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Abstract: Robot-assisted surgical systems have been widely applied for minimally invasive needle
biopsies thanks to their excellent accuracy and superior stability compared to manual surgical
operations, which lead to possible fatigue and misoperation due to long procedures. Current needle
biopsy robots are normally customed designed for specific application scenarios, and only position-
level kinematics are derived, preventing advanced speed control or singularity analysis. As a step
forward, this paper aims to design a universal needle biopsy robot platform which features 6 DoF
3-RRRS (Revolute–Revolute–Revolute–Spherical) parallel structure. The analytical solutions to its
nonlinear kinematic problems, including forward kinematics, inverse kinematics, and differential
kinematics are derived, allowing fast and accurate feedback control calculations. A multibody
simulation platform and a first-generation prototype are established next to provide comprehensive
verifications for the derived robotic model. Finally, simulated puncture experiments are carried out
to illustrate the effectiveness of the proposed method.

Keywords: needle biopsy robot; kinematic modeling; Jacobian analysis; simulation; experiment
validation

MSC: 70E60

1. Introduction
1.1. Application Background

A biopsy procedure extracts certain tissue samples from suspicious lesions for subse-
quent pathological examination to confirm cancer diagnosis. Traditional biopsies involve
the manual insertion of needles by radiologists, placing challenges on radiologists’ surgical
experience, operational dexterity, and fatigue level [1,2]. Therefore, versatile needle biopsy
robot systems are designed and utilized to assist biopsy procedures due to their increased
rigidity and precision through the use of more stable robotic manipulators. With various
medical imaging technologies such as Magnetic Resonance Imaging (MRI), Ultrasound
(US), and Computerized Tomography (CT), the lesions can be localized before intervention,
and the robot-controlled needle can be guided with image feedback during the biopsy
procedure [3]. The robot-assisted needle biopsy has been successfully applied in various
anatomical scenarios, including the bones, lungs, breast, brain, prostate, and heart [4–6].
These treatments offer alternatives to more complex and invasive surgical procedures, as
shown in Figure 1.
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Figure 1. Clinical application of needle biopsy robot.

1.2. Related Works

An effective design of robot-assisted needle biopsy system should be compact within
confined spaces and provide adequate degrees of freedom (DoF) for the needle and ability
to avoid obstacles during needle insertion [3]. Serial robots are favored for their simple
structure and relatively larger workspace. The Cartesian platform is a straightforward
serial robot structure capable of offering precise positioning functionality to surgical end-
effectors. Consequently, it has garnered extensive research attention and found widespread
application in the field. Su et al. designed an MRI-guided six-DoF robot for prostate treat-
ment, consisting of a 3 DoF Cartesian platform and a three-DoF needle driving module [7].
Chen et al. designed a three-DoF focal laser ablation robot for prostate biopsy based on
the modified Cartesian platform [8]. Recently, Li et al. introduced a six-DoF low back
needle injection robot, which comprises two X–Y Cartesian planes that facilitate the control
of the needle’s position and orientation angles [9]. Additionally, it includes a two-DoF
needle driving module. Pan et al. used a similar robot structure and designed an eye-gaze-
controlled needle injection robot [2,10]. It is noteworthy that the workspace of surgical
robots based on Cartesian platforms is entirely determined by the axis length of the Carte-
sian platform, limiting their deployment within confined spaces, such as those encountered
in medical imaging scanners. Custom-designed robotic structures are therefore proposed by
researchers. Stoianovici et al. designed a four-DoF transrectal ultrasound-guided prostate
biopsy robot based on the remote center of motion (RCM) serial mechanism [11]. Though
the robot is compact and simple, its workspace is limited, and the end-effector must be
adjusted manually. Nycz et al. combined the advantages from Cartesian platform and
the RCM serial mechanism and designed a seven-DoF stereotactic neurosurgery robot to
position, orient, and insert an interstitial ultrasound-based ablation needle [12]. To enlarge
the reachable workspace while avoiding system cumbersomeness, Schreiber et al. designed
a seven-DoF serial linkage robotic arm for CT-guided percutaneous needle lung biopsy [13].
This small in-bore sized robot features an expansive working area and numerous approach
angles to targets. Cheng et al. designed a seven-DoF MRI-guided continuum neurosurgical
robot [14]. Via selectively actuation of only 3 motors, this robot can achieve highly efficient
end-effector re-configuration. Welleweerd et al. embedded a three-DoF needle insertion
module and a US probe upon a seven-DoF commercially available robotic arm (KUKA
MED 7 R800, KUKA, Sterling, VA, USA) to perform US-guided breast biopsy [15].

Compared with serial robots, parallel robots typically have a higher stiffness and rigid-
ity, allowing them to maintain better positional accuracy and repeatability. Furthermore,
the redundant connections and multiple supporting joints contribute to the ability to with-
stand external forces and maintain stability even in the event of component failures [16].
Eslami et al. designed a four-DoF parallel in-bore prostate transperineal intervention
robot driven by MRI-compatible piezoelectric motors [17]. This robot uses lead screws
to provide two-DoF Cartesian translations and two-DoF angulation motions for a needle.
Yet, adequate improvement are necessary to make the system more compact. Orhan et al.
designed a five-DoF parallel robot for US-guided percutaneous needle biopsy, which pri-
marily consists of two four-link rhombus mechanisms [18]. Groenhuis et al. designed
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Stormram series robots for MRI-guided breast biopsy [5]. These robots use multiple-link
parallel architectures to provide accurate and stable manipulator positions. Yet, since the
Stormram series robots are actuated by customed design MRI-compatible pneumatic step
motors, only position control is permitted. Moreira et al. designed a nine-DoF MRI-guided
prostate needle insertion robot actuated by piezoelectric motors [19]. This robot consists
of two parts, in which the control of the needle configuration is realized by the five-DoF
parallel robot, and the function of rotating and inserting the biopsy needle is realized by the
four-DoF needle driver. Wang et al. proposed a modularly designed six-DoF parallel robot
specifically for image-guided surgeries. The robot’s modules are kinematically decoupled
and can effectively expand its operational range, allowing for a larger workspace while
occupying a smaller system size [20]. Stewart Gough Platform (SGP) is the most famous
and well-studied six-DoF parallel mechanism. Chen et al. designed a 6-6 SGP surgical robot
for MRI-guided needle intervention, utilizing a sliding mode control algorithm to govern
the motion of pneumatic piston cylinders, thereby achieving the precise pose control of the
mobile platform [21]. Huang et al. designed a 3-6 SGP needle biopsy robot for deep brain
stimulation electrode implantation. It employs a crank-slider mechanism to convert the
rotational motion of ultrasonic motors into linear motion [22]. However, the straight legs
of an SGP inevitably restrict its system size, which is of significant importance within any
medical imaging scanners. Comprehensive reviews about recent advancements in needle
biopsy robots can be found in [1,3,23].

1.3. Brief Summary

Conclusively, recent advances in minimally invasive robot-assisted needle biopsy
normally focus on custom design of robots for a specific intervention [24]. Many show
deficiencies in operating area and reachable collision-free workspace, which precludes them
from general purpose applications [13]. Additionally, with the well-accepted assumption
that surgeries are preformed slowly [25], current works mainly focus on robot kinematic
modeling and position control with image registration, without Jacobian analysis, which is
especially critical for parallel robots to ensure the surgical robot works in a singularity-free
workspace [26]. The Jacobian analysis also allows robot speed control to further improve
the surgery progress.

To tackle these issues, this study presents a compact 6-DoF 3-RRRS parallel needle
biopsy robot. The detailed design is presented in Section 2. Section 3 establishes the
kinematic model, following by an analytical solution to its nonlinear kinematic problem,
which allows fast and accurate feedback control calculations. Additionally, singularity
analysis and a closed-form representation of singular conditions are presented in Section 4.
A simulation model built within Matlab/Simulink using Simscape is established to verify
the derived nonlinear kinematics in Section 5. Section 6 presents the experimental tests of
a first-generation prototype to provide comprehensive verifications of the derived model
and to evaluate the needle puncture process. Finally, Section 7 draws conclusive remarks.
The main contributions of this study can be summarized as follows:

(1) A kinematic model is established for a structure-specific parallel robot, which can
be used to analytically solve its nonlinear kinematics problems and allows for fast
and accurate feedback control calculations, including forward kinematics, inverse
kinematics, and differential kinematics.

(2) The correctness of the derivation kinematics is verified via a Simscape simulation model
and a prototype. The results show that the model has high accuracy of robot calculation.

(3) The first prototype was built based on simulation experiments. The rationality of the
kinematic model we established was illustrated by demonstrating a puncture case.

2. Design of the 3-RRRS Parallel Needle Biopsy Robot
2.1. Mechanical Structure

The robot presented in this study adopts a three-chain parallel structure, illustrated in
Figure 2. This three-chain parallel structure was mainly studied by Gosselin et al. [27,28]



Mathematics 2024, 12, 1461 4 of 25

in the late 1990s. This robotic system comprises three identical five-bar parallelogram
structures facilitating the connection between the moving platform and the base. There are
also other configurations of three-chain six-DoF parallel robots, including the 3-RPSR [29],
3-CRS [30], 3-CPS [31], among others. In contrast to these alternatives, the structures
utilized in this study feature distinctive support chains. Each support chain is linked to a
moving platform through a combination of a universal joint and a revolute joint, mimicking
a sphere joint, and a static platform at the base via a vertical rotating joint. To maintain
symmetry, the connection points between the supporting chains and each platform are
arranged in an equilateral triangle [20].

More specifically, each supporting chain in this design comprises a vertically oriented
rotating joint, a five-bar parallelogram, and a spherical joint connected to the moving
platform. It is worth noting that the five-bar parallelogram structure is kinematically
similar to a planar double-rotation linkage mechanism, with the axis of rotation parallel
to the horizontal plane. This design presents advantages compared to traditional parallel
mechanisms, such as SGP, which typically employ six supporting chains with linear joints
as drives. Conversely, the proposed configuration utilizes only three supporting chains,
each equipped with two active rotary joints as the drive. This not only enhances the
workspace but also contributes to a reduction in the overall volume of the robot.

Figure 2. Mechanical structure of the 3-RRRS Parallel Needle Biopsy Robot.

2.2. Degree of Freedom Analysis

The degree of freedom of the robot can be determined by the Grübler–Kutzbach formula:

m = 6(c − g − 1) +
n

∑
k=1

fk (1)

where c = 11 denotes the number of links, g = 12 represents the number of joints, fk
signifies the degree of freedom of joint k. Rotational joints have one DoF, and spherical
joints have three DoF. Therefore, ∑n

k=1 fk = 18. Following the calculations, the derived result
indicates that the robot possesses six DoF.

2.3. Workspace Analysis

In most parallel mechanisms, there exists coupling between the drives, which adds
complexity to the analysis of workspace. Currently, two primary methods are available
for solving the workspace of parallel mechanisms. The first method involves geometric
analysis, where the extreme positions and spatial constraints of specific parallel mecha-
nisms are examined to derive geometric information about workspace boundaries [32]. The
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second method is a discretized approach, which involves dividing the extensive workspace
into discrete segments. In this approach, inverse kinematics are solved for each node
in the discrete space grid, and it is determined whether these positions satisfy mechan-
ical constraints. Although this method is widely applicable to various types of parallel
mechanisms and guarantees adherence to mechanical constraints, it demands considerable
computational resources and lacks geometric details about workspace boundaries [33]. In
this study, the geometric analysis method is chosen for determining the workspace of the
parallel mechanism.

The Constant Orientation Workspace (COW) is defined as the collection of positions
that the moving platform can attain while maintaining a consistent orientation. Figure 3
shows two examplary workspaces with different orientations. In this paper, the COW
of the robot is determined by intersecting the individual workspaces of each chain and
compensating for the offset of the moving platform. Taking into account the limitations
imposed by the two active joints, the terminal attachment points Pi are confined within the
supporting plane, where i = 1, 2, 3. In scenarios where the active joint rotates to the limit
position of the supporting chain, along with passive joint rotation, the terminal connection
point Pi is constrained to a sphere with a radius of S1 + S2 around the point Qi, as shown in
Figure 4. Figure 3 illustrates the intersection of the motion spaces of each supporting chain,
meeting the constraints of the moving platform and depicting the constant orientation
workspace of the parallel mechanism. Notably, the lower half is practically unusable due
to interference with the base; thus, only the upper half is depicted.

Figure 3. Workspace of moving platform: (a) the moving platform maintains a positive z-axis
direction, (b) the moving platform maintains a positive x-axis direction.

Figure 4. Sketches of the robot: (a) kinematic analysis schematic diagram, (b) parallel robot supporting
chain analysis schematic diagram.
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3. Kinematic Modeling
3.1. Inverse Kinematics

The inverse kinematics of a parallel robot are traditionally addressed by analyzing
vector loops constructed based on the mechanical structure. Advancing this approach, this
paper introduces a more direct and intuitive method, capitalizing on the unique structure
of the platform. This method entails determining the positions of the supporting chains and
the 3 connection points on the moving platform through the configuration of the moving
platform. Subsequently, this formulation is translated into an inverse kinematics problem
for 3 serial robots. Figure 4 illustrates the placement of the fixed coordinate system {s} at the
center point Os of the base platform and the mobile coordinate system {b} at the point Ob
on the moving platform. The connection points between the supporting chain and the two
platforms can be represented in the respective coordinate systems {s} and {b} as follows:pb

i = rb

[
cos(γi) sin(γi) 0

]T

bs
i = rs

[
cos(σi) sin(σi) 0

]T (2)

γi =
2
3

iπ, f or i = 1, 2, 3

σi =
2
3

iπ, f or i = 1, 2, 3
(3)

where rs and rb represent the circumscribed circle radii of the base platform and the moving
platform, respectively.

To solve the inverse kinematics for the robot, it is necessary to ascertain the rotation
angles of the active joints within each supporting chain, a process dependent on the position
and orientation of the moving platform. The elucidation of the specific solution method
is detailed with reference to the geometric model diagram. The positional relationship
between the moving platform and the stationary platform is represented by the vector
p⃗ =

[
x y z

]T .
Using three Euler angles to describe the orientation of the moving platform: roll (ϕ),

pitch (η), and yaw (ψ). The positions of the joints connecting each chain to the moving
platform relative to the center point Os of the base platform are

p⃗i = p⃗ + Rsbb⃗i, f or i = 1, 2, 3 (4)

where Rsb is the rotation matrix of the moving platform in the base coordinate system, and
this rotation matrix is given by the following equation

Rsb = Rz(ψ)Ry(η)Rx(ϕ) (5)

where Rz, Ry, Rx represent the basic rotation transformations around the z, y, and x
axes, respectively.

Since the passive joints at the connections between each chain and the base platform
are rotary joints along the vertical z-axis direction, the point of the middle joint pC of
the supporting chain, projected onto the xoy plane, lies on the line connecting the two
platform connection points pB and pE, as shown in Figure 4b. For any supporting chain i,
the equation can be written as

|S1sin(θi2) + S2cos(θi3)| =
√
(Pi(x)− Qi(x))2 + (Pi(y)− Qi(y))2 (6)

S1sin(θi2) + S2cos(θi3) = Pi(z) (7)

where θi2 and θi3 are angles of the two active rotational joints. By solving these equa-
tions simultaneously, the angles of the two active rotational joints in each chain can be
determined analytically.
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3.2. Forward Kinematics

The forward kinematics involve determining the moving platform’s motion based on
the joint movements of the robot, specifically calculating the position and orientation of
the moving platform from the robot’s joint coordinates. Forward kinematics are extremely
important for feedback control based on information from the joint space sensor, as they
can be used to calculate the position of the end platform. For parallel robotics, constructing
kinematic models is inherently more intricate compared to serial robots. Gosselin et al. [34]
previously addressed similar structures by separately considering each supporting chain
and developing kinematic models based on screw theory. While this model is succinct, its
derivation is complex, and the symbolic representation grounded in screw theory lacks
intuitiveness. Therefore, in this paper, a more straightforward and efficient model is
formulated, starting from the geometric characteristics of the robot structure.

For the six-DoF parallel robot in this paper, we need to calculate the moving platform’s

pose and configuration Tsb =

[
Rsb p⃗
0 1

]
∈ SE(3) based on the values of the active joint

angles θi2, θi3 for each chain, where i = 1, 2, 3.
The specific calculation process is provided in the Appendix A, and detailed calcula-

tions are not included here.
According to the calculation of the forward kinematics model, the coordinates of

the connection point between the support chain and the end of the mobile platform can
be obtained, which are denoted as Pi =

[
pix piy piz

]T , i = 1, 2, 3. The position of the
moving platform can therefore be obtained as

p⃗ =
1
3

p1x + p2x + p3x
p1y + p2y + p3y
p1z + p2z + p3z

 (8)

If there is no rotation around the z-axis of the moving platform, the direction of the
moving platform can be represented by the normal vector n⃗

n⃗ =
−−→
P1P2 ×

−−→
P2P3 (9)

Based on the direction of the moving platform and the initial orientation, the rotation
angle and rotation axis can be calculated.

ρ = arccos(⃗n · n⃗0) (10)

ω = n⃗ × n⃗0 =

ωx
ωy
ωz

 =

nyn0z − nzn0y
nzn0x − nxn0z
nxn0y − nyn0x

 (11)

Using Rodrigues’ formula, the corresponding rotation matrix can be calculated.

Rω(ρ) = e
[
ω

]
ρ
= I + sinρ

[
ω
]
+ (1 − cosρ)

[
ω
]2 (12)

If there is any rotation component around the z-axis of the moving platform, the
positive kinematics solving problem can be translated into finding the optimal rotation
and translation transformation between the corresponding 3D points. This problem can be
solved by the method of singular value decomposition (SVD).

F = (N0 − centroidN0)(N − centroidN)
T

[U, S, V] = SVD(F)
R = VUT

(13)
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where N0 =
[
P01 P02 P03

]
, N =

[
P1 P2 P3

]
, centroidN0 = 1

3 ∑3
i=1P0i, centroidN =

1
3 ∑3

i=1Pi, N − centroidN is an operation that subtracts each column in N by centroidN [35].
There is a special case when using SVD to calculate the rotation matrix. If det(R) = −1,

the resulting rotation matrix is numerically correct, but it is actually trivial in reality. For
this case, we need to multiply −1 in the third column of V to obtain the correct R.

3.3. Jacobian Matrix and Velocity-Level Kinematics

Considering that controlling robots often involves modifying joint motion velocities
or adjusting joint torques, the significance of the Jacobian matrix in linking joint space
to workspace becomes crucial in the context of robot motion control. The derivation of
the Jacobian matrix entails velocity loop analysis, where the velocity loops result directly
from differentiating kinematic loops. At the displacement level, each motion loop can be
concisely expressed in vector form. The number of loops is determined by the number of
chains, which is three in this case. The formula for motion loops [26] is expressed as follows:

p⃗ + Rsbb⃗i − r⃗i = a⃗i (14)

When converted into scalar equations, the above equation can be written as

(⃗p + Rsbb⃗i − r⃗i)
T (⃗p + Rsbb⃗i − r⃗i) = ||a⃗i||2 (15)

Differentiating both sides of the equation, it yields

a⃗i
T ˙⃗p + a⃗i

TRsbb⃗i = a⃗i
T ˙⃗r (16)

The second term of the equation can be written as

a⃗i
TRsbb⃗i = a⃗i

T(ω × Rsb)b⃗i = a⃗i
T(ω × b⃗is) = (b⃗is × a⃗i)

Tω (17)

Equation (16) can be rewritten as

a⃗i
T ˙⃗p + (b⃗is × a⃗i)

Tω = a⃗i
T ˙⃗r (18)

According to the velocity equation of the robot’s motion loop, the relationship between
the moving platform’s motion twist and the velocity of the connection points on the moving
platform can be obtained. Then, based on the kinematic analysis of the supporting chains,
the velocity of the connection points on the moving platform can be expressed in terms
of the angular velocities of the active joints, resulting in the global Jacobian matrix of the
parallel robot. The specific calculation process is provided in the Appendix A, and here we
directly present the results:

K · V = G · H · θ̇a (19)

where, V =
[
ωT ˙⃗pT]T ,θ̇a =

[
θ̇12 θ̇13 θ̇22 θ̇23 θ̇32 θ̇33

]T . Equation (19) represents
the velocity-level kinematic equation of the parallel robot. It can be observed that both
matrices K and G · H have dimensions of 6 × 6. The dimensions of the matrices indicate
that the mechanism is a non-redundant robot with six DoF and six actuators.

4. Singularity Analysis

In general, parallel robots commonly encounter singular configurations, which oc-
cur when any matrix in Equation (19) becomes singular, as revealed by the analysis of
differential kinematics. The robot’s performance sharply deteriorates when operating near
a singular configuration, making it uncontrollable in such states. Singularity emerges
as a primary constraint limiting the orientational workspace of parallel robots. To ad-
dress these challenges, singularity analysis becomes a crucial step in the design process
of robot mechanisms. Previous studies have introduced various methods for analyzing
the singularities of parallel robots, including approaches based on screw theory and Grass-
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mann line geometry [27], among others. Following the analysis method proposed by
Gosselin et al. [36], singularities in parallel robots can be categorized into distinct types,
such as chain singularity, platform singularity, etc.

4.1. Chain Singularity

The chain singularity analysis of a three-chain parallel robot is equivalent to the
singularity analysis of three serial-type robots, each with three DoF. Therefore, we can
derive the geometric conditions for chain singularities. In the spatial coordinate system,
the screw system of the i th supporting chain in the parallel robot can be represented as

ζi =

[
uzi u1i u1i uxi uyi uzi

PAi × uzi PBi × u1i PC′i × u1i PEi × uxi PEi × uyi PEi × uzi

]
(20)

where u1i = (cosθi1, sinθi1, 0), uxi, uyi, and uzi represent the unit vectors in the x-axis direc-
tion, y-axis direction, and z-axis direction, respectively. The condition for supporting chain
singularity is when ζi is linearly dependent, which can be determined by the determinant
of ζi:

det(ζi) = 0 (21)

Solving Equation (21), we get θi2 − θi3 = kπ(k = −1, 0, 1). This means that the
supporting chain singularity of the parallel robot occurs when links BC and BC′ are collinear,
as shown in Figure 5a.

Figure 5. Illustration of different types of singularities. (a) Chain singularity. (b) Platform singularity
case 1. (c) Platform singularity case 2. (d) Platform singularity case 3.
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4.2. Platform Singularity

When the matrix in the velocity-level kinematic equation Equation (19) of the parallel
robot becomes singular, the moving platform possesses a singular configuration. In such a
state, determining the passive joint velocities and the velocity of the moving platform from
the active joint velocities, or vice versa, becomes impossible [37]. In principle, when the
angles of active and passive joints are known, the singularity configuration can be identified
by calculating the determinant of the matrix in Equation (19). Moreover, considering the
specific parallel robot structure in this study, geometric conditions for platform singularities
can be analyzed using Grassmann line geometry.

(1) If any passive joint axis passes precisely through its corresponding attachment
point Pi on the moving platform, a platform singularity occurs, as illustrated in
Figure 5b. In this scenario, the velocity contribution of this passive joint to the
velocity of the platform connection point diminishes. This singularity configuration
is a consequence of particular robot structures and manifests across all configurations
within the entire robot workspace. Therefore, this structural singularity can be
circumvented through meticulous design considerations.

(2) Considering the case where three driving links align in a straight line within a
shared plane: Let di2 and di3 represent lines parallel to the driving links that traverse
through point Pi. A singularity configuration arises when line dj2 or dj3 of the jth
supporting chain is part of supporting chain plane i and passes through point Pi.
Consequently, lines dj2 or dj3 must align with the edge Pi Pj of the moving platform.
This circumstance is only realized when planes i and j coincide, as depicted in
Figure 5c.

(3) Considering the scenario of three interrelated supporting chains: when the constraint
forces of the three supporting chains exhibit linear dependence, according to Grass-
mann linear geometry, it can be elucidated that the three supporting chain planes ∆1,
∆2, and ∆3 share a common intersection line, as illustrated in Figure 5d. When the
normal vectors of the three planes 1, 2 and 3 are coplanar, it satisfies

|n⃗1 n⃗2
−−→
P1P2| = 0

|n⃗2 n⃗3
−−→
P2P3| = 0

|n⃗3 n⃗1
−−→
P3P1| = 0

(22)

According to Equation (22), the conditions for the occurrence of such singularity are
θ12 = θ22 = θ32

θ13 = θ23 = θ33

θ11 = θ21 = θ31 = 0

(23)

5. Simulation Experiments
5.1. Simulation Platform Setup

To demonstrate the accuracy of the derived position-level and velocity-level kinematic
models, we have established a numerical simulation model for validation. The main
dimensional parameters of the parallel robot are set according to the requirements of the
customized puncture surgery. The workspace in clinical surgery is small, so with reference
to the workspace analysis shown in Figure 3, we give the main dimensional parameters
of the robot as shown in Table 1. The 3D CAD assembly file of the robot is imported into
Matlab/Simulink using Simscape toolbox (see Figure 6), which provides a comprehensive
multibody dynamic library. Given a desired trajectory of the moving platform, inverse
kinematics is calculated first and resulting joint trajectories are sent to the Simscape robot
model next. The trajectory of the moving platform is then continuously simulated and
captured, which is compared with the calculation results based on the previously derived
forward kinematic model and the differential kinematic model.
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Figure 6. (a) Matlab/Simscape virtual robot. (b) Simulink block model.

Table 1. Main dimensional parameters of the proposed robot.

Items Specifications (mm)

LOs A 80
LAB 31.8
LBC 50
LCD 50
LDE 62.5
LEOb 33.28

5.2. Simulation Test

To comprehensively and thoroughly verify the derived robotic model, three trajectories
for the moving platform are studied. More specifically, pz(t) and py(t) gives time-varying
trajectories for the moving platform’s position in z and y directions, respectively. θRx (t)
assigns a time-varying trajectory for the moving platform’s orientation around x-axis.
This is shown in Figures 7–9. Here,

[
ωx ωy ωz

]T represents the rotational velocity

of the moving platform, and
[
Vx Vy Vz

]T signifies the translational velocity of the
moving platform.

pz(t) = 50sin(
π

10
t)[mm] (24)

py(t) = 20sin(
π

10
t)[mm] (25)

θRx (t) =
π

4
sin(

π

5
t)[rad] (26)
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Figure 7. Moving platform’s velocity comparison: translational trajectory along the z-axis:
pz(t) = 50sin( π

10 t)[mm]. (a) Derived model, (b) simscape simulation, (c) error.

Figure 8. Moving platform’s velocity comparison: translational trajectory along the y-axis:
py(t) = 20sin( π

10 t)[mm]. (a) Derived model, (b) simscape simulation, (c) error.
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Figure 9. Moving platform’s velocity comparison: rotational trajectory along the x-axis:
θRx (t) =

π
4 sin(π

5 t)[rad]. (a) Derived model, (b) simscape simulation, (c) error.

Figure 10 demonstrate the moving platform’s 6 DoF velocity comparison between
the proposed kinematic model and the simulation when the robot follows the combined
trajectory specified by Equations (24)–(26). The results are integrated to acquire moving
platform’s six-DoF configuration, as shown in Figure 11. Notably, both the speed and
position errors are observed to be adequate small, meaning the derived kinematic model
shows great accuracy.

Figure 10. Combined trajectory of Equations (24)–(26). Moving platform’s velocity comparison.
(a) Derived model, (b) simscape simulation, (c) error.
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Figure 11. Combined trajectory of Equations (24)–(26). Moving platform’s integrated position comparison.

6. Prototype Experiments
6.1. Prototype Platform Setup

Figure 12a presents the first-generation prototype of the robot proposed in this study.
An experimental investigation is devised to evaluate the kinematic model and explore the
kinematic characteristics of the parallel robot. The experimental platform of the 3-RRRS
parallel robot is designed according to the simulation model, and the size of the prototype
is consistent with the simulation, as shown in Table 1. Following this, the hardware and
software structure of the control system are developed. Specifically, the main body of the
robot is manufactured using 3D printing, and the support structure is assembled using
standard 2020 aluminum profiles. The motors employed are the RoboMaster M2006 P36
BLDC geared motors (DJI Technology Co., Ltd., Shenzhen, China), paired with the C610
electronic speed control (DJI Technology Co., Ltd., Shenzhen, China). In this scenario, the
RoboMaster A-type development board (SZ DJI Technology Co., Ltd., Shenzhen, China) is
used as the main controller, all motors communicate with the master controller through the
CAN bus, and the closed-loop control frequency of each motor is maintained at 1000 Hz. At
the same time, the master controller and the host computer exchange data through the USB
bus, and the frequency of its communication is 100 Hz. The master controller uploads the
position information of each motor to the host computer in real time, and the host computer
sends the target position of each motor to the master controller. Remarkably, the motor
gearbox features a reduction ratio of 36:1, boasting attributes such as high output speed,
compact size, and elevated power density. To evaluate control accuracy, computer vision
techniques are utilized to capture the position and orientation of the moving platform
within the workspace, subsequently comparing these values with the pose of the moving
platform derived from joint space calculations.
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Figure 12. (a) Photo of the experiment setup. (b) Real-time robot configuration measurement based
on ArUco tag.

6.2. Realtime Robot Configuration Measurement Based on ArUco Tag

Currently, there lacks a sensor for the moving platform of a parallel robot in general
which can accurately measure its real-time motion. To evaluate the robot’s performance in
the experiment, a vision-based pose estimation method was developed.

The monocular vision method is utilized to estimate pose and configuration, specif-
ically employing the ArUco binary square reference marker [38,39]. The ArUco tag is
predominantly employed for the detection of planar markers and the estimation of the
target’s pose concerning the camera. Its key advantages include easy detection, rapid
processing, and high robustness. A camera is positioned above the prototype to capture the
configuration of the moving platform within the xoy plane. The ArUco tag is affixed to the
end platform to provide pose information for the moving platform. Utilizing the relative
pose relationship between the ArUco tag on the terminal platform and the camera, the
robot’s pose relative to the initial configuration can be determined. The camera parameters
were obtained through MATLAB (version: 9.14.0.2286388 (R2023a) Update 3) calibration
program. Chessboard images taken from multiple angles were used to calculate the camera
matrix using Zhengyou Zhang’s calibration method [40]. The specific data are listed in
Table 2. Figure 12b delineates the process of ArUco tag detection.

Table 2. Main parameters of the camera calibration.

Calibration Parameters Camera

Focus (mm)
[
323.6570 322.2594

]
Center column (Cx) (pixel) 340.4478

Center row (Cy) (pixel) 213.4719
2nd-order radial distortion (K1) (1/pixel2) −0.3401
4th-order radial distortion (K2) (1/pixel4) 0.1350
6th-order radial distortion (K3) (1/pixel6) −0.0270

2nd-order tangential distortion (P1) (1/pixel2) 0
2nd-order tangential distortion (P2) (1/pixel2) 0

Image width (pixel) 640
Image height (pixel) 480

Reprojection error (pixel) 0.1172

6.3. Experiment Results

To verify the correctness of the kinematic model, the prototype is utilized to conduct
experiments. The trajectories of translational motion and rotational motion are combined
with those simulated in Equations (24)–(26), so as to better verify the model with the
experimental results of the prototype. In contrast to simulations, all measurements in
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the experiment have been transformed from the camera coordinate system to the robot
coordinate system. The camera coordinate system is positioned 0.2 m along the z-axis from
the initial position of the motion platform and rotated 180◦ around the x-axis. Therefore,
the homogeneous transformation matrix for the ArUco tag coordinate system relative to

the camera coordinate system is denoted as Tcam =


1 0 0 0
0 −1 0 0
0 0 −1 200
0 0 0 1

. Comparative

plots of the moving platform’s rotational and translational trajectories along the x, y, and z
axes are depicted in Figure 13.

Figure 13. Moving platform’s motion test: (a) rotational angle around x-axis, (b) rotational angle
around y-axis, (c) rotational angle around z-axis, (d) translational distance along x-axis, (e) transla-
tional distance along y-axis, (f) translational distance along z-axis.

Figure 13 compares the motion trajectory of the prototype obtained through computer
vision with the desired trajectory. The red curve represents the expected trajectory pose of
the moving platform, while the blue curve depicts the calculated one based on the ArUco
tag. The first three curves (a), (b), and (c) illustrate the changes in the platform’s orientation
during motion, represented by the RPY angles, while the last three curves (d), (e), and (f)
represent the position vector.

Upon comparing the experimental results of the prototype with those of the simula-
tion model, taking into account various errors stemming from prototype assembly, camera
calibration, and ArUco tag recognition, it is observed that the trajectory error exceeds that
observed in the simulated motion trajectory. However, it is important to note that the
primary objective of this experiment is to verify the proposed robotic model, utilizing solely
open-loop control. The average position error is reported to be within ±2.5 mm, with an
average angle error of less than ±2.86◦. To improve tracking performance, the implemen-
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tation of more advanced control algorithms is recommended to ensure the accuracy of
motion trajectory tracking.

6.4. Puncture Experiment Results

To demonstrate the practical applicability of the parallel robot in puncture surgery,
subsequent to verifying the trajectory tracking capability of both the kinematic model
and the prototype, we devised an experiment to simulate the puncture process in a
medical scenario.

The experiment utilized a transparent cubic container measuring 85 × 85 × 85 mm3 to
contain soft silicone jelly, simulating human tissue for puncture. A fine tube was inserted
to indicate the puncture direction and the puncture target points.

In the experiment, the position of the puncture entry point and the target point
were determined in advance, from which the puncture orientation was calculated. This
information is fed to the robot for a puncture movement. The experiment was simplified
and divided into two phases. The first stage involves positioning the robot’s terminal
platform to the initial puncture position and aligning the puncture with the target direction.
The second stage requires moving the robot in the direction of the needle towards the
target position while maintaining the same orientation. Subsequently, 20 punctures were
performed on the same target, which were evaluated at the end of the procedure. Figure 14
illustrates the process of a representative puncture experiment.

Figure 14. One representative puncture experiment process (the initial puncture position is (0,0,60)
and the puncture end position is (0,10,77.32)): (a) simulated puncture process. (b) prototype puncture
process. (c) the result of a successful puncture with a small error.

Upon the conclusion of the experiment, the comprehensive statistics of all results are
depicted in Figure 15. Error data from 20 replicate experiments is depicted in the boxplot.
In the figure, the red dots represent data error points. θx, θy, and θz represent the errors
between the direction of the needle insertion and the desired direction represented by the
RPY angles, respectively, over 20 repeated experiments. dx, dy, and dz represent the errors
in the needle insertion position. The findings indicate minimal errors in both position
and direction during simulated puncture surgery, affirming the feasibility of the parallel
puncture robot design. The main reason for the errors in the experiment is the insufficient
processing accuracy of the 3D printed parts and the accumulation of errors between joint
connections. Since the main focus of this paper is on model establishment and validation,
only simple open-loop control was used for position control in the experiment. When
the robot is used for puncture in the future, advanced control algorithms can be added to
improve the accuracy.
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Figure 15. The puncture experiment results: error data from five replicate experiments.

7. Conclusions

In this paper, we introduce a 6-DoF 3-RRRS parallel robot designed as a versatile
platform for needle biopsy procedures. Unlike previous works, this robot offers a relatively
large workspace within a compact footprint. We provide a thorough analysis of the
robot, covering its structure, nonlinear kinematics, and singularity aspects. Through a
combination of simulation studies and experimental validations, we systematically evaluate
the performance of the proposed robot. We also have listed some representative biopsy
robots and compared them in terms of type, degrees of freedom, control mode, and other
aspects in Table 3. Our findings contribute to a comprehensive understanding of the robot’s
capabilities and its suitability for medical applications.

Table 3. Comparison of the medical robots for needle biopsy surgery.

Robot System Imaging Mech Actuation DoF Accuracy Control Modes 1

(mm) P C T

Robot assistance
skull base biopsy [41] CBCT Electric 5 (0.56–1.73) ✓

Robot-assisted
stereotactic biopsy [42] MRI/CT Electric 6 Feasible ✓

Stormram 3: a MRI-
compatible robotic system [5] MRI Pneumatic 5 (2) ✓

Stormram 4: an MR-
safe robotic system [43] MRI Pneumatic 4 (1.29) ✓ ✓

Compact robotic
needle driver for

MRI-guided biopsy
[44]

MRI Piezoelectric and
pneumatic actuation

3 Demonstration of
functionality

✓ ✓

Parallel robot for MRI-
guided intervention [45] MRI

Cable-actuated
system and

piezoelectric motors

2 (0.84–1.99) ✓

Cable-driven robot for
MRI-guided breast biopsy [46] MRI Ultrasonic motors 3 (0.7) ✓ ✓

MRI-compatible robot
for intervention [47] MRI Cables, belts 7 N/A ✓ ✓

CT- and MRI-guided
robot for percutaneous

needle procedures
[48]

MRI/CT
Ultrasonic, Bowden

cables, and
pneumatics

5 (3.3 ± 1.7) ✓ ✓
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Table 3. Cont.

Robot System Imaging Mech Actuation DoF Accuracy Control Modes 1

(mm) P C T

MRI-safe robot
for biopsy MrBot [6] MRI Pneumatic 6 (2.55) ✓ ✓

MRI-compatible pediatric
surgical robot with modular

tooling for bone biopsy
[49]

MRI Piezoelectric
ultrasonic

5 (1.65 ± 1.77) ✓ ✓

Proposed MRI
Electrics for model

validation, pneumatics
for future

clinical application

[50]
6 Demonstration of

functionality
✓ ✓

1 P: Preprogrammed; C: Cooperative, T: Teleoperation; M: Multimodal. These indices are defined as follows:
(1) Preprogrammed: robotic systems that perform tasks without user assistance that is autonomously; (2) Cooper-
ative: this include robotic systems in which surgical operations are performed semi-autonomously by both the
operator and preprogrammed knowledge of robot; (3) Teleoperated: robotic systems that perform tasks based on
a master–slave model.

However, several avenues for future research remain open. One key area is the inte-
gration of advanced control algorithms to improve the robot’s efficiency and movement
precision. Additionally, there is a need for optimal trajectory planning that avoids singular-
ities in the robot’s motion. Addressing these challenges presents opportunities for further
investigation and enhancement in future research endeavors.
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Notation

Term Description

a⃗i Position vector of point Qi relative to base platform
b⃗i Position vector of point Pi relative to moving platform
b⃗is Position vector of point Pi relative to base platform
c Number of parts in the mechanism
dij Line parallel to the driving links that traverse through point Pi
fk Degrees of freedom of joint k
F, U, S, V Singular value decomposition correlation matrix
g Number of joints
K, G, M, J, H Jacobian coefficient matrix
m Degrees of freedom
N Set of 3D points connected to the moving platform
n⃗ Direction of the moving platform represented by the normal vector
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Term Description

p⃗ Position vector of moving platform relative to base platform
Pi Attachment point between chain and platform
Qi Attachment point between chain and base
rb Circumscribed circle radii of the moving platform
rs Circumscribed circle radii of the base platform
r⃗i

−−→
QiPi relative to base platform

˙⃗ri Velocity of the connection point of the moving platform
˙⃗r′i Velocity component of ˙⃗ri perpendicular to the supporting chain plane
Rsb Rotation matrix of moving platform relative to base platform
Si Length of connecting rod i
Tcam Homogeneous transformation matrix of the ArUco tag coordinate system relative to the camera
uxi Unit vector in the x-axis direction of chain i
ρ Rotation angle of the moving platform around the rotation axis
θa Active rotational joint angle
θi1 Passive rotational joint angle of chain i
θi2, θi3 Active rotational joint angle of chain i
θRx Rotation matrix of moving platform relative to base platform
ω Rotating axis of the moving platform
ζi Screw system of the i th supporting chain
∆i The plane in which supporting chain i is located
ϕ, η, ψ Euler angle describing the direction of the moving platform

Appendix A

Appendix A.1. Calculation of the forward Kinematics Model

After determining the angle of the active joints, the height of each support chain can
be uniquely determined. However, the value of the passive joint angle θi1 needs to be
determined by the constraints imposed by the connection of the three chains to the moving
platform. Consider a single support chain, the coordinates of the end attachment points to
the moving platform of which are given by Pi =

[
pix piy piz

]T . The height of the end of
the chain can be calculated as follows:

piz = S1sinθi2 + S2sinθi3 (A1)

The trajectory of the chain’s end point as it varies with the passive joint angle can be
represented using the parametric equation of a circle:

ri = S1cosθi2 − S2cosθi3 (A2){
pix = Qi,x + ricos(t)
piy = Qi,y + risin(t)

(A3)

where t ∈ [0, 2π]. Subsequently, considering the constraint relationships between the
connection points on the moving platform, we have

||−−→P1P2||2 = (p1x − p2x)
2 + (p1y − p2y)

2 + (p1z − p2z)
2 = 3r2

||−−→P2P3||2 = (p2x − p3x)
2 + (p2y − p3y)

2 + (p2z − p3z)
2 = 3r2

||−−→P3P1||2 = (p3x − p1x)
2 + (p3y − p1y)

2 + (p3z − p1z)
2 = 3r2

(A4)

Simplifying Equation (A4) yields
2A1(r1sin(t1 + δ1)− r2sin(t2 + δ1))− 2r1r2cos(t1 − t2) = B1

2A2(r2sin(t2 + δ2)− r3sin(t3 + δ2))− 2r2r3cos(t2 − t3) = B2

2A3(r3sin(t3 + δ3)− r1sin(t1 + δ3))− 2r3r1cos(t3 − t1) = B3

(A5)
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where 

A1 = 2r1

√
(p1x − p2x)2 + (p1y − p2y)2

A2 = 2r2

√
(p2x − p3x)2 + (p2y − p3y)2

A3 = 2r3

√
(p3x − p1x)2 + (p3y − p1y)2

B1 = 3r2 − r2
1 − r2

2 − (h1 − h2)
2 − (p1x − p2x)

2 − (p1y − p2y)
2

B2 = 3r2 − r2
2 − r2

3 − (h2 − h3)
2 − (p2x − p3x)

2 − (p2y − p3y)
2

B3 = 3r2 − r2
3 − r2

1 − (h3 − h1)
2 − (p3x − p1x)

2 − (p3y − p1y)
2

δ1 = arctan( p1x−p2x
p1y−p2y

)

δ2 = arctan( p2x−p3x
p2y−p3y

)

δ3 = arctan( p3x−p1x
p3y−p1y

)

From this, the coordinates of the connection points on the moving platform can be
calculated.

Appendix A.2. Jacobian Analysis of Differential Kinematics

According to Equation (18), the velocity loops of the three supporting chains in parallel
can be rewritten as a matrix:

K0 · V = G0 · ˙⃗r (A6)

where, K0 =

(b⃗1s × a⃗1)
T a⃗1

T

(b⃗2s × a⃗2)
T a⃗2

T

(b⃗3s × a⃗3)
T a⃗3

T

, G0 =

a⃗1
T 0⃗

T
0⃗

T

0⃗
T

a⃗2
T 0⃗

T

0⃗
T

0⃗
T

a⃗3
T

, ˙⃗r =

 ˙⃗r1
˙⃗r2
˙⃗r3

.

Considering the relationship between ˙⃗p and ˙⃗ri, due to the equilateral triangular struc-
ture of the moving platform, differentiating Equation (8) yields the following relationship
between the moving platform velocity ˙⃗p and the velocities of the three connection points
˙⃗r1, ˙⃗r2 and ˙⃗r3:

˙⃗p =

 ṗx
ṗy
ṗz

 =
1
3

ṙ1x + ṙ2x + ṙ3x
ṙ1y + ṙ2y + ṙ3y
ṙ1z + ṙ2z + ṙ3z

 (A7)

By simultaneously combining the three equations in Equation (A7), we can modify
the matrices K0 and G0 to be

K =


(b⃗1s × a⃗1)

T a⃗1
T

(b⃗2s × a⃗2)
T a⃗2

T

(b⃗3s × a⃗3)
T a⃗3

T

03×3 E3×3


6×6

G =


a⃗1

T 0⃗
T

0⃗
T

0⃗
T

a⃗2
T 0⃗

T

0⃗
T

0⃗
T

a⃗3
T

1
3 E3×3

1
3 E3×3

1
3 E3×3


6×9

For the right side of Equation (18), each chain can be analyzed separately as a three-DoF
serial robot, represented in the chain coordinate system as

r⃗i =

rix
riy
riz

 =

cosθi1(S1cosθi2 + S2cosθi3)
sinθi1(S1cosθi2 + S2cosθi3)

S1sinθi2 + S2sinθi3

 (A8)
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Take the derivative with respect to time, which yields

˙⃗ri =

vix
viy
viz

 =

−θ̇i1sinθi1(S1cosθi2 + S2cosθi3)− cosθi1(θ̇i2S1sinθi2 + θ̇i3S2sinθi3)
θ̇i1cosθi1(S1cosθi2 + S2cosθi3)− sinθi1(θ̇i2S1sinθi2 + θ̇i3S2sinθi3)

θ̇i2S1cosθi2 + θ̇i3S2cosθi3

 (A9)

Due to the robotic structural characteristics, the rotational motion of the passive joint
θi1 generates velocity only perpendicular to the supporting chain plane at the end, while the
rotations of active joints θi2 and θi3 produce velocities parallel to the supporting chain plane
at the end. Therefore, consider ˙⃗r′i, the velocity component perpendicular to the supporting
chain plane at the end, represented through vector decomposition:

|| ˙⃗r′i|| = ˙⃗rT
i ·

−sinθi1
cosθi1

0

 (A10)

Next, express ˙⃗r′i through the rotation joint θi1

ωi1 = θ̇i1⃗z (A11)

˙⃗r′i = ωi1 × r⃗i = θ̇i1 ·

−riy
rix
0

 (A12)

Combining Equations (A10) and (A12), we can have

|| ˙⃗r′i|| = −sinθi1vix + cosθi1viy = θ̇i1

√
rix

2 + riy
2 (A13)

Hence, the following can be obtained:

θ̇i1 =
1√

rix
2 + riy

2
(−sinθi1vix + cosθi1viy) (A14)

Substitute it into Equation (A9), which yields

M′
i · ˙⃗ri = J′i · θ̇ai (A15)

where M′
i =


1 − sin2θi1√

rix
2+riy

2 (S1cosθi2 + S2cosθi3)
sinθi1cosθi1√

rix
2+riy

2 (S1cosθi2 + S2cosθi3) 0

sinθi1cosθi1√
rix

2+riy
2 (S1cosθi2 + S2cosθi3) 1 − cos2θi1√

rix
2+riy

2 (S1cosθi2 + S2cosθi3) 0

0 0 1

,

J′i =

−S1cosθi1sinθi2 −S2cosθi1sinθi3
−S1sinθi1sinθi2 −S2sinθi1sinθi3

S1cosθi2 S2cosθi3

, θ̇ai =

[
θ̇i2
θ̇i3

]
.

Substituting the above into Equation (A8), we can have[
cosθi1 sinθi1 0

0 0 1

]
· ˙⃗ri =

[
−S1sinθi2 −S2sinθi3
S1cosθi2 S2cosθi3

]
· θ̇ai (A16)

where Mi =

[
cosθi1 sinθi1 0

0 0 1

]
, Ji =

[
−S1sinθi2 −S2sinθi3
S1cosθi2 S2cosθi3

]
.
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According to the vector representation of the supporting chain end points in the
base coordinate system, the distance constraints of the three connection points can be
expressed as

||−−→P1P2||2 = (
−−→
OP2 −

−−→
OP1)

T(
−−→
OP2 −

−−→
OP1) = (r⃗2 − r⃗1)

T(r⃗2 − r⃗1)

||−−→P2P3||2 = (
−−→
OP3 −

−−→
OP2)

T(
−−→
OP3 −

−−→
OP2) = (r⃗3 − r⃗2)

T(r⃗3 − r⃗2)

||−−→P3P1||2 = (
−−→
OP1 −

−−→
OP3)

T(
−−→
OP1 −

−−→
OP3) = (r⃗1 − r⃗3)

T(r⃗1 − r⃗3)

(A17)

The derivative of Equation (A17) can be written as
(r⃗2 − r⃗1)

T( ˙⃗r2 − ˙⃗r1) = 0
(r⃗3 − r⃗2)

T( ˙⃗r3 − ˙⃗r2) = 0
(r⃗1 − r⃗3)

T( ˙⃗r1 − ˙⃗r3) = 0

(A18)

Hence, the following can be obtained:(r⃗1 − r⃗2)
T (r⃗2 − r⃗1)

T 0⃗
T

0⃗
T

(r⃗2 − r⃗3)
T (r⃗3 − r⃗2)

T

(r⃗1 − r⃗3)
T 0⃗

T
(r⃗3 − r⃗1)

T

 ·

 ˙⃗r1
˙⃗r2
˙⃗r3

 = 0⃗ (A19)

For i ranging from 1 to 3, Equations (A16) and (A19) can be combined into the following
matrix form

M1 02×3 02×3
02×3 M2 02×3
02×3 02×3 M3

(r⃗1 − r⃗2)
T (r⃗2 − r⃗1)

T 0⃗
T

0⃗
T

(r⃗2 − r⃗3)
T (r⃗3 − r⃗2)

T

(r⃗1 − r⃗3)
T 0⃗

T
(r⃗3 − r⃗1)

T


9×9

·

 ˙⃗r1
˙⃗r2
˙⃗r3

 =



J1 02×2 02×2
02×2 J2 02×2
02×2 02×2 J3

0⃗
T

0⃗
T

0⃗
T

0⃗
T

0⃗
T

0⃗
T

0⃗
T

0⃗
T

0⃗
T


9×6

·

θ̇a1
θ̇a2
θ̇a3

 (A20)

Let H = M−1 · J; thus, we have

˙⃗r = H · θ̇a (A21)

Substitute it into Equation (A6), which yields K · V = G · H · θ̇a.
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