0 — (0,1];
13. R(p,q.t) =R(q,p,1);
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14. R(p,q,t)=0ifp=g;

15. lim;e R(p,q,t) = 0;

16. R(p,q,t)oR(q,1r,s) > R(p,1r,t+s);

17.  Continuity of R(p,q,.) : RT U 0 — (0,1];

18. Fort <0, A(p,q,t) =0, M(p,q,t) =1and R(p,q,t) = 1.

In this context, A(x,y,t) represents the degree of nearness, M(x,y,t) stands for the degree of
neutralness, and R(x,y, t) denotes the degree of non-nearness between x and y with respect to t,
respectively.

3. Neutrosophic Fuzzy Metric Space and Its Topological Properties

This section introduces the concept of neutrosophic fuzzy metric space and explores
various topological characteristics of it. Firstly, we present the definition of a neutrosophic
fuzzy metric space.

Definition 7. A 7-tuple (G,S, A, M, R, *,¢) is known as a Neutrophic Fuzzy Metric Space
(NFMS) if G is an arbitary set, x is a continuous t-norm, & is a continuous t-conorm, and S, A, M,
and R are fuzzy sets on G2 x (0, 00) satisfying the following conditions:

Vp,qreGandt,s >0,

1. 0<S(pgt)<1,0<A(pqt) <1,0<M(pgqt) <1, 0<R(pgt) <1

S(p,a,t) + A(p,q.t) + M(p,q,t) + R(p,q,t) < 4

S(p.a,t) =S(q,p,t);

S(pat)=1ifp=gq;

lim;eo S(p,q,t) =1;

S(p,q,t)*S(q,1r,5) <S(p,r,t+s);

S(p,q,.) : RTU {0} — (0,1] is continuous;

Alp,q,t) = A(q,p.t);

9. Alpqt)=1ifp=g;

10.  limie A(p, g, t) =1;

11. A(p,q,t)xA(q,1,s) < Alp,r,t+5);

12. A(p,q,.) : Rt U {0} — (0,1] is continuous;

13. M(p,q,t) = M(q,p,t);

14. M(p,q,t) =0ifp=gq

15, limyeo M(p,q,t) =0;

16. M(p,q,t)oM(q,r,s) > M(p,r,t+s);

17. M(p,q,.) : RT U {0} — (0,1] is continuous;

18. R(p,q,t) = R(q,p,t);

19. R(p,q,t) =0ifp=g;

20. limiseo R(p,q,t) =0;

21. R(p,q,t)oR(g,7,s) > R(p,7,t+5);

22. R(p,q,.): Rt U {0} — (0,1] is continuous;

23.  Fort<0,S(p,q,t)=0, A(p,q,t) =0, M(p,q,t) =1and R(p,q,t) = 1.

In this context, S(x,y,t) represents the certainity that distance between x and y is less than t,
A(x,y, t) represents the degree of nearness, M(x,y,t) stadns for the degree of neutralness, and
R(x,y,t) denotes the degree of non-nearness between x and y with respect to t, respectively.

NG WD

Example 1. Let (G, d) be a metric space where G = (—o0,00) and d(x,y) = |x — y|. Define the
t-norm and t-conorm, x and ¢ as x x y = min{x, y} and x oy = max{x,y}. And let the fuzzy
sets S, A, M, R on G? x (0,00) be defined as:

S(x,y,t) = M,A(x,y,t)

T t+2d(x,y) ,M(x,y,t) M,R(X,y,t) _ d(x,y)

T t+d(xy) t

t
T t+d(x,y)

Note that,
(1)0 < S(x,y,t) <1,
(2) Since d(x,y) = d(y, x), we have S(x,y,t) = S(y, x, t),
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(3)S(x,y,t) =1ifx =y, and
(4) lim; 0 % =1,forall x,y € Gand t > 0.

(5) S(x,y,t) xS(y,z,5) < S(x,z,t+s), forall x,y,z € G,s,t > 0.

Similarlly, all the conditions for A, M, and R can be verified. Therefore, (G,S, A, M, R, *,o) is an
NEMS induced by a metric d, called the standard neutrosophic fuzzy metric.

Example 2. Take G = [2.5,3.4], x be a TN and < be a TC defined as p x g = min{0,p +¢q — 1}
and pog=p+q—pq. Also,V p,q € G, s € (0, 00), we define:

_,_lp—1
S(p,q,8) =1 T

3
S J— —
Mg ==l

_Ja=p)/(a+s) ifp<q
M(p’q’s)_{(p—q)/(erS) fg<p
_ @ =p)/(+) ifp<g
Rip.4:5) {(pz—qz)/(PZJrsz) ifg<p

Note that,

(1)0<S(p,q,5), Alp,q,5), M(p,4,5), R(p,q,5) < 1,

(2) Since |p —q| = |q — p|, we have S(p, q,s) = S(q,p,5), A(p,q,5) = A(q,p.5),
M(p,q,s) = M(q,p,s),R(p,q,5) = R(q,p,s),

(3)5(p.q,5) = Alp,q,5) =1, M(q,p,5) = R(p,q,5) =0, if p =4,

(D) limy yoo 1 — 2580 =1, Timy oo T80 = 1, limy 00 M(q, p,5) =0,

lim¢ 00 R(p,q,5) =0, forall x,y € Gand t > 0.

(5)S(p,q,5) xS(q,1,s) <S(p,r,t+s), Alp,q,s)*xA(q,1,5) < A(p,r,t +5)
M(p,q,s)oM(q,r,s) > M(p,r,t+s), R(p,q,5)oR(q,7,5) > R(p,r,t+5),forall x,y,z € G,
s, t>0.

Therefore, (G, S, A, M, R, %, <) forms an NEMS.

Remark 1. The 7-tuple (G, S, A, M, R, %, ) defined in above Example 1 would not be a NFMS if
t-norm pxq = min{0, p + g — 1} and t-conorm poq = p+q — pq.

Definition 8. Consider (G,S, A, M, R, x,¢) asan NFMS. Fore € (0,1),t € R*,and p € G,
denote the set:

O(p,e,t) ={be G:S(p,q,t) >1—¢ A(p,q,t) >1—¢ M(p,q,t) <e R(p,q,t) <e}
as an open ball (OB), where p serves as the center and ¢ as the radius with respect to t.

Definition 9. Consider (G,S, A, M, R, *,¢) as an NFMS. A subset H of G is said to be an open
set if for each p € H, there exists an open ball O(p, €, t) such that O(p, e, t) C H.

Theorem 1. Each OB, O(p, ¢, t) within an NFMS constitutes an open set (OS).

Proof. We consider an open ball O(p,¢,t) and choose g € O(p,¢,t). Then, S(p,q,t) >
1—¢ A(p,q,t) >1—¢ M(p,gq,t) <e R(pgt) <e

There exists tg € (0,t) such that,

S(p,q.to) >1—¢, A(p,q,t0) > 1—¢, M(p,q,to) <e R(p,g,ty) < e [Since, S(p,q,t) > 1—¢]
Taking g = S(p,q,t0), 30 € (0,1) foreg > 1—¢,sothateg >1—0>1—¢.

For any given ¢ and ¢ so that ey > 1 — ¢. Then, J ¢4, €, €3, €4 € (0,1) s.t,

goxe1 >1—0,e0xep>1—0, (1—¢p)o(l—e3) <0, (1—gp)o(l—g4) <o.

Choosing €5 = max{eq, €, €3,€4} and considering the open ball O(g,1 — €5,t — tg), our
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motive is to show that O(g,1 —es5,t — tg) C O(p, ¢, t).

Now taking r € O(q,1 —e5,t — ty) we get,

S(q,r,t—ty) >es5, A(qr,t—to) > €5 M(q,r,t—to) <es, R(q,1,t—ty) < és.

Also,

S(p,r,t) > S(p,q,t0) xS(q, 7.t —ty) > egxes > egxer >1—0>1—¢,

A(p,r,t) > A(p,q.to) x A(p,r,t —tg) > eg*e5 > gg ep >1—0>1—¢,

M(p,r,t) > M(p,q,t0) oM(q,r,t —tg) < (1—¢p)o(1—¢€5) < (1—gp)o(l—e3)<o0<eg
R(p,r,t) > R(p,q,to) oR(g,r,t —tg) < (1—¢€p)o(1—e5) < (1—gg)o(l—eyg) <o<e.
Hence, r € O(p,¢,t) and O(q,1 —es5,f — ty) C O(p,¢,t). O

Remark 2. From Definition 9 and Theorem 1, it can be said that,
tw={HCG: 3t>0and0 <e<1suchthat O(p,e,t) CH,Vpe H}

is a topology on G. In this case every neutrosophic fuzzy metric N = (S, A, M, R) on G produces
a topology TN on G which has a base as the family of open sets {O(p,¢,t) : p € N,e € (0,1),
and t > 0}.

Theorem 2. Let (G,S, A, M, R, *,¢) be an NFMS. Then,

(i) ¢ and G are open sets in (G,S, A, M, R, %, ).

(ii) The union of any finite, countable, or uncountable family of open sets is open.
(iii) The intersection of a finite family of open sets is open.

Proof. (i) As an empty set contains no points, the necessity that each point in ¢ is the centre
of an open ball contained in it is satisfied automatically.

The whole space G is open since every open ball centred at any of its points is con-
tained in G.
(ii) Let {M, : @ € A} be a family of open sets and H = Uyep M,. If H = ¢ then it is open
[by ()]. So let H # ¢. Taking x € H, it can be said that x € M, for some & € A. Since M, is
open, 3r > 0 such that O(x,r,t) C M, C H (where t > 0). Thus, foreachx € H3r >0
such that O(x,r,t) C H. Implies that H is open.
(iii) Let {M; : 1 <i < n} be a finite family of open sets in G, and let M = N} | M;. If M is
empty, then it is open. (by (i)).
Suppose M # ¢, and x € M. Then, x € M;, j =1,2,...,n. Since Mj is open, 4 rj > 0 such
that O(x, r]-,t) C M;wheret >0andj=1,2,..n.
Let r = min{ry,r3,..,tn}. Thenr > 0 and O(x,r,t) C O(x, rjs t) where t > 0 and
j=1,2,..,n. Therefore, O(x,r,t) centred at x satisfies

O(x,r,t) € Ni_;0(x,rj,t) € M
This completes the proof. [

Theorem 3. A subset X ina NFMS (G, S, A, M, R, x, <) is open if it is the union of all open balls
contained in X.

Proof. Let X be open. If X = ¢, then there are no open balls contained in it. Thus, the
union of all open balls contained in X is the union of an empty class, which is empty and
therefore equal to X.

Now if X # ¢, then since X is open, each of its points is the centre of an open ball entirely
contained in X. So X is the union of all open balls contained in it. The converse follows
from Theorem 3.1 and Theorem 3.3. [

Definition 10. Let A be a subset of an NFMS (G, S, A, M, R, *,¢). A point x € G is an interior
point of Aif 3 O(x,r,t) C A for somer,t > 0. That is, x € O(x,r,t) C A.
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Theorem 4. Let A be a subset of an NFMS (G, S, A, M, R, %, ). Then,
(i) Int(A) is an open subset of A that contains every open subset of A.
(ii) A is open if A = Int(A).

Proof. Let x € Int(A) be arbitary. Then, by Definition 3.4, 3 O(x,r,t) C A for somer,t > 0.
But since O(x, 7, t) is an open set [by Theorem 3.1], each point of it is the centre of an open
ball contained in O(x, 7, t) and consequently also in A. Therefore, each point of O(x,r,t)
is an interior point of A. Thatis, O(x,r,t) C Int(A). Thus, x is the centre of an open ball
contained in Int(A). Since x € Int(A) is arbitary, it can be said that each x € Int(A) has
the property of being the centre of an open ball contained in Int(A). Hence, Int(A) is open.
Now it is to be shown that Int(A) contains every open subset X C A. Let x € X. Since X
isopen, 30(x,7,t) C X C A.So x € Int(A). This shows thatx € X = x € Int(A). In
other words, X C Int(A).

(ii) is immediate after (i). O

Definition 11. Let (G,S, A, M, R, x, <) be an NFMS and let C(G) be the collection of all non
empty compact subsets of G. Consider P,Q € C(G) and t > 0.
Define Hy, Hy, He and Hg : C(G) x C(G) x (0,00) — (0, 00) as follows:

Hy (P, Q,t) mm{ inf A(w, Q, t) mé 2A(P, k,t)},
ke

Hp (P,Q,t) mm{ inf B(w,Q, ) 1né%(P,k, t)},
ke

H¢(P,Q,t) = max{ sup €(w, Q, t),sup €(P, k, t) ¢,
weP keQ

Hyp (P,Q,t) = max{ sup®(w, Q,t),supD(P,k,t) ».
weP keQ
The 6-tuple (Hy, Hs, He, Ho, %, ©) is called Hausdorff NFMS, or shortly HNFMS.
Theorem 5. Every NFMS possesses the property of being Hausdorff.

Proof. We consider (G,S, A, M, R, x,¢) as an NEMS. Let p,q € G be different. Then,
S(p.a,t), Alp.q,t), M(p,q,t), R(p.q,t) € (0,1).

Take ey = S(p, q,t),€2 = A(p,q,t),€3 = M(p,q,t), €4 = R(p, 4, t)

and € = max{ey, €2, 1 —€3,1 —e4}.

Now, taking ¢y € (¢,1), €5, €6, €7, €g such that,

e5x €5 > €0,€6%6 > €0, (1 —€7)0(1—¢€7) <1 —¢gpand (1 —eg)o (1 —eg) <1—¢p.
Taking €9 = max{es, €, €7, €3} if we consider the open balls O(p, 1 — €9, 5) and O(g,1 —
€9, 5). Then, it is clear that, O(p,1 — &9, 5) NO(q,1 — €9, 5) = @.

Now, if we choose a point 7 € O(p,1 — €9, £) NO(g,1 — €9, §) then,

e1=5(p,q.t) >S(pr ,%)*S(r q, )>£9*89285*£5 >ego > €1.

= A(p,q,t) > Alp,1, 5) x A(r, q/*)>€9*89286*862€0>82-
53:M(P"1/t)§M(P/r/%)<>M(T‘7/) (1-g9)o(l—g9) < (1—e7)o(l—e7) <1—¢gg < es.
e4=R(p,q,t) <R(p,1,5) oR(r,q,5) < (1—g9)o(1—g9) < (1—gg)o(1—eg) <1—gp < ey,

which shows a contradiction. Therefore, every NFMS is Hausdorff. [

Definition 12. We consider (G,S, A, M, R, *,©) as an NFMS. A set W C G is known as nuetro-
sophic bounded (NB) if, there remains a positive real number t and ¢ in (0,1) satisfying,
S(p,q,t) >1—¢, A(p,q,t) >1—¢, M(p,q,t) <eand R(p,q,t) <e Vp,g € W.

Definition 13. Let an NFMS (G, S, A, M, R, %, ©) be given, then
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(1) Consider Cy as an assembly of open sets and W C Uyec, U. Then, the assembly Cy is said to
be an open cover(OC) of W.

(2) A subspace W of G is compact, if every open cover of W has a finite subcover.

(3) A subspace W of G is said to be sequentially compact if each sequence in W possesses a convergent
subsequence in W.

Theorem 6. In an NFMS, every compact subset is neutrosophic bounded.

Proof. We consider (G,S, A, M, R, *,¢) as an NFMS, and W be a compact subset of G.
Also consider an open cover {O(p,¢,t):p € W} of W wheret > 0and 0 < e < 1. W
being a compact set, there exists p1, pa, ..., pn € W in such a way that W C U}_,O(py, &, t).
Further, for p,q € W there remains some k,m € {1,2,3,..,n} such that p € O(py, ¢, t) and
g € O(pm, & t). Then, we can write

S(p,pr.t) >1—¢ A(p, pr.t) >1—¢ M(p,pr.t) <€, R(p,pr t) < eand

S(q, pm,t) >1—¢, A(q, pm,t) >1—¢, M(q, pm, t) <& R(q,pm,t) <e

Now, take & = min{S(pg, pm, t) : 1 < k,m < n}, p = min{A(px, pm, t) : 1 < k,m < n}

v = max{M(px, pm, t) : 1 < k,m < n},§ = max{R(pk, pm,t) : 1 < k,m < n}.

Then, «, B,,6 > 0. From here, we can have some 01, 02, 03, 04 € (0,1) satisfying,

S(p,q,3t) > S(p, pr,t) *S(Prs P ) x S(pm, g, 1) > (1 —e) x (1 —g)xa >1— 0y,
A(p,q,3t) > A(p, pi t) x A(pr, P, t) * A(pm, 4, 1) > (1 —e) x (1 —e) x> 1~ 0,
M(p,q,3t) < M(p, pi,t) © M(pk, pm,t) © M(pm, q,t) < eceoy < 3
R(p,q,3t) < R(p, pr,t) © R(p, pmst) © R(pm, q,t) < e0eod < o4

Taking 0 = max{01, 02, 03, 04} and tp = 3t, we have S(p,q,tp) > 1 —0, A(p,q,t0) >
1—0, M(p,q,t0) < o, R(p,q,t0) < 0 V p,q € W. Therefore, the set W is Neutrosophic
bounded. O

If (G,S, A, M, R,*,¢) is a NEMS produced by a metricd on G and W C G, then W
is Neutrosophic bounded if it is bounded. As a result with Theorems 5 and 6 it can be
written that:

Corollary 1. In an NFMS, each compact set is both closed set and bounded set.

Theorem 7. We consider (G,S, A, M, R, *,¢) as an NFMS and Ty to be the topology on G
produced by the FM, then {p,} — p € G if and only if,

S(pm,p,s) = 1, A(pm, p,s) = 1, M(pm, p,s) = 0, R(pm,p,s) — 0, as m — oo.
Proof. We consider s > 0. Suppose p,, — p. For any given ¢ € (0,1), there remains N € N
such that,

pm € O(p,e,s) Vm > N.
Thus, 1 — S(pm, p,s) <&, 1 — A(pm, p,s) <& M(pm,p,s) <& R(pm,p,s) <e.
In these cases, we express it as follows:

S(pm,p,s) = 1, A(pm,p,s) = 1, M(pm,p,s) = 0, R(pm,p,s) — 0, asm — co.

Conversely, suppose S(pm, p,s) = 1, A(pm, p,s) = 1, M(pm, p,s) = 0, R(pm, p,s) — 0, as
m — oo, for each s > 0. Then for any € € (0, 1), there exists N € N so that 1 — S(pu, p,s) <
& 1—A(pm, p,s) < & M(pm,p,s) < ¢ R(pm,p,s) < e VN € N. By this, we obtain
S(pm,p,s) >1—¢, A(pm,p,s) >1—¢ M(pm,p,s) <€ R(pm,p,s) < eV N € N. Thus,
pm € O(p,e,s) ¥V m > N. Hence the proof. [
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Definition 14. We consider (G, S, A, M, R, x,¢) as an NFMS. Any sequence {py } in G is said
to be a Cauchy sequence if for any positive real numbers € and t, there subsists N € N so that, the
following conditions hold:

S(Pn/ Pm/ t) > 1 —¢ A(Pnz pMI t) > 1 — ¢ M(pi’l/ pMI t) < g, R(Pnr Pm/t) < g,

foralln,m > N.
Moreover, (G,S, A, M,R,*,¢) is said to be a complete NFMS if each Cauchy sequence
converges with respect to the topology Ty in G.

Theorem 8. We consider (G,S, A, M, R, *,¢) as an NFMS. Under the assumption that each
Cauchy sequence of G possesses a converging subsequence, the NFMS (G,S, A, M, R, *,9) is
considered complete.

Proof. We consider {p,} as a Cauchy sequence in G and assume a subsequence {p;, } of
{pn} coverges to a point p € G. We complete the proof by showing p, — p. Lett > 0 and
0 <v <1 Takinge € (0,1) sothat (1 —¢)x (1 —¢) > 1—v, eoe < v. By the Cauchyness
of {a}, there exists N € N so thatV m,n > N,

t t t t
S(pm/ Pn/ E) > 1 —¢ A(pm/ pn/ E) > 1 —¢ M(Pm/ pl’l/ E) < g, R(Pm/ p}’l/ E) <&

Since p, — p, there remains i € N satisfying S(p;, p,5) > 1—¢, A(pip,5) > 1—
g, M(pi,p,%) <eg, R(pi,p,%) < ¢ Vi> N.Then, forn > N,

S(pn,pt) = S(pn,pis 5) *S(pisp, 5) > (1—e) x (1—¢) = 1—v,
A(pn,pt) = Alpn, pi 5) x Alpip 5) > (1—e)x (1—e) > 1—v,
M(pu, p,t) < M(pn, pis 5) © M(pi, p, 5) > e0e < v,

R(pu, p,t) < R(pu, pi, 5) o R(pi,p, §) > e0e <,

Thus, we have a, — a. Therefore, NFMS (G, S, A, M, R, *,¢) is complete. [

Theorem 9. Consider (G,S, A, M, R, x,¢) as an NFMS and W be a subset of G with the subspace
NFM (Sw, Aw, Mw, Rw) = (S|W2><°o, A‘szw, M|W2><oo, R‘szw). Then (W, Sw, Aw, Mw,
Ry, %, ©) is complete if and only if W C G is closed.

Proof. Let W C G is closed. Suppose {p,} be Cauchy in (W, Sy, Aw, My, Ry, *,©). Since
{pn} is Cauchy in G, there exists p € G such that p, — p. Itis clear that, p € W = W and
so {pn} converges in W.

In contrary, let (W, Sy, Aw, Mw, Ry, *, ©) be complete. Also, suppose W is open. If
we choose a point p € W/W, then there exists {p,} of points belonging to W converging
to p and thus, {p,} is Cauchy. This gives, for n,m > N, each v € (0,1) and t > 0,
3 N € N satisfying

S(pn, pm,t) >1—v, A(pn, pm,t) > 1 —v, M(pn, Pm,t) <V, R(pn, pm,t) < v.

Now, since {p,} is in W, we can write S(pu, pm,t) = Sw(Pn, Pm,t), A(Pn, Pm, t) =
Aw(pu, pm,t), M(pn, pm,t) = Mw(Pn, Pm,t), R(pn, pm,t) = Rw(pn, pm,t). Therefore,
{pn} is Cauchy in W. Since (G, S, A, M, R, *,¢) is complete, 3 g € W such that p, — g.
Hence, 3 n € N such that Sw(q, pn,t) > 1 —v, Aw(q, pu,t) > 1 —v, Mw(q, pn,t) <
v, Rw(q,pn,t) < vforallm > N, eachv € (0,1) and t > 0. Since {p,} is in W and
g € W, we can write S(q, pu,t) = Sw(q, pu,t), A(q, Pn,t) = Aw(q, pn,t), M(q, pu,t) =
Mw(q, pn,t), R(q, pn,t) = Rw(q, pn,t). This concludes that {p,, } converges both to p and
gin (G,S, A, M,R,x,¢). Since ¢ € W and p ¢ W, this implies p # q. This contradiction
leads to the desired result. [
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Lemma 1. Let (G,S, A, M,R,*,0) bea NEFMS. If t > 0and 0 < €1,&p < 1 satisfy (1 —¢p) *
(1—€) > (1—¢1), 208 <eq,then O(p, ez, 5) C O(p,€1,).

Proof. We take g € O(p, 3, %) and O(q, €3, %) be an open ball with radius ¢, and centered
atq. Since O(p, &2, £) NO(q,e2, %) # @, 3r € O(p,e2,5) N O(g, €2, 1) Then we obtain,

S(p,q,t) = S(p,r, 5)xS(q,r,5) > (1 —e)*x(1—€) >1—¢y,
Alp,q,t) > A(p,1,5) x Alg,1,5) > (1 —e2) x (1 —e3) > 1—¢y,
M(p,q,t) < M(p,r,5) «M(q,1,%5) < eaxe2 < ey,
R(p,q,t) <R(p,r,5)*R(q,7,5) < e2xex < 1.

Hence, g € O(p, €1,t) and thus O(p, &2, 5) C O(p,€1,t). O

Theorem 10. For an NFMS (G, S, A, M, R, *,9), a subset W C G is nowhere dense if and only if
each non-empty OS in G consists of an OB such that the closure of the OB and W are disjoint.

Proof. We consider ¢ # @, iy C G as open. Then, there exists a non-empty OS A such
that A C p, ANW # @. If wetake p € A, then 30 < ¢; < 1 and t € RT such that
O(p,e1,t) C A. Now, choose 0 < & < 1 such that (1 —¢)*(1—€) > 1—¢ and
e20¢€y < €1. By Lemma 1, we obtain O(p, €3, %) C O(p,€1,t). In this scenario, we can
assert that O(p, €2, 5) C pand O(p, &2, 5) NW = @.

On the contrary, presume that W is not nowhere dense. Hence, int(W) # @, indicating
the existence of an OS ¢ # ¢ such that p C W. Assume O(p,€1,t) as an OB, so as
O(p,e1,t) C p. Consequently, O(p, ez, t) "W # @, contradicts the assumption. [

Now, we present the Baire Category Theorem in NFMS.
Theorem 11. In a complete NEMS, the intersection of countably many dense open sets is dense.

Proof. Consider a sequence of dense open subsets {, : n € N} in a complete NFMS
(G,S,A, M, R, *,0). Then, it is to be proved that the intersection (,,cy ¢ is dense within
G. Consider A as a non-empty open set of G. As ¢ € G is dense, ANYP; # D. Let
p1 € ANyy. Now, ANy being open, &1 € (0,1), f1 > 0so that O(py,€1,t1) C ANy
Choose €] < €1 and ] = min{t;,1} such that O(py,€},t]) C ANY;. Asyp € Gis
dense, O(p1,€},t7) N # @. Choose py € O(p1,€},t7) Ny As O(p1, €5, t]) Nipa is
open, 3 &, € (0,1/2) and t, > 0o that O(py,€3,t2) C O(p1,€7,t7) N . Choose €5 < &2
and t; = min{t;,1/2} so that O(pa, €}, t5) C O(p1,€},t3) Npo. By proceeding in this
manner, we establish a sequence {p,} in G along with another sequence {t;;} where
tr € (0,1/n), and

O(pu, €, t5) C O(pu—1,€5_1,t5_ 1) Nipy

Next, we demonstrate that {p,} is Cauchy. For any t, v > 0, we select N € N such that
% < tand % < v. Thus, forn > N and m > n, we have

S(pn, pm,t) = S(pn, pm,1/n) > 1 — % >1—v,
A(pun, pm,t) = A(pn, pm,1/n) > 1 — % >1-—v,
M(pu, pmst) < M(pn, pm, 1/n) < L <,
R(pu, pmst) < R(pn, pm,1/n) < & <w.

This shows that {p, } is Cauchy. G being complete, there exists p € G so that {p,} — p.
As ag € O(pn, €}, t5) Yk > n, we obtain p € O(py, €, t;). Hence, it can be written that
a € O(ay, €, t;) C O(ay—1,€;_1,t,_1) Npy, V 1. Then, AN (NyenyPn) # @. Then Nyenin
isdensein G. 0O
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Definition 15. Consider an NFMS (G, S, A, M, R, ,©). We define a collection (D), where
m € N, to possess neutrosophic diameter zero (NDZ) if for every ¢ € (0,1) and t € R™, there
exists N € N such that S(p,q,t) > 1—¢, A(p,q,t) >1—¢ M(p,q,t) <e and R(p,q,t) < e
hold for all p,q € DN.

Theorem 12. The NFMS (G, S, A, M, R, %, ) is complete if and only if each sequence (D) men
of nested non-empty closed sets, each possessing NDZ, has a nonempty intersection.

Proof. Assuming the given condition is satisfied, i.e., every sequence (D, ),en of nested
nonempty closed sets, each possessing NDZ, has a nonempty intersection. It remains
to be demonstrated that (G, S, A, M, R, x,¢) is complete. Consider the Cauchy sequence
{pm} € G. Define u,, = a,:k>m and D, = 7. It can then be asserted that (D,,)
possesses NDZ. Given 0 < ¢ < 1and t > 0, choose ¢ € (0,1) such that (1 —¢) % (1 —
e)x(1—¢) >1—pandeceoe < 9. As {pn} is Cauchy, there exists a natural number
N satisfying

t t t t
S(Pm;‘]n/ g) > ]- —§& A(pm/%z/ g) > 1 —g, M(aﬂ/aﬂh g) < g, R(pm/lhz/ g) < g, vmln Z N

So,weobtain S(p,q, %) >1—¢, A(p,q,5) >1—¢€, M(p,q,5) <€ R(p,q,%) <e, Vmn>
up [where pup = (S, A, M, R), the NFM on G].

Select p,q € D. Then, sequences {p;,} and {g;, } exist such that p};, — pand g}, — q.
Hence, for sufficiently large m, p;, € O(p,¢ %) and g}, € O(g,¢,5). Consequently, we
obtain

S(p,a,t) = S(p, Pis &) % S(Prs Gs 5) % S(a3,9,5) > (1 =€) x (1 —g) x (1—¢) > 1y,
Alp,q,t) = A(p, s 5) % AP G 5) * AlGia,5) > (1—g) x (1—g) % (1—¢) > 1—g,
M(p,q,t) < M(p, Py 5) © M(Piys Gy 5) © M(d5,,0, %) < eoeoe <,

R(p,q,t) < R(p, P %) © R(Ps G 5) © R(G1, 0, 5) < eoeoe <.

Therefore, S(p,q,t) >1—10, A(p,q,t) >1—0, M(p,q,t) < 0,R(p,q,t) <o (¥Vp,q€Dn).
This implies that (D) possesses NDZ, hence, by the assumption, (,,,cy D is non-empty.
Let p € Nyen®m. Then, for e in (0,1) and ¢, a positive real number, 3 N; € N such that
S(pm,p,t) >1—¢, A(pm, p,t) >1—¢ M(pm,p,t) <& R(pm,p,t) <e(¥n > Np). That
is, S(pm, p, t) = 1, A(pm, p,t) = 1, M(pm,p,t) = 0, R(pm,p,t) — 0 foreach t > 0 as
m — oo. Hence, p,, — p, which means (G, S, A, M, R, x,¢) is complete.

Conversely, assume (G, S, A, M, R, x,¢) is complete. Consider a nested sequence
(Dm)men of nonempty closed sets having NDZ. For each m € N, let p;, be a point in D,.
Our aim is to demonstrate that {p,, } is a Cauchy sequence. Since (D,,) possesses NDZ,
fort e R™ and ¢ € (0,1), there exists N € Nsuch that S(p,q,t) > 1—¢, A(p,q,t) >1—¢,
M(p,q,t) <& R(p,q,t) < ehold forall p,q € Dn. Due to the fact that (D) is nested, it can
be written that S(pu, pu,t) > 1—¢, A(Pm, Pn, t) > 1 —¢, M(Pm, pn,t) < & R(Pm, pu, t) <
e, Vm,n > N. Thus, {pm} forms a Cauchy sequence. As (G, S, A, M, R, *,¢) is complete,
{pm} converges to some p € G. This implies that p € D,, = Dy, for all m, and therefore, p
belongs to (,;eny Om. O

Theorem 13. Every separable NFMS possesses second countability.

Proof. Let (G,S, A, M, R, ,¢) be separable. Consider W = {p]- :j € N}L,W C Gas
countable dense. Define a collection B = {O(px,1/m,1/m) : k,m € N}. It is evident that
B is countable. Our objective is to demonstrate that B serves as a basis for the assembly
of all OS within G. Take ¥ as an open set in G containing p. Then, 3t € R", e € (0,1)
s.tO(p,e,t) C 9. Due to this fact, e € (0,1),30< o <1st(l1—90)*x(1—90) >1—¢cand
000 < e Chosset € Nsothat1/t < min{g,{/2}. AsW C G is dense, 3 py € G such that
p€O(p,1/t,1/t).1f g € O(px,1/t,1/t), we can write
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S(p,a.t) > S(p,pr,t/2) *xS(q, p,t/2) > S(p, pr, 1/t) % S(q, pr, 1/t) >
1-1/t)*x(1-1/t) > (1—0)*(1—0) >1—¢,
A(p,g,t) = A(p, pi, t/2) * A(q, pr, t/2) > A(p, pr, 1/t) x A(q, pr, 1/t) >
1-1/)*x(1-1/t) > (1—0)*(1—0) >1—¢,
M(p,q,t) < M(p, pr,t/2) o M(q, pr, t/2) < M(p, pr, 1/t) o M(q, pr, 1/t) <1/t 1/t <
0¢00<g,
R(p,q,t) < R(p,pr,t/2) o R(q, pr, t/2) < R(p, pr, 1/t) o R(q, pr, 1/t) <1/to1/t <

000 <e

Theng € O(p, ¢, t) C ¢, thus B forms a basis. [

Remark 3. It is worth noting that second countability implies separability, and second countability
is an inherited property. Hence, it follows that every subspace of a separable NFMS is also separable.

Definition 16. Consider aset W # @ and a NFMS (G, S, A, M, R, x,©). We say that the sequence
of functions (fn,) : W — G uniformly converges to a function f : W — G if corresponding to any
t > 0,0 < e <1, there remains a natural number N satisfying

S(u(p),f(p) t) > 1 =& A(u(p)§(p),t) > 1—& M(Fu(p) i(p),t) <& R(in(p),f(p),t) <&

foralln > Nandp € W.
Now we present uniform convergence theorem for NFMS.

Theorem 14. Let W be a topological space, (G,S, A, M, R, x,¢) be a NFMS, and f, : W — G
be a sequence of continuous functions. If (f,) converges uniformly to f : W — G then f is
considered continuous.

Proof. Assume y as an OSin G, py € §~'(u). Since y is open, 3t € R*, ¢ € (0,1) so
that O(f(po), f(p), t) C . Since e € (0,1), we select ¢ € (0,1) such that (1 —¢) x (1 —0) *
(1-0) >1—¢eandoogoo < & Given that (fy) is uniformly convergent to ffor any
t>0and 0 < ¢ < 13N € Nsothat S(.(p),f(p), 5) > 1—0, AGu(p),f(p), %) > 1—

M(fn(p), 1(p), 5) < 0, R(fa(p),§(p), 5) < oforalln > N, p € G. Since f, are continuous,
we have for each 7 that there remains 4, a neighborhood of py, so as f,(6) C O(fu(po), 0, %)
Therefore, S(fu(p), fa(Po), 5) > 1~ 0, A(fu(p),fa(po), 5) > 1~ 0, M(u(p), u(po), 3) <
¢, R(Fa(p),fn(po), §) < @V p € 6. Now,

S(f(p), f(po),t) = S(§(p), fu(p), t/3) x S(Fu(p), fn(po),t/3) * S(fu(po), f(po), t/3) >
1-0)x(1—0)*x(1—0)>1—¢
A(§(p),§(po). t) = A(5(p), fn(p), t/3) * A(Fu(p), fu(po), t/3) x A(fn(po), F(po),t/3) >
(1-gx(1-g)x(1-0)>1—g¢
M(§(p),§(po), t) < M(§(p),fu(p),t/3) © M(§u(p),fn(po), t/3) © M(fu(po),§(po), t/3) <
000900 <g,
R(f(p), f(po),t) < R(f(p),fu(p),t/3) © R(§u(p),fu(po),t/3) © R(§u(po),f(po),t/3) <
00000 <e

Implies that f(p) € O(f(po),e,t) C uV p € 6. Therefore, f(6) C u and thus, f
is continuous. [

4. Conclusions

This study presents an exploration into the realm of neutrosophic fuzzy metric spaces,
introducing an innovative extension of traditional metric spaces tailored to accommodate
the intricacies of real-world phenomena characterized by uncertainty and imprecision. The
motivation behind this work stems from the recognition of the limitations of classical metric
spaces in capturing the nuances inherent in complex systems modelled by neutrosophic
fuzzy sets. By introducing and investigating the properties of neutrosophic fuzzy metric
spaces, we aim to provide a robust theoretical framework capable of addressing these
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challenges. Our examination of the structural and topological aspects of neutrosophic
fuzzy metric spaces has yielded valuable insights into their fundamental characteristics.
Through rigorous analysis, we have elucidated key properties such as completeness, con-
tinuity, and convergence within this novel framework. Moreover, the establishment of
counterparts to well-known theorems such as the Uniform Convergence Theorem and the
Baire Category Theorem underscores the theoretical richness and depth of neutrosophic
fuzzy metric spaces.

The inspiration for the introduction of Neutrosophic Fuzzy Metric Spaces draws from
the pioneering work of M. Kirisci in 2020, where the concept was first proposed and its topo-
logical properties were established. This framework offers a versatile framework wherein
fixed points for various types of mappings can be determined, presenting applications
across diverse domains such as boundary value problems, nonlinear differential and inte-
gral equations, optimization theory, variational inequality, and complementarity problems.
Furthermore, NFMS equips us with essential tools to tackle challenges in mathematical
analysis and game theory effectively.

Looking ahead, several avenues for future research and application emerge from our
findings. Firstly, further exploration of the properties and structures of neutrosophic fuzzy
metric spaces promises to deepen our understanding of their mathematical underpinnings.
Investigations into additional properties, such as compactness and connectedness, could
uncover new insights and lead to the development of more sophisticated mathematical
tools and techniques. Additionally, establishing connections between neutrosophic fuzzy
metric spaces and other areas of mathematics, such as functional analysis and differential
equations, holds the potential to broaden the scope of their applicability and facilitate
interdisciplinary collaborations. Beyond the realm of pure mathematics, neutrosophic
fuzzy metric spaces offer a powerful framework for modelling and analyzing uncertain
and imprecise data, making them particularly relevant in fields such as computer science,
engineering, and decision making. Future applications could include the development
of robust algorithms for data analysis, optimization techniques for complex systems, and
decision support systems for uncertain environments. By bridging the gap between theo-
retical advancements and real-world challenges, we aim to contribute to the advancement
of knowledge and the development of innovative solutions to complex problems.
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