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Section S1 Periodic Potential of one potential IV = V(z) and a rectangular-
like potential

Bloch functions must satisfy the following boundary and continuity conditions.

Wy(b) = Vpr(b)
( b) = e*TW (b + a)
U (b) = Wy, (b)
U, (—b) = e* W} (b+a)
We get the following matrix equation.
yi(b)  z1(b) =Pt e Ch 0
yl(_b) 21(—b) _eszeﬁ(b+a) _eszefﬂ(b+a) D1 _ 0
yi(b)  z(b) —pe BePb |G| T |0
y'l (71)) le (71)) 766ikT€ﬁ(b+a) BeikTefﬁ(bJra) Dy 0

As it is very tedious to solve the secular determinant, we transform the elements of the matrix into ones that are easier
to handle.

A B C D
o_|E F G H
/I J K L
M N P Q
F G H E G H E F H E F G
0=A-1J K L|-B-|I K L|+C-|I J L|-D-|I J K
N P Q M P Q M N Q M N P
AF-BE G H| |E F CH-DG
AJ-BI K L|+|I J CL-DK
AN-BM P Q| [M N CQ-DP
— (AF - BE)(KQ - PL) — (AJ - BI)(GQ - PH)
+ (AN - BM)(GL - KH) + (CH - DG)(IN - MJ)

(
— (CL - DK)(EN - MF) + (CQ - DP)(EJ - IF)
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where
KQ - PL = 2527 sinh (Ba)
GL - KH = —23¢™*7 cosh (Ba)
CL- DK = —-25
GQ - PH = —23%*T
CH - DG = —2¢**T sinh (fa)
CQ - DP = —28¢*7T cosh (Ba)
AJ - Bl =W {yi(z), z1(x)}
EN - MF = W {y1(x), z1(x) }
2cos (kT) = T 4 ¢~kT
Therefore,

0 = fsinh (Ba)(AF - BE) + e*TW {y,(z), z1 ()}
— cosh (Ba)(AN - BM) — sinh (Sa)(IN - MJ)/3
+ e "W {y;(2), 21 (x)} — cosh (Ba)(EJ - IF)

The transcendental energy equation for the one potentials V' = V(x) and a rectangular-like potential is the following:

- f— 2 -
2cos (KT)W {y1(z), z1(z)} = sinh (Ba) {(IN MT) ; (AF BE)] + cosh (Ba) [(AN - BM) + (EJ - IF)]
_ sinh (fa) [ M (E) — B2M,(E) M;3(E)
cos (k(2b+a)) = 3 { Mi(E) } + cosh (Ba) {M4(E)}
where
Mi(E) = y; ()2, (=b) = y1(~b)z (b)
M (E) = 21(=b)y1(b) — z1(b)y1(~b)
M3(B) = y1(b)2, (=) — 51 (=b)21(0) + y1 (—b)2, (b) — y; ()21 (—b)
My(E) =2W {y1(2), z1(z) }
‘V(x) 100 J \
0 ------- 60
* E(K)
Po(x) 40
X 20 —/\
— >
1 Ty —p— :
Pr(x)  Pux) = 2 -1 o 1 2z 3

Figure S1: Left: Graphical scheme of the quantum potential representing the Kronig-Penney model and its corresponding
parameters. Right: Energy curve graph for a rectangular-like potential..
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Section S2 Periodic Potential of two potentials V = V(z) and a rectangular-
like potential

Bloch functions must satisfy the following boundary and continuity conditions.

U;(0) = ¥yy(0)
‘I’I(O) = ‘I’H(O)
Urr(b) = Urrr(b)
‘I’H(b) = ‘I’IH( )
\I/[( b) zk 2b+a)\IJIII(b+ a)
Uy (=b) = e*CHOG, (b + a)
We get the following matrix equation
y1(0)  21(0)  —y2(0) —22(0) 0 0 Cy 0
0 0 y2(b)  22(b) —ePb —eBb D, 0
yl(_b) Zl(—b) 0 0 _eik:Te,B(b—i-a) _eikTe—,B(b+a) C2 B 0
y1(0) 2 (0) _?{2(0) —?2(0) 0 0 Dy| |0
0 0 Y2 (b) 2(b) —BeP? Be PP Cs 0
y(=b) 2 (=b) 0 0 _BeikTefra)  geikT—60+a) | | Dg| |0

Again, we transform the elements of the matrix into ones that are easier to handle, following the matrix properties as:

A B CD 0 0
0 0 EF G H
0|l T 0 0 K L
M N P Q 0 0
0 0 RS TU
V W o0 0 X Y
0O EF G H 0 EF G H 0 0 F G H 0 0 E G H
J 0 0 K L I 0 0 K L I J 0 K L I J 0 K L
0=A-|[N P Q 0 0/]-B-[M P Q 0 0/+C-|]M N Q 0 0/-D-[M N P 0 0
0O RS TU 0 RS TU 0 0 S TU 0 0 RTU
W 0 0 X Y V 0 0 X Y V W 0 X Y V W 0 X Y
0 E F G H |CF-DE 0 0 G H
AJ-BI 0 0 K L 0 I J K L
0=|AN-BM P Q 0 0/+|CQ-DP M N 0 0
0 R S T U |CS-DR 0 0 T U
AW-BV 0 0 X Y 0 V W X Y

Solving the resulting determinants, we have:

0 = —(AJ - BI)(EQ - PF)(TY - XU) — (AJ - BI)(PS - RQ)(GY - XH)
AW - BV)(PF - EQ)(KU - TL) + (AW - BV)(PS - RQ)(GL - KH)
CF JM - NI)(TY - XU) — (CF - DE)(WM - NV)(KU - TL

JM - NI)(GY - XH) + (CS - DR)(NV - WM)(GL - KH)
AN - BM)(RF - ES)(KY - XL) — (CQ - DP)(WI - JV)(GU - TH)

~
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Grouping the result of the determinant in terms of complex exponentials we can rewrite as:

0

A
&
=

_Y)

[(AJ - BI)(EQ - PF) + (CF - DE)(JM - NI)]
- XH)|

( (

(CS - DR)(JM - NI) + (BI - AJ)(PS - RQ)]

- TL)[(AW - BV)(PF - EQ) + (DE - CF)(WM - NV)]

- KH)[(AW - BV)(PS - RQ) + (CS - DR)(NV - WM)]

- XL)[(AN - BM)( RF - ES)] — (GU - TH)[(CQ - DP)(WI - JV)]

= Q
a =
H X

+ o+ + o+
@
=
=

a/\/—\/—\
%
>

Where
e
GY - XH = -2 cosh (fa)
KU - TL = -2y cosh (Sa)
GL - KH = —2vsinh (Ba)
XU - TY = —232ysinh (fa)
KY - XL = —284?
GU - TH = -2
AN - BM = W {y1(x), 21 (2)}
WI-JV =W {yi(2), z1(2) }
CQ - DP = W {ys(x), z2(z)}
ES - RF = W {y2(2), 22(2)}
k

Therefore, we can summary as:

0 = —Bsinh (8a)[(BI - AJ)(EQ - PF) + (DE - CF )(JM - NI)]

+ cosh (8a)[(CS - DR)(JM - NI) + (BI - AJ)(PS - RQ)]

+ cosh (Ba)[(AW - BV)(PF - EQ) + (DE - CF)(WM - NV)]
a)

sinh (8 (
+

[(AW - BV)(PS - RQ) + (CS - DR)(NV - WM)]
*2COS(kT)W{y1( ), 21(2)} Wya(2), z2(2) }

The transcendental energy equation for the two potentials V' = V(x) and a rectangular-like potential is the following:

[(BI -AJ)(EQ - PF) + (DE - CF)(JM - NI)]
2WA{y1(z), z1(x)} W {y2(2), 22(2)}
[(CS - DR)(JM - NI) + (BI - AJ)(PS - RQ)]
2W {y1(2), 21 ()} W {ya(2), 22(x)}
)[(AW - BV)(PF - EQ) + (DE - CF)(WM - NV)]
2W {y1 (), 21(z)} W {ya(z), 22(2) }
n sinh (Ba) [(AW - BV)(PS - RQ) + (CS - DR)(NV - WM)]
B 2W {y1 (), z1(x)} W {ya(z), 22(2) }

. sinh (Ba) [ N1(E) — B*Na(E) N;3(E)
cos (k(2b+a)) = 3 Ni(E) ] + cosh (Ba) [N4(E)]

2 cos (kT) = —fsinh (Ba)

+ cosh (Ba)

+ cosh (Ba
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Where,
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Figure S2: Numerical simulation of the transcendental energy equation for the periodic triangular-like potential A together
with the rectangular-like potential at different values of w. The height of the rectangle is wg = 100. The black solid lines
correspond to the rectangular-like potential that simulates the Kroning-Penney model.
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Figure S3: Numerical simulation of the transcendental energy equation for the periodic triangular-like potential ¥ together
with the rectangular-like potential at different values of w. The height of the rectangle is wg = 100. The black solid lines
correspond to the rectangular-like potential that simulates the Kroning-Penney model.
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Section S3 The Transcendental Energy Equation

cos (kT) = f(E)sinh (8(F)a) + g(E) cosh (B(E)a)

Where,
_ My(E) — 82 My(E) _ Ni(E) - B°Ny(E)
5= 32 = R

My(E) = yo(~b)y; (b) — 9 b}y (—b)
M3 (E) = y2(=0)y1(b) — y2(b)y1 (D)
Ms(E) = y1()y5(=b) = 51(=)12(b) + 11 (=b)wa(b) — v ()y>(~b)
My(E) =2W {y1(x), y2(z)}
The variables N1(F), No(E), N3(E), and N4(E) for a two potentials V' = V(z) plus rectangular-like potential are given
by:
Ni(E) = [51(0)y2(=b) — 42(0)y1 (=b)] - [22(0)z1 (B) — 21 (0) 25()
+ [22(0)2, (B) = 21(0)25(B)] - [y (~D)(0) — 2 (— )y, (0)
Na(E) = [y2(0)y1(=b) = y1(0)2(—b)] - [22(6)21 (0) = 21(b)2(0)
+[21(0)22(b) — 22(0)21(B)] - [y2(—b)yy (0) — w1 (—b)ys
2 (

)
)

N3(E) = [y2(0)y1 (=) — 51 (0)y2(—b)] - [2(0)z1 (b) — 21 (0)z5(b)

’ 2(0)] - [y2(—b)yy (0) — y1 (—b)yo(0)

[21(b)2(0) — 22(b) 2, (0)

21(0)22(b) — 22(0)21.(b)] - [y (—b)yy (0) — 13 (—b)ya(0)

) (
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Section S4 The Group Velocity

cos (KT) = f(E)sinh (8(E)a) + g(F) cosh (8(E)a)
—T'sin (kT) = %% sinh (B(E)a) + af(E) d(EE) I cosh (B(F)a)
d‘(;(E ) Zf cosh (B(F)a) + ag(E)%% sinh (B(F)a)
p _(Y(E) dp(E)\ dE . dg(E) dp(E)\ dE
—T'sin (kT) = ( s +a (E)dE> %bmh (B(E)a) + (dE —I—af(E)dE> %CObh (B(E)a)
—Tsin (kT) = [(dJ;(E) + ag(E) dfl(EE)) sinh (8(F)a) + <dgd(é?) + af(E)dﬂd(El?)> cosh (B(E)a)} %
iE_ . df () dB(E) dg(E) dp(E) -
e —T'sin (kT) [(dE +ag(E) 1B ) sinh (8(E)a) + (dE +af(E) ¥z ) cosh (B(E)a)}
vg = Tsmh(lcT) [(dj;(g) + ag(E) dfl(EE)> sinh (B(E)a) + <d€l(§) +af(E) di)lSEE)> cosh (5( )a)}
_ Tsin(kT)
0=t E)
Where,
Hy(E) = (led(g’) + ag(E)dﬁd(EE)) sinh (8(F)a) + (dgd(é?) + af(E)dﬁd(EE)> cosh (8(F)a)

The energy Ho(FE) function can also be simulated numerically and explains to some extent the orientation for the
rectangular-like potential of negative intensity.
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Figure S4: Numerical simulation of the energy Hy(E) function for 30 energy values and for heights of 10, 25, 100, and
125 as indicated in the figure. The colors represent the simulated heights used in Figure 7.
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Section S5 The Effective Mass

—T'sin (kT) = dd(gj dE)> Zf sinh (B(E)a) + (dgd(l?’) +af(E) d(E )> dfkcosh (B(E)a)
4E () PBE) | doE) dBE) | RIE)\] dE
2 cos (KT) = [k: ( dE2 TR T + T )} %smh (B(E)a)

9(E do( )> d/fl(E ) (dk) cosh (B(F)a) + 2712? sinh (8(E)a)

dE dQﬁ df(E) dB(E) | d°g(E)\] dE
+ [k( dE? L4 dE dE | dE? )} a; cosh (BE)a)

(e,
—T?cos (kKT) = <k> (ag(E)ddﬁE(f) + adil(é?) dg(EE) + dde(f)) sinh (8(F)a)

ag(F) di(EE) + dZ(Z?E)) dfl(E ) (dk> cosh (B(E)a) + Cfi? sinh (8(E)a)

+
/N
N

R (5 s BB + G cosh (3(E)0)

2 2
f(E)d@gEudil(EE)) o2AE) (‘jlf) sinh (3(E)a) + 52 cosh (5(E)a)

S

dE 2 d?B(E d dB(E d2a(E
+(k) (af(E) 8E) | SO BE) | dgbg2>>cosh(5(E)a)

—T2 cos (kT) = <C(l1§ {ag(E)d(fE(QE‘) + dil(EE) dg‘(EE) + ddf;f)} sinh (8(E)a)
2 2 2
+ <Cf£ [af(E)ddngE) +a dJ;(E) d@(EE) + ddgE(J‘f)} cosh (B(E)a)
2
+ adf;EE) (ﬁ) [(ag( )% + df;;) cosh (B(E)a) + <af(E)dBd(]§) + dfi(]g>> sinh (B(E)a)]
+ % { ag(E)% + J;(E)) sinh (B(E)a) + (af( )di(]f) + dfzg)> cosh (B(E)a)}
s T szf) y (E)ddﬂbgf) . dgjl(EE) d%ﬂ) . dde(f) L HE) (dflgﬂ)) sinh (B(E)a)
N (C;Z;) af(E)ddﬂbEf) \ o dJ;(E) di(éf) s ddgéf) +2(B) <dfu§)) cosh (B(E)a)
+ O Kag( EE) | HE) )) sinh (B(E)a) + <af<E>df“§) ¥ d@f’) cosh (5(E>a)}
PE - T2 cos (KT) + h?vZ Hi(E)
dkz ( Hy(E) )

The effective mass is given by the following equation.

2B\
* 2
m=h <dk>
2 (—T2 cos (kT) — hQUéHl(E))l
H,(E)
. —h?Hy(E)
~ T2cos (KT) + h2v Hi(E)

m

9
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Where,

d*B(E) dg(E) df(E) | d*f(E)
de2 TP ap ap TR

d*B(E) df (E) dB(E) | d°g(E)
iz "*74E dE T dE?

Hy(E) = (ag(E)% + %) sinh (B(F)a) + (af(E)% + iE ) cosh (8(E)a)

H\(E) = +a’f(E)

ag(E)

af(E) +a?g(E) | 552

10
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Section S6 Generalization for N-potentials coupled to a known potential

Using Bloch’s theorem for N coupled potentials of the form V = {V;, V5, V3, - -

conditions must be satisfied:

-, Vn} and a known potential, the following

The transcendental energy equation is obtained by calculating the secular determinant of the transcendental energy

equation for N potentials coupled to a known potential.

y1(b2)  z1(b2)
0 0

—y2(b2)  —22(b2) 0
y2(bs)  z2(b3)  —ys3(b3)
0 0 0
0 0 0
0 0

—3,12(b2) 2y (bg) /0

Yo (b3) 25(b3) —y5(bs)
0 0 0
0 0 0
0 0 0

0
—23(b3)

By rearranging some rows of the secular determinant, we obtain this new determinant.

y1(b2)  z1(b2)
0 0

—y2(b2) —22(b2) 0
y2(bs)  z2(b3)  —ys3(b3)
0 0 0

—yy(b2) —zy(b2) 0

Yo(b3)  zp(b3)  —ys(b3)

O OO0 oo .-
O OO0 oo .-
O OO0 oo .-

0
—z3(bs)

—2,(bs)

0 0 0 0 0
0 0 0 0 0
yn—l(bn) Zn—l(bn) —Yn (bn) —Zn(bn) 0
0 0 Yn(bnt1)  2n(bns1)  —Yn+1(bnt1)
0 0 0 0 —e* Ty t1(bm)
0 0 0 0 0
0 0 0 0 0
’ : ! ’ ! : /V i
yn—l(bn) zn—l(b“) _,yn (b“) _/Zn(bn) , 0
0 0 Yn (bnt1) 2 (bnt1) —yn+1/(bn+1)
0 0 0 0 —e* Ty 1 (bm)
0 0 0 0 0
0 0 0 0 0
ynfl(bn) anl(b’n) —Yn (b’n) 7Zn(bn) 0
0 0 0 0 0
0 0 0 0 0
’ : ! ’ ! : /. i
ynfl(b") anl(b") _yn(bn) _Zn(bn) 0
0 0 Yn(bnt1)  zn(bnt1)  —Ynt1(bn+1)
0 0 Yn (bn+1) Zn(anrl) _yn+1(bn+1)
0 0 0 0 = yn 11 (bm)
0 0 0 0 —e* Ty 1 (bm)

0
—Zn+1 (b'n+1 )
7€iszn+1 (bm)
0
0

0
_?n+1/(bn+1)
,8szzn+1 (bm)

0
—Zn+1(bnt1)
—Zp l(b’ﬂ+1)
—eT 211 (bm)
_eikTZ;z+1(bm)

To solve the secular determinant of the coefficient matrix, we will divide the determinant into four subdeterminants to
make the calculation of the transcendental energy equation easier to be handle and the expected result is:

Therefore,

0=D1+ D2+ D3+ Dy

11
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Section S6.1 Determinant D1

y1(b2)
0

0
!
Y7 (b2)
D1=zpt1(bpt1)-| O

0

0
y1(b1)
vy (b1)

z1(b2)  —y2(b2) —z2(b2) 0 0
0 y2(bs)  z2(b3)  —ys(b3) —z3(bs)
0 0 0 0 0
z1(b2)  —yp(b2)  —z,(b2) 0 0
0 Yo(b3)  2zy(b3)  —ys5(b3) —z5(bs)
0 0 0 0 0
0 0 0 0 0
z1(b1) 0 0 0 0
21 (b1) 0 0 0 0

The subdeterminants of the determinant D1 are the following three:

Section S6.1.1 DH;

!
DH11(E) = —yn+1(bn+1) :

Section S6.1.2 DH?

DH}(E) = e*Typi1(bm) -

Section S6.1.3 DH}(E)

. ’
DH%(E) = *emTyn-&-l(bm) :

()
y1(b2) z1(b2) —y2(b2) —z2(b2) 0 0
0 0 y2(bs)  z2(b3)  —ys(b3) —=z3(bs)
0 0 0 0 0 0
ni(b2) 2 () —yp(ba) —zm(b2) 0 0
0 0 yg(b3) Z2(b3) —y3(b3) _2’3(173)
0 0 0 0 0 0
y/l(bl) Z}(bl) 0 0 0 0
y1(b1)  z(b1) 0 0 0 0
(E)
y1(b2) z1(b2)  —y2(b2) —z2(b2) 0 0
0 0 y2(b3)  22(bz)  —ys(bs) —z3(bs)
0 0 0 0 0 0
vi(b2) 2 () —yp(ba) —zm(b2) 0 0
0 0 Yo(b3)  z(bs)  —wys(bs) —z3(bs)
0 0 0 0 0 0
0 0 0 0 0 0
yy(b1) 2y (b1) 0 0 0 0
y1(b2)  z1(b2) —y2(b2) —z2(b2) 0 0
0 0 y2(bs)  z2(b3)  —ys(b3) —z3(bs)
0 0 0 0 0 0
yi(b2) 2 (b2)  —yp(ba) —zm(b2) 0 0
0 0 y2(b3) 22(b3) —y3(b3) _Zs(bB)
0 0 0 0 0 0
0 0 0 0 0 0
y1(b1) z1(b1) 0 0 0 0

12

0 0 0 0 0
0 0 0 0 0
ynfl(bn) anl(bn) _yn(bn) _Zn(bn) 0
0 0 0 0 0
0 0 0 0 0
’ ’ ’ ' /. /. ’
ynfl(b’ﬂ) Zn—l(bn) _/yn(b’ﬂ) _lzn(b”) , 0
0 0 yn(bn+1) Zn(anrl) _yn+1(bn+1)
0 0 0 0 —e* Ty, 11 (bm)
0 0 0 0 e Ty (bm)
0 0 0 0
0 0 0 0
ynfl(bn) anl(bn) _yn(bn) _Zn(bn)
0 0 0 0
0 0 0 0
!’ ’ ’ : /: /:
Yn—1(bn)  Z_1(bn)  —yp(bn) —2,(bn)
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
yn—l(bn) Zn—l(bn) 7yn(bn) *Zn(bn)
0 0 0 0
0 0 0 0
! ’ /: /:
yn—l(bn) Zn 1(bn) jyn(bn) jzn(b’“«)
0 0 Yn(bnt1) 2, (bni1)
0 0 0 0
0 0 0 0
0 0 0 0
Yn—1(bn)  2zZn—1(bn) —yn(bn) —2zn(bn)
0 0 0 0
0 0 0 0
U1 (On) 2, g (0n)  —yn(bn) 2 (bn)
0 0 yn(bn+1) Zn(bn+1)
0 0 0 0
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Section S6.2 Determinant D2

y1(b2) z1(b2) —y2(b2) —=z2(b2) 0 0
0 0 y2(b3) z2(b3)  —y3(b3) —z3(b3)
0 0 0 0 0 0
, Yr(b2) 2 (b2)  —yp(b2)  —z5(b2) 0 0
D2 = —z,,1(bpt1) - 0 0 Yo (b3) 25(b3) —y3(b3) —z53(b3)
0 0 0 0 0 0
0 0 0 0 0 0
y1(b1)  z1(b1) 0 0 0 0
yp(b1) 2 (b1) 0 0 0 0

The subdeterminants of the determinant D2 are the following three:

Section S6.2.1 DHJ(E)

DHQI(E) = —Yn+1(bnt1) -

Section S6.2.2 DH3(E)

DH3(E) = e* Ty 1 (bm) -

Section S6.2.3 DH3(E)

’

DH3(E) = ="y, (bm) -

y1(b2) z1(b2) —y2(b2) —22(b2) 0 0
0 0 y2(bs)  z2(bz)  —ys(b3) —=z3(bs)
0 0 0 0 0 0
Y1(b2) 2 (b2)  —yp(b2)  —z,(b2) 0 0
0 0 Yo (b3) 2,(b3) —y3(b3) —z3(b3)
0 0 0 0 0 0
y} (b1) Z} (b1) 0 0 0 0
y1(b1) 2 (b1) 0 0 0 0
y1(b2)  z1(b2) —y2(b2) —=22(b2) 0 0
0 0 y2(b3) z2(b3)  —y3(b3) —z3(b3)
0 0 0 0 0 0
Yy (b2) 21 (b2) _Zl/z(bZ) _fg(b2) /0 ,0
0 0 Yo(b3)  2z(bs)  —wys(bs) —z3(bs)
0 0 0 0 0 0
0 0 0 0 0 0
y (1) 2 (b1) 0 0 0 0
y1(b2) z1(b2) —y2(b2) —z2(b2) 0 0
0 0 y2(bs)  z2(bz)  —ys(b3) —z3(bs)
0 0 0 0 0 0
y1(b2) 21 (b2)  —yp(b2)  —z5(b2) 0 0
0 0 Yo(b3)  23(bz)  —yz(b3) —23(bs)
0 0 0 0 0 0
0 0 0 0 0 0
y1(b1)  z1(b1) 0 0 0 0
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0 0 0 0

0 0 0 0
ynfl(bn) anl(bn) _yn(bn) _Zn(bn)

0 0 0 0

0 0 0 0

Y1 (bn) 2z 1 (bn)  —yn(bn)  —z,(bn)

0
0
0

1

0 Yn(bnt1)  zn(bnt1)

0 0 0

0 0 0 -
0 0 0 0
0 0 0 0

0 0
0 0
!’ ' ’ ’
ynfl(b’"«) anl(b’ﬂ)
0 0
0 0
0 0
0 0
Yn—1(bn) zn—1(bn)
0 0
0 0

Un_1(bn) 2z, 1(bn)  —yn(bn)  —2,(bn)
Zn(bn+1)

0 0
0 0

0 0
0 0

ynfl(bn) anl(bn)
0 0
0 0

Yn_1(bn) 2z 1 (bn)  —yn(bn)  —2,(bn)
n+1)

0 0
0 0

_yn(bn)
0
0

Yn (bn+1)
0

~Yn(bn)
0
0

Yn (bnt1)
0

o

0
_yn+1 (bn+l)

*elkTynJrl (bm)

=]

0

2 (bn)

0
0

zn(b
0

. ’
elkTynJrl (bm)
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Section S6.3 Determinant D3

yi(b2) z1(b2) —y2(b2) —22(b2) 0 0
0 0 y2(bs)  z2(b3)  —wys(bs) —=z3(bs)
0 0 0 0 0 0
ni(b2) 2 (b2)  —yp(ba) —zm(b2) 0 0
D3 = eiszn+1(bm) . 0 0 Yo (b3) 25(b3) —yz(b3) —z3(b3)

o O oo
o O oo
o O oo
o O OO

The subdeterminants of the determinant D3 are the following three:

Section S6.3.1 DHi(E)

y1(b2) z1(b2) —y2(b2) —z2(b2) 0 0
0 0 y2(b3)  z2(bz)  —ys(b3) —=z3(bs)

0 0 0 0 0 0

Lo pa(b2) oz (b2)  —wa(b2)  —z5(b2) 0 0
PHi(E) = —nialbns) | o 00 ypba)  z(bs)  —wa(ba)  —=(bs)

0 0 0 0 0 0

0 0 0 0 0 0

Y (1) 2 (b1) 0 0 0 0

Section S6.3.2 DHZ(E)

y1(b2) z1(b2) —y2(b2) —z2(b2) 0 0
0 0 y2(b3) 22(b3)  —y3(bz) —z3(b3)

0 0 0 0 0 0

, yp(b2) 2 (b2) —uplbe) —2y(b) O 0

DH2(E) = bri1) - 7 ) ; /
5(B) =npa(barr) -7 g 0 yibs)  zh(bs) —vs(bs) —=4(bs)

0 0 0 0 0 0

0 0 0 0 0 0

yp(b1) 2y (b1) 0 0 0 0

Section S6.3.3 DH3(E)

y1(b2)  z1(b2) —y2(b2) —z2(b2) 0 0
0 0 y2(b3)  z2(b3)  —y3(b3s) —z3(b3)

0 0 0 0 0 0

. , ! ba2) Z/ (bz) —y/ (62) —Z/ (bz) 0 0

DH3(E) — —eikT ) - Y ( 1 Y2 %2 ) )
e T A A (A OO A

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0
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0
0

Yno1(bn)  zn—1(bn)

0
0

ynfl(b’"«) anl(bn)

0
0
0

0
0

ynfli(bn) anl.(bn) 7yn.(bn) 7Z?’L.(bn)

0
0

Yo i) 2 i) —th(b) =)

0
0

ynfl.(bn) anl(bn) _yn.(bn) _Zn‘(bn)

0
0
ynfl(b’ﬂ)
0
0
0
0

yn—l(bn) Zn—l(bn) 7yn(bn) 7Zn(bn)

0
0

Yn_1(bn) 2z, 1 (bn)  —yn(bn)  —2,(bn)

0
0

0
0

0
0
0

0
0

Z 1 (bn)  —yn(bn)  —z,(bn)

0
0

0
0

0
0

0 0 0
0 0 0
_yn(bn) _Zn(bn) 0
0 0 0
0 0 0
;: ; :
_yn(b”) _Zn(b") 0
y?(bTLJrl) Z?(bn+1) _y7+1 (brnt1)
Un(bnt1)  2n(bng1)  —¥pyq(bnia)
0 0 —et* Ty 1 (bm)
0 0
0 0

Yn(bnt1) 2, (bng1)
0 0

0 0
0 0

0 0
0 0

Yn(bnt1)  2zn(bn1)
0 0

0 0 0
0 0 0

0 y? (bn+1) Zy(anrl)
0 yn(bn+1) Zn(bn+1)
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Section S6.4 Determinant D4

y1(b2)  z1(b2) —y2(b2) —22(b2) 0 0
0 0 y2(b3)  z2(bs)  —ys(b3) —z3(bs)

0 0 0 0 0 0

o Yi(b2) 2 (b2)  —yp(b2)  —z,(b2) 0 0
Da=—e*Tz  (bm)-| O 0 Yo(b3)  2Z(bs)  —wys(bs) —z3(bs)

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

y1(b1)  z1(b1) 0 0 0 0

The subdeterminants of the determinant D4 are the following three:

Section S6.4.1 DH}(E)

y1(b2) z1(b2) —y2(b2) —=22(b2) 0 0
0 0 y2(bs)  z2(bz)  —ys(b3) —z3(bs)
0 0 0 0 0 0
L) — n(b2) #1(h2)  —ypb2) —2(b2) 0 0
DHi(E) = =yn1(bat1) - |7 0 yslbs) ()  —yhlbs) —z(ba)
0 0 0 0 0 0
0 0 0 0 0 0
y1(b1) z1(b1) 0 0 0 0
Section S6.4.2 DH3(E)
y1(b2)  z1(b2) —y2(b2) —22(b2) 0 0
0 0 y2(b3)  22(bz)  —ys(b3) —=z3(bs)
0 0 0 0 0 0
20 _ ui(ba)  2y(ba)  —ya(ba)  —zy(b2) 0 0
PHEE) Zvnna ) 500 07 yhlen)  z(ba)  —vhlbs)  —2h(bs)
0 0 0 0 0 0
0 0 0 0 0 0
y1(b1) z1(b1) 0 0 0 0
Section S6.4.3 DH}(E)
y1(b2) z1(b2) —y2(b2) —z2(b2) 0 0
0 0 y2(bs)  z2(b3)  —ys(b3) —z3(bs)
0 0 0 0 0 0
3.y _ kT |y (b2) 2 (b2) —1///2(1)2) %2(172) 0 0
DH{(E) = =eTumnm) 170 " 0 yybs)  Zhbs)  —ulbs) —z(s)
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
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0 0 0 0 0
0 0 0 0 0
ynfl(bn) anl(bn) _yn(bn) _Zn(bn) 0
0 0 0 0 0
0 0 0 0 0
Yn—1(bn)  2Z,_1(bn)  —yn(bn)  —2,(bn) 0
0 0 yjl(anrl) Z?/l(bn+l) _?JjH»l(anrl)
0 0 Yn(Ont1)  Zp(nt1)  —Ypy1(Ony1)
0 0 0 0 —e* Ty, 1 (bm)
0 0 0 0
0 0 0 0
ynfl(bn) anl(bn) _yn(bn) _Zn(bn)
0 0 0 0
0 0 0 0
Vo iOn) Sy On) v —2(on)
0 0 yn(b’ﬂ+1) Zn(bn+1)
0 0 0
0 0 0 0
0 0 0 0
yn—l(bn) Zn—l(bn) _yn(bn) _Zn(bn)
0 0 0 0
0 0 0 0

Un_1(bn)  zn_1(bn)  —yn(bn)  —z(bn)

0
0

0
0

Yno1(bn)  2zn1(bn)

0
0

yn—l(bn) zn—l(bn)

0
0

0
0

0
0

0
0

yn(bn+1) Zn(anrl)
0 0
0 0
0 0
—Yn(bn)  —2zn(bn)
0 0
0 0
~Yp(bn) =2, (bn)
Yn(bnt1) 2 (bnt1)
yn(bn+1) Zn(bn+1)
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Section S6.5 Transcendental Energy Equation
The resulting transcendental energy equation is given by the following respective equation.

0=D1+D2+ D3+ D4

0= 201 (bus1) - [~Wsa (buss) - HEE) + €Ty (b) - HE(E) = €Ty, (b) - HY(B)|
- Z;L+1(bn+1) : [—yn+1(bn+1) ) Hzl(E) + eikTynH(bm) 'H22(E) - eikT?J;H(bm) ) HS(E)}
+ e 1 (bm) - |1 (Ons1) - HE(E) + Yy () - HE(B) = e"kTy;H(bm) - H(B)|
— T 1 (Om) - [nr1Ons) - HEE) + Y () - HE(B) = €Ty (b) - HY (E)|

Simplifying €T of the transcendental energy equation and collecting like terms.
0= zn41(bpt1) - {—e_ikTy;lH(bnﬂ) CHU(E) + Y1 (bn) - HE (B) = g1 (bn) - H?(E)}
~ 1 Bni1) - [~ g1 (Oni1) - HE(B) + Y1 (bm) - HE(E) = 4111 (bwn) - HE ()|
+ 2051(bm) + [~Yn41(0ns1) - HY(E) + 91 (busa) - HE(E) = €7y, (b) - HE (E)]
2t ) [~ G - HE(E) + 44 (1) - HE(E) = ¥y (o) - ()]
Grouping the terms, we can have the following condition:
0= Zu41(buss) - [+ (b) - HY(E) -
21 Ons1) - [Fys1 () - HE(E) = g4 () - HE (E)|

(B) = i
+ zus(b) - [~ (busa) - HY(E) + y;H(bnm - H3(E)]
HB) +

but1)
— Zg1 () - [Yata (burn)
T |t (bW (bns1) - HEE) + 2y (br )Y (b)) - HI(B)|

| kT |:_Zn+1(bm)y;1+1(bm) -H3(E) + z;LH(bm)ynﬂ(bm) . Hff(E)}

where
H(E) = H3(E)
H{(E) = H;(E)
H{(E) = H;(E)
H3(E) = H3(E)
H3(E) = Hi(E)

Substituting the previous equalities in the transcendental energy equation, we have the following:
0= zns1(bns1) - [y (bm) - HE(E) =y (bn) - HY (E)]
- z;H(an) (Y1 On) - BE(E) = 4,1 (bn) - H3(E)]

) HE(E) + Yy i1 () - HE(E)|

) Hi(E) + g (bosr) - HY(E))|

+ Zn+1 yn+1 n+l

- Zn+1 [ Ynt1(
+ T HH(B) [zt (bns )W (Bue) + 2 (b1 (B |

+ € HI(B) [~ 241 B )1 () + 222 (b1 (b))

n+1

16
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Grouping again the terms, we can rewrite as

0= H3(E) [2ne1 (a1 (bm) = 204151 (i)

+ H(E) [2n41(bn+1)Yn+1(0m) — Znt1 (0m)Yns1 (b))
(B) [ =21 bu 1)1 (o) + 2051 (b )1 (b 1)

HY(B) [~z (bW (bm) + 2041 (b1 (o)
+e T HI(E) |:_zn+1(bn+1>y;+1(bn+1) + Z;z+1(bn+1)yn+1(bn+l):|

+ T HY(E) | =241 (52 () + 21 (b )i (b))

If we apply Abel’s identity to the transcendental energy equation, the transcendental energy equation is written by:

0= HE(E) |:Z’;L+1(bn+1)y’:’l+1(bm) - Z;L+1(bm)y;z+1(bn+1):|
+ HY(E) [2n41(bn41)¥n+1(0m) — Znt1 (b)) Ynt1 (b))
+ H3(E) [ =241 (o)1 () + 201 ()Y 1 ()]

+ Hi (E) {_ZnJrl(anrl)y;hLl(bm) + Z;+1(bm)yn+1(bn+1):|

+e T Hll (E)W {yn+1, Zn+1}

+e Hg(E)W {yn+1, Zn+1}

The above equation represents the generalization of the transcendental energy equation, which is derived for N potentials
V(x) coupled together with a null potential. Now, we will prove that the determinants H{(E) and H3(E) are equal. Let

the determinants be H{ (E) and Hj(E)

HY(B) =

H(E) =

y1(b2)

z1(b2)
0

0

—y2(b2)
y2(bs3)

0
=Y (b2)

—z2(b2)

0

0

za(b3)  —ys(bs) —z3(b3)

0
—24(b2)

0
0

0
0

yp(bs)  zg(bs)  —ys(bs) —zy(bs)

0
0
0

—y2(b2)
y2(b3)

0
—Ys (b2)

0
0
0

—2z2(b2)

0
0
0

0

0
0
0

0

za(bs)  —y3(bs) —z3(b3)

0
_22(b2)

0
0

0
0

yp(bs)  zy(bs)  —ys(bs) —zy(bs)

0
0
0

0
0
0

o oo -

0
0
0

v
yn_1(bn)
0
0

21 (bn)

Zn—l(bn)
0
0

,
Zn—l(bn)
0
0

~Y (bn)
y? (bn+1)
Yn (bn+1)

—2,,(bn)
Z;L (bn+1)
2y, (b+1)

If the determinants of the matrices H{(E) and Hj(E) have the same value, their substractions them yields a value equal

17



applied sciences

to zero. This would simplify the transcendental energy equation remarkably.

Hi (E) —

H3(E) =

y1(b2)
0

z1(b2)
0

z1(b1)
2y (b1)

—y2(b2)
y2(b3)

0
~u5(b2)
Yo (b3)

[e=]

—y2(b2)
y2(b3)

0
~yy (b2)
Yo (b3)

0
0

—2z2(b2)
z2(b3)

0
—25(b2)
2z5(b3)

[e=]

—22(b2)
z2(b3)

0
— 2, (b2)
2y (bs)
0
0
0

0
—y3(b3)

0

0

’
*yg(bS)

[e=]

0
—y3(b3)

0
0
_yg(bS)

0
0
0

0
—z3(b3)

0
0
’
—Z3 (b3)

[e=]

0
—z3(b3)

0
0
—25(b3)

0
0
0

0 0

0 0
Yn 1(bn) Zn—l(bn)

0 0

0 0

. .
Yn 1(bn) Zn—l(bn)

0 0

0 0

0 0

0 0
Yn 1(bn) anl(bn)

0 0

0 0
;o ;o
ynfl(b”) znfl(b’"«)

0 0

0 0

~Yp (bn)
_y7 (bn+1)
~Yp (bnt1)

~p (bn)
*yy (br+1)
~Yn (b’n+1)

—2,,(bn)
_27 (bn+1)
—2zp, (bnt1)

—2,,(bn)
*27 (bn+1)
—Zn (b’ﬂ"rl)

However, the above equation represents the secular determinant of N coupled potentials. Therefore, its secular determinant
must be equal to zero. This implies that the determinants H{ (E) and H3(E) have the same value.

= WUy

Wy (b2) (b2)
Wy(b3) = W3(bs)
Ua(by) = Wa(bs)
Uy(bs) = Ws(bs)
W (1) - W, (b)
‘1’1(52) = ‘I’z(bz)
‘I’:z(b3) = ‘I’:s(bs)
‘I’;(IM) = ‘1’51(54)
Wy (bs) W (bs)
Vi) = W)

Therefore,

HE(E) (20014101 (bm) = 212 ()1 ()|
+ Hl (E [ZnJrl( 1) Yn+1(bm) — Zn+1(bm)yn+1(bn+1)]

)
+ H3(E) [ n+1( 1) Yn+1(bm) + Zn+1(bm)y;1+1(bn+1)}
)

+ H4( [ Zn41(b n+1)y;1+1(bm) + Z;L+1(bm)yn+l(bn+1):|
+ e T HO (E)W {yn+1a Zn+1}

+ kT Hg(E)W {Yn+1: Zns1}
cos (kT) = —A(E)
cos (kT) =T(E)

18
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Where I'(E) is the energy function of the system and it is given by the following equation:

— H42(E) 4 ’ ’ ’
I(E) = 2H8(E)W{yn+1, Zn+1} [zn-i-l(bn-&-l)yn-i-l(bm) - zn+1(bm)yn+1(bn+1)}
Hi(E)
SHYEIW (g ama) - Ot Wt () = 2o (i ()]
H3(E) / :
" 2HG(EYW {Yn+1, Znt1} {_Z”H(bnﬂ)ynﬂ(bm) + Zn“(bm)y"“(bnﬂ)}
HNE / '
+ 4( ) [_Zn+1(bn+1)yn+1(bm)+Zn+1(bm)yn+1(bn+1)}

e Group velocity:

QH(())(E)W {yn+1, Zn+1}

The group velocity associated with the system is given by the following equation:

ve = 7Tsinh(kT) <d1;5§))1

The extreme value of the group velocity is given by the following equation:

v 2 —2
2
0 =T cos (kT)@ — sin (kT)dding) %
0 =T cos (kT)% — hvg sin (kT) di;gf)
0 =T cos (KT) dZ(E) - (—T in (kT (dI;l(EE)> %m(kT)%
0 = cos (kT) (dl; > + sin? (kT)%

-

o:

dE2

o Effective mass:

) + dE2 sm(kT)tan(kT)
Jr

sin (kT)ltan (kT) <d12155 )>

The effective mass associated with the system is given by the following equation:

m* = dF( ) <T2 cos (kT) +

dQF( ) h2 -
dE?

dE

The value of the discontinuity of the effective mass is given by the following equation:

0=

0=

d*T(E)

0 =T?cos (kT) + 5 h?vg,
d’T(E)  T?cos (kT)
dE? ﬁQ’Ué
2r(E) dl(E)\° 1
T T
dEI2 + COS (k ) ( dEl T2 Sin2 (k'T)

0:

d’T(E) 1 dl(E)\?
dE? sin(k‘T)tan(k;T)( dE )

19
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Section S7 Generalization for N-coupled potentials together with another
arbitrary potential

Section S7.1 (Generalization of the coupled zero-potential and approximation to the Dirac-
delta periodic potential

Starting from the general solution for a potential V' = V()

cos (kT) =T(E)

Hi(E)
_QHg(E)W{yn-&-hzn+l}
Hi(E)

- 2H8(E)W{yn+1,zn+1}
Hj(E)

- 2H8(E)W{yn+172n+1}
Hj(E)

- 2H8(E)W{yn+1azn+1}

Using {yn41(x), zn41(2)} = {€*7, e~} and substituting into the transcendental energy equation.

’

1Bt )81 (bm) = 21 (b)Y (B

cos (kT) =

[ZnJrl (bt 1)Yn+1(bm) — Zny1(bm)Ynt1 (bn+1)]

[ =201 o1 yns1 () + 201 (b1 (1)

[_Zn+1 (bn+1)y;z+1 (brm) + Z;wrl (b )Ynt1 (bn+1)]

___ HiE) y H}(E) y
cos (kT') = “SH(B) [~2ia] [2ia” sin (aa)]| — SHO(E) [~2ia] [2i sin (ca))
H3(E) Hj(E)

[2ic cos (aa)] — [—2ic cos (aa)]

~ 2HJ(E) [2id] 2HY(E) [-2ia]

Therefore, the transcendental energy equation is given by:

H}(E)
@

cos (kT) = sin (aa) |:O¢HZ(E) + } + cos (aa) [HF(E) — Hy(E)]

2 2172 201y _ 71
Hl(E)JFSX Hi(E) + cos (aa) HQ(E)O Hy(E)
20H)(E) 2H{(E)
To find the group velocity and related effective mass, the energy fo(E) and go(E) functions must first be defined as:

_ HY(E) + o?H}(E) _ H3(E) - Hi(E)
2aHY(E) ’ 2H{(E)

cos (KT) = sin (aa) {

9o(E)

fo(E)

Once fo(FE) and go(FE) have been defined, we proceed to calculate the energy derivatives of I'(E) with in which, we can
obtain the group velocity and related effective mass by:

r(E) = sin (o) | FHELEE | oo [ FE S )

dr(E) (dfngm o)) ) sin (a(E)a) + ( o) 2B dg;?) cos (a(F)a)

dE
ddIéQE) - |° CJ;OE(2E) = a*fo(E) <do:i(EE)> sin (a(E)a) — [GQO(E)ddOgQE) + Qadg;(EE) dc;(EE)} sin («(E)a)

To perform the Dirac-delta periodic potential approximation, the following limits must be satisfied:

(Hf(E) + aQHZ(E)> — Fy(b, w)

2H{(E)

H2(E) — HL(E)

li E)) = li A S S R |
(b,1u)1—I>r(10,oo) <gO( )) (b,1u)l—I>I(10,oo) ( QH(())(E) )

lim = (afo(E)) =

(b,w)—(0,00) " (byw)—(0,00)
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Section S7.2 Generalization of the coupled rectangular-like potential and approximation
the Kronig-Penney periodic potential

Starting from the general solution for a potential V' = V()

cos (kT) =T'(E)

2
ST ey [Pt )0 0) = s b))
Hi(E)
- 2H8(E)W{yn+1,zn+1}
H3(E)

- 2H8(E)W{yn+1,zn+1}
H1(E)

- 2H8(E)W{yn+lvzn+1}

cos (kT) =

[zn+1 (bn—i-l)yn+1 (bm) — Zn41 (bm)yn+1 (bn+1)]

[~ 21 Ons 1 )yns1 Bm) + 201 (b2 (1)

[ =241 ns 1)1 (0m) + 21 (b1 ()|

Using the solution functions of the rectangular potential {y,11(z),znt1(2)} = {eﬁw,e’ﬁw} and substituting into the
secular equation for a general potential V = V(z), we have:

cos (kT) = —m [—2p% sinh (ca)] — 2[{(‘52@’()?25] [2sinh (aa)]
___HE) cosh (aa __He cosh (aa
2y 28] 0 0 gy gy P ot (0

Therefore, the transcendental energy equation is rewriten as

0 kT | —ikTY _ Q172 H}(E) 2 gyl

HY(E) (e"" + e~"*") =sinh (Ba) | -BH;(E) + 5 + cosh (Ba) [H3 (E) — Hy(E)]

H}(E) - B*H(E)
2BH{(E)

H3(E) — H; (E)
2H{(E)

cos (kT)) = sinh (Ba) [ ] + cosh (Ba) [

To find the group velocity and related effective mass, the energy f,.(E) and g,(F) functions must first be defined as:

_ HY(E) - B°H}(E)

_ H3(E) - Hi(E)

Once f4(E) and gq(FE) have been defined, we proceed to calculate the energy derivatives of I'(E) with in which, we can
obtain the group velocity and related effective mass as:

Hi(E) — B°H(E)

H3(E) — Hi(E)}

['(E) = sinh (8a) [ } + cosh (Ba) {

25H3(E) 2HJ(E)
T = (T + aa ()2 s E)a) + (L2 ()T ) cosh 60
P [aan 50 1 2B DN oy iy 4 | PHED 4y (D) s 0
+ [a £.(E) dzf’;f ) oY d(EE ) dflg)] cosh (B(E)a) + % + a2g.(E) (‘@?) | cosh (3(2)a)

To perform the periodic potential approximation Kronig-Penney must satisfy the following limits:

: , H?(E) - B?H}(E

tm () = fim, (B ) = Bt )
. . (HE)-HNE)\ _

7},1£n>0 (gr) - ul)lino (22H_(SJ(E,;1) = ka(b, w,E)
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Section S8 Proof of the value of the determinant H{(FE)

The determinant H{(FE) is equal to Hi (E) and H3(E). Therefore, it must first be shown that Hi(E) = H3(E).

Section S8.1 Determinant H}(FE)

yi(b2) 21(b2) —y2(b2) —22(b2) 0 0 e 0 0 0 B
0 0 y2(b3) z2(bs)  —y3(bg) —z3(b3) -+ .- 0 0 0 0
, 0 /0 /0 /0 0 0 yn—l(bn) Zn—l(bn) _yn(bn) _Zn(bn)
HN(E) = y1(b2) 2 (b2)  —yo(b2)  —z5(b2) 0 0 0 B 0 ]
0 0 Yo (b3) Zy(b3)  —ys(bs) —z5(b3) .- - 0 0 0 0
0 0 0 0 0 0 c eyl (bn) 2y (bn)  —yn(bn)  —z(bn)
y1(b1)  z1(b1) 0 0 0 0 0 0 0 A
n) =) 0 0 0 0 0 0 0 0

Performing a row swap on the determinant of the matrix Hi (E)

y1(b1)  z1(b1) 0 0 0 0 0 0 0 0

v (b1) 25 (b1) 0 0 0 0 0 0 0 0

y1(b2) z1(b2) —y2(b2) —z2(b2) 0 0 0 0 0 0

0 0 y2(b3)  z2(b3)  —ys(b3) —z3(b3) 0 0 0 0

D : : : : : U : : : :
Hl (E) - , 0 , 0 /O ,0 0 0 o e ynfl(bn) anl(bn) _yn(bn) _Zn(bn)

Yr(b2) 2 (b2)  —yp(b2)  —z5(b2) 0 0 SRS 0 0 0 0

0 0 Ya(b3)  2p(b3)  —ys(bz) —z3(bz) -+ - 0 0 0 0
0 0 0 0 0 0 c ey (b)) z_(bn) —yn(bn)  —z(bn)

Now by means of mathematical induction we are going to prove the determinant Hi (E) is equal to a product of wronskians
of the Schrodinger wave functions.

Section S8.1.1 From k to k+1

The determinant Dy is given by the following equation:

yr:(br) 2k (bk) 0 0

Yy, (bx,) 2 (b) 0 0
Y (Or1) - 2 (Ortr)  —y1(brg1) =241 (brt)
Yp(brt1)  2p(brt1)  —Ypyq(brt1)  —2p 0 (bkt1)

Dy =

Y1 (1) =21 (b1

D1 = [y (bx) - 21, (br) — 21 (br) - 9o (br)] - Y (bk1)  —2pa (bs1)

D1 = [y (i) - 2 (0k) — 2k (0k) - Y5 (0)] - W1 Br1) - 2y Orer1) = 21 (brget) - Y1 (i)
D1 =W {yr(br), 21 (k) } - W {yrt1(brkt1), zr41(brt1)}

Section S8.1.2 From k to k+1 and from k+1 to k& + 2

The determinant Dy, o is given by the following equation:

Yr (br) 2 (br) 0 0 0 0
vy, (b) 2, (by,) 0 0 0 0
Dus — YkOkt1)  2e(brt1)  —Yrt1(Okt1)  —2zk41(brt1) 0 0
k+2 = , 0 .0 yk/+1(bk+2) Zk/-s—1(bk+2) ~Yrt2(brt2)  —2rg2(bri2)
Y (brt1) 2 (brt1) _Z,/k+1(bk+1) —fkﬂ(bkﬂ) o0 L0
0 0 yk+1(bk+2) Zk+1(bk+2) *yk+2(bk+2) *Zk+2(bk+2)
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Yk (bx) Zl[v(bk) 0 0 0 0
Yy (br) 2, (by) 0 0 0 0
I o) z(Okt1) Y (Gkn) =21 (k) 0 0
W2 yk(bk+l) Zk(bk+l) _yk+1(bk+l) _Zk+1(bk+l) 0 0
0 0 Y1 (Ok+2) 21 (Okr2)  —ypr2(brp2)  —2pt2(brra)
0 0 yk+1(bk+2) Zk+1(bk+2) _yk+2(bk+2) _zk+2(bk+2)
Y1 (Ok41)  — 21 (k1) 0 0
_ 7 ’ —yk+1(bk+1) _Zk+1(bk+l) 0 0
Diro = — [yn(be) - 2 (br) — 25 (b)) - v (b)) ] -
k+2 [yk( k) - 25 (bk) — 21 (k) - Y, ( k)] y5€+1(bk+2) Z£c+1(bk+2) *ylc+2(blc+2) 72E+2(bk+2)
yk+1(bk+2) Zk+1(bk+2) _yk+2(bk+2) _Zk+2(bk+2)
“Yk+1(Ok41)  —2kr1(bk41) 0 0
_ _yk+1(bk+1) _zk+1(bk+1) 0 0
Dy = —W {yg(br), 25 (bx)} -
b2 {n(br), 21 (0w)} Y1 (brr2) 2z (brg2)  —yppa(brta)  —2pt2(bpt2)
yk+1(bk+2) Zk+1(bk+2) _yk+2(bk+2) _Zk+2(bk+2)
Y1 (1) 2o (bretr) 0 0
o Yy 1(bk+1) T 1(bk+1) 0 0
Dpyo=-W br), 2 (b))} - | TR +
ht2 (o (b)), 2 (b)) Y1 (bt2)  zpp1(Opt2)  —yrr2(brta)  —2k+2(bk+2)
Ypr1(Okt2) 2501 (Ok2)  —Yp 0(ri2)  —2p, o (bky2)

If £+ 1 = p, then we may write as

(bp) 0 0

Yp (bp) 2z (bp) 0 0
Yp(bp+1)  zig1(bps1)  —yp+1(bps1)  —zpr1(bp+1)
Yp(Op+1)  2p(bp+1)  —Ypr1(bp+1)  —2p4q(bpy1)
Dpt1 =W {yp—1(bp—1), 2p—1(bp—1)} - W {p(bp), 2p(bp)} - W {yp+1(bp+1), 2p+1(bp+1)}
Dyyo = =W {yr(br), 2k (br) } - W {yr41(Oky1)s 2or1(brtr1)} - W {yrs2(bry2); zpr2(bpt2)}

yp(bp) Z

~3

Dpt1 = =W {yp—1(bp-1), 2p—1(bp—1)} - 11)

Therefore,
y1(b1)  z1(b1) 0 0 0 0 0 0 0 0
yp(b1) =z (1) 0 0 0 0 0 0 0 0
y1(b2) z1(b2) —y2(b2) —z2(b2) 0 0 0 0 0 0
0 0 y2(b3)  22(b3)  —y3(bs) —z3(b3) 0 0 0 0
H(E)=| | 0 0 0 0 0 o i) znoa(be) —yn(bn)  —zn(bn)
ui2)  24(2) —yh(b2) —z(b) 0 0 0 0 A )
0 0 Ya(b3)  2(b3)  —ys(bz) —z3(bz) -+ - 0 0 0 0
0 0 0 0 0 0 oy (b)) 2z, () —yn(bn)  —z(bn)
HY(E) =W {y1(b1),z1(b0)} - [ ] (=)™ W {y (br), 2x (bx)}]
k=2
H{(E) = (=1)" - W {y1(b1), z1(b1)} - W {ya(b2), z2(b2)} - W {yz(b3), 23(b3)} -+ W {yn(bn), zn(bn)}
Section S8.2 Determinant H;(E)
y1(b2) z1(b2) —y2(b2) —z2(b2) 0 0 cee e 0 0 0 0
0 0 ya(b3)  z2(bs)  —ys(bs) —z3(b3) -+ - 0 0 0 0
/ 0 ’ 0 /O /0 0 O o ' ynfl(bn) anl(bn) _yn(bn) _zn(b'ﬂ)
H3(E’)— yy(b2) 2 (b2) *?/Jz(b2) *fz(bZ) ,O /0 0 0 0 0
SN U 0 Yp(b3)  zp(bs)  —yz(bs) —zz(bs) oo o 0 0 0 0
o 0 0 0 0 0 ha(n) mha(be) —va(a)  —2a(ba)
0 0 0 0 0 0 0 0 Yn(bns1)  2n(bng1)
0 0 0 0 0 0 0 0 Yn(bnt1) 2 (bni1)

Now by means of mathematical induction we are going to prove the determinant H3(E) is equal to a product of wronskians
of the Schrodinger wave functions respectively.
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Section S8.2.1 From k to k—1

The determinant Dj_; is given by the following equation:

Yro—1(bk) 2z (k) —yr(be)  —zi(bx)

Dy_q = ykfl(bk) Zk71(bk) _yk(bk) _Zk(bk)
0 0 Yre(br+1) 2k (bpetr)

0 0 Yp(brt1) 2 (br+1)

Dy—1 = [y (brs1) - 2 (it 1) — 2 (i) - v (brsn)] -

yr—1(bx)
Yp_1 (bk)

zk—1(bk)
21 (br)

Dio—1 = [y (brs1) - 2 (bhs1) — 2z (brs1) - Y O 1)] - [n—1.(0k) - 251 (b)) — 2—1 (b)) - o1 (03]
Di—1 = W{yr(br41), 2k (br+1)} - W {yr—1(bx), z1.—1(bx) }

Section S8.2.2 From ktok—1and from k-1 to k—2

The determinant Dj_o is given by the following equation:

Y—2(bk—1) zk—2(bk—1) —Yk-1(bk—1) —zk—1(bk—1) 0 0
0 ) 0 y/k—l(bk Z,k—l(bk) —yr(br)  —zx(br)
Do eoOr—1) 2, _or—1) —yp_1(br-1) —2,_1(br_1) 0 0
ko2 0 0 Y1 (b 2,1 (bk) =Y, (k) —2,(bg)
0 0 0 0 yzf(bkﬂ) lec(bk+1)
0 0 0 0 Yp(brt1) 2 (brt1)
yic—Z(blc—l) 21/672(bk—1) 7yﬁ—l(bk—1) *chfl(bkfl) 0 0
Yp_obr—1)  2p_or—1) —yp_1(bx—1) —2,_1(br—1) 0 0
Dioy = — 0 0 Yre—1(bk) 2k—1(bk) —yk(br)  —2k(br)
- 0 0 ykfl(bk) Zp— 1(bk) _yk(bk) _Zk(bk)
0 0 0 0 Y (brtr) - 2 (brgr)
0 0 0 0 U (bkt1) 2 (by1)
yl/c—Q(bk—l) lec—Q(bk:—l) Yk 1(br—1)
/ / Yp_obr—1)  2p_obr—1) —y,_1(br_1)
Dy = = [5,(bk41) - vk (brn) = v Orr) - 2 (brsn)] - PF72 k2 e
0 0 Y1 (bk)
Yr—2(bk—1) Zl/c—2(bk—1) ~Yk- 1(bg—1) - 1(bg—1)
_ Upo(bro1)  2p_o(br—1)  —Yp_1(bk—1)  —2zp_; (br—1)
Dy_o9=-W b b .
k—2 {yk( k+1)7zk( k+1)} 0 0 yl/c 1(b) Zi“ 1(bg)
0 0 ykfl(bk) Zkfl(bk)
If K — 1 = p, once more, the expression can be write as:
ylpfl(bp) zp—1(bp) —yp(bp) —Zg(bp)
Yp_1(bp) 2,1 (bp) *y (bp)  —2p(bp)
Dy_o=-W b , b . |7p P P D
k—2 {Up+1(bp+2); 2p+1(bp+2)} 0 0 uplbpn)  2p(byin)
0 0 yp(bp+1) 2 (bp+1)

Do =-W {yp+1(bp+2)v Zp+1(bp+2)} W {Z/p*l(bp)v prl(bp)} W {yp(bp+1)v Zp(bp+1)}
Dy_o = —W {yr(brs1), 26 (brt1)} - W {yr—1(bx); 2e—1(br) } - W {yr—2(br—1), 2x—2(bx—1)}

Therefore,
y1(b2) z1(b2) —y2(b2) —z2(b2) 0 0
0 0 y2(bs)  z2(bz)  —ys(b3) —z3(bs)
0 0 0 0 0 0
Hi(E) = Yr(b2) 2 (b2)  —yp(b2)  —z5(b2) 0 0
3 0 0 y2(b3) Zz(bfb‘) _yg(bB) _23(173)
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
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ynfl(bn) anl(bn)

0 0

0 0
Yn_1(bn) 2,1 (bn)

0 0

0 0

—2— 1(bx—1)
_Zkfl( ~1)

zk—1(bx)

2,1 (br)

0 0

0 0
_yn.(bn) _zn(bn)

0 0

0 0
_y;(bn) _Z;L(bn)
y?(bn-kl) Zzz(bn-&-l)
yn(anrl) Zn(bn+1)
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H3(E) = W {yn(bnt1), 20 (0nt)} - [T D™ W {yns1—kGnso—i), zns1-k(bnra—i)}]
k=2

H(E) = (=1)" - W {yn(bnt1), 2n(bn+1)} - W {yn—1(bn), 2n—1(bn)} - W {yn—2(bn-1), 2n—2(bn-1)} -+ W{y1(b2), 21(b2)}

Section S8.3 Determinant H)(F)
The determinants found H{(E) and H3(FE) have the following equations

Hi(B) = (=1)" - W {1 (b1), 21(b1)} - W {ya(b2), z2(b2)} - W {y3(b3), z3(b3)} -+ W {yn(bn), 2n(bn)}
H33(E) = (‘Un W {yn(bn+1); Zn(bn+1)} W {yn—l(bn)a Zn—l(bn)} 4 {yn—Q(bn—1), Zn—Z(bn—l)} ce W{y1(52), 2’1(52)}

However, because the Schrodinger equation has a constant wronskian, the following condition can be obtained from the
Abel identity.

Hi(E) = (=1)"- W {y(2), z1(2)} - W {g2(), z2(2)} - W {ya (@), z3(2)} -+ W {yn(@), 2a(2)}
H3(B) = (=1)" - W {yn(@), 20(2)} - W {yn-1(2), 20-1(2)} * W {yn-2(2), 2n—2(2)} -+ W{y(2), z1(2)}
Therefore, the determinants Hi(E) and Hj(E) are of equal value.
HO(E) = (—1)" - W {yn(2), 21(2)} - W {a (), 22(0)} - W {gs(@), 28(2)} W {y (), 20(2)}

The (—1)" term of HJ(E) does not affect the sign of the transcendental energy equation, since the determinants
HZ(E),H?(E),H3(E) and H}(E) change sign in the same way as HJ(FE) does.
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