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1. Introduction

Begining with Blum and Oettli [1], who introduced an equilibrium problem as a
generalization for the well-known Ky Fan inequalities, some vector equilibrium problems
(VEPs) have been studied in the literature (see for instance [2-9]) as a tool which unifies the
vector variational problem, vector complementary problem, vector optimization problem,
vector saddle points problem, Nash equilibrium problem, and fixed point problem.

These problems was formulated with real or vector functions and multifunctions under
various assumptions (concerning for example the presence or the absence of the convexity,
the monotonicity, or the lower semicontinuity) and interesting results are obtained for the
nonemptiness of the solutions set and its properties (see [10-16]).

Often, for the vector case, the results for VEPs are presented in spaces ordered by a
nonempty, convex, pointed cone with a nonempty interior (see [7,17,18]). The framework
considered here is a general one which includes both the case of cones with a nonempty
and empty interior. In this context, some properties for VEPs with functions are given
in [3,19,20] and some of these results can be found as particular cases of those in this paper
for VEPs with set valued maps.

It is a theoretical approach to these problems that will be used as a mathematical
support for the study of applications from the final sections.

We present in this paper a unified study for some vector equilibrium problems pre-
sented in Section 2 for set-valued functions (or multifunctions) with values in a vector space
ordered by a cone with some “interiority property” (such as a nonempty interior or quasi
interior or relative quasi interior). Section 3 presents some existence results for the solutions
set of this problem. Section 4 gives properties for these solutions sets, such as the connected-
ness and the continuity. The Sections 5 and 6 provide some applications of VEPs regarding
the existence of equilibrium in abstract economies and the vector optimization problems.

2. Preliminaries

Let (X, tx, (Y, ty), (Z,77) be locally convex spaces, A C X, B C Y be nonempty
convex compact sets, W C Z be a convex set, and let K, Z C Z be nonempty, convex,
pointed cones. We denote by Z* the topological dual space of Z, Z7 is the dual cone,
ie,Zt ={z*€Z"|z*(z) >0,Vz € Zy}and Z¥ = {z* € Z% | z*(z) > 0, Vz € Z; \ {0}}
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is the quasi-interior of the dual cone. A base for the cone Z is a subset B C Z such that
for each z € Z, there exists A € Ry and b € B such that z = Ab. For example, if the
interior of Z is nonempty, the set {z* € Z% | z*(z) = 1} is a w*-compact base for the dual
cone, where z is an element from the interior of Z .

The interior (respectively, the closure, the boundary, and the complementary) of a

set A will be denoted by int A (respectively, cl A, Fr A and A€). We write x, — x if
the sequence (x,),eN is convergent to x for the 7 locally convex topology of the spaces.
If there is no confusion, we omit 7. Furthermore, conv A and cone A will denote the
convex, respectively, the conic hull of A. The relative interior of Z; denoted ri Z is the
interior of Z relative to the closed affine hull of Z, . The quasi (respectively, the intrinsec)
relative interior of Z denoted qri Z; (respectively, iri Z, ) is the set of z € Z, for which
cl cone (Z — z) (respectively, cone (Z, — z)) is a linear subspace of Z. P(Z) ( respectively,
P.(Z)) will denote the family of all nonempty subsets of Z (respectively, the family of all
nonempty convex subsets of Z). For an element x € X, V(x) will denote a fundamental
system of neighborhoods for x.

Let F : X — P(Z) be a set valued map (or multifunction, also denoted by F : A == Z).
The domain of F (denoted dom F) is dom F = {x € X | F(x) # @} and the graph of F
(denoted Gr F)istheset Gr F = {(x,z) € X x Z | x € dom F, z € F(x)}. A multifunction
F: A= Z (A C dom F) is lower semicontinuous (l.s.c.) at xo € A if for all z € F(xq)
and V € V(z), 3 U € V(x), such that F(UN A) NV # @. The multifunction F is upper
semicontinuous (u.s.c.) at xg € A if for any neighborhood V € V(0), thereis U € V(xg)
such that F(UN A) C F(xg) + V. The multifunction F is Z;-lower semicontinuous at
xg € Aif forall V € V(0) there exists U € V(xg) such that F(UNA) C F(xg)+V —Z..
The multifunction F is quasi-lower semicontinuous (respectively quasi-convex) if the level
sets N* = {x € A | F(x) C o — Z, } are closed (respectively, convex).

We say that the multifunction F is K-concave if for each x1,x; € Aand A € [0,1]
we have F(Ax; + (1 — A)xp) € AF(x1) + (1 — A)F(x2) + Kand AF(x1) + (1 — A)F(x2) C
F(Axy 4+ (1 — A)xp) — K. The multifunction F is K-convex if and only if F is —K concave.
We say F is K-convexlike if F(A) + K is convex and F has K-closed values if F(x) + K is
closed for each x € A. The multifunction F is closed if the graph Gr F is closed. We note by
cl F the multifunction defined by cl F(x) = cl(F(x)), Vx € X and by co F the multifunction
defined by co F(x) = conv(F(x)), Vx € X.

For A,, A C Zwesetli Ay ={x € Z|VneN, Ix, € Ay, xn SN x} and
Ls Ay = {x € Z | I(m)x € N x5, € Ay, Vk € N xy, LN x}. We say that A is the

T-Painlevé-Kuratowski limit of A,, (and we write A, PK A)ifLs A, CACLiA,.
Let us consider K: A== X, T: A== B, F: A x X x T(A) == Z with nonempty values.
We adopt the notations from [5]:

nUV) < UNV£0 AHUV) < UNV=0

nUV) < UCV RUV) << ULV

Let us remark that 71 (U, V) <= rp(U,V°) and r(U,V) < 7(U,V°).
The vector equilibrium problem (VE Pl){V ,i=1,2will be:

(VEP))Y find x € ANK(x) such that Vy € K(x), 3F € T(%); r;(F(%,y,E),W).
The vector equilibrium problem (VEP,);Y, i = 1,2 will be:
(VEPZ)},/I\_] find ¥ € ANK(x) such that 3f € T(%),Vy € K(x); r;(F(%,y,t),W).

Let X =Y, K(x) = A, T(x) = {x}. For different types of W, we get some vector
equilibrium problems studied in the literature:

W= —intZ,, then (VEP)," is (WVEP) from [6];
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W =2Z\int Z, then (VEP)}] is (SVEP) from [9].

* W= —qriZy, then (VEP);) is (QVEP) from [3]

e W = comp (—int Z, )§, then (VEP)XIV is (QEP);, from [5].

e W = ee+intZy, then (VEP)Y is (WVEP)® from [21] and (VEP)} is (GVEP)
from [22].

3. The Existence of the Solutions Set

For the existence of the solutions for (VE Pl)fy , let us denote:

E;’;W ={(x,t)|x€ A, t € T(x), ri(F(x,y,t),W)}
N;'W ={xe€A|3teT(x), ri(F(x,y,t),W)} = PrXE;'W
NIW = {y € K(x) | Fi(E(x,y,1), W)}

Theorem 1 ([23]). Let X be a Hausdorff topological space, A C X be a nonempty compact convex
set and ¢ : A == X be a multifunction with nonempty convex values. Assume that for each x € A,
¢~ (x) is open in A. Then, there exists X € A, ¥ € ¢(X).

The following theorem generalizes Theorem 2.1 [5] and Theorem 13 [3], which may be
reobtained as particular cases from the theorem, as is specified in Remark 1.

Theorem 2. Let us suppose:

(i) Vxe A VteT(x), N;;N is convex and x ¢ () Nti:;N;
teT(x)
(i) Yy e A, N;'W is closed;
(iti) cl K(+) is u.s.c. and K(x) is convex Vx € A, ANK(x) # @.
Furthermore, Vy € A, K~ (y) is open in A.

Then, (VEPl)}’;’ has a solution.

Proof. For x € A set:
P(x)={ye A|VteT(x), 7;(F(x,y,t),W)}

E={yeAlyecdK(y)}

For each x € A, (i) implies that P(x) is convex and (iii) implies that E is a closed
set. Forally € A, A\ P~ 1(y) = {x € A | 3t € T(x), ri(F(x,y,t),W)} and following (ii)
P~1(y)isopenin A. Let Q: A == A, Q(x) = K(x) N P(x) if x € Eand Q(x) = ANK(x)
if x € A\ E. We observe that Q(x) is convex for all x € A. Furthermore, for all y € A:

Q') ={xeE|lxe K ()UP (I U{x e ANE|xe K ()} =

=K (y)N[PTTU(A\E)]

Therefore, A\ Q~'(y) = A\ K~ (y)U[(A\ P~ (y)) N E]. Since K~!(y) and P~1(y)
are open in A, this implies that Q! (y)is open in A for all y € A. Hypothesis (i) implies that
x ¢ P(x), and thus, x ¢ Q(x) for all x € A. Theorem 1 gives us X € A such that Q(%) = @.
Since ANK(x) # @, ¥ € E,K(x) NP(x) = @. Thus, x € ANclK(x), y ¢ P(x), y €
K(%), i.e, there exists f € T(%) such that r;(F(%,y,f), W). We conclude that (VEPl)l/IV has
asolution. O

Remark 1. If F is a real single valued map, W = e + Ry, K(x) = Aand T(x) = {x}, then NZ;N
is Ny, the e-set level, which (i) means that f(x,-) is quasi-convex and (ii) means that f(-,y) is quasi
upper semicontinuous.
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For the existence of the solutions for (VE Pg)fiv , we denote:

W— {(x,t) |x€ A, t € T(x), ri(F(x,y,t), W)}
N = {y € K(x) | Fi(F(x,y,£), W)}

Theorem 3. Let us suppose:
(i) VxeAVteT(x), Nwzsconvexandxeé N Nt’zv,
(xt)€AXT(x)

(i) Yy e A Ey iW is closed and | El Wis closed;
yeEA

(iii) cl K(+) is u.s.c. and K(x) is convex Vx € A, ANK(x) # Q.
Furthermore, Vy € A, K~ (y) is open in A.

Then, (VEPZ)}’ZY has a solution.

Proof. The proof is similar to Theorem 1. [

The following result gives another type of existence theorem that relaxes the requests
concerning the multifunction but impose additional conditions on the cone.

Theorem 4. Let us consider the following conditions:
(i)  F(A,b)+ Z is convex for each b;
(i) A (Zy—Zy)=Zand K= qri Zy U{0};
(iti) K=qiZyU{0};
(iv) WNqri (cone F(A,b) + K) = @.
I (i), (i), (iv) or (i), (iii), (iv) hold, then (VEP)) "M and (VEP)Y MO page
a solution.

Proof. Let us suppose that (VEP)W 1%+ has no solution. Thus, for each a € A, there
exists b € A such that F(a,b)) "W — qri Zy # @. Thus, w € F(A,b) + qri Z4, which
implies that w € cone F(A,b) + qri Z;. Since F(A,b) + Z; is convex for each b, then
cone F(A,b) + qri Z is also convex.

(iii) implies that there exists z* € Z7% \ {0} such that z*(f) > z*(w) forall f € F(A,b),
w € W. However, there exists w € W, f € F(a,b) N (w — qri Z4) # @ and follows (ii) we
have z*(f) > z*(w), which is false. Similarly, we obtain the other conclusion. [

4. Properties for the Solutions Set
In what follows, we consider K(x) = A, K = qi Z; U {0} or K = qri Z; U {0}, where
W is a convex set and F has K-convex values. For z* € Z* \ {0}, z*(qi Z+) = Ry \ {0}
and for z* € Z*% , z*(qri Z4) = Ry \ {0}.
We denote:
Sr (VEP);’v = {x € A | x is solution for(VEP)l-/Y*K ;
SE(VEP)!I2K = {xe A|vye A 3teT(x), 2o F(x,y,t) Nz"(W - K) = O}.

If there is no confusion, we simply denote S(VEP)VY Kand S(VEP)W '1K .
The following theorem generalizes the similar result for VEP with functions from [6].

Theorem 5. If K = qi Z U {0}, then:

U S(VER)X K Cs(VEP) X
zeZ1\{0}
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C U S(VER)Y MO = s(vEp) 0,
=ezi\{0)

IfK = qri Zy U{0} or K = qi Z4 U {0}, W is a convex compact set and F has K-closed
values; moreover, we have

U S(VEP)ZY;lK = S(VEP)\ =K
7z \{0}

and:
U S(VER)X MO = (vEp) =K\,
2 eZ3\(0)

Proof. The first inclusion does hold obviously.

Let x € S; this implies that Vy € A, 3t € T(x), F(x,y,t) N (W —K) = @. Since
F(x,y,t) + Kand W — K are convex sets, there exists z* € Z* such that inf z*(u) > sup z*(v)
foru € F+Kandv € W — K. Obviously, z* € Z% \ {0}, and thus, z* o F(x,y,t) N (z*(W) —
Ry \ {0}) = @. We deduce that z* o F(x,y,t) N z*(W — K\ {0}) = @, which implies:

S(VEP)W-Kc |J  s(vEP)X MO,
z*eZ3\{0}

The converse is obvious, and thus, the last equality from the conclusion follows.
For the case when W is compact, the inequality from the separation theorem is strict and
the conclusion follows similar. O

We denote:

SF(VEP)}’Y_K = {x € A | x is solution for(VEP)XY_K
Sp(VEP)Zf;lK ={xeA|Vye A JteT(x), z"oF(x,yt)Nz"(W—-K) # D}.
If there is no confusion, we denote simply: S(VE P)XY ~Kand S(VEP)ZY;lK .

Theorem 6. If K = qi Z, then:

S(EP), "\ = s(vER)Y S
€23\ (0}

CS(VEP)Y"fc [ S(VEP)XK
z*€Z3\{0}

IfK=qri Zy,or K= qi Z;, W is a convex compact set and F has K-closed values, we have:

S(EP) T\ = s(vER) M ang
zrez:\{0}

S(VEP)Y %= S(VEP)IK
zeZ1\{0}

Proof. Letx € S. For all y € B, there exists t € T(x) such that F(x,y,t) N (W — K\ {0}) #
@. This factimplies that for all z* € Z% \ {0}, wehavez* o F(x,y,t) Nz*(W — K\ {0}) # @.

For the converse, let us suppose that z* o F(x,y,t) Nz*(W — K\ {0}) # @ and
F(x,y,t)N (W —=K\ {0}) = @. We find z* € Z% \ {0} such that infz*(u) > supz*(v)
foru € F+Kand v € W — K. Since (z* o F(x,y,t)) Nz*(W — K) # @ will exists v €
W — K\ {0}, u € F(x,y,t), w € W such that z*(u) = z*(v) < z*(w) < supz*(W —K) <
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infz* o F(x,y,t) is false. The other inclusion does hold obviously. The case when W is
compact follows similar to the previous theorem.
We denote:

SF(VEP);) X = {x € A| xis solution for(VEP);) ¥

SE(VEP)W K —{xc A|Vy € A, 3t T(x), z* o F(x,y,t) C z*(W - K)}.

z*,1rp

If there is no confusion, we denote simply S(VEP),Y K and S(VEP)ZY;ZK. O

Theorem 7. IfK = qi Z; qri Z, then:

c (W-K)
z¥,rp

s(veryg WM — N s(vEP)
zrezi\{0}

Proof. Let x € S. Forall y € A, there exists t € T(x), such that F(x,y,t) C cl (W —K).
Obviously, z* o F(x,y,t) C z*(cl (W —K)) for all z* € Z* \ {0}. Now, let us suppose
that there exists « € F(x,y,t) and & ¢ cl (W — K). We find z* € Z% \ {0} such that
sup{z*(v), v € W — K} < z*(a) < sup{z*(v), v € W — K} is false.
We denote:
Se(VEP)}) ™K = {x € A | x is solution for(VEP);/Z*K

2

SE(VEPYW-K—{xc A|Vye€ A, 3tecT(x), z* o F(x,y,t) L z*(W —K)}.

z*,72

If there is no confusion, we denote simply S(VE P);’X*K and S(VEP)?{;ZK. O
Theorem 8. IfK = qi Z; qri Z, then:

SVEP)R W = | s.(vER)R VTN
zrezi\{0}

Proof. Let x € S. Forall y € A, there exists t € T(x), such that F(x,y,t) € cl (W — K).
Thus, there exists « € F(x,y,t) and & ¢ cl (W —K). We find z* € Z7 \ {0} such that
z*(a) > sup{z*(v), v € W — K}, which implies z* o F(x,y, t)  z*(W — K). The converse
follows obviously and the equality does hold. [

Connectedness for the solutions sets. In the following, we consider K(x) = A, Vx € A,
and T(x) = {x}.

Theorem 9. Let us suppose that K = qi Z U {0} or K = qri Z+ U {0}, F(x,-) has K-convex
values for each x € A and F(-,y) is K-concave, for each y € A. Then, for all z* € Z% \ {0},
S(VEP)L/‘,{%K and S(VEP)ZYI%K\{O} are convex.
IfK = qi Z+ U {0} and in addition we suppose that there exists « € W such that cl (W —
K) =cl (a — K) and S((VEP)ngrq1 Z+) ) # @, then the solutions set S((VEP)ZY_K\{O}
nected.
If W is a convex compact set and F has K-closed values, then S((VEP);’Y XY is connected.

) is con-

Proof. Letxy, x € S(VEP)ZY%K. We have:

z¥o F(x,y) N (z*(W) —R4) =@, Yy € A,

z¥o F(xp,y) N (z"(W) —R}) =@, Yy € A.
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These relations are equivalent with
z* o F(x1,y) Csupz®(W) + R, \ {0}, ,respectively

z* o F(xp,y) Csupz®(W)+ Ry \ {0}.

Since F is K-concave, for each A € [0,1] we have:
F(Ax1 + (1= A)xa,y) € AF(x1,y) + (1 — A)F(xp,y) + K.

Also, we have z* o F(Axy + (1 — A)xp,y) € Az* o F(xq,y) + (1 — A)z* o F(xp,y) +
Ry C supz*(W)+ Ry \ {0} for z* € Z% \ {0}, which means that Ax; + (1 —A)x; €
S(VEP)ZL’;lK, and thus, S(VEP)Z‘[;lK is convex.

In the additional hypothesis, for all z* € Z% \ {0}, we have supz* (W) = z*(«) and

S(VEP) T84 < s(vEP)W K € S(VEP)Y KM We deduce that S((VEP); V%) is
connected. Similarly, we get the conclusion for the case when W is compact. [

Corollary 1. Let us suppose that K = qi Z4 U {0}, W is a convex compact set such that there
exists &« € W, which satisfies c1 (W — K) = cl (a — K), F(x, -) has K-convex values for each
x € A, F(-,y) is K-concave, for each y € A, F has K-closed values, and F(x,y) C a + qi Z for
ally € A; then, S((VEP)}’Y*K) is connected.

The following theorem is similar.

Theorem 10. Let us suppose that K = qi Z U {0} or K = qri Z U {0}, F(x, -) has K-convex
values for each x € A and F(-,y) is K-convex, for eachy € A. Then, forall z* € 7%, S(VEP)W_K

z*,11
and S(VEP)Y <\

IfK =qi Z+ U {0} and S(VEP),, is nonempty, then S(VEP),, is connected.
If, in addition, we consider W a convex compact set and F has K-closed values then S (VEP)}’Y’K
is connected.

are conovex.

W—K\{0} . W-K\{0}

Using Theorems 29 and 35, we get the following two theorems.

Theorem 11. Let K = qi Z4 U {0} or K = qri Z4 U {0} and suppose that F(x,-) has K-
convex values, for each x € A and F(-,y) is K-convex, for each y € A. Then, for all z* € Z7%,

S(VEP)Cl (W=K) 2re convex. IfS(VEP)Cl W=K) g nonempty, then S(VEP)% W=K) is connected.

Theorem 12. Let us suppose that K = qi Z U {0} or K = qri Z U {0}, F(x, -) has K-convex
values, for each x € A and F(-,y) is K-concave, for each y € A. Then, for all z* € Z7%,

S(VEP)CI (I;V X are convex.
If K = qgi Z4 U {0} and in addition we suppose that 3x € W such that c1 (W — K) =

cl (o« —K) and S(V]EP)%Hrqi Ze ) # @, then S((VEP)% (WfK)) is connected.

For K = qi Z; U {0}, the following theorem gives the link between the solutions set
S(VEP)WfZA{O} and the solutions set S(VEP)“Z/X*K\{O}. Let us remark that if z* € Z%,

the scalar problem (VE P)W K0} i equivalent to the scalar problem (VE P)W Ze\ {0},

Theorem 13. Let us suppose that K = qi Z U {0}, Z% # @ and F(x, ) has K-convex values,
for each x € A. Then:

U S(vep) KO csvep) =2\ ¢ ) svep)l

z* 7 z*, 71
ezt z#eZi\{0}
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N S(VEP)Y *M C s(vEp)V-2:\M0 ¢ ) s(vEP)L SO,
zxeZi\{0} Z*EZ&

For the following relations, we may have K = qi Z U {0} or K = qri Z; U {0}.

N SER)Y KM% ¢ svep)) % ¢ ) svep) SO
z*eZ3\{0} z*ez#

cl (W= cl (W— cl (W=
U S(VEP)Z*’(?Z K\{0}) C S(VEP)72 (W—Z:\{0}) C U S(VEP)Z* (rz K\{O})
ezl 22\ {0}

Continuity properties for the solutions sets.
In the following, we generalize the corresponding results from [22] given for VEP
with functions. Then, we say that a set sequence (W, ),en C Pe(X) is weakly Painlevé—

Kuratowski convergent to W (and we write W, wPK W) if gr? sup z*(Wy,) = supz*(W),
n [eo)

vz* € 723 \ {0}.

I.  The continuity with respect to “W”.

Theorem 14. Let z* € Z% \ {0} and suppose that F(-,y) is K-concave for each y € A and
S(VEP){O} K'£ @. Then, the following multifunction:

F:{W—K|W e Pc(X), supz"(W) >0} =% S(VEP)!I" X
is I.s.c. with respect to the weak Painlevé—Kuratowski convergence.

{o}-K
z*,r1

Remark 2. S(VEP) +# @ does hold if S(VEP){" X £ @,

Proof of the Theorem 14. Let us suppose that S is not l.s.c. at Wy. Then, there exists

xo € S(VEP)IO K, v € V(0), Wy — K “5 Wy — K such that:

(x0+V)NS(VEP)!" X =@, ¥n € N.

Let us denote supz*(W,) = ¢, for n € IN. We observe that ¢, > ¢y implies that
S(VEP)2 K 2 S(VEP)[ ¥, which implies that (xo + V) N S(VEP)2.
is false. Thus, for eachn g, < €.

Let x' € S(VEP) . Since lime;, = g, there exists nyp € N such that eg — &, > 0
and "Ox +° "0 x' € xp —|— V. We have z* o F(xq,y) C supz*(Wp) + Ry, forally € A,
z*¥ o F(x y) C ]R+, Vy € A and F(-,y) is K-concave, which implies:

Kis empty, which

€ g0 —¢
2 o F(yy 4 22—y

,¥) Ceny + Ry, Vy € A
€0 €0

Hence (xo + V) N S(VEP)W"0 # @, which is false. O
Similarly, we obtain the following theorems.

Theorem 15. Let z* € Z% \ {0} and suppose that F(-,y) is K-convex for each y € A and
S (VEP){O} KL @. Then, the following multifunction:

Fi{W—K|W e Pc(X), supz*(W) >0} =3 S(VEP) 2K

is I.s.c. with respect to the weak Painlevé—Kuratowski convergence.
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Theorem 16. Let z* € Z% \ {0} and suppose that F(-,y) is K-convex for each y € A and
S(VEP){O} KL @. Then, the multifunction:

F i {W—K|W € P(X), supz*(W) >0} = S(VEP)V K rz
is I.s.c. with respect to the weak Painlevé-Kuratowski convergence.

Theorem 17. Let z* € Z% \ {0} and suppose that F(-,y) is K-concave for each y € A and
S(VEP){O} K # @. Then, the multifunction:

F:{W —K|W € P:(X), supz*(W) > 0} — S(VEP)V

z* rz

is L.s.c. with respect to the weak Painlevé—Kuratowski convergence.
II.  The continuity with respect to z*.

Theorem 18. Let us suppose that A is a convex set, Z is a normed space, F(-,y) is K concave,

F(A,A) is a bounded subset of Z, and S(VEP)}{l0 =K s nonempty. Then, for a constant ¢ > 0,
the multifunction:

G:{z" €7} | supz*(Wp) = c} =3 S(VEP)Ilo. X

is L.s.c. with respect to the norm topology.

Proof. Since S(VEP);(]O}*K # @, we get S(VEP){O}fl< # @O,Vz*€Z% \ {0}. Let us suppose

z*,1
that G is not Ls.c. at zj. Thus, xg € S(VEP)i?r}rl_K and V € V(0), z;, — zj, 2z, € Z%
such that:
(xo+V)NS(VEP) K =@, ¥n e N.

Since F is l.s.c. at Wy, we find Wy € {W' | W = W — K; supz*(W) > 0} such that:
(xo+V)N S(VEP)W1 + Q.

Letx’ € (xo+V)NS (VEP)Zglr:K. We prove that there exists 9 € N such that
¥ € (xo+ V)N S(VEP) &, which s false.
nOI

* * o(W1)— 5 (W, . Wy —K
Let ng such that ||z — z|| < Susi}zag{(\|zﬁ,)z:;l()ji§)}0) = . Since x’ € S(V}EP)ZS;1 , we
have z o F(x',y) C supz§(W;) + R4. For each z € F(A, A) we have |z,,(z) — z§(z)| <
usupi|zl|, z € F(A, A)} = a = supzy(Wy) —supzj(Wp). We get z;;, oF(x',y) C z§o
F(x',y) + [~a,a] C supz*(Wy) + [—a,a] + Ry C supz5(Wo) + Ry C supzy (Wo) + Ry

Hence, x’ € (xog+ V) N S(VEP)WO_K, which is false. O

Zio 1

In the same manner, we can prove the following theorems.

Theorem 19. Let us suppose that A is a convex set, F(-,y) is K concave, F(A, A) is a bounded
subset of Z, and S(VEP);ZO}_K # @. Then, the multifunction G : {z* € Z% | supz*(Wp) =
c} = S(VEP)ZXO.;K is L.s.c. with respect to the norm topology.

,F

Theorem 20. Let us suppose that A is a convex set, F(-,y) is K convex, F(A, A) is a bounded
subset of Z, and S(VEP){O} K # @. Then, the multifunction G : {z* € Z% | supz*(Wp) =
c} = 5( VEP)Z* " is L.s.c. with respect to the norm topology.

M
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Theorem 21. Let us suppose that A is a convex set, F(-,y) is K convex, F(A, A) is a bounded subset of Z,
and S(VEP);{S}fK # . Then, the multifunction G : {z* € Z7 | supz*(Wp) = c} = S(VEP)Z,Y?T;K
is L.s.c. with respect to the norm topology.

Remark 3. The assumptions from the previous theorems provide the following proprieties:

(i) IfWa— K “5 Wo — K, then S(VEP)/0 X C Li S(VEP)anK

(i) If Wy — K “25 Wy — K, then S(VEP)WO KL S(VEP)W" ,
(iii) If ||z}, — z§|| — O, then S(VEP) KCLis(VEP )Zn M
(iv) If ||z, — z§|| — O, then S(VEP) K S(VEP)Zn .

Now, we are able to present the connectedness result for the solutions
set S(VEP);i W=Z\OD) et us denote M* = {z* € Z1 | supz*(Wy) = ¢ > 0} and
M* ={z* € Z% | supz*(Wp) = ¢ > 0}.

Theorem 22. Let us suppose that A is a convex set, Z¥ # @ and F(x, -) has K-convex values for each
x € A, F(-,y) is K concave for each y € A, F(A, A) C Z is bounded and S(VEP);EO}*K # @. Then,
S(VEP)W KO g S(VEP)Cl W=KMOD) are conmected sets for K = Z4 or K = qri Z4 U {0}.

Proof. Following Theorem 13, we have:

ezt €7\ {0}

Let x be an element in S(VEP);/Y*Z*\{O}; there exists z* € Z% \ {0} such that
x € S(VEP)Y KO,
x € S(VEP), ! K\(0) . Thus:

u*,r

cz*

s * J—
If we consider u* = supz (W)

we have supu*(W) = ¢ and

U Sep) SO csvep)/~#\ % ¢ ) svep)X MY

z* 7
zxeM#* z*e M*

Following Theorem 18, we have:

U SEP)X SO —a (Y svep)l 0,

z*e M* z* e M#

Since S(VEP)ZY;lK\{O} is convex and S(VEP)EIO}*K C S(VEP)ZY;lK\{O} for each z*, we
obtainthat |J S (VEP)Z\,{%K\{O} and S (VEP);N ~Z:\M0} are connected sets. Similarly, we
zreM* ’
obtain the connectedness of S(VEP)Cl W=2: 00

Using the results from this section, the following theorems give the link between the
sequence of the solutions sets for a sequence of multifunctions and the solutions set for
the limit of this sequence. Let F,,, F: A x A == Z; we say that F, is weakly continuous

Painlevé-Kuratowski convergent to F and we write F;, uLPI; Fif for x, — x,z* o F;(xy,, A)
is Painlevé-Kuratowski convergent to z* o F(x, A) for each z* € Z* \ {0}.

Theorem 23. For n € N, let F, 25 F and W, — K\ {0} is weakly Painlevé-Kuratowski

convergent to W — \{0}. Then, the following inclusion:

Li Sg, (VEP)/ KO € sp(vEp) KMO)
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does hold for K\ {0} € {qi Zy, int Z, } (if nonempty) and z* € Z% \ {0}, respectively, for K \
{0} € {qri Z+, Z4 } and z* € Z% \ {0}.

If in addition we have K = qi Z+ U {0}, Z% # @, and F(x,-) is K-convexlike on A, for
each x € A, F(-,y) is K concave and for each y € A, F(A, A) is a bounded subset of Z and
S(VEP);lK # @, then we have:

Li Sg, (VEP)—C\MO} € s (vEP)) KM,
fOT" Ce {ql Z+ U {0}, ql'l Z+ U {0}, Z+}

Proof. Obviously, if K\ {0} = qi Z; or K\ {0} = intZ, and z* € Z} \ {0} (respec-
tively, if K\ {0} = qriZ;, or Z+ and z* € Z*) and x € SF(VEP)W K% then
0 € MINsuPz (W)z* o F(x, A).

The hypothesis from the theorem and Proposition3.1 [21] ensure that if x, €
SE (VEP)W” K\ and Xy — x, then:

Ls MINS"P= (W) z* o F, (x,, A) € MIN®PZ"(W)z* o F(x, A)
which implies that 0 € MINS®PZ"(W)z* o F(x, A) and x € SF(VEP)W KO Thus:

Li Sg, (VEP)L" MO € sp(vER)L KO

z*,7
For the second part of the theorem, let us remark that we also have:
Wn*K 0 W—-=K\{0
Ls Sf, (VEP)Z*J_,1 \{0} C SF(VEP)Z*,fl \{0}

and
L U Sk(VER)X M c | Lssg, (VER)Y KO €
z*eZ*\{0} z¢eZ5\{0}

c U sF(VEP)ZY;lK\{O}.
2 eZi\ (0}

Thus, for K\ {0} = qi Z4 or K\ {0} = int Z,, we have:
Li Sg, (VEP)"—K\MO} € sp(vEP)) MO,

Since Li A, = Li cl (Ay), the inclusions A, C B, C cl (A,) implies that Li A, =
Li B,. Following Theorem 22 and the inclusion:

Li | Sk (VEP)L: SO sp(vER)L S0

z*e M* z*e M*
we get:
Li Sp, (VEP)We=2: M0 € s(vEP)) M0
and:
Li S, (VEP)"n—®iZ+ C 5 (VEP) ¥4+,
O

Remark 4. Similarly, we obtain the previous theorem for the solutions set with respect to
7. Furthermore, if we take F, = F, Theorems 14 and 23 give that if F(-,y) is K-concave for

eachy € Aand S(VEP){O} KL @forkK=qiZ, U{0},z* € 7%\ {0} then:

Li Sp(VEP)L" <M = sp(vER)I KM,
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This equality also holds if K = qri Z; U {0} or K = Z, and z* € Z%.
Closing conditions for the solutions set.

Theorem 24. Let F: Ax A == Zand let W C Z and K such that (W — K\ {0})¢ is closed.

If F is lower semicontinuous then S(VEP);/Y ~K\O s closed. If F is upper semicontinuous and F

W—K\{0}
7

has compact values then S(VEP) is closed.

W—K\{0}

Proof. Let (xn)» C S(VEP); and x, — x. If F is lower semicontinuous, since
W—-K\{0}
; :

F(x,y,t) C Li F(xn,y,t) € (W — K\ {0})°, we get that x € S(VEP);,

If F is upper semicontinuous, for all a, € F(x,,y,t) N (W — K\ {0})¢ # @ there
exists « € F(x,y,t) and (ay, )i a subsequence of w, such that a,, — a. Since (W —
K\ {0})° is closed we get « € F(x,y,t) N (W — K\ {0})¢ # @, which implies that x €
s(vep), <M g

5. Applications for Abstract Economies
An abstract economy is a family of ordered triples I' = (X, A;, P;);c; where:

e [iscountable set of agents;

* X; C Zisanonempty set of actions for agenti, X = [] X;
iel

e A;: X == X, is the constraint correspondence of agent i;

e P;: X == X, is the preference correspondence of agent i.

An equilibrium of T is a point x* € X such that Vi € I, x7 € cl A;(x*) and
P;i(x*) N A;j(x*) = @. Let us denote 9;(x) = A;(x) N P;(x) forall x € X.
Let us recall some notions which will be useful for our results.

Definition 1.

(i) A multifunction F : X == Z has lower open section (shortly los), if for any z € Z, the set
{x € X'| z € F(x)} is open in Z. The multifunction F has upper open section (uos) if for all
x € X, the set F(x) is open in Z.

(ii) The multifunction F is L-majorized if there exists a multifunction F such that F has los,
x ¢ conv F(x) and F(x) C F(x), Vx € X.

The following notions generalize the “open lower sections” (ols) multifunctions and
are motivated by the equilibrium existence theorem for abstract economies where the
preference and the constraint multifunctions are not continuous.

Definition 2 ([24]). The multifunction F : X == Z has the “continuous inclusion property”
(CIP) at x if there exist an open neighborhood U, of x and a nonempty multifunction Hy : Uy — Z
such that Fy(u) C F(u) for any u € U, and co Hy has closed graph.

Definition 3 ([25]). Let M, S : A == X; the multifunction S is M-majorized if there exists a
multifunction S such that S(x) C S(x) C M(x), for all x € A, S has the CIP property for each
x € dom S and x ¢ co 5(x).

We denote by M(S) the set of multifunctions M : A == X such that S is M-majorized.
A multifunction S : A == X is M-majorized if M(S) # @.

The following theorem from [26] gives an existence result for the equilibrium of an
abstract economy.

Theorem 25 ([26]). Let I = (X, A;, P;)ic; be an abstract economy such that for each i € I:

(i)  X; is a nonempty compact convex metrizable subset of Z;
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(i)  Aj; has nonempty convex values;

(iii) The correspondence cl A; is upper semicontinuous;
(iv) A; has open lower section;

(v)  P; has open lower section;

(vi) x; & co;(x) forall x € X.

Then, T has an equilibrium.

This theorem can be obtained from the Theorem 2 by taking the following particular
sets and multifunctions: A = X;, T(x) = {x}, K(x) = A;(x), F(x,y) = yif y € P;(x) and
F(x,y) = @ify ¢ Pj(x). The sets N;:;N = ¢;(x), and N;’W = (Pi_1 (y)={xeA|dte
T(x), ri(F(x,y,t),W)}. Thus, (ii), (iii), and (iv) are equivalent with (iii) from Theorem 2; (v)
is equivalent with (ii); and the condition (vi) is equivalent with (i) from the same theorem.
Furthermore, we remark that the hypothesis “metrizable” can be omitted.

Theorem 25 generalizes the following result from [27], which in turn was generalized

in [24].

Theorem 26 ([27]). Let T = (X, A;, P;)icy be an abstract economy such that for each i € I:

(i) X; is a nonempty compact convex subset of R";
(ii) A; has nonempty convex compact values;

(iii) A; is a continuous correspondence;

(iv) P; has an open graph;

(v) x; & cop;(x) forall x € X.

Then, T has an equilibrium.

The following theorem gives a generalization for the case of functions with the
CIP property.

Theorem 27 ([24]). Let T = (X, A;, P;)ic; be an abstract economy such that for each i € I:

(i)  X;is a nonempty compact convex metrizable subset of a Hausdorff locally convex space;
(i)  Aj; has nonempty convex values;

(iii) The correspondence cl A; is upper semicontinuous;

(iv) 1 has CIP at each x € X with ;(x) # &;

(v)  x; & cop;(x) forall x € X.

Then, T has an equilibrium.
This theorem is based on the following fixed-point theorem.

Theorem 28 ([24]). Let X be a nonempty compact convex metrizable subset of a Hausdorff locally
convex space and 1 : X == X be a correspondence which is nonempty convex valued and has the
CIP property. Then, there exists a point x* € X such that x* € p(x*).

Theorem 27 suggests a generalization for the existence theorem for the (VEPs) with
multifunctions with the CIP property. The result concerning the existence of equilibrium
for the abstract economies may be obtained as a particular case.

Lemmal. Let G,H : A == A, E C A bea closed set and for each x € A, G(x) C H(x) and
G has the CIP property at x € dom G. Then, the multifunction Q : A == A, Q(x) = G(x) for
x € Eand Q(x) = H(x) if x € A\ E has the CIP property at x € dom Q.

Theorem 29. Let X be a Hausdorff topological space and A C X be a nonempty compact convex
set, and we suppose:

(i) co ® has CIP at each x € X with ®(x) # @, where ® : A == X is given by ®(x) = {y €
AnNdK(x)|VteT(x), 7(F(x,y,t), W)},
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(i) x ¢ co®(x), forall x € X;
(iti) cl K(-)isu.s.c. Vx € A, ANcl K(x) # @, K(x) is convex Vx € A.

Then, (VEPl)}’;’ has a solution.

Proof. Let E = {y € A |y € cdlK(y)} and Q : A == A be a multifunction given by
Q(x) = co ®(x) if x € Eand Q(x) = ANclK(x) forx € A\ E. We observe that E
is closed since cl K is u.s.c. and for each x € A, Q(x) is convex, x ¢ Q(x) and lemma
implies that Q has CIP. Following Theorem 35 we get ¥ € A such that Q(x) = @. Since
ANdK(x) #@forall x € Awe getx € E, and thus, co ®(x) = @. The conclusion follows
now obviously. O

Let us remark thatif A = X;, T(x) = {x}, K(x) = A;(x), F(x,y) =y ify € P;(x) and
F(x,y) = Dify ¢ P;j(x), then ® = ¢ and this theorem becomes Theorem 27 of Yannelis
and He for abstract economies. ‘ '

Furthermore, let us remark that ®(x) = N;:Xv and N;’W = (@ (y))° from

teT(x)
Theorem 2; the assumptions of Theorem 2 provide that ® has los, and thus, ® and co ®
have CIP.

The existence Theorem 29 may be generalized for M-majorized multifunctions as follows.

Theorem 30. Let X be a Hausdorff topological space, A C X be a nonempty compact convex set

and we suppose:

(i) ®:A=X &={ye AndK(x)|VteT(x), /;(F(x,y,t), W)} is M-majorized and
ANcK(:) € M(®);

(ii) ol K(-)isus.c;Vx e A, ANcl K(x) # @, K(x) is convex; Vx € A.

Then, (VEPl)}’;’ has a solution.

Proof. Let us denote by ® the multifunction which has the CIP property for each x € domS,
x ¢ co S(x) and ®(x) C &(x) C ANcl K(x). The proof is similar to that of Theorem 29 by
replacing ® with ®. [0

For the case of a noncompact set of actions, we have from [28] the following theorem
for the existence of an equilibrium for an abstract economy.

Theorem 31 ([28]). Let I = (X, A;, P;)jc1 be an abstract economy such that for each i € I:

(i)  X; is a nonempty convex metrizable subset of Z;
(i) A;(x) is a nonempty convex set for all x € X;
(iii) The correspondence cl A; is upper semicontinuous and cl A;(x) is compact for all x € X;
(iv) A; has an open lower section;
(v)  P; has an open lower section;
(vi) x; & co;(x) forall x € X.
(vii) There exists C; C X;, nonempty, compact, convex sets such that:
A;(C) C D;, where C = T] C;, D; C X; is compact and convex;
i€l
Ai(x)NZ; #Q,Vx € X_; x Z;, Zi = cl co(D; U C;);
Vx; € Z;\ Cj, x_; € X_, there exists y; € A;(x) N Z; N P;(x).

Then, I has an equilibrium.

In what follows, we present a similar result for the case of correspondence with the
CIP property which extends to noncompact case Theorem 2 from [24].

Theorem 32. Let T = (X;, A;, P;)ic1 be an abstract economy such that for each i € I

(i)  X; is a nonempty convex metrizable subset of Z;

(i)  Ai(x) is a nonempty convex set for all x € X;

(iii) The correspondence cl A; is upper semicontinuous and cl A;(x) is compact for all x € X;
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(iv) ; has CIP;

(v) x; & cop;(x) forall x € X.

(vi) There exists C; C X;, nonempty, compact, convex sets such that:
A;(C) C D;, where C = x;c;C;, D; C X; is compact and convex;
Ai(x)NZ; D, Vx € X_; x Z;, Zi = cl co(D; UC));

Vx; € Z;\ Cj, x_; € X_, there exists y; € A;(x) N Z; N P;(x).

Then, T has an equilibrium.

Proof. Let T = [] Z; and foreachi € I, K; : T == Z;, K;(x) = A;(x) N Z;, Vx € T. Since
iel

cl A; has closed geraph, T, Z; are compact sets, then cl K; has closed graph, compact values,

and thus, cl K; is u.s.c.

We remark that Ki(x) = A;(x), Vx; € G and Kj(x) = A;(x) N Z;, otherwise. Let
GrP;, = dd GrP.. We remark that ¢;(x) = K; N Pj(x) = A;(x) N Pi(x) N Z; has a closed
graphic, which implies that ¢; has the CIP property.

The abstract economy I : (Z;, K;, B; |1);c; satisfies the conditions from Theorem 2 [24],
and thus, there exists ¥ € cl K;(%) and P;(¥) N K;(x) = @ which yields Pi(x)NK;j(x) =@,
and thus, ¥ € C;, cl K;(%) = cl A;(%). We conclude ¥ € cl A;(X), P;(x) N A;(%) = @, and
thus, ¥ is an equilibrium for I'. O

In what follows, we present some results concerning the existence for the Walrasian
equilibrium in a vector exchange economy.

A vector exchange economy, £ is a family (Xj, P;, ¢;);c; such that I is a finite set of
agents and for every i € I:
o X; C Z, is the consumption set of agenti and X = ] X;;

i€l

* Anelement x; € X; will be called an allocation for agent il;
* P : X == X; is the preference correspondence of agent i;
* ¢; € X;jis the initial endowment of agent i.

We suppose that Z* has a compact base B .

The budget set of agent i is B;(z*) = {x; € X; | z*(x;) < z*(e;)} for z* € B

Forz* € BY,x € X,i € I, let ¢;(z*,x) = B;(z") N P;i(x), the set of allocations in the budget
set of agent i at price z* that he prefers to x.

A free disposal Walrasian equilibrium for the exchange economy £ is (2%, %) € B} x X
such that:

1. Foreachie€ I, %; € Bi(z*) and ¢;(z*, %) = ©;
2. Yyx<Ye.

iel iel
Theorem 33. Let £ be an exchange economy satisfying the following assumptions for each i € I:

(i)  Xjis a nonempty compact convex subset of Z;
(i) Forall (z*,x) € (Bf x X)Ndom ¢;, x; ¢ co ;(z*,x) and ¢ is M-majorized at (z*, x).
Then, & has a free disposal Walrasian equilibrium.

Proof. Let [y = IU {0} and foreachi € [,z* € B* ,x € X, let:
A(z",x) = B x Bj(z")
Pi(z*,x) = B x Pi(x)

and for Ag(z*,x) = B} x X:

Po(z*,x) = {q" € BL | g7 (Y (xi —ei)) > 2 () (xi —e;)) } x X.

iel i€l
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Since i € Iy, A; are nonempty convex valued, u.s.c. on B} x X. Fori € I, Pi(z*,x) =
Ai(z*,x) N Bi(z*,x) = B% x (Bi(z*) N Pi(x)) = B% x ¥;(z*, x) and since ¢ is M-majorized
so is .

Fori =0:

Po(z",x) = Ao(z",x) N Py(2",x) = Py(z",x) =

={7" € B} | " (1 (xi —e;)) > 2" (L_(xi —e;))} x X.
iel iel

For (g*,v) € Po(z*,x), let G(z*,x) = (g*,v) which is a constant, and thus, a con-
tinuous multifunction. There exists O € V(z*, x) such that G(z*,x) C §(z*, x) for each
(z*,x) € O, which implies that {y has CIP, and thus, §y is M-majorized.

For the abstract economy (B x X;, A;, B)ic 1,» we may apply Theorem 30 and we get
(z*,%) € B} x X such that (z%,%;) € A;(z*,%) = B} x B;(z*) and ¢(z*, %) = @ for each
i € Iy. Thus, for i € I, p(z*,%) = @.

Since Py (z*, ¥) = @, for each g* € B* , we have:

' (Y (i —e) <2 (L (xi—e)) <0

i€l i€l
and finally, )" (x; — ¢;) < 0. Therefore, (z*, %) is a free disposal Walrasian equilibrium. [
i€l

In what follows, we present a result concerning the existence of a nonfree disposal
Walrasian equilibrium.

Let us denote B;(z*) = {x; € X; | z"(x;) < z"(¢;) +1 — ||z*||} for z* € B?%,
P(z*,x) =P(x)NBi(z*)and K={x € X | _ x; = ¥ ¢;}.

i€l i€l

A nonfree disposal Walrasian equilibrium is an element (z*, ¥) € B, x X such that:
1. foreachie€ I, x € B;(z"), ¥;(z*,%) = Q;
2. Y X =Y e.

i€l i€l
Theorem 34. Let £ be an exchange economy satisfying the following assumptions for each i € I:
(i)  X; is a nonempty compact convex subset of Z.;
(ii) Foreach (z*,x) € (B% x X) Ndom ; we have x; ¢ co ;(z*,x) and i is M-majorized at

(z*, x).
(iii) x; € pr;K implies that x; € Fr P;(x).

Then, £ has a nonfree disposal Walrasian. equilibrium.
Proof. Similar to the first part of the proof in the case “free disposal”, we get (z*, %) €
B x X such that:

1. x € Bi(Z*);
2. l[Ji(Z*, X)=Q,Viel.

From 1, we obtain z*(%;) < z*(e;) +1 — ||z*||. Letz = ¥ (x; — ¢;) and we suppose that

iel
z # 0. From 2, for i = 0, we have ¢q*(z) < z*(z) for each q* € B*. Letg* = H;—*HZ* € B%;
we get % < z*(z), which yields ||z*|| > 1 and since z* € B%, we conclude that ||z*|| = 1.

Using 1, we obtain that z*(z) < 0, and thus, 4%(z) < 0 for each g* € B* . However, since
z # 0, we find g* € BY such that q*(z) = ||g*|| > 0, which is false. Thus, z = 0 and
Y. % = Y e;, ¥ € K. Note that ¥; € pr;K implies that ¥; € Fr P;(x). Since %; € B;(z*) and
icl icl

%; ¢ coyp;(z*, %), %; ¢ P;i(X). If there exists i such that z*(%;) < z*(e;) +1 — ||z*]|, one can find
a point y; € P;(%) such that ¥; and y; are sufficiently close, and z*(y;) < z*(e;) + 1 — ||z*||.
Thus, y; € ¥;(z*, x), which contradicts 2. Therefore, z*(%;) = z*(¢;) + 1 — ||z*|| for each
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i € I, and summing up over all i yields ||z*|| = 1. Finally, we conclude (z*, %) is a nonfree
disposal Walrasian equilibrium. [

Let us remark that if Z = R/, we get Theorems 3 and 4 from [24].

Finally, we remark that the notion of Walrasian equilibrium was extended for the case
of a vector exchange economy with an infinite number of agents and commodities, both for
the additive case and for the nonadditive one. For results concerning the existence of the
Walrasian equilibrium and the core-Walras equivalence with linear and nonlinear prices,
the reader may consult [29-31].

6. Applications of VEPs to the Vector Optimization Problems

In this section, we intend to find a vector optimization problem such that the solutions
of the vector equilibrium problem are solutions for this vector optimization problem. Let
F: Ax A= Zsuchthat0 € F(x, x) and consider the problem (VEP);lK:

(VEP){lK : find x € A such that F(x,y) N —K =@ Yy € A.

Let us recall the definition for the principal efficient points and the domination prop-
erty which will be used in the following. For more details concerning this subject, see [32].
LetK C Z; \ {0}, A C Z, e € Z,. The following sets:

KINFA={yeZ|y—a¢ K Vac A};

KINFA={yeKINFA| VYW €Z y—-yeK, JacA, y—acK}
KMIN*A={ac A|Bd € A, d —a+eec —K}

will be the K-infimal, the K-approximative infimal, and the K- minimal points sets of A,
respectively. Similarly, we may consider the K-supremal, K-approximative supremal, and
the K-e maximal points sets of A denoted K SUP A, K SUPj A, and K MAX® A.

We remark that if K = Z; \ {0}, the K-efficient points becomes the efficient points sets
given in [33]. We will denoted these points by INF A, INF{ A, and *MIN A, respectively,
MIN A if e = {0}. If the interior of the cone is nonempty and K = int Z, the K-efficient
points are the weak efficiencies denoted wEFF A, i.e, wINF A, wINFIA, w *MIN A, and
wMIN A if e = {0}, respectively.

In what follows, the efficient points are considered by respect to the cone K C Z
which ensure that the following domination property does holds.

Theorem 35. Let A C Z, K =ri A, iri A, int Aand X = cone (Zy —x), x € K. Let
us denote B = {a € A | K INFAN(a+ X) # @} and let us suppose that B # @. Then,
@ # KINF A C A+ X and the following domination properties hold:

BCKINFA+K
KINFA()(B+X) = (K INFA - K).

Obviously, if x is a solution for (VEP) then x is a solution for the optimization prob-
lem (Py):
(Px): KINF |J F(x,y) = KINF ] F(y) = v(Py)
yeEA yeEA

The dual problem is (Dy):

Ksupr, () —F|A(T)=09(Ds),
TeL(X,Z)

where F} | A(T) = KSUP{T(y) — Fx(y) |y € A}.
We say that P, is stable if v((Py)) = v((Dy)) = K MAX(Dy).
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Let us consider now the perturbed problem:
(Pa(F)) KINF{®(y,u), y € X}

where ®(y,u) = F(y+u) if y+u € A and ®(y,u) = +oo else. We have
®*(0,T) = SUP{F} |a (T)+{—T(y) |y € A}}. The dual problem is:

(Do(F)) KSUP, | J —@*(0,T).
TeL(X,Z)

Letusdenote y(x) = U KINF{-F |4 (T)+{T(y) |y € A}}.

TeL(X,Z)
Let us consider the vector equilibrium problem (VEP)}Y =K.

(VEP)Z;/*K : find x € A such that F(x,y) C W — K\ {0} ,Vy € A.
We denote —F(x,y) = G(x,y) and —W = W’ and the problem becomes:
(VEPG)W K find x € A such that G(x,y) € W' + K\ {0} Vy € A.

We remark that if x is a solution for (VE P)Zg ~K, then x is a solution for the problems:

(IVEP)) M find x € A such that K INF, | ] G(x,y) C W' —e+ K\ {0}
yeA

foralle € K\ {0}. We consider the dual problem for « € W":

(P) K sup, |J v(w)

ucA
where y(u) = U KINF{=G; [4 (T)+{T(y) [y € A}}.
TeL(X,Z)
The element x is a solution for (P*) if there exists z € y(x) such that (K SUP; U

ucA
7(u)) N(z + a + K) = @. We denote the set of these solutions by S(P*). Let us remark that

ifx € S(P*), then (U 7(u))N(z+a+K) =@ and thus y(x) NK MAX* U v(u) #Q,
ucA ucA

that is:
x is an & — solution for (P) : K MAX* | J 7(u).
ucA

Theorem 36. If (P;(G)) is stable, then there exists &« € W such that for all ! > « we have:
S(VEP))) % C s(p¥).

Proof. Let x € S(VEP)}Y"K. Thus, INF;, U G(x,y) € W —e+K\{0}. If (P(G)) is
yeEA

stable, then K INF; U G(x,y) = K MAXy(x) # @. Since 0 € F(x,x), then for all
yeA

z € (KINF U G(x,y)) = KMAXy(x), z # 0. Furthermore, following the domination
yeA

property, there exists zg € K INF; U G(x,y) = MAX~y(x) such that zy < 0 and there
yeA

exists « € W such that —« —e < zg < 0. We remark that for all z € K MAXy(u) =
KINF, U G(u,y),z #0.
yeA

(U KMAXy(u))(Vzo+a+e+K) =0
ucA
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since zg + a 4 ¢ > 0. The conclusion follows obviously. [

W—K\{0},

Let us consider the vector equilibrium problem (VEP),,

(VEP)W_K\{O} : find x € A such that F(x,y) (J(W — K\ {0}) # @, Yy € A.

"

Moreover, let us consider the problem (I VEP)XY KO3,

(IVEP) MO+ find x € A such that W # K INF | ] F(x,y) (YW + K\ {0} # @.
yeA

This relation is equivalent with the following conditions: K INF; |J F(x,y) N(W + K\ {0}) # @
yeEA

and W ¢ K INF (J F(x,y). We remark that S(IVEP)! M0 ¢ g(vEp) Y K\
yeA
We consider the dual problem:

(P K SUPy | (u)
ucA

y(u)= U KINF{-F [a(T)+{T(y) |y € A}}.
TeL(X,Z)

An element x is a solution for (P¥) if there exists z € y(x) such that (K SUP; U
ucA

y(u)) N(z —a + K{0}) = @. We denote the set of these solutions by S(P*). Let us remark
that if z € S(P*) then:

z—a € KSUP(K SUP;, | ) y(u)) =KSUP | J y(u)
ucA ueA

soz € MAX* U 7y(u),ie., xis a solution for (P).
ucA

Theorem 37. If (P,(F)) is stable, then there exists « € W such that:
W+K\{0} o
S(IVEP);, C s(P%)
S(VEP)Y MY N s(pr) £ @

Proof. If x € S(IVEP)ZYH(\{O}, then there exists zp € K INF; U F(x,y) = K MAX7y(x)
yeEA

(since (P,(F)) is stable) and « € W such that zg —a > 0. If we suppose (K SUP; U
ucA

y(u))N(zo — a + K{0}) # @ we have z € K MAX~(u), z > zy — « > 0, which is false.
Since S(IVEP)ZIHK\{O} - (VEP)XYﬁK\{O}, we get the conclusion. [

7. Conclusions

We present a unified approach for the vector equilibrium problems in the case of
the ordering cone with nonempty quasi-interior or relative interior (possible with empty
interior). In this case, some results concerning the existence of the solutions for a vec-
tor equilibrium problem are given and are applied to obtain conditions of existence for
equilibrium in an abstract economy and for Walrasian equilibrium in a vector exchange
economy. Several properties concerning the continuity and the connectedness for the
solutions set are obtained. Some applications of this study in other domains, such as vector
optimization problems and vector duality, are also given. Optimality results, linear and
nonlinear scalarization characterization, as well as algorithm methods remain topics for
future research.
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