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1. Introduction

Metric spaces, obtained with the help of a metric function defined on a set, are promi-
nent spaces in mathematics, especially in topology. They provide a powerful tool for
generalizing some properties on arbitrary sets. Metric spaces were studied originally on
classical sets by Maurice Frechet in 1906. Later, many generalizations of the concept of met-
ric spaces were made on the different types of sets. In addition, different metric functions
have been attained. It would not be wrong to separate these concepts as a set and metric
functions. One of these generalizations about sets was constructed on fuzzy sets. The notion
of fuzzy sets was first introduced by computer scientist Zadeh [1] in 1965 to introduce
a new definition of approach to uncertain data. The main difference between a classical
set and fuzzy set is that a fuzzy set allows the gradual assessment of the membership of
the elements in a set. This approach has made a prominent improvement in dealing with
situations that have fields such as engineering and natural sciences involving uncertainty
and undesirability. After that, another generalization was obtained by combining fuzzy
sets and metric concepts, called a fuzzy metric space [2]. George and Veeramani ([3,4])
modified the concept of fuzzy metric spaces in the sense of Kramosil and Michdlek by using
continuous t-norms, and they obtained a stronger version of the fuzzy metric space. They
obtained a Hausdorff topology and the first countable topology on modified fuzzy metric
spaces. Grabiec [5] defined the fuzzy version of the Banach contraction principle in fuzzy
metric spaces given by Kramosil and Michalek. Gregori et al. [6] gave some examples
and applications for fuzzy metric. Although the concept of the fuzzy set was initially
sufficient to cope with uncertainty, modelling the problems of the world we live in with
fuzzy sets has started to be insufficient. The study that fills this gap in the literature was
resolved by Atanassov [7] in 1986. Atanassov introduced the intuitionistic fuzzy sets. These
sets compared with fuzzy sets provide more flexible study possibilities for dealing with
uncertain situations since an intuitionistic fuzzy set includes both membership degrees and
non-membership degrees of the element that belongs in a set. Later, Park [8] introduced
the concept of intuitionistic fuzzy metric spaces inspired by the idea of Atanassov’s intu-
itionistic fuzzy sets. Many developments have been studied on fuzzy metric spaces, such
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as fixed-point theorems ([9-13]) and convergence ([14-16]). Same structures also have been
investigated on intuitionistic fuzzy metric spaces ([17-21]). Furthermore, we see in recent
papers that studies on these structures will preserve popularity ([22-27]).

Matthews [28] introduced the notion of a partial metric space and Harandi [29] in-
troduced metric-like space as a generalization of a partial metric space and metric space.
Harandi also studied some fixed-point results in such spaces. Both of these metrics are
presented on classical sets. By a metric-like space, we mean a pair (X, ), where X is a
nonempty set and ¢ : X x X — IR satisfies all conditions of a metric except that o(x, x)
may be different from zero for x € X. In 2014, Shukla et al. [30] introduced the fuzzy
version of the metric-like space in the literature. Thus, this notion generalized the concept
of fuzzy metric spaces given by George and Veeramani. They proved some fixed-point
results for fuzzy contractive mappings on fuzzy metric-like spaces. Such concepts may
form a future frame for extending the already established fixed-point results of the fuzzy
metric to the metric-like structure.

This paper aims to present the concept of "intuitionistic fuzzy metric-like space” by
using the approach in [29] and study fixed-point theorems for contractive mappings in
intuitionistic fuzzy metric-like spaces. Intuitionistic fuzzy metric spaces and intuitionistic
fuzzy metric-like spaces are two different mathematical frameworks. Both of them can be
used to model distances and measure similarity or dissimilarity between objects, depending
on the nature and degree of uncertainty or ambiguity in data. The results obtained in
both approaches provide accurate results in their own nature. When the results in the
intuitionistic fuzzy metric spaces obtained with the metric structure are changed with the
metric-like structure, we attain a more flexible working environment due to the metric-like
structure’s feature because in these spaces, even if the objects are the same, it is taken into
account that the distance between them can be different when they are evaluated according
to a certain parameter. For this reason, we aim to fill this gap in the literature by combining
these structures which are compatible with existing approaches in the literature.

The structure of the paper is as follows. After the preliminaries, in Section 3, the
concept of intuitionistic fuzzy metric-like space is defined and this notion is explained
with the help of intelligible examples. In addition, the concept of the convergent sequence
is given in intuitionistic fuzzy metric-like spaces and all these definitions, theorems and
examples are presented in detail. Section 4 concerns the constructing and proving of
common fixed-point theorems in intuitionistic fuzzy metric-like space. The obtained results
are compatible with existing approaches in the literature.

2. Preliminaries

In this section, we give some basic definitions and notions to explain the main results.
Throughout the paper, by co we mean +oo; IR and IN will denote the set of all real numbers
and the set of all positive integer numbers, respectively.

Definition 1 ([29]). Let X # @. A mapping 0 : X x X — IR" is called metric-like on X if the
following hold:

ML1) o(x,y) =0=x=y;

(ML2) 0(x,y) = o(y, x);

(ML3) 0(x,z) < o(x,y) +0(y,2).

The pair (X, o) is called a metric-like space on X.

Definition 2 ([7]). An intuitionistic fuzzy set A is defined by A = {(x,ua(x),va(x)) : x € X}
where py : X — [0,1] and vy : X — [0, 1] denote membership and non-membership functions,
respectively. ua(x) and v (x) are membership and non-membership degrees of each element x € X
to the intuitionistic fuzzy set A and pa(x) +va(x) <1 foreach x € X.

Definition 3 ([31]). A binary operation * : [0,1] x [0,1] — [0,1] is called a continuous t-norm if
* satisfies the following:
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(1) axl=a,Vael0,1];

(2) axb=bxaandax (bxc)= (axb)xcVa,b,ce[0,1];
(3) Ifa<candb <d, thenaxb<cxd, Ya,b,c,dec[0,1];
(4) * is continuous.

Definition 4 ([31]). A binary operation < : [0,1] x [0,1] — [0,1] is called a continuous t-conorm
if ¢ satisfies the following:

(1) ao0=a, Yacl0,1];

(2) aob=boaandac(boc)=(acb)ocVa,b,cel0,1];
(3) Ifa<c, b<d thenaob<cod, Va,bc,de|0,1];
(4) < is continuous.

Note that a xb = min{a,b}, aob = max{a,b},axb =abandaob = min{a+0b,1}
are basic examples of continuous t-norms and continuous t-conorms for all a,b € [0, 1].

From the previous two definitions, we see that if r; > 7, then there exist r3,74 € (0,1)
such thatr; xr3 > rmpand rpory < ry.

Definition 5 ([3]). Let X # @. Assume a triplet (X, M, *) where * is a continuous t-norm and M
is a fuzzy set on X x X x (0,00). If (X, M, ) satisfies the following conditions for all x,y,z € X
and t,s > 0;
(FM1) M(x,y,t) >0,
(FM2) M(x,y,t) = 1ifand only if x =y,
(FM3) M(x,y,t) = M(y, x,t),
(x,,t)
(xy,.):

||\/

(FM4) M(x,y, M(y,z,s) < M(x,z,t+s),
(FM5) M(x,y,.) : (0,00) — [0,1] is continuous,

Then (X, M, *) is called fuzzy metric space. M with x is called fuzzy metric on X.

Definition 6 ([30]). Let X # @. A triplet (X, F, %) is called fuzzy metric-like space (for short,
FMLS) if « is a continuous t-norm and F is a fuzzy set on X x X x (0, 00) satisfy the following
conditions for all x,y,z € X and t,s > 0;

(FML1) F(x,y,t) >

(FML2) F(x,y,t) = 1 =x=y,

(FML3) F(x,y,t) = F(y, x,t),

(FML4) F(x,y,t) xF(y,z,5) < F(x,z,t+5s),

(FML5) F(x,y,.) : (0,00) — [0,1] is continuous.

Definition 7 ([8]). Let M and N be fuzzy sets on X? x (0,00), * be a continuous t-norm, o
be a continuous t-conorm. If M and N satisfy the following conditions, we say that (M, N) is
intuitionistic fuzzy metric on X:
(IFM1) M(x,y,t) + N(x y,t) <1,
(IFM2) M(x,y,t) >
(IFM3) M(x,y,t) = 1 zfand onlyifx =1y,
(IFM4) M(x,y,t) = M(y, x, t),
(IFM5) M(x,y,t) * M(y,z,5) < M(x,z,t+5s),
(IFM6) M(x,y,.) : ( co) — (0,1] is continuous,
(IFM7) N(x,y,t) <
(IFMF8) N(x,y,t) = 0 ifand only if x =y,
(IFM9) N(x,y,t) = N(y, x,t),
(IFM10) N(x,y,t) ©N(y,z,5) > N(x,z,t +s),
(IFM11) N(x,y,.) : (0,00) — (0,1] is continuous.

A five-tuple (X, M, N, %, ¢) is called intuitionistic fuzzy metric space (for short, IFMS).
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The functions M(x,y, t) and N(x,y, t) denote the degree of nearness and the degree of
non-nearness between x and y with respect to ¢, respectively.

Remark 1. Let (X, M, N, *,©) be an intuitionistic fuzzy metric space, then (X, M, x) is a fuzzy
metric space. Conversely, if (X, M, *) is a fuzzy metric space, then (X, M,1 — M, *,9) is an
intuitionistic fuzzy metric space, whereaob =1— ((1—a)* (1 —1)), Va,b € [0,1].

Definition 8 ([8]). Let (X, M, N, %, ©) be an intuitionistic fuzzy metric spaceand t > 0,r € (0,1)
and x € X. The set Bx(r,t) = {y € X : M(x,y,t) > 1—r, N(x,y,t) < r} is said to be an open
ball with center x, radius r with respect to t.

{Bx(r,t) : x € X,r € (0,1),t > O} generates a topology T(p N called the (M,N) topology.

Definition 9 ([8]). Let (X, M, N, %, <) be an intuitionistic fuzzy metric space and (x,) C X be
a sequence.

(i) (xp) is called convergent to x if for all t > 0 and r € (0,1) there exists ng € IN such that
M(xy,x,t) >1—71, N(xp,x,t) <t foralln > ng. (M(xp,x,t) — 1and N(x,,x,t) — 0
as n — oo for each t > 0).
It is denoted by x,, — x as n — co.

(i) (xn) is called Cauchy sequence if for t > 0 and r € (0,1), there exists ny € IN such that
M(xy, xm,t) > 1—7, N(xy, xm, t) < rforall n,m > ny.

(iii) (X, M, N, x,) is called (M,N)-complete if every Cauchy sequence is convergent.

3. Intuitionistic Fuzzy Metric-like Space

In this section, we introduce the intuitionistic fuzzy metric-like spaces and study some
properties of them to support the structure. We give detailed examples and also define
convergent sequences in intuitionistic fuzzy metric-like spaces.

Definition 10. A five-tuple (X, F, G, %, ©) is called intuitionistic fuzzy metric-like space (for short,
IFMLS) if X is an arbitrary set, * is a continuous t-norm, ¢ is a continuous t-conorm and F, G are
fuzzy sets on X2 x (0, 00) satisfying the following conditions, for all x,y,z € X and s, t > 0;

(IFML1) F(x,y,t) + G(x yt) <1,

(IFML2) F(x,y,t) >

(IFML3) F(x,y,t) = 1 =x=y,

(IFML4) F(x,y,t) = F(y, x,t),

(IFML5) F(x,y,t) «F(y,z,s) < F(x,z,t+5s),
(IFML6) F(x,y,.) : (0,00) — (0, 1] is continuous,
(IFML7) G(x,y,t) < 1,

(IFML8) G(x,y,t) =0=x =y,

(IFML9) G(x,y,t) = G(y, x, t),
(IFML10) G(x,y,t) © G(y,z,5) > G(x,z,t+s),
(IFML11) G(x,y,.) : (0,00) — [0,1) is continuous.

F and G are called an intuitionistic fuzzy metric-like on X with * and o.

If we compared the definition of IFMS and IFMLS according to the condition (IFML3)
and (IFMLS), we observe that in an IFMLS, F(x, x, t) may be less than from 1 and G(x, x, t)
may be greater than from 0.

Every IFMS is IFMLS with unit self distance, thatis, with F(x, x,t) = 1and G(x, x,t) =
Oforallt >0,x € X.

In the conditions (IFM3) and (IFM8), we see that when x = v, the degrees of nearness
and the degree of non-nearness of x and y are 1 and 0, respectively. However, the conditions
(IFML3) and (IFMLS) indicate that when x = y, the value of F(x, x, t) may be less than ‘1’
and the value of G(x, x, t) may be greater than ‘0".
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Definition 11. Let (X, F,G,*,0) be an IFMLS. For x € X, r € (0,1), t > 0, we define
the open ball with center x, radius r with respect to t like B(x,r,t) = {y € X : F(x,y,t) >
1—r G(x,y,t) <r}.

Therefore, T(p,g) = {W C X :Vx € W3r € (0,1), t > Osuch that B(x,r,t) C W}isa
topology on X.

Remark 2.

(1) If (X,F,G,%) is an IFMLS, then (X,F,«) is an FMLS in the sense of
Shukra et al. [30].

(2)  Every FMLS (X, F, ) is an IFMLS of the form (X,F,1 — F,x,0), whereacb =1 — [(1 —
a)* (1 —0b)| foralla,b € [0,1].

o(x,z) <

Lemma 1. Let (X, o) be a metric-like space and s, t > 0. The following inequality holds o)

max{ o, (T(y’z)} foralln > 1.

Proof. We separate three cases:

1) o(x,z) <o(xy);
2) o(xz) <oy 2);
(3) o(x,z) >0o(x,y)and o(x,z) > o(y,z).

The inequality is obvious in cases (1) and (2). Assume (3) is satisfied. Then, o(x,z) <
o(x,y) + o(y,z). Without loss of generality we can suppose that o(x,z) = o(x,y) + o (y, z).
Since o(x,z) > o(x,y), there exist B € (0,1) such that o(x,y) = Bo(x,z). Then, we get
c(y,z) = (1 — B)o(x,z). Hence, the inequality in Lemma 1 becomes

o(x, z) ﬁa(x z) 1-8 "
s < ma( B, B )y

and we need to show that

G H) < max{tn, = } To do this, consider the functions
f(B) = 3 and g(B) = q which are decreasing and increasing, respectively. The largest
value of min{%, %} is " + s" that is taken when f(B) = g(,B) where f = tnﬁﬂ Then,
(t+s)" >t"+s" = f(t,,+sn) > mzn{t ST ﬁ} implies (t+15)” < grar < max{tn, snﬁ}

If 0(x,z) < o(x,y) + 0 (y, z), then there exists A € (0,1) such that +o(x,z) = o(x,y) +
o(y,z). Moreover, 0(x,z) > o(x,y) and o(x,z) > o(y,z) imply 1o(x,z) > o(x,y) and
Lo(x,z) > o(y,z).

Therefore, from the above case, we obtain % (ft( )?1 < max{ rr(txn,y ) , U(y =~} which implies
o(x,
('t(jsz)?‘ - max{ (t"y ’ s” } =

Proposition 1. Let (X, o) be any metric-like space. Then, the five-tuple (X, F, G, *,©) is an
IFMLS, where a x b = min{a,b} and aob = max{a,b} for all a,b € [0,1] and F,G are

given by F(x,y,t) = Wt};(;«y)' G(x,y,t) = mfor all x,y € X, t > 0, where
helRT,m>0,n>1.

Proof. (IFML1)—(IFML4) are clear. For (IFML5), let x,y,z € X, t,s >0, h € IRT and n > 1.
By the Lemma 1, we have

mo(x,z mo(x,y) ma( ,Z)
1+ h(tis)z < max{1+ 554,14+ 202

h(t+s)"+mo(x,z) ht"+mo(x,y) hs +mo(y,z)

W < max{ fucd , hs" }.
t+s)"

= h(t+s)"+mo(x,z) =z mm{ht”erU(x y)’ hs”+m¢7 jz)}

= F(x,z,t+s) > F(x,y,t) *F(y,z,9).

=




Mathematics 2023, 11, 1902 6 of 15

For (IFML6), lim;_s, F(x,y,t) = lim;_y, htn+l1:f:;( _ hty"

xy) — htg"+mo(xy) = F(x,y, tO)r so F
is continuous.
(IFML7)-(IFML9) and (IFML11) are clear. Now, we need to show that G(x,y,t) ¢

G(y,z,5) > G(x,z,t+5s), e,

mo(x,z)
h(t+s)" 4+ mo(x,z) < max{

By the Lemma 1, we have

mo(x,y) mo(y,z) }
ht + mo(x,y)” hs" +mo(y,z) "

mo(x,z) mo(x,y) mo(y,z)
1+ DG < max{l+ =57, 1+ =~ )

h(t+s)"+mo(x,z) ht"+mo(x,y) hs"+mo(y,z)
= h§t+s;” < max{ ht" Y hs™ }
h(t+s)" : ht"
h(t+s)”+1}1l1(a(x,§) = mln{ht"-i—m(r(x,y)’ hs"+mr7(y,z)}
t+s)" ; ht"
=1 h(t+s)"+mo(x,z) <1- mm{ ht*+mo(x,y)” hs”-i—m(r (v, z)}
mo(x,z)

mo(x,y) mo(y,z)
= h(t+s)"+mo(x,z) = max{ht”—l—ma(x,y)’ hs"+mo (y,z) }

= G(x,z,t+s) < max{G(x,y,t),G(y,z,5)}.
= G(x,z,t+s) < G(x,y,t) o G(y,z5).

O
Remark 3. Proposition 1 holds even with the t-norm a x b = a.b and a b = min{1,a + b}.

Remark 4. By the above proposition, we see that every metric-like space induces an IFMLS. For
h =n = m = 1, the induced intuitionistic fuzzy metric-like space (X, F, G, *,©) is called the

o)
et Syt = Sty

standard intuitionistic fuzzy metric-like space, where F(x,y,t) =
forallx,y € X,t > 0.

Example 1. Let X = IRT,h € IR and m > 0. Let axb = aband a ob = min{a + b, 1} for

all a,b € [0,1]. Define the fuzzy sets F and G in X? x (0,00) by F(x,y,t) = WW and
G(x,y,t) = %ﬁrdll x,y € Xandt > 0.

We know that o (x,y) = max{x,y} is metric-like on X forall x,y € X. Hence, (X, F, G, *,©)
is an IFMLS by Remark 3, but it is not an intuitionistic fuzzy metric space, as F(x, x,t) = 17 _’l’;ﬂ - 7
Land G(x,y,t) = pi # 0forallx,y € Xand t > 0.

Proposition 2. Let 0 (x,y) be any metric-like space on X. Then, the five-tuple (X, F, G, x,©) is an
IFMLS, where a b = a.band aob = min{l,a + b}for all a,b € [0,1] and the fuzzy sets F, G

are defined by F(x,y,t) = eigt('f'y), G(x,y,t)=1—e it forallx ye X, t>0 wheren > 1.

Remark 5. The proposition 2 holds even with the t-norm a x b = min{a, b} and the t-conorm
aob=max{a,b}.

Example 2. Let X = IR", a*b = aband aob = min{1,a + b}. Define the fuzzy sets F and G

max{x,y}

Wy}lforallxye)(andt>0
e i —

in XZ X (0/ OO) by F(x/y’t) = max{xl} and G(x Y, ) =
Figure 1.
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F(x.y.2) and G{x.y,2)

Figure 1. The graphical behavior of the F and G with t = 2 and x,y € (0,10] in which
the blue color depicts behavior of F and the yellow color depicts behavior of G.

We know that o(x,y) = max{x,y} is a metric-like on X for all x,y € X. Hence, (X, F, G, *,0)
is an IFMLS by Remark 3, but it is not an intuitionistic fuzzy metric space as F(x, x,t) = L% #1,
e

G(x,x,t) = % # 0 forall x > 0and t > 0 Figure 2.
e

Figure 2. The graphical behavior of the F(x, x,2) and G(x, x,2), respectively.

Example 3. Let X = IN, a*b = aband a b = min{1,a + b}. Define the fuzzy sets F and G
in X2 x (0,0) by

l, x <vy;
F(x,y,t‘)—{yy2 =Y
oy y <X
Lx x<y
Glryt={ r =7
x—zy, ¥ <x.

forall x,y € X.

Then, (X, F,G, x,¢) is an IFMLS, but it is not IFMS as F(x, x,t) = % #1and G(x,x,t) =
% # 0forall x > 1, t > 0. Now, let it show that (X, F, G, *,©) is an IFMLS:

(IFML1)—(IFML4) are clear.

(IFML5) Let x,y,z € X, t,s > 0 and suppose x < y < z, then F(x,y,t) * F(y,z,5) =
= y% < % = F(x,z,t + ). We obtain the same condition for other cases.
(IFML6) Let it show that F(x,y,.) : (0,00) — (0,1] is continuous. Let x,y € IN and t > 0.
If x <y, then limy 4, F(x,y,t) = limy 4, &5 = y% = F(x,y,to) and
=4 =F(x,yto)
1, then G(x,y,t) < 1— F(x,y,t). Since

x Y

X
yZ
Ify < x, then limy 4, F(x,y,t) = lim;_yy, xlz
(IFML7) We have F(x,y,t) + G(x,y,t) <
F(x,y,t) > 0, we obtain G(x,y,t) < 1.
(IFMLS) Let G(x,y,t) = 0.

If x <y, then yox

y; =0,s0x=y=1
oy _ =
Ify <«x, then —%* =0,s0x =y = 1.

X
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(IFML9) Obvious.
(IFML10) Let x,y,z € X, t,s > 0 and suppose x < y < z. If the t-conorm is 1, we get the
result. If the t-conorm is the other part, then we have y — x < y? — x.

bbby
1

Hence, G(x,z,t +5) < G(x,y,t) o G(y,z,5).
We obtain the same condition for other cases.
(IFML11) Obvious.

Remark 6. In the above example, if we define « by axb = max{0,a+b — 1} and o by a o
b = a+b— ab, then we get IFMLS again, but if we define « by a xb = min{a, b} and © by
aob=max{a,b}, (F,G) is not IFML.

Definition 12. Let (X, F, G, *,¢) be an IFMLS.

(a) A sequence (x,) in X is called convergent to x € X if limy 00 F(xy, x,t) = F(x,x,t) and
limy 00 G(xy, x,t) = G(x, x,t) forall t > 0.

(b) A sequence (xy) in X is called Cauchy sequence if limy o F(Xp+p, X, t) and
limy 500 G(Xy14p, Xn, t) exist and finite for all t >0, p > 1.

(c) (X,F,G,x,o) is called complete if every Cauchy sequence (x,) in X converges to some x € X
such that
limy, 00 F(xp, x, 1)
limy, 00 G(x4, X, t)

= F(x,x,t) = limy seo F(Xp4p, Xn, t) and
= G(x,x,t) =limy 00 G(Xp1p, X, t) forallt >0, p > 1.
Remark 7. Inan IFMLS, the limit of a convergent sequence may not be unique. Consider Example 1
with m = k = h = 1. Define a sequence (x,) in X by (x,) = (1 + ;%) foralln € IN.
If x > 2, then limy, o0 F(xp, x, 1) = limy e m = limy—ye0 tJ%x = F(x,x,t) and

limy 00 G(xp, X, ) = limy 0 % = limy 00 715 = G(x,x,t) forall t > 0. Hence, the

sequence xy converges to all x € X with x > 2.

Remark 8. In IFMLS, a convergent sequence may not be a Cauchy sequence. Again consider
Example 1 with m = k = h = 1. Define a sequence (x,,) in X by (x,) = (=1)" forall n € IN.
If x > 1, then limy_ e F(xy, x,t) = limy_e0 W = limy—eo t%x = F(x,x,t)

and limy o G(xp, X, 1) = limn%m% = limy—eo Hix = G(x,x,t) forall t > 0.
Hence, a sequence (x,) converges to all x € X with x > 1, but it is not a Cauchy sequence as

limy 500 F(Xn, Xy p, t) and G(xu, Xy p, t) do not exist.

4. Fixed-Point Results

In this section, we first describe the contraction mappings in IFMLS and provide some
supporting examples.

Definition 13. Let (X, F, G, *,¢) be an IFMLS. A mapping T : X — X is called an intuitionistic

fuzzy contractive if there exists A € (0,1) such that FTO.T00 1< A[W — 1] and

G(T(x), T(y),t) < A.G(x,y,t) forall x,y € X and t > 0. Here, A is called the intuitionistic
fuzzy constant of T.
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Theorem 1. Let (X, F, G, *,©) be a complete intuitionistic fuzzy metric-like spaceand T : X — X
an intuitionistic fuzzy contractive mapping with intuitionistic fuzzy contractive constant A, then T
has a unique fixed point a € X and F(a,a,t) =1, G(a,a,t) =0 forall t > 0.

Proof. For an arbitrary xg € X, define a sequence (x,) C X by x; = T(xp), xo = T(x1), ...,
xy = T(x,_1) foralln € IN. If x, = x,,_1 for some n € IN, then x, is a fixed point of T.
Now, assume that x,, # x,,_1 foralln € IN. For t > 0 and n € IN; we get following from
Definition 13:

1 1 1 A
1= <A 1<
oD T T e S MmUY S Em e

~ AL

Take F(xy, x,41,t) = Fu(t) and 1 — A = k, then we have that ﬁ(t) < %10) + k for all
t>0.
Continuing in the above inequality, we get

! A e A k< +(A”‘1+A”‘2+...+1)k<A—n+1—)\” (1)
Fa(t) = fo(t) ~ R(t) ~ Flt) '

then, we obtain m < F,(t) forallt > 0,n € IN.
Fo(t)

Now, for p > 1and n € IN, we get

F(anrpr Xn, t) > F(xn/ Xn+1, %) * P(xn+1r Xntps %)
2 F(xn, Xn+1s %) * F(anrlr Xn42, 2%) * F(xn-‘rZr xn+p/ ZLZ)
Z F(le/ Xn+1s %) * F(anrlr Xn+2, 2%) *
* F(xn+p72/ Xn+p—1s 2;;%1) * P(anrpfl/ Xn+p, 2;%1)

Fn(%) * Fn+1(2i2) Kook Fn-&-p—Z(zp%l) * FI’H»p*l(zp%l)

By using (1) in the above inequality, we obtain

1 1 1
F(xn+pr Xn, t) > )\”t F1-An * /\”"*’1 +1—An+l oo APl H+1-Antp-1
Fy(5) F0(22> F0<F)
1 1
Z /\”t +1* /\n+1+ **W
Fo(5) Fo(ZLZ) Fo(zp%l)

Here, A € (0,1), using the properties of continuous t-norm we have from the above
expression that limy, o F(xy1p, xn,t) = 1forallt >0, p > 1.

For any n € IN and t > 0, similarly we obtain from Definition 13 that
G(T(xn), T(xn41),t) < AG(xn, Xns1,t). Then, G(xyi1, Xni2,t) = G(T(xu), T(xp41),1) <
/\G(.Xn, xn+1, t)

Setting, G(x11, Xy42,t) = Gu(t) and 1 — A = k, it follows from the above inequality
that Gn(t) < )\anl(t) = (1 - k)anl(t) = anl(t) - anfl(t).

From the applications of the above inequality, we have

Gu(t) < Guoa(t) —kGu_q(t)
< (1=Kk)Gua(t) = (1 = k)kGu_2(t)).
< (1-KPGya(f) — (1 KPHGy 5 (1), @
< (1—k)"1Go(t) — (1 — k)" kGo(t)).
= (1—k)"Go(t) —.Go(t)]-
= A7HGo(t) — kG (1))

Then, we get G, (t) < A" 1[Go(t) — k.Go(t)] forall t > 0,n € IN.
Now, for p > 1 and n € IN, we get
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Xns Xn+1s 5) © G(Xn+1, Xntp, %)

G(Xntp, Xn, t) (
(%X, Xn g1, 5) © G(xXu11, Xnt2, 22) O G(Xns2, Xntp, Ziz)
(
(

G
G
G(xn, Xy 41, 2) < G(xn—H/ Xn+257 )

G(Xnt+p—2, Xn+p—1, Zp 5°T)© G(xn+p lrxn+pr pT 1)

S INININA

Using (2) in the above inequality, we have

G(Xn+p, Xn, 1) anl(%)ocn(ziz) 0 Gpyp- 3(2p 1) © Guip-2(51)
A"2[Go(3) — k.Go(5 )]0)\" 'Go(5:) —k.Go(5z)] o

AP [Go( 1) — kGol )] 0 A HP3[Go(r) — kGo (7))

S IN A

Here, A € (0,1), using the properties of continuous t-conorm, we obtain from the
above expression that limy, e G(Xy14p, Xu,t) = 0 forallt >0, p > 1.

Therefore, since limy,—sco F(Xn1p, Xn, t) = 1 and limy, 0 G(Xp4p, X, t) = O forall t > 0,
p > 1, (x,) is Cauchy sequence in (X, F, G, x,©).

Since (X, F, G, *,¢) is a complete intuitionistic fuzzy metric-like space, there exists
a € X such that

Jgrgolf(xn,a t) = Jgr(}oF(xn+p,xn,t) =F(a,a,t) =1 3)

and

lim G(xp,a,t) = lim G(xu4p, Xu,t) = G(a,a,t) =0forallt >0, p > 1. 4)

n—o0 n—oo

Now, we prove that a is a fixed point for T. For this, we obtain from Definition 13
1 _ _A 1
et L S Mrman U= rman — A~y < F(T(xw), T(a), ) and

F(xpn,at) +1
G(T(xy), T(a),t) < A.G(xy,a,t).
Using the above inequalities, we obtain

that

F(a,T(a),t) > F(El Xn41s %) F(xn+1/T(a)/ %)
= F(a,xn41, é) F(T(xln)rT(ﬂ)f%)
> Fla,xpi1,5)% —F5——

F(Xn/ﬁ/%)—‘rl_/\
and

G(a,T(a),t) < Gl(a,xp1,4)0G(xpi1, T(a), )
= G(a,x441,5) 0 G(T(xn), T(a), })
< G(a,xp41, 5) ©A.G(xn,a, t).

Taking limit as n — oo and using (3) and (4) in the above inequalities, we get
F(a,T(a),t) = 1 and G(a,T(a),t) = 0, thatis T(a) = a. Hence, a is a fixed point of T
and F(a,a,t) = 1and G(a,a,t) =0 forall { > 0.

We investigate the uniqueness of the fixed point a of T. Let b be another fixed
point of T, such that F(a b,t) < 1and G(a,b,t) > 0 for some t> 0; it follows from
the Definition 13 that &5 bt) -1 = sgmrmn — 1 < Alsegn a bt) —-1] < —1 and
G(a,b,t) = G(T(a), T(b),t) < A.G(a,b,t) < G(a,b,t), a contradiction.

Hence, we must have F(a,b,t) = 1 and G(a,b,t) = 0 for all £ > 0 and therefore,
a=b O

(abt)

Example 4. Let X = [0,2]. * and o respectively defined as a x b = a.b and by a ©b = max{a, b}

and intuitionistic fuzzy sets F, G in X? x (0, 00) given as F(x,y,t) = il , G(x,y,t) =

—(max{xy})

1—e ; forallx,y € X, t > 0. Then, (X, F, G, *,) is a complete IFMLS.
IfT: X — X is given by
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=

x=1;
, x€10,1),
, x€(1,2]

T(x) =

R NIR

Then, we have nine cases:
Case1:Ifx =y =1,then T(x) = T(y) = 0.

Case 2: If x = Land y € [0,1), then T(x) =0, T(y) = 3.
Case 3: Ifx = Land y € (1,2], then T(x) =0, T(y) = 7.
Case 4: Ifx € [0,1) and y € (1,2], then T(x) = 5, T(y) = §.
Case 5: Ifx € [0,1) and y € [0,1), then T(x) = %, T(y) = %.
Case 6: If x € [0,1) andy =1, then T(x) = 5, T(y) = 0.
Case 7:Ifx € (1,2] andy = 1, then T(x) = ¢, T(y) =0
Case 8: Ifx € (1,2]and y € (1,2], then T(x) = §, T(y) = 7.
Case 9: Ifx € (1,2] and y € [0,1), then T(x) = %, T(y) = %.

All the above cases hold the intuitionistic fuzzy contractive given in the Definition 13. Therefore,
T is an intuitionistic contractive mapping with A € [ ,1). So, the conditions of Theorem 1 hold.
Moreover, 0 is the unique fixed point of T and F(0,0, t) = 1land G(0,0,t) = 0 forall t > 0.

. e - —(1+d(xy))
If we take an intuitionistic fuzzy metric like on X as follows: F(x,y,t) = e T and

G(x,y,t)=1— e~ forallx,y € X, t > 0, then T is not an intuitionistic fuzzy contractive
mapping with respect to this contractive mapping. Here, (X,d) is a classical metric space and
o(x,y) = 1+4d(x,y) is metric-like on X forall x,y € X. Let d(x y) = |x—y|and x =
yIO,henceW 1</\[ *1]:> 1 *1<)\[ 71]:>

—(A+[T(x)-T(y
e
T =T(y)| vl 1

e+ —1< )t.[e%—l] et —1< Ale
satisfying the above inequality.

(xyt) 1+|X v

t
—1]=1<A, there isno A € (0,1)

Corollary 1. Let (X, F, G, *,¢) be a complete IFMLS and T : X — X be a mapping that satis-
fies the following inequalities; B, TG0 1< A[W — 1] and G(T"(x), T"(y),t) <
A.G(x,y,t) for some positive integer n and for all x,y € X, t > 0, where A € (0,1). Then, T has

a unique fixed point a € X and F(a,a,t) =1, G(a,a,t) =0 forall t > 0.

Proof. a € X is the unique fixed point of T" and F(a,a,t) =1, G(a,a,t) = 0forall f > 0
from Theorem 4.1. Since T"(T(a)) = T(T"(a) = T(a)), T(a) is also a fixed point of T" and
therefore, the fixed point of T is unique. O

Theorem 2. Let (X, F, G, *,¢) be an IFMLS and T : X — X be a intuitionistic fuzzy contractive
mapping with contractive constant A. Suppose that there exists a € X such that (F(a, T (a),t) >
F(x,T(x),t)and G(a,T(a),t) < G(x,T(x),t) forall x € X and t > 0, then a becomes a unique
fixed point of T and F(a,a,t) =1, G(a,a,t) =0 forall t > 0.

Proof. Let Fy(t) = F(x,T(x),t) and Gy(t) = G(x,T(x),t) for all x € X and t > 0. By
hypothesis, F,(t) > Fx(f) and Gu(t) < Gx(t) forall x € X and t > 0. We suggest that
F(a,T(a),t) =1and G(a,T(a),t) = 0forall t > 0.

In fact, if F;(t) = F(a,T(a),t) < 1and G,(t) = G(a,T(a),t) > 0 for some t > 0, then
by Definition 13, we get

—_
—_
I

-1

AN
> >

and similarly Gr,)(t) = G(T(a), T(T(a)),t) < A.G(a, T(a),t) = L.Ga(t) < Ga(t).
Hence, F, (¢ ) < Fr(g)(t), Gra)(t) < Ga(t), T(a) € X, a contradiction.
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Then, we obtain Fy(t) = F(a,T(a),t) = 1 and Gx(t) = G(a,T(a),t) = 0 for all
t > 0,so T(a) = a. By a similar way in the proof of Theorem 1, we can see that the
fixed point of T is unique If F(a,a,t) < 1 and G(a,a,t) > 0 for some ¢t > 0, by the
Definition 13 we get ; -1= 1< Mgy — 1] < —1and

F(aat) at) F(T(a),T(a) t) (aa t) F(aa t)
G(a,a,t) = G(T(a),T(a),t) < A.G(a,a,t) < G(a,a,t), a contradiction.
Hence, F(a,a,t) =1, G(a,a,t) =0. O
Example 5. Let X = [0,1] N Q and define continuous t-norm and continuous t-conorm as

axb=max{a+b—1,0}and aob = min{a + b, 1}, respectively. In addition, the fuzzy sets
F,G are defined as F(x,y,t) =1 — %ﬁy} and G(x,y,t) = Wﬁ)r allx,y € X, t > 0.
Then, (X, F, G, *,¢) is an IFMLS, but it is not complete.

Define T : X — X as

T(x): %' leE[O,%]ﬂQ;'
5 xe(%,l}ﬂQ ’

then, T is an intuitionistic fuzzy contractive mapping with intuitionistic fuzzy constant A € [%, 1).
Here, F(0,T(0),t) = F(0,0,t) = 1 > F(x,T(x),t) and G(0,T(0),t) = G(0,0,t) =0 <
G(x,T(x),t) forall x € X, t > 0. Hence, all conditions of Theorem 2 are satisfied and O is the
unique fixed point of T.
We have eight cases:
Case1:Ifx =y =0, then T(x) = T(y) = 0.
Case2:If x =0, y =1, then T(x) =0, T(y) = 3.
Case3: Ifx=1,y =0, then T(x) = 3, T(y) =0

M=)

Case4: Ifx=y=1,then T(x) = %, T(y) =

Case 5: If x € (0 ,2)ﬂQ y€(0,3)NQ then T(x) =%, T(y) = 4.
Case6:Ifx € (0,1)NQ, y€ (3,1)NQ, then T(x) = %, T(y) = 3.
Case 7: Ifxe(z, )NQ, ye(3,1)NQ, then T(x) =3, T(y) = 4.
Case 8: If x € (3,1)NQ, y € (0,3) N Q, then T(x) = 3, T(y) = §.

All the above cases satisfy the IFMLS contraction in Deﬁmtzon 13. Hence, T is an intuitionistic
fuzzy contractive mapping with contractive constant A € [2, 1).

Moreover, F(0, T(0),£) = 1 — 29490} — 1 > F(x, T(x), t) and G(0, T(0), ) = 400} —
0 < G(x,T(x),t) forall x € X, t > 0 is satisfied and “0” is the unique fixed point of T and

F(0,0,t) =1, G(0,0,t) = 1 forall t > 0.

Theorem 3. Let (X,F,G,*,0) be a complete IFMLS such that lim;_,e F(x,y,t) = 1 and
lim 00 G(x,y,t) = 0 forall x,y € Xand T : X — X a mapping satisfying the conditions
F(T(x),T(y), kt) > F(x,y,t) and G(T(x), T(y),kt) < G(x,y,t) forall x,y € X, t > 0 where
k € (0,1). Then, T has a unique fixed point a € X and F(a,a,t) =1, G(a,a,t) =0 forall t > 0.

Proof. Let (X, F, G, %,¢) be a complete IFMLS. For an arbitrary xo € X, define a sequence
(xn) in X by x1 = T(xg) =, x2 = T%(x9) = T(x1), ..., xn = T"(x9) = T(x,,_1) for all
n € IN.

If x, = x,_1 for some n € IN, then x, is a fixed point of T. We suppose that
Xn # X,_q1 forallm € IN. Fort > 0 and n € IN, we have from conditions in the
hypothesis that F(x,, x,11,t) = F(T(xp—1), T(xn),t) = F(xy_1, Xy, §) and G(xp, Xy41,t) =
G(T(xy-1), T(xn),t) < G(xp_1,%u, ) foralln € IN and t > 0.

Let F(xy, xp41,t) = Fu(t) and G(xp, x,41,t) = Gu(t)) and apply the above expression
repeatedly; then, we deduce that

Fn(t) = F(xn/ xn+lrt) > F(xnr xn+1/kt) = F(T(xnfl)/ T(xn)/ kt) > F(xnflr Xn, t) =

5
F(T(xn2), T(Xn 1),8) > F(¥u % 1,4) > ... > Flxg 11, ). ©)

So Fu(t) > Fo(sr)-
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And similarly G, (t) < Go(4) foralln € IN and t > 0.
If n € IN and p > 1, then we get

~

F(xn+p/ Xn, t)

aela|

(X, X1, 5) * F(Xns1, Xntp, %)

(x 7 Xn+1, ) * (xn+1/ Xn+2, ziz) * F(xﬂ+2/ Xn+ps 2%)

(X, %41, 5) % F(Xnp1, X2, 32) % - (6)
Xn+p—2,Xntp—1s zp%l) * F(Xn4p—1, Xntp, 2;7%1)

Fn(%) * Fn+l(2L2) Kook Fn+p72(2p%1) * F’VH‘]I*l(zp%)'

2
f
2

* VIV IV
T

!

and

G(xn+p/ Xn, t) Xn,Xn+1,75 ) G(xn+1/ Xn+ps %)
Xns Xn+1, 2) (xn+1r Xn42, 22 ) ¢ G(xn+2r Xn+p, ziz)

(
(
(%n, Xpng1, 2) o G(xy11, Xnt2, 2 )
(x
n

S INININ
| =NIl =

n+p 2/ Xn+p—1s 2pt1)<>G(xn+p 1 Xn+tps 5p= 1)
( )OGn—«—l(zz) 0 Gpgp- Z(Zp—l)OGn—«—p 1(2;7%1)

OQOQQ

By using (5) and (6) in the above inequality, we get F(xyp, X, t) > Fo(qm) * Fo(gorr) *
- Fo(g=mmmpmr) and G (xu+p, Xn, ) < Go(gi) © Go(5zpier) © - - - © Go(gp=rgary=r)-

Since 0 < k < 1, im0 F(x,y,t) = 1 and limy ;o G(x,y,t) = O for all x,y € X and by
the properties of continuous t-norm and t-conorm we obtain from the above expression that
limy o0 F(Xntp, xn,t) = 1 1x...x1 = 1and limy o0 G(Xpyp, Xn,t) =0000...00=0
forallt >0, p > 1.

Hence, (1) is a Cauchy sequence in (X, F, G, %, ¢). Since, (X, F, G, %,¢) is a complete
IFMLS, there exists a € X such that

nlg]go F(xp,a,t) = nlgr.}o F(xyip,xn,t) = F(a,a,t) = 1. (7)
nlgrolo G(xy,a,t) = nlgrolo G(xntp X, t) = G(a,a,t) =0forallt >0, p > 1. (8)

Now, we derive that a € X is a fixed point of T. To demonstrate this, we continue as
below for all n € IN and t > 0; we obtain from the hypothesis that
F@T@ ) 2 F@ %)« Flr, T, )
F(Ll Xn4+1/ 2) *F( ( )/ T(ﬂ) %)
F(a,xy11,5) * F(xn, 4, 5)

Vv

and

G(a,T(a),t)

G(a, xy41, 2)<>G(xn+1, (a), t)
G(a,xp11,5) © G(T(xn), (ﬂ)é)

G(a, xy11, 2) o G(xp,4a, 2k)

(VAN BVAN

Now, limit as n — co and by (7) and (8), we get F(a, T(a),t) = 1and G(a,T(a),t) = 0.
Hence, a is a fixed point of T and F(a,a,t) = 1and G(a,a,t) =0, Vt > 0.

To show the uniqueness of the fixed point, let b be another fixed point of T. Using the
conditions of the hypothesis, we get

F(a,b,t) = F(T(a), T(b),t) > F(a,b, %),

G(a,b,t) = G(T(a), T(b), ) < G(a,b,é).
Thatis, F(a,b,t) > F(a,b, ) and G(a,b,t) < G(a,b, ), forall t > 0.

Since the above inequality holds for all + > 0, we get F(a,b,t) > F(a,b, ktn) and
G(a,b,t) < G(a,b, kin), foralln € IN.
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Now, take the limit as n — oo and use lim;_, F(x,y,t) = 1, lim;—eo G(x,y,t) = 0 for
all x,y € X; we obtain F(a,b,t) =1, G(a,b,t) = 0 and so a = b. Hence, the fixed point
is unique. [

With the following example, we see that the conditions lim; .. F(x,y,t) = 1,
lim¢ 0 G(x,y,t) = 0, for all x,y € X in Theorem 3 are essential. If we do not have
these conditions, we lose the unique fixed point of T.

Example 6. Let X = {0,1} and m > 2 be a fixed natural number.

Define « by axb = max{a+b— 1,0} and o by acb = a+ b — ab and the fuzzy sets
F,G in X% x (0,00) by F(1,0,t) = F(0,1,t) = 1— 1 F(0,0,t) = F(1,1,t) = 1— 2 and
G(1,0,t) = G(0,1,t) = L, G(0,0,t) = G(1,1,t) = 2.

Then, (X, F, G, *,9) is a complete intuitionistic fuzzy metric-like space. Let T : X — X
be a mapping defined by T(0) = 1, T(1) = 0. Hence, all the conditions Theorem 3, except
lim 00 F(x,y,t) = 1 and lim; 00 G(x,y,t) = 0 for all x,y € X, are satisfied with arbitrary
0 < k < 1. Therefore, T has no fixed point in X.

5. Conclusions and Future Works

In this paper, we presented the concept of intuitionistic fuzzy metric-like space and
gave the results of the fixed-point theory, which is an important issue in applications. This
study is the extended form of fuzzy metric-like spaces [30]. Because the result of the paper
allows further development of the theory and practice of fuzzy mathematics, our study is
useful and interesting as a theoretical aspect. This study can be used to solve the problems
of uncertainty. Our results may provide a new motivation to researchers to develop the area
of fixed-point theory in this new setting. This study can be extended in different structures
such as intuitionistic fuzzy b-metric like spaces, etc. Furthermore, one can study whether
versions of fixed-point results already established in (intuitionistic) fuzzy metrics remain
valid in the intuitionistic fuzzy metric-like context.

For future applied works, these obtained results can provide a deeper understanding
of the structure of intuitionistic fuzzy metric spaces. Moreover, these results can open up
new opportunities and provide new approaches for their applications in various fields
such as mathematical modelling, decision making, pattern recognition, image processing
and data analysis, which are developing. In this way, researchers could engage with
papers [32,33], obtain more profound predictive models and discuss their results.
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