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Abstract: This paper presents a fuel injection rate predictive model based on zero-dimensional
correlations from experimental results. This model estimates the fuel injection rate behavior with
varying parameters such as fuel injection pressure-injector energizing, the injection nozzle geometrical
characteristics, and fuel viscosity. The model approach was carried out with diesel fuel. Then, the
model was applied to the use of two alternative low-carbon fuels without diesel. An experimental
methodology was used under controlled conditions, employing an injection rate indicator to measure
the injection parameters in real time. The setup was carried out on a pump test bench using a common
rail injection system. The results show that the model can be adapted to different injection conditions
and fuels.

Keywords: diesel injection; solenoid-operated; fuel injection rate modelling; zero-dimensional model;
GTL fuel; HVO fuel; fuel injection pressures

1. Introduction

In the last 30 years, strict government policies have been developed to restrict the emission
levels of pollutants that mainly affect the emission of nitrogen oxides (NOxs), carbon monoxide
(CO), hydrocarbons (HCs), and particulate matter (PM). Implementing these environmental
policies is also intended to reduce the consumption of fossil fuels and encourage the use of
alternative low carbon fuels, such as biodiesel, gas-to-liquid, hydrotreated vegetable oil, and
farnesane, which also contribute to reducing pollutant emissions.

Manufacturers of fuel injection systems develop these systems focusing on the im-
provement of the combustion process for reducing pollutant emissions according to the
requirements of environmental regulations, increasing their efficiency and, therefore, the
brake engine efficiency. Numerous researchers have shown that fuel injection parame-
ters significantly impact pollutant emissions [1–4]. Research on the efficiency of injection
systems focuses on improving fuel atomization and optimizing the injection process to
achieve the best possible combustion in the cylinder. The rate of fuel injection (RoI) is
closely related to the heat release rate of the fuel; therefore, analyzing the parameters that
directly or indirectly affect the injection rate makes it possible to know how the fuel heat
will be released during the combustion process.

Alternative fuels are one of the most promising ways to reduce pollutant emissions,
along with modern catalytic aftertreatment systems [5–10]. Traditional biodiesels have been
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a promising substitute for diesel because of their good thermal efficiency and low CO and
SOx emissions [8]. However, other aspects related to crop and food availability have led to
the search for alternative fuels, including third-generation synthetic fuels such as farnesane
or hydrotreated vegetable oil (HVO). These synthetic fuels have high thermal efficiency and
lower emissions than traditional biodiesel [11–14]. The influence of biodiesel properties
on injection parameters has been extensively studied in traditional biodiesels [2,3,15–17],
although it has been studied to a lesser extent on these synthetic fuels [18–20].

Varying injection parameters such as injection timing, injection pressure, and fuel
spray duration is one of the strategies to improve engine performance [2,21–24] that can be
combined with the use of alternative fuels to reduce emissions. In injection systems, the fuel
injection rate depends on different control variables, such as injector nozzle geometry and
injector type, engine load, properties of the fuel used, and injection characteristics (multiple
injections, injection pressure, injection duration, etc.) [25–28]. This large variability of study
parameters complicates experimentation. Most researchers use robust test benches and fuel
injection rate indicator equipment [29] to reproduce the operating situations of injection
systems in vehicles. However, these facilities are costly and complex to maintain, making it
difficult for universities or companies with fewer resources to access this type of facility.

Injection rate simulations are a valuable tool for the reduction of experimental time and
error reduction, allowing the simulation of operating conditions that would be dangerous
for the experimental equipment. Simulations of injection rates can be performed with
zero-dimensional (0D) models [30,31], or multidimensional models in combination with
other mathematical and software tools [32–34]. 0D models are simple to implement and
require limited experimental trials [29].

In 0D models, the injection time variation is the most commonly used parameter for
studies focused on combustion behavior, emissions, and fuel consumption [29]. Although
other injection parameters, such as injection pressure, injector energizing time [29,35–37],
or injector nozzle geometry [38,39] have also been varied.

Regarding the injector geometry, some studies have reported the influence of the
number of holes in the cavitation processes with different fuels [40,41], and recommended a
study with single-hole nozzles to know the behavior of the injection rate more deeply. The
variation of nozzle diameters provides valuable information on how geometrical factors
can influence the injection rate and ultimately affect the performance and efficiency of the
fuel injection system.

Although 0D models for injection rate are simple, they are less commonly used
compared to one-dimensional (1D) models [29]. Payri R. et al. [42] developed a 0D model
capable of estimating the shape of the injection rate and the amount of fuel mass injected
with the lowest possible computational cost. In this work, the rate curve is divided into
three parts, and mathematical expressions of straight slopes are used to open and close the
fuel injection rate curve, which combines second-order Bézier curves to smooth the corners.
Xu et al. [43] divided the injection process into five stages and used different mathematical
strategies to model each stage, even combining the data from other experimental works,
such as those of Agarwal et al. [44], Seykens et al. [45], and Li et al. [46]. In Soriano
et al. [31], a model is presented that divides the injection rate curve into three parts: the
rising phase (from the beginning of injection until it reaches the maximum value of the
injector opening that coincides with the one obtained in Equation (10)), the middle phase
(in which the maximum amount of fuel is injected), and the falling phase (since the amount
of fuel injected begins to decrease). Gao et al. [47] developed a model using a similar
methodology to Soriano et al. [31]. They used experimental correlations with parameters
related to injector operation, fuel properties, and operating conditions to determine the
start of injection time, the end of injection time, and the slopes of the RoI curve. Perini
et al. [48] divided the rate-of-injection curve into four sections (1st needle lift, 2nd full-lift
hydraulic transient, 3rd steady state max rate, and 4th descent) to develop the 0D model.
The model combines the theoretical injection equations with the information obtained from
the experimental tests for each section.
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In this research, a 0D model is proposed to obtain the injection rate from certain
operating conditions, such as injection pressure, energizing time, and fuel temperature.
In addition, the geometry of the injector nozzle and some of the fuel properties are used.
Injectors with single-hole nozzles were used to avoid the uncertainties caused by using
multiple-hole nozzles on the rate of fuel injection. Data from two synthetic paraffinic fuels
have been included so that the model can simulate the rates of these fuels and extend the
usefulness of the model obtained. The model proposed in this work is based on other 0D
models already published [42,43,47,48], but particularly, it is an evolution of the model
presented by Soriano et al. [31]. The novelty of this article compared to previous ones lies
in the way in which the phases into which the fuel injection rate is divided are established,
using mathematical correlations that do not require the calculation of the phase shifts
between the energizing signal and the RoI signal.

2. Materials and Methods
2.1. Experimental Installation

Figure 1 shows the experimental setup used in the present investigation, which is
described in detail in Soriano et al. [31].
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Figure 1. Functional scheme of the experimental facility.

A pump injection test bench is responsible for supplying the appropriate fuel flow to
the high-pressure pump of the injection system so that it raises the pressure and sends the
fuel to the rail. The pressure-regulating valve delivers the fuel from the common rail to
the injector at the pressure and temperature conditions set for the test. The dyno control
system controls the pump pressure, injector pulse, injection frequency and pressure, and
injector injection timing.
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A fuel injection indicator model EVI-2 K-050-49 (Hantek®, Qingdao, China) was used
to determine the injection rate measurement experiments using the Bosch method [49]. The
EVI control unit displays the static system’s fuel temperature and back pressure.

The injector activation pulse was detected using a Hantek® CC 65 AC/DC current
clamp with a bandwidth of 20 kHz to measure the working intensity of the pulse. The
total mass of fuel injected (mf) was measured by a Kern PFB 3000-2 gravimetric balance
(Balingen, Germany). All generated signals were viewed with an oscilloscope and captured
by a data acquisition system (Yokogawa DL708E, Tokyo, Japan). More details about this
experimental setup and the measurement methods used can be found in [31,50].

A Bosch 089909/0445110239 solenoid-type injector (Gerlingen, Germany) was used in
this work. The three nozzles used have a K-factor of 3.5 and a single orifice (mono-centric).
The hole diameters of the nozzles are 115, 130, and 150 µm in diameter, respectively. A
Nikon CT-Scan-XT-H-160 X-ray scanner (Tokyo, Japan) was used to obtain the geometrical
characteristics of the injector nozzles. This scanner generated three-dimensional (3D)
images from two-dimensional (2D) images of the nozzles. In addition, image reconstruction
software (VGStudio Max 2.2) was implemented to perform data evaluation to calculate
variables such as areas, volumes, porosity, thickness, density, etc. Figures 2–4 show the
images obtained and the dimensions of each of the nozzles used in the tests.
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The measurement errors associated with each component of the experimental installa-
tion are detailed in Table 1.

Table 1. Equipment errors.

Name Error of Full Scale (%)

Diesel Regulator Valve (DRV) ±2
Temperature Sensors ±1
Current clamp ±2
Gravimetric balance ±0.01
Sensor connection wires ±0.0064
Fuel rate indicator ±0.6
Rail Pressure Sensor (RPS) ±5
Line Pressure Sensors (LPS) ±1.3

2.2. Test Fuel
2.2.1. Fuel Properties

One hydrotreated vegetable oil (HVO) fuel, supplied by REPSOL (Madrid, Spain),
and one gas-to-liquid (GtL) fuel, supplied by SASOL, were used in this study, the results of
which were compared with a commonly used diesel fuel (supplied by REPSOL). The fuels’
characteristics are shown in Table 2.

Table 2. Fuels Properties.

Properties Diesel HVO GtL

Relation H/C a 1.84 2.06 5.53
Stoichiometric air–fuel ratio a 1/14.45 1/14.71 1/14.7
C (% p/p) b 86.20 85.7 84.67
H (% p/p) b 13.80 14.3 15.31
O (% p/p) b 0 0 0
Density @ 15 ◦C (kg/m3) b 845 775 773
Density @ 25 ◦C (kg/m3) b 840 769 767
Density @ 40 ◦C (kg/m3) b 827 761 757.5
Viscosity to 15 ◦C (cSt) b 5.24 3.99 4.66
Viscosity to 25 ◦C (cSt) b 4.64 3.41 3.91
Viscosity to 40 ◦C (cSt) b 3.55 2.57 2.97
High calorific value (MJ/kg) b 45.97 47.24 46.91
Low calorific value (MJ/kg) b 43.18 44.20 43.66
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Table 2. Cont.

Properties Diesel HVO GtL

Cold filter plugging point (◦C) b −19 −40 −45
Lubricity (WS1.4) (µm) b 237 334 548
Cetane number b 54.2 94.8 71
Flashpoint (◦C) b 61 70 63
Distillation (vol) b

10% (◦C) 206.5 265.2 195
50% (◦C) 275.9 278.5 260
90% (◦C) 344.9 290.4 338

The prefixes “a” and “b” mean calculated and measured, respectively.

2.2.2. Fuel Density Estimation

When pressure and temperature conditions are modified, the fuel density also under-
goes changes, which impacts the accuracy and stability of the injection rate. To address
this aspect, Equation (1) is used for diesel fuel obtained according to the methodology
presented by Payri et al. [51].

ρDiesel(P, T) = 835, 698 − 0.628(T − T0) + 0.491(P − P0)− 0.00070499(T − T0)
2+

0.00073739(P − P0)
2 + 0.00103633(P − P0)(T − T0)

(1)

In all equations in this section, P0 and T0 refer to the set pressure and temperature
conditions.

Equations (2)–(4) for GtL fuel were obtained according to the methodology presented
by Outcalt [52]. Equation ρ(P0, T) is calculated from the equation proposed by Rackett [53]
and the experimental data in Table 1, and where B(T) is the Tait equation parameter defined
by Dymond et al. [54], valid for any fuel with the characteristics of GtL and HVO fuel.
Equations (1)–(4) were used by Soriano et al. [31] for the development of their model.

ρ(P, T) =
ρ(P0, T)

1 − 0.082681·ln
(

P+B(T)
P0+B(T)

) (2)

ρGTL(P0, T) = 255.5·0.519−(1+(1−T/578.2)0.542) (3)

B(T) = 325.49 − 298.96T/273 + 70.73(T/273)2 (4)

For the calculation of the density variation equation with pressure and temperature of the
HVO fuel, the same methodology is used as for the GtL fuel, using Equations (2), (4), and (5).

ρHVO(P0, T) = 257.1 × 0.518−(1+(1− T
578.1 )

0.55
) (5)

2.2.3. Fuel Dynamic Viscosity Estimation

To determine the equations that determine the behavior of viscosity with temperature,
we use the equations presented by Soriano et al. [29] for diesel fuel (Equation (6)) and GtL
(Equation (7)).

µDiesel(P0, T) = 5.7694e−0.0169T (6)

µGTL(P0, T) = 4.788e−0.0189T (7)

In the case of HVO, an exponential expression (Equation (8)) obtained from the
experimental data shown in Table 1 is used.

µHVO(P0, T) = 4.1061e−0.018T (8)

In these three expressions, the kinematic viscosity is given in cPo, and the fuel tem-
perature is given in ◦C. To know the variation of viscosity with pressure, Equation (9),
proposed by Kousel, is used [55].
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µ f (P, T) = µ f (P0, T)exp
[

P
104

(
7.9718 + 37.27967µ f (P0, T)0.278

)]
(9)

In this work, kinematic viscosity (υ f ) has been used instead of dynamic viscosity
because the former indirectly includes the density value, which allows using one less
parameter for the development of correlations.

2.3. Test Plan

In the present work, a solenoid injector with three different single-bore nozzles with
diameters of 115 µm, 130 µm, and 150 µm, respectively, was used. To develop the tests,
3 energizing times (ET), 4 injection pressures (Pinj), and 2 fuel temperatures (Tf) were
established. The back pressure in the rate of injection indicator was set at 5 MPa for all
tests. Fuel temperature was measured at the inlet of the high-pressure pump. Tests were
conducted with two fuel temperatures at the inlet of the high-pressure pump to study the
effect of fuel temperature at the inlet.

The experimental test plan developed with each fuel is shown in Table 3. Each of
the tests was repeated 5 times, presenting as results in all tests, the average of these
5 experiments.

Table 3. Test plan.

Pinj (MPa) ET (ms) Tf (◦C)

50/70/90/110

1
20
40

1.5
20
40

2
20
40

After performing the experimental tests, the 54 tests from which the model will be
obtained are selected. These tests correspond to all those carried out at pressures of
90 and 110 MPa with the three fuels and the three nozzles.

The range of injection pressures tested covers the possible test conditions allowed by
the fuel injection system used. However, the values of 50 and 70 MPa are those values
where the measured fuel injection rate has more irregularities compared to other higher
injection pressure values (90 and 110 MPa). Part of these experimental data were used for
model implementation. Different data were used for model validation.

The data required for the development include all the variables that define each test
(fuel properties and temperature, orifice diameter, injection pressure, energizing time) as
input data of the model. Some variables obtained from the tests, such as the time from the
beginning of energizing to the end of the injection rate (hereafter, d0) and the mass injected
during the injection event, were used as output of the model.

2.4. Model Proposed Methodology

Theoretically the calculation of the mass injected during fuel injection is obtained by
Equation (10). However, assuming this value involves assuming that the fuel injection
rate curve is a square pulse, when the rate curve usually has more of a trapezoidal or
triangular shape,

.
m f = Cd A0

√
2ρ f

(
Pinj − Pback

)
(10)

where Cd is the discharge coefficient, A0 is the geometric outlet section of the nozzle orifice,
Pinj is the injection pressure, Pback is the back pressure, and ρ f is the fuel density.

For this study, the ranges used for the development of the injection pressure and
energizing time tests result in trapezoidal rate curves in all cases, because this model is
developed only for rate simulation of this type.
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Although it uses concepts developed by other authors [42,43,47,48], the model pro-
posed is an evolution of the model presented by Soriano et al. [31]. On this occasion, the
model presented divides the injection rate curve into three parts as shown in Figure 5,
but now all these phases are modeled by curved lines using correlations. The three new
correlations already include the lags between the energizing signal and the RoI signal, both
at the beginning and at the end of the RoI.

Appl. Sci. 2024, 14, x FOR PEER REVIEW 8 of 18 
 

where Cd is the discharge coefficient, A0 is the geometric outlet section of the nozzle orifice, 
Pinj is the injection pressure, Pback is the back pressure, and 𝜌  is the fuel density. 

For this study, the ranges used for the development of the injection pressure and 
energizing time tests result in trapezoidal rate curves in all cases, because this model is 
developed only for rate simulation of this type. 

Although it uses concepts developed by other authors [42,43,47,48], the model 
proposed is an evolution of the model presented by Soriano et al. [31]. On this occasion, 
the model presented divides the injection rate curve into three parts as shown in Figure 5, 
but now all these phases are modeled by curved lines using correlations. The three new 
correlations already include the lags between the energizing signal and the RoI signal, 
both at the beginning and at the end of the RoI. 

 
Figure 5. Real experimental event of the fuel injection process. 

In this work, 3 phases are also used to generate the fuel injection rate curve (as in 
Soriano et al. [31]) but using a different methodology. 

Figure 6 shows the variation of the injection pulse and the injected mass as a function 
of time for a fuel injection rate event. This figure also shows the three phases into which 
the fuel injection rate curve is to be divided: 
• The first phase describes the time lag between the beginning of the injector energizing 

until the beginning of the fuel injection ramp. This time is referred to the ‘needle lift’ 
(tnl), corresponding to a situation where the needle is moving to let the fuel through. 

• The second phase into which the rate curve is divided describes the steady state of 
the rate curve. In this phase, the needle is entirely open. The time this phase occurs 

 

RO
I (

g/
s)

Pu
ls

e 
(a

m
ps

)

̶ 
̶ 
̶ 

Figure 5. Real experimental event of the fuel injection process.

In this work, 3 phases are also used to generate the fuel injection rate curve (as in
Soriano et al. [31]) but using a different methodology.

Figure 6 shows the variation of the injection pulse and the injected mass as a function
of time for a fuel injection rate event. This figure also shows the three phases into which
the fuel injection rate curve is to be divided:

• The first phase describes the time lag between the beginning of the injector energizing
until the beginning of the fuel injection ramp. This time is referred to the ‘needle lift’
(tnl), corresponding to a situation where the needle is moving to let the fuel through.

• The second phase into which the rate curve is divided describes the steady state of
the rate curve. In this phase, the needle is entirely open. The time this phase occurs
has been termed ‘holding injection’ (thi) since it corresponds to the time in which the
injection rate curve is stable.

• The third phase describes the decrease in fuel flow during injector closure. This time
is called ‘needle closure’ (tnc) since it corresponds to a situation in which the needle is
moving to close the fuel outlet. It must be considered that the closing process does not
consider the residual injections that occur at the end of the injection process.
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In addition to the time that each phase lasts, another time parameter has been defined
to describe the sum of time that these three phases last, which has been called ‘test time’
(d0) and which corresponds to the time from the beginning of the energizing to the end of
the injection rate.

An analysis of the representativeness variables in the numerical models allows us to
know these variables’ dependence on the injection rate. Therefore, the first step in model
development is determining the relevance of the variables used for model prediction. The
variables involved in the injection process in this work are energizing time (ET) measured
in ms, injection pressure (Pinj) measured in MPa, fuel properties (specifically, the kinematic
viscosity (v f , measured in mm2/s), hole diameter (z) measured in µm, test time (d0)
measured in ms, and fuel temperature (Tf) measured in ◦C. Contrary to Soriano et al. [31],
in this case, the back pressure is constant (5 MPa) as well as the number of holes (1 single
hole); therefore, these are two variables that will not participate in the modeling of the rate
curve. The representative variables were verified separately in each phase to improve the
model’s ability to reproduce the fuel injection rate curve.

Figure 6 shows the relevance of the participating variables in this study, indicating
which should be included in the prediction models for each phase.

• In the case of the ‘needle lift’ phase, Figure 6a shows that d0 is the most relevant factor
due to the stability or low variability of the data. This fact indirectly implies that the
most significant variability or dependence is due to Pinj and the kinematic viscosity
of the fuel. Figure 6d shows that the most representative variables are Pinj and d0,
followed by hole diameter, fuel viscosity, and energizing time. In all cases, this is
because the slope of the rate curve is similar in almost all tests.

• In the case of the ‘holding injection’ phase (Figure 6b), the variables of major depen-
dence to keep the injection stable during this phase are the hole diameter and the
injection pressure. Figure 6e indicates that the most representative variable is the
energizing time since it generates a more noticeable change in the time the injector is
open and, as such, in the duration of the injection time.

• Finally, for the ‘needle closure’ phase (Figure 6c), the most relevant variable is again
d0, along with energizing time. Figure 6f shows that the specific control variable in the
equation is energizing time, followed directly by Pinj and d0.

In summary, in all phases, the injection rate depends on test time, injection pressure,
injector energizing time, nozzle bore diameter, and kinematic viscosity. However, in none
of the phases is fuel temperature identified as an essential dependent variable.
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Once the variables that provide the most remarkable dependence on the behavior of
the rate in the injection process have been found, a numerical statistical model is generated
that simulates the injection rate concerning the dependent variables. This model establishes
a mathematical dependence correlation according to the variables involved in each phase.

The linear predictive model obtained for the ‘needle lift’ (phase 1) is shown in
Equation (11), and the values of the coefficients are shown in Table 4.

tnl ≈ −a1 − a2 ∗ ET + a3 ∗ Pinj + a4 ∗ υ f − a5 ∗ z − a6 ∗ d0 − a7 ∗ Pinj
2 − a8

∗υ f
2 + a9 ∗ z2 + a10 ∗ d0

2 + a11 ∗ ET ∗ d0 + a12 ∗ Pinj ∗ d0 − a13
∗υ f ∗ d0 + a14 ∗ z ∗ d0

(11)

Table 4. Value of the coefficients of Equation (11).

a1 0.98 a8 0.842
a2 0.0422 a9 0.00006953.834
a3 0.000022 a10 0.1376
a4 5.189 a11 0.0088323.098
a5 0.02297 a12 0.01630
a6 31.401 a13 0.842
a7 0.000002 a14 0.00006953.834

Equation (12) provides the mathematical correlation describing the holding injection
phase, and the values of the coefficients are shown in Table 5.

thi ≈ b1 − b2 ∗ ET − b3 ∗ Pinj − b4 ∗ v f − b5 ∗ z + b6 ∗ d0 + b7 ∗ ET2 − b8 ∗ Pinj
2

+b9 ∗ v f
2 + b10 ∗ z2 − b11 ∗ d0

2 + b12 ∗ ET ∗ Pinj + b13 ∗ ET ∗ v f
−b14 ∗ ET ∗ z + b15 ∗ ET ∗ d0 + b16 ∗ Pinj ∗ v f + b17 ∗ Pinj ∗ z − b18
∗Pinj ∗ d0 + b19 ∗ v f ∗ z + b20 ∗ v f ∗ d0 + b21 ∗ z ∗ d0

(12)

Table 5. Value of the coefficients of Equation (12).

b1 15.046 b12 0.000066
b2 0.2855 b13 0.02353
b3 0.001719 b14 0.000259
b4 9.285 b15 0.10073
b5 0.04942 b16 0.000057
b6 0.3324 b17 0.000046
b7 0.02157 b18 0.000028
b8 0.000001 b19 0.003499
b9 1.6995 b20 0.01867
b10 0.000183 b21 0.000743
b11 0.17902

The analysis based on independent values for the needle closure phase provided
the mathematical expresion shown in Equation (13), and the values of the coefficients are
shown in Table 6.

tnc ≈ c1 + c2∗ET − c3∗Pinj + c4∗υ f − c5∗z − c6∗d0 + c7∗ET2 + c8∗z2 + c9∗d0
2

−c10∗ET∗Pinj + c11∗ET∗υ f − c12∗ET∗z − c13∗ET∗d0 + c14
∗Pinj∗d0 − c15∗υ f ∗z − c16∗υ f ∗d0 + c17∗z∗d0

(13)

2.5. Models Accuracy

An average absolute error of 1.84%, related to the values presented in Table 1, was
obtained in the evaluation process. The coefficient of determination (R2) values were 90.02%,
97.24%, and 90.45% for the phases ‘needle lift’, ‘holding injection’, and ‘needle closure’,
respectively. The high R2 values indicate an excellent agreement between the experimental
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data and those obtained from the presented prediction models. A confidence value of 92%
was applied in each case to validate the accuracy of the proposed predictive models.

Table 6. Value of the coefficients of Equation (13).

c1 42.452 c10 0.003340
c2 74.621 c11 1.4541
c3 0.003723 c12 0.01556
c4 1.975 c13 62.628
c5 0.02427 c14 0.003203
c6 73.444 c15 0.002795
c7 31.159 c16 1.4098
c8 0.000062 c17 0.01392
c9 31.228

3. Results
Experimental Results

As stated in the previous section, to develop the model, it is necessary to know the
injected mass of fuel. In Supplementary Materials, Table S1 shows the fuel mass values of
each experimental test injected in one injection. These values have been obtained from the
average of the five tests carried out for each condition established in the test plan.

As an example, Figure 7a,b represent the mean value of each of the tests performed
with its confidence interval for the tests performed at a fuel temperature of 20 ◦C (Figure 7a)
and at a temperature of 40 ◦C (Figure 7b) with an injection pressure of 90 MPa. It is
observed that the fuel temperature in the ranges used minimally affects the fuel injection
rate. At the same time, the nozzle bore size and ET are the variables that cause the most
variability in the results. Logically, the larger bore-size nozzle produces a higher fuel
injection rate. Regarding the fuels, in all cases, more diesel fuel is injected, followed by
HVO, and finally, GtL fuel, although the difference between them is slight. This result may
be because cavitation is higher with GtL [56] and HVO fuels [41].
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Figure 7. Behavior of the injection rate with its control parameters: (a) fuel temperature to 20 ◦C,
(b) fuel temperature to 40 ◦C.

In Supplementary Materials, Tables S2–S4, show the injection timing values concerning
the injector energizing of the experimental tests with every nozzle. In each cell, it is
indicated at the beginning and the end of each phase in which the fuel injection rate curve
has been divided, concerning the beginning of the energizing.

As an example, Figure 8a,b represent the mean value of each of the tests performed
at a fuel temperature of 20 ◦C, with ET of 1 ms (Figure 8a) and ET of 2 ms (Figure 8b)
for all fuels and all nozzles, but only for the first phase, since it is the phase that most
depends on the variation of the parameters of this study. In both figures, it is observed that
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the increase in pressure reduces the duration of the first phase and makes it more stable,
even independent of the properties of the fuels. Figure 8a,b are similar, so the duration
of energizing does not affect this first phase. Regarding the size of the hole, especially at
low pressures, the tests with the largest nozzle (150 µm) have a longer duration of the first
phase. This is because with a larger hole, at equal pressures, the fuel output speed is lower,
which causes the needle to take longer to fully open the injector.
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From the results shown in Tables S2–S4, it can be concluded that:

• In the first phase (needle lift), both the time at which the injection event starts and the
time at which it ends decrease with increasing pressure, temperature, and ET, and are
more pronounced in HVO.

• In the second phase (holding injection), the start time of this phase evolves, as indicated
for the end of the previous phase, and the end time of this phase depends almost
entirely on the injection pressure (and, of course, on the ET).

• In the third phase (needle closure), the duration of this phase depends mainly on the
injection pressure and ET.

The effect of temperature is more pronounced in the first phase, but in the following
phases, the effect is practically null. Something similar occurs with the use of different
fuels, the most prominent effect on the duration time of the phases occurs in the first phase.

4. Discussion—Model Validation Results

Comparisons were made between the two curves to graphically present the differences
between both the modeled and the experimentally measured rates. In order not to lengthen
the text, only part of the results obtained are shown. The three equations developed for the
correlations described above are combined to obtain a representation of the injection rate,
as shown in Figures 9–11.

4.1. Effect of Nozzle Diameter on the Fuel Injection Rate

Figure 9a–c show the fuel injection rate curves calculated using the three linear models
proposed versus experimental fuel injection rate curves obtained from the 70 MPa injection
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pressure, ET of 1.5 ms, with the 150, 130, and 115 µm nozzle diameters, and fuel temperature
of 40 ◦C, with diesel fuel.
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Figure 9. Comparative of measured vs. calculated rate with diesel fuel at 70 MPa injection pressure,
ET = 1.5 ms, with nozzle diameters 150 (a), 130 (b) and 115 (c) µm.

The above figures show that the model can fit the experimental results for all three noz-
zles equally. The effect of the Cd included in Equation (10) is clearly observed. The values of
both measured and modeled RoI increase as nozzle diameter increases [57]. The differences
between modeled and measured RoI in total mass injected are lower than 15.6% with
115 µm vs. 3.83% with 150 µm.

4.2. Effect of Fuel on the Injection Rate

Equations (11)–(13) can also model the rate with different fuel origins. To demonstrate
this capability, Figure 10a–c are shown. In this case, the test conditions used for graphical
comparison are: 70 MPa of injection pressure, ET = 2 ms, 130 µm as nozzle diameter, and a
fuel temperature of 40 ◦C. RoI modeled and measured with GtL, HVO, and diesel fuels
are shown.
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Figure 10. Comparison between measured and calculated fuel injection rates with nozzle diameter
130 µm, ET = 2 ms, and 70 MPa injection pressure, with GtL (a), HVO (b), and diesel (c) fuels.

Figure 10 shows that the model can simulate fuel injection rates with good accuracy.
Slight differences in the same order of magnitude are observed with the three fuels studied.
In the first and third cases (a and c), the model subestimates the mass flow at 11.15% and
10.87%, respectively, while in case (b), the model subestimates the mass flow at 9.26%.
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These results could be justified by the differences in the correlations used for fuel property
determination, as explained above in Sections 2.2.2 and 2.2.3.

4.3. Effect of the Energizing Time of the Injector on the Injection Rate

Figure 11a–c, compare both the model and the experimental injection mass flow rate
at 50 MPa injection pressure, 115 µm nozzle diameter, fuel temperature of 40 ◦C, and
ET of 2, 1.5, and 1 ms, respectively, with the diesel fuel and fuel temperature of 40 ◦C.
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Figure 11. Comparison between both measured and calculated fuel injection rate with diesel fuel,
with nozzle diameter 115 µm, 50 MPa injection pressure, 40 ◦C fuel temperature, and ET of 2 ms (a),
1.5 ms (b), and 1.0 ms (c).

Figure 11 shows that the model can simulate fuel injection rates with better accuracy
than the above-presented results. In these cases, the differences are 5.96%, 0.03%, and 3.83%
for ET 2.0, 1.5, and 1.0 ms, respectively. The energizing time has been the factor that affects
the RoI behavior less.

5. Conclusions

In this study, a 0D model was developed to simulate fuel injection rates from experi-
mental data using mathematical equations based on numerical statistical tools. The study
of the experimental tests and the model validation results has allowed us to draw the
following conclusions:

• The division of the injection rate signal into three phases (needle lift, holding injection,
and needle closure) has allowed the model to better adapt to each phase defined.

• The representativeness study of all variables linked to the experimental trials showed
the most important variables affecting the injection rate were fuel properties, nozzle
diameter, injection pressure, and energizing time. In addition, it was observed that
the most relevant variables varied according to the injection phase. In the first phase
(needle lift), injection pressure and test time had a significant influence. In the holding
injection phase (second phase), energizing time and hole diameter were the predom-
inant factors. Energizing time and test time had more impact in the needle closure
phase (third phase).

• The linear models proposed show high coefficient of determination (R2) values for
the needle lift, holding injection, and needle closure phases, 90.02, 97.24, and 90.45%,
respectively. This accuracy analysis methodology provides a solid basis to support the
validity and reliability of the results obtained in the study.

• The model can correctly simulate, regardless of hole size. However, it has more
difficulty reproducing rates as hole size decreases, an aspect that is probably due to a
greater dependence on cavitation in the test.
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• Regarding fuels, the model adapts quite well to the use of different fuels, and it
has been shown that, even without having the correlations of density and viscosity
variation with the exact fuel pressure and temperature (as in the case of HVO fuel),
the model can reproduce the injection rate quite well.

• At low pressures, the model starts to have difficulty following the experimental curve.
In these situations, the injector needle lift shows more significant oscillation, the
discharge process becomes more unstable, and the experimental injection rate curves
have less uniformity and stability, which the model cannot reproduce.

In summary, this model can predict rate behavior over different pressure ranges, fuel
types, and variations in injection nozzle diameter.

This model proposal can help solve some parts of more complex computational fluid-
dynamic predictive models using simple input data from experimental results. Also, this
model can be used as input data for thermodynamic predictive models.

Supplementary Materials: The following supporting information can be downloaded at:
https://www.mdpi.com/article/10.3390/app14062446/s1, Table S1: Fuel mass injected per stroke
(mg/st) in every experimental tested; Table S2: Time values for each phase for nozzle with 115 µm;
Table S3: Time values for each phase for nozzle with 130 µm; Table S4: Time values for each phase for
nozzle with 150 µm.
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