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Abstract: This paper deals with the research of solutions of bounded variation (BV) to evolution
inclusion coupled with a time and state dependent maximal monotone operator. Different problems
are studied: existence of solutions, unicity of the solution, existence of periodic and bounded
variation right continuous (BVRC) solutions. Second-order evolution inclusions and fractional
(Caputo and Riemann-Liouville) differential inclusions are also considered. A result of the Skorohod
problem driven by a time- and space-dependent operator under rough signal and a Volterra integral
perturbation in the BRC setting is given. The paper finishes with some results for fractional differential
inclusions under rough signals and Young integrals. Many of the given results are novel.
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1. Introduction and Preliminaries

The main objective of this paper is to present the existence theory of a class of fractional
equation coupled with a time- and state-dependent maximal monotone operator with
domain D(A(;,)) in a separable Hilbert space in the BV setting. Taking account of the
complexity of the study, we present in Sections 1 and 2 various new properties of the
perturbed dynamic

u(0) =a € D(Ayp)
u(t) € D(Ay),t €10, T]
—Du(t) € Au(t) + F(t,x(t)), t € [0,T]

where Ay is a time-dependent maximal monotone operator with domain D(A;) in the
Hilbert space H and F : I x H — H is a multivalued mapping. This dynamic has enjoyed
intense activity, with applications in economics, mechanics, medicine, biology, etc. As a
direct application, we establish in Section 3 several variants concerning the existence of
periodic and bounded variation right continuous (BVRC) solution for the aforementioned
differential inclusion. The perturbation of the second-order differential inclusion by a time-
dependent maximal monotone operator is studied in Section 4. We continue in Section 5
with fractional equations coupled with time and state dependent maximal monotone
operators A; in the BVRC setting. In Section 6, we present a new version of the Skorohod
problem for differential inclusion driven by time and state dependent maximal monotone
operator A;y in the vein of Castaing et al. [1,2], Rascanu [3], and L.Maticiuc, A. Rascanu,
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L. Slominski, and M. Topolewski [4]. Leta € D(A(g)). Our aim is to find a continuous,
bounded variation (BVC) function x : [0, T] — H and a continuous, bounded variation
function (BVC) u : [0, T| — H satisfying

x(0) =u(0)=a
x(t) = h(t) + k() + u(t), vt € [0, T]
h(t) = [y b(T,x(T))dzc, ¥t € [0,T]
k(t) = [y 8(t, T, x(7))dT, Vt € [0, T]
u(t) € D(A t,”))) vt e [0,T]

—du € Ayt +f0 (t, T, x(1))dT

where the functions b(7, x) and g(t, T, x) are continuous and uniformly bounded, and
fo T))dz; denotes the Riemann-Stieltjes integral of continuous function b(., x(.))
with respect toz € C1=%7([0, T],R¢), the space of continuous functions of bounded vari-
ation defined on [0, T] with values in R°. The principal novelties are that A;  is a time-
and state-dependent maximal monotone operator, and the integral Volterra perturbation
and the Young integral perturbation are considered. Section 7 is devoted to evolution
problems driven by time and state dependent operators under rough signal (Young inte-
gral) with applications in optimization. We refer to Brogliato et al. [5] for a large synthesis
of applications in the study of dynamic systems coupled with time and state dependent
maximal monotone operators. In particular, the second-order evolution inclusions gov-
erned by time- and state-dependent maximal monotone operators arise from unilateral
mechanic problems with dry friction; see [6-9]. Currently, this work is a continuation of
the pioneering ones [10,11] dealing with absolute continuous solutions to the fractional
differential inclusion coupled with a time and state dependent maximal monotone operator
and particularly the second-order evolution inclusion. It is known that this study is a
difficult one and contains as a particular case the convex sweeping process [12-14], namely
A(tx) = Nc(tx), the normal cone of a closed convex moving set C(t,x) in H. In recent
years, there has been intense activity around the second-order sweeping process [15-25].
In addition, there has been a significant development in fractional differential theory and
applications; see [26—44].

Withing the BV setting, the study of differential inclusions driven by fractional equa-
tions and a time- and state-dependent maximal monotone operator under rough signal
is a great novelty. We provide the existence of a BVC solution to an evolution problem
driven by a time and state dependent maximal monotone operator perturbed by a rough
signal with application in optimization problems. Likewise, the existence of BVRC periodic
solutions in this framework is stated for the first time in the literature.

Throughout the paper, I := [0,T] (0 < T < +o0) is an interval of R and H is a real separable
Hilbert space whose inner product is denoted by (-, -) and the associated norm by || - ||.

We use the following definitions and notations. We denote by By the closed unit
ball of H. On the space Cy(I) of continuous maps x : I — H, we consider the norm of
uniform convergence on I. By L%, (I y(I) for p € [1,4-00[ (resp. p = +0), we denote the space
of measurable maps x : I — H such that [ |[x(t)[|Pdt < 4o (resp. wh1ch are essentially

bounded) endowed with the usual norm ||X||L1ﬂ Py = = (J; llx(t ||Pdt , 1< p < +oo (resp.

endowed with the usual essential supremum norm || ||). By W}{z( I) and W}{’l (I), we denote
the space of absolutely continuous functions from I to H with derivatives in L%(I) and
L1 (I), respectively. If H = R, we note W'2(I) for simplicity. By W5 (I), we denote the
set of all continuous functions in Cy (I) such that their first derivatives are continuous and
their second derivatives belong to L1 (I).

We introduce in the following the definition and some properties of maximal monotone
operators needed in the proofs of our results, and we refer the reader to [45,46] for their
basic theory and more details.
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Let A: D(A) C H =2 H be a set-valued operator. We use classical definitions of the
domain D(A), the range R(A), and the graph gph(A) of A. We say that A: D(A) C H =
H is monotone, if (11 — y2, X1 — x2) > 0 whenever (x;,y;) € gph(A), i =1,2. It is maximal
monotone if its graph could not be contained strictly in the graph of any other monotone
operator, in this case, for all A > 0, R(Ig + AA) = H, where Iy stands for the identity
mapping of H.

If A is a maximal monotone operator, then for every x € D(A), Ax is non-empty,
closed, and convex, such that the projection of the origin into Ax, A%(x), exists and is
unique.

If the maximal monotone operator is time-dependent, it will be noted A;. If it is time
and space dependent, it will be noted A; .

LetA: D(A) C H= Hand B: D(B) C H =% H be two maximal monotone operators;
then, we denote by dis(A, B) (see [47]) the pseudo-distance between A and B defined by

dis(4,8) = sup{ AL L () € goh(4), () € gph(B) | ()

Clearly, dis(A, B) € [0, +00],dis(A, B) = dis(B, A) and dis(A, B) = 0iff A = B.
But dis is not a distance, since in a general case, the triangle inequality is not fulfilled.

An interesting property of dis is the following. If C(f) is a family of closed, convex
sets for t € [0, T], and A(t) = Nc(; their normal cones, dis(A(t), A(s)) = dy(C(t),C(s))
for t,s € [0, T], where dy denotes the Hausdorff distance.

To prove our main results, we need the following lemmas (see [48]).

Lemma 1. Let A be a maximal monotone operator of H. If x € D(A) and y € H are such that
(A% —y,z—x) >0 Vz € D(A),
then x € D(A) and y € Ax.

Lemma 2. Let A, (n € N), A be maximal monotone operators of H such that dis(A,, A) — 0.
Suppose also that x, € D(Ay) with x, — x and y, € An(x,) with y, — y weakly for some
x,y € H. Thenx € D(A)and y € Ax.

Lemma 3. Let A, (n € N), A be maximal monotone operators of H such that dis(A,, A) — 0
and || A%x|| < c(1+ ||x||) for some c > 0,all n € Nand x € D(Ay). Then for every z € D(A),
there exists a sequence (zy) such that

zy € D(Ay), zn — z and Agzn — A%z (2)

We finish this section with some types of Gronwall’s lemma, which are crucial for
our purposes.

Lemma 4. Let y be a positive Radon measure on I. Let g € LY (I, R; u) and B > 0 be such that
VeI, 0<pu({t})g(t) <B <1 Let p € L°(I,Ry; u) satisfying

() <a+ [ g(s)p(s)u(ds) Vtel,

10,4]

where w is a nonnegative constant. Then

p(t) < aexp (1:[3 o g(s)y(ds)) Vtel

Proof. This lemma is due to M.M. Marques. For a proof, see, e.g., ([49], Lemma 2.1). O
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Lemma 5. Let p be a non-atomic positive Radon measure on the interval 1. Let ¢, p be nonnegative
real functions such that ¢ € LY (I,R;pu),p € L®(I,R;u), and let &« > 0. Assume that for
u—ae tel

p(t) <+ [ c(s)p(s)ntas)
Then, for y —a.e. t €l
t
p(t) < wexp (/0 c(s)y(ds)).

The proof (see [50], Lemma 2.7, or [51], Lemma 4, taking # = 0) is not a consequence
of the classical Gronwall lemma dealing with Lebesgue measure df on I. It relies on a deep
result of Moreau—Valadier on the derivation of (vector) functions of bounded variation [52].
Let us recall Schauder’s fixed point theorem [53].

Theorem 1. Let C be a non-empty closed bounded convex subset of a Banach space E and let
f : C — C be a continuous mapping. If f(C) is relatively compact, then f has a fixed point.

For the sake of completeness, we give a result about the existence of BVRC solutions
for an evolution inclusion with time-dependent m-accretive operator. Its proof is given
in [54]. Let E be a separable Banach space and let ccwl(E) denote the closed convex weakly
locally compact class which contains no line ([55]).

Theorem 2. Let I = [0, T]. Let t —: D(A¢) — ccwl(E) be a time-dependent m-accretive operator
satisfying (H4'); there exists a nonnegative real number c such that

1A = |A%(t, x) || < e(1+ [lx]l) for t € I, x € D(A;)

(HA) T : t > D(Ay) has right closed graph, gph(T), and for each t € I, for each k > 0, the set
{x € D(A}) : ||x]|| < k} is relatively compact, and in short, D(Ay) is ball-compact.

(HEY) (t,x) — Ai(x) : gph(T) — ccwl(E) is scalar upper semicontinuous: for t, | t,
for x, — x with x, € D(Ay,) and x € D(Ay),

Vx* € E*, limsupd™(x*, Ay, xn) < 6 (x*, Apx)
n

(H3') There exists a non-decreasing and right continuous function r : I — [0, o[ such that
r(T) < co with the Stieltjes measure dr such that, for t < T C I, for A > 0 and x € D(Ay)

=3l < (r(x) = r(£) (1 + Al Afx])

(HF) Let F: I x E — cwk(E) be a convex weakly compact valued mapping such that:

(i) F is scalarly L(I) ® B(E)-measurable, that is, for each x* € E*, the scalar function
0*(x*,F(.,.)) is L(I) ® B(E)-measurable;

(i) Foreacht € I, F(t,.) is scalarly upper semicontinuous, that is, for each x* € E*, the scalar
function §*(x*, F(t,.)) is upper semicontinuous on E;

(iii) F(t,x) C M(1+ ||x||)Bg forall (t,x) € I x E for some positive constant M.
Let v = dr + A and let ‘j—’v\ be the density of A relative to the measure v. Then for all

uy € D(Ay), the evolution problem

—Du(t) € Awu(t) + F(t,u(t))

admits a BVRC solution u with u(0) = uy, that is, there exists a BVRC mapping u : I — E and a
Lebesgue-integrable mapping z : I — E such that
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t
—du(t) e Atu( )+z( YIA(t),vae t €T
We now provide two corollaries of Theorem 2 which will be useful in the following.

Corollary 1. Lett — A; : D(At) — ccwl(E) be a time-dependent m-accretive operator satisfying
(HY), (HEY), (HE), (HY). Let f : I x E — E such that:

(i) f(.,x)is L(I)-measurable on I for all x € E;

(ii)  f(t,.) is continuous on E forall t € I;

(iii) ||f(t,x)|| < M(1+||x||) forall (t,x) € I x E.

Letv = dr + A and let % (.) be the density of A with respect to the measure v. Then for all
ug € D(Ay), the evolution problem

—Du(t) € Awu(t) + f(t,u(t))

admits at least a BVRC solution u with u(0) = uy, that is, there exists a BVRC functionu : I — E
such that

u(0) = up € D(Ao)
u(t) € D(As),Vte I
d‘(t)eL“(I V)

I“-\

( ) € Apu(t )—l—f(t,u(t))%(t), v ae.

Corollary 2. Let t — A; : D(A;) — ccwl(E) be a time-dependent maximal monotone operator
satisfying (H{Y), (HAY), (H4), (H4}). Let f : I x E — E such that

(i) f(.,x)is L(I)-measurable on I for all x € E;

(i) ||f(t,x)— f(t,y)|| < M||x —y||forallt,x,y € ] X E X E;

(i) ||f(t, x)|| < M(1+||x||) forall (t,x) € I X E,

For some constant M > 0, let v = dr 4 A and let %(.) be the density of A relative to the

measure v. Assume further that there is B €]0, 1] such that Vt € 1,0 < 2MZ () dv({t}) < B < 1.
Then for all ug € D(Ay), the evolution problem

—Du(t) € Au(t) + f(t u(t))

admits a unique BVRC solution u with u(0) = uo, that is, there exists a unique BVRC function
u : I — E such that

u(0) = up € D(Ap)
(t) € D(Ay),Vte I
‘(t) € LY (1, dv)
du () e Apu(t) + f(t,u(t)) 2 (1), vae.

| Si..

Proof. We need only to prove the uniqueness. Suppose that there are two BVRC solutions
u and v:

du daA
)~ £ () (1) € At
do aA

~Z20) — (6, 0(0) 5 (1) € Ar)
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By the monotonicity of A;, we obtain

(500 = G0+ G (O (0,000) = S (OF (1,0, 000 = u(e) ) < 0

and by the Lipschitz condition on f(t, ),

(500 = T 0,00~ () ) < (G070 u(0) = G (OF 0,000, 00) ~u(t))

< M2 )0 —u(o)|

Then, u and v are bounded variation and right continuous and have the density % and g—s
relative to dv, by a result of Moreau concerning the differential measure [56], ||v — u/|? is
BVRC and we have

o~ ulf? < 2(00) ~ (), ()~ M )y

such that, by integrating on |0, ] and using the above estimate, we obtain

o)~ = [ dlju—olP < [ 2(00) = (), 50 = G OMav(r)
< [, M (Ollo() —u() Pav(s)

According to the assumption 0 < 2M% (1)dv({t}) < B < 1 and using Grownwall’s
Lemma 4, we deduce from the last inequality that # = v in I. This completes the proof. [

2. Existence of BVRC Solution to Differential Inclusion with Time-Dependent Maximal
Monotone Operator and Perturbation

We present a specific study on the existence of bounded variation right continuous
(BVRC) solutions in a separable Hilbert space H to the inclusion of the form

—Du € Awu(t)) + F(t,u(t))

wheret € I = [0,T|, A+ : D(A;) C H =% H is a maximal monotone time-dependent
operator satisfying some conditions and the perturbation F is a convex weakly compact-
valued B(I) ® B(H)-measurable such that F(t,.) is upper semicontinuous and satisfying
some growth condition.

First, we fix some notations and preliminary facts. Let y a positive Borel regular
measure (alias Radon measure) on I = [0, T] and let us denote by L}, (I, B(I)), u) the
space of (B(I), B(H))-measurable and p-integrable mappings f : I — H. If g is a positive
(B(I), B(R))-measurable and p-integrable, then the set

{f € Lu(LB), 1) : [If (D] < g(t), pae}

is convex and weakly compact; in particular, the set

Sts, () == {f € L(LB(I), 1) : [[F(DI| < M, p ae}

where M is a positive constant, is convex and weakly compact. In most usual applications,
u is the Lebesgue measure A on [ and

Sp, (V) = {f € Lh(L L), A) < [[F(1)]| < M, A ae}

where £(I) is the o-algebra of Lebesgue sets in I.
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Our results are proved using the following assumptions for the operators A;:

(H?) There exists a nonnegative real number c such that || A%x)| < c(1+ ||x]|) for all
(t,x) € I x D(Ay).

(H3) dis(Ay, Ar) < dr(]T,t]), forall0 < 7 < t < T wherer : I — RT is non-
decreasing right continuous on I with r(0) = 0,7(T) < +oo.

(H3°) dis(Ay, Ar) < dr(]t,t]), forall 0 < T < t < T wherer : I — RT is non-
decreasing continuous on I with r(0) = 0,7(T) < +o0.
(H3) D(A¢) is boundedly compactly measurable, in the sense that there is a convex compact-
valued Borel -measurable mapping X : [0,1] — H such that D(A;) C X(t) C x(t)By for
all t € [0,1] where « is a positive L' (I, A)-integrable function.

(H3) D(Ay) is ball-compact.

(H*) D(Ar) is convex compact and D(At) C D(Ap).
(Hg) I+ t — D(A;) has right closed graph, gph(I').
(Hg*) T+ t — D(A;) has closed graph, gph(I').

Lemma 6. Assume that for every t € 1 = I, Ay : D(Ay) C H =2 H is a maximal monotone
operator satisfying (H7) and (H3). Let f € SXZEH(]J) and xy € D(Ap).
Then the evolution inclusion

—Du € Awu(t) + f(t),t €1,
{ M(O) =1Up € D(Ao),

admits a unique BVRC solution, in the sense that there is a positive Radon measure v on I, a BVRC
mapping u : I — H satisfying

{ u(t) = uo+ fio 4 4 (s)d
— G () € Aw(t) + f(1)

&<

(s),te I
1

v (1)

joW

where 2—5 is the density of the measure y with respect to the measure v, and ‘% is the density of the
differential measure du with respect to the measure v.
Moreover, one has the estimate

[lu(t) —u(7)|| < Lv(Jt,t]),0<t<t<T
where L is a positive constant depending on I, xo, dr, u, and M.

Proof. Consider, for every t € I, the operator B; : D(B;) C H =% H defined by

D(Bt) = D(Ae) + | f(s)du(s)
10,¢]

Bix = A (x - ]O,t]f(s)dy(s)), Vx € D(By).

It is clear that for each t € I, B; is a maximal monotone operator. Let us show that  — B;
is of BVRC in variation. Lets,t € I (s < t), x1 € D(Bt) xp € D(Bs), y1 € Bix; =
Ap(xg — f}ort]f(r)dy(r)), and y» € Bsxy = As(x2 — f]Os T)du(7)).

We have
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<]/1 —Y2,X2 — X1> =

Y1i—Y2, xz—/[f )du(T) ) — (xl—/T{)’(t]T)dH(T)) —/]C’(t]T)dH(T)>
-y (v [ f@RD) = (- ]Orﬂf(f)du(f))>

<
<
- <y1 v | )dy(r)>,
<
(
<
(

< (n-w (o[ @)~ (- /}Oﬂf<r>du<r>)>
+ ||y1||+|\yz||) /., I @lldn(o),
< (s (n= [ @)~ (- [ foium))
+ (Il + lvall +1) /H F) (),
then
(1 —y2 02— x1) < <y1—yz,(xz—f]o,s]f(f)dﬂ(T)) (%1 = fjo f(@D)dn(x ))>
T+ Tl +1 = Toa T+ T2l +1
+ [ I @ldn(),
and

dis(Bi,Bs) < dis(Ar, A +/ [1£(7)]dpu(T)

< dr(]s, t]) + » Mdu(T)

= dr(]s,t]) + Mp(s,1]) := v(]s, t]),

where v = dr + M. On the other hand, for every t € I and x € D(B;), we have

B = AP~ [ f@an) < et e [ F@auol)

(14 [[x[| + Mu(I))
cr(1+ Jlx)

IN A

Consequently, all the hypotheses of Theorem 3.1 in [48] are verified with the operator By,
where the measure dr is replaced by the Radon measure v; then we conclude the existence
of a unique BVRC solution v(.) to the problem

{—()eBtv() t(v(t)— Jio f(s)dy(s)) dv  ae.

T)(O) =1up € D(Bo) = D(A(])

with o(t ) fu0+f]0t (s)dv(s),t € L, ||o(t) —v(s)]| < Kv(]s,t]),0 <s <t < Tand the

den51ty of the differential measure dv with respect to the measure v satisfies 4 a(t) €
KBy, v a.e. where K is positive constant depending on I, xq, dr, u, M. Set u(t) = v(t) —
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f]o 1 f(s)du(s),t € I. Then u is BVRC with u(0) = v(0) = u( and the density % of du with
respect to the measure v satisfies

du,. do du
T =T -f0Lwel

where Z—’; is the density of the measure y with respect to the measure v so that

_%(t) _f(t)%(t) € Bro(t) = Ay (U(f) - f(S)du(S)) = Au(t), vae.

10,¢]

with the estimate
[u(t) —u(s)|| < Lv(]s, t]) = (K4 M)v(]s, t])

This completes the proof. [

Remark 1. The proof of Lemma 6 uses a technique due to Azzam-Boutana ([57], Theorem 4) dealing
with Ay absolutely continuous in variation. Actually, the tool is constructive and allows us to give
a precise sense of BVRC solution to the inclusion

—Du € Awu(t) + f(t),t €1,
(Ps) { u(0) = ug € D(Ay),

Indeed, given dr, u and ‘SXZEH (), let us consider the Radon measure v = dr + Mu. Then

u is absolutely continuous with respect to the measure v and let Z—}; be the density of the
measure y with respect to the measure v. Then by the proof of Lemma 6, there is a unique
BVRC solution to the inclusion

—Z—Z(t) € Asu(t) +f(t)%(t)r vae.

with initial condition #(0) = 1y € D(Ap) and required estimation. So it amounts to saying
that a mapping u is a solution to the above inclusion (Py) with perturbation f meaning
that 1 is BVRC and the couple (u, f) satisfies the above inclusion. And so this allows us to
give the definition of the solution to the inclusion with A; and perturbation F(t, x).

—Du € Awu(t) + F(tu(t)),te I
(Pr) { u(0) = up € D(Ay)

By the solution of (Pr), it amounts to finding a pair (ug, g) where 1y is BVRC and g €
L}, (I, B(I), ) such that g(t) € F(t,1g(t)), va.e. and such that

dug du
—E(t) € Asug(t) +g(t)%(t), v ae.

Lemma 7. Assume that for every t € I = [0,T], A; : D(A) C H =% H is a maximal monotone
operator satisfying (H7), (H3) and (H}).

Let X : I — cwk(H) be a B(I)-measurable convex weakly compact-valued mapping with
X(t) C MBy forall t € I, where M is a positive constant and let

S% () == {g € Liy(LB(I), u) : g(t) € X(t), p ae.}

be the set of all (B(I), B(H))-measurable and p-integrable selections of X. Then the BVRC solution
set Tx := {ug : g € SY (1)} to the inclusion

{ —Dug € Aig(t) +g(t),g € SY(p) t € L,
ug(0) = up € D(Ao),
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is sequentially compact with respect to the pointwise convergence.

Proof. Carefully apply the results and notations of Lemma 6. First we note that S (i) is
convex weakly compact in LL (I, B(I), u). For each ¢ € S (i), consider for every t € I,
the operator G; : D(Gt)) C H =% H defined by

D(G) = DA + [ g(s)du(s
and

Gix = At<x - /]O,t] g(s)dy(s)), Vx € D(Gy).

It is already seen that for each t € I, G; is a maximal monotone operator satisfying the
conditions ||GYx|| < d(1+ ||x||) for all (t,x) € I x D(Gy), for some positive constant d,
and the operators G are equi-BVRC in variation:

dis(Gt, G¢) < dr(]s,t]) + Mu(]s, t]) = v(]s, t])

where v = p + Mv. Then by ([48], Theorem 3), we assert the existence of a unique BVRC
solution v, to the problem

{ ‘Zvj( t) € Grog(t) = ( g(s)du(s )), v ae.
v¢(0) = x9 € D(Gp) = D(A

with vg(t) = x0+f0t To(s)dv(s), t € I, [[vg(t) —vg(s)|] < Kv(]s,t]),0 < s <t <T
and the den31ty 2 of the differential measure dv, with respect to the measure v satis-

fies ‘va( t) € KBy, v a.e. where K is positive constant depending on I, xq, dr, u, M. Set
ug(t) = vg(t) — f]()t] g(s)du(s),t € I. Then ug is BVRC with 14 (0) = v¢(0) = xo and the

density of %g of the differential measure du¢ with respect to the measure v satisfies

%(” = ‘%(f) —g(f)%(t),t el

such that

dug dv

S0 = (1) 7 (1) € Grog(t) = Ar (vg(t) /M 3(s)du(s)) = Asug(t), vae. ()
with the estimate
[lug (£) — ug(s)[| < Lv(]s, £]) := (K+ M)v(s, ]). 4)

This shows that the BVRC solution set Tx := {ug : ¢ € S (1)} of the inclusion

{ —Dug € Atug(t) +g(t),8 € SY(u), t €1,
ug(O) = Ug € D(Ao),

is non-empty and satisfies the conditions (3) and (4). Let (ug,) be a sequence in Tx. We
have to prove that there is a (not relabeled) subsequence (ug,) that converge pointwise
to a ug with ¢ € SY (). First by weak compactness, we may assume that (g,) weakly
converges in LL (I, B(I), u) to g with g(t) € X(t) for all t € I such that gn'% weakly
converges to g% in L}, (I, B(I),v). Furthermore, since (ig,) is bounded in norm and
in variation, and D(A;) is ball-compact (cf (H})), by the Helly principle [58], we may
ensure that (ug, ) Converges pointwise to a BVRC function u. So we may ensure that

ug, (t) = x0+f0t] 2 (s)dv(s) = u(t) = xo+ [jo du (s)dv(s) with = du

8n
;TR dv “ weakly
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in L1 (I B(I), ) As du‘“’ +g,1d ug’ —l—gd weakly in L} (I, B(I),v). We may assume
that df,” + gn v Komlos Converges to dv +g d” Further, we note that u(t) € D(Ay) for
allt € . Itis clear that (y, = AJuy, (t)) is bounded, and hence relatively weakly compact.
By applying Lemma 2 to ug, (t) — u(t) and to a weakly convergent subsequence of (y,) to
show that u(t) € D(A¢), it remains to establish the main fact,

0y € At + 50 3 e

m‘&

There is a v-negligible set N such that

duhn U
— (1) - g (D)

h..‘&.

1k dug dp Ny
11}}171];[6150) +8j(t) 7o (D] = (1) +g(t) -(8), t € I\ N.

Lett € I\ N. Letyy € D(A¢). From (5)

du
SR8 (1) () (1) € Apug, (1

and by monotonicity

%ZXdv4(t)+gj(t)%(t),ug,¢(t)—77>< Z(Amn g, ()) 7)

Passing to the limit when n — oo, this last inequality (7) immediately gives

(1) ()2 1), () — 1) < (Amn— () ae

As a consequence, by Lemma 1, we obtain —‘%(t) - g(t)%(t) € Awu(t), v a.e. with
u(t) € D(A¢) forall t € I. The proof is complete. [

Lemmas 6 and 7 are important for our purposes.

Theorem 3. Assume that for every t € I = I, Ay : D(Ay) C H = H is a maximal monotone
operator satisfying (M), (H3) and (H}). Let X : I — cwk(H) be a B(I)-measurable convex
weakly compact-valued mapping with X(t) C MBy for all t € I, where M is a positive constant,

and let
S¥ () = {g € Liy(LB(), 1) : g(t) € X(t), p e}
be the set of all (B(I), B(H))-measurable and p-integrable selections of X.
Let F : I x H — H be a convex weakly compact-valued mapping satisfying:
(i)  F(t,x) C X(t) forall (t,x) € I x H, where M is a positive constant;
(i)  For every e € H, the mapping (t,x) — 6*(e, F(t,x)) is B(I) ® B(H )-measurable;
(iii) For every e € H, for every t € 1, the mapping x — 6* (e, F(t,x)) is upper semicontinuous.
Then the BVRC solution set Tp := {u} to the inclusion

{ —Du € Awu(t) + F(tu(t)),t €1,
M(O) = Ug € D(Ao),
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is sequentially compact with respect to the pointwise convergence.

Proof. We make explicit the notion of BVRC solutions and prove first the existence accord-
ing to the above results.
Step 1. For each g € S% (1), let us define

D(g) = {f € Ly(LB(I),u): f(t) € F(t,ug(t)), pae.te I},

where u, is the unique BVRC solution (see Lemma 6) to the inclusion

—l%g(t) € Asug(t) —l—g(t)%(t), v ae.
ug(0) = xo € D(Ap)

By (i)—(iii), it is clear that ®(g) is nonempty with ®(g) C ST (i) because of condition (i).
In fact, ®(g) is the set of L}, (I, B(I), u)-selections of the convex weakly compact-valued
scalarly B(I)-measurable mapping t — F(t, ug(t)) by noting that u, is BVRC right continu-
ous, then ug is Borel, i.e., (B(I), B(H))-measurable; hence, by (ii), t — 6*(e, F(t,ug(t))) is
B(I)-measurable. Clearly, if g is a fixed point of @ (g € ®(g)), then ug is a BVRC solution
to the inclusion under consideration:

{ (1) € Apug (1) + F(t, ug(£) (1), v ace.
ug(0) = xo € D(Ao)

Now we show that ® : SP(u) — S¥(u) is a convex o(LL (I, B(I), u), LS(1, B(I), 1))-
compact-valued upper semicontinuous mapping. By weak compactness, it is enough to
show that the graph of @ is sequentially o(LL (I, B(I), u), L3(I, B(I), u))-compact. Let
(hn) C ®(gn) such that

(gn) o(LL (1, B(I), u), LS (I, B(I), u))-converges to g € S¥ (1),

(hy) o (LY (1, B(I), 1), LS(1, B(I), u))-converges to h € SF(u).

We need to show that i € ®(g). By virtue of Lemma 7, it is already known that the set
Tx :={ug : g € SY (1)} of solutions to

{ ~ s (1) € Apug(t) + g(DUE(H), te I, g € ST (n)
ug(0) = xo € D(Ap)

is sequentially compact with respect to the pointwise convergence. Hence, we may assume
that (ug, ) converges pointwise to ug, € Tx. Since hy(t) € F(t,ug, (t)),

(1p(£)x, hu(t)) < 6*(1p(t)x, F(t, ug, (1)),

holds in I, for every B(I)-measurable E C I and for every x € H. Thus, by integrating
[ Gt < [ 6" (x F(t g, () d,

it follows that

li£n/E<x,hn(t)>dy :/E<x,h(t)>dy < limnsup/E(S*(x,l-"(t,ugn(t)))dy

< /E limsup " (x, F(t,ug, (1)) dp < Lé*(x,F(t,ug(t)))dy,

Whence we obtain

A(x,h(t»dyg [E(S*(x,F(t,ug(t)))dy
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for every B(I)-measurable E C I. Consequently, (x,h(t)) < 6*(x, F(t,ug(t))), p ae.

By the separability of H and by ([55], Prop. 111.35), we obtain h(t) € F(t,ug(t)), p a.e.

Applying the Kakutani—Ky Fan fixed point theorem to the convex weakly compact-
valued upper semicontinuous mapping ® shows that ® admits a fixed point, g € ®(g),
thus proving the existence of at least one BVRC solution to our inclusion.

Step 2. Compactness follows easily from the above arguments and the pointwise
compactness of Tx given Lemma 7. [

The following result has some importance in further applications

Corollary 3. Assume that for every t € I = [0, T], A; : D(A¢) C H = H is a maximal monotone
operator satisfying (H7), (H3) and (H}).
Let f : I x H — H satisfying:
i) f(,x) € LL(I,B(I),p) forall x € H;
(i) ||f(t,x)— f(t, )|l < Mlx —yl forall (t,x,y) € I x Hx H;
(iii) ||f(t, x)|| < M forall (t,x) € I x H, for some constant M > 0.
Let v := dr + Mdp.
Assume further that there is p €]0,1[ such that Vt € 1,0 < ZM%(t)v({t}) <B<Ll
Then there is a unique BVRC solution to the problem

u(0) = ug € D(Ap)
u(t) € D(Ay) Vte I
M e LY(Lv)

du

ap
_E(t) € Awu(t) —|—f(t,u(t))ﬂ(t), vae.tel
Proof. Existence follows from Theorem 3. The proof of uniqueness is carried out in a

similar way to that of Corollary 2. [J

3. Towards the Existence of BVRC Periodic Solution

Proposition 1. Assume that for every t € I = [0,T], At : D(A;) C H = H is a maximal
monotone operator satisfying (Hy), (H;) and (H*) .
Let f : I x H — H satisfying:
(i) f(.,x) € LL(I,L(I),A) forall x € H;
(i) ||f(t,x)— f(t, )|l < Mlx—yl forall (t,x,y) € I x Hx H;
(iii) || f(t,x)|| < M forall (t,x) € I x H, for some constant M > 0.
Let v := dr + MA.
Assume further that there is p €]0,1[ such that Vt € 1,0 < 2MZ (H)v({t}) < p < L.
Then there is a unique BVRC periodic solution to the problem

u(0) =u(T)
u(t) € D(Ay) Vte I
%de L(1,v) W
u

_E(t) € Awu(t) —i—f(t,u(t))E(t), vae.t €l
Proof. Existence of BVRC solution follows from Theorem 3.

Uniqueness: The demonstration takes place with necessary adaptations similarly to
that of Corollary 2.

Periodicity: Let u, and uj, be two BVRC solutions to the problem under consideration,

that is, J i
— (1) = £ (b ua (1) 5o (1) € Avua(£),1(0) = a € D(A)

_duy
dv

(£) — f(t, “b(t))%(t) € Anup(t),up(0) = b € D(Ag)
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By repeating the previous calculus and applying again Gronwall’s Lemma 4, we have

[1ta(£) = iy (£)|* < [la — bl exp ﬁ/ Su(ds)), Ve € 1

in particular,

Ia(T) = (D)1 < Jla = blexp (25 [ 2M (s)vlas)).

This shows that the mapping @ — u,(T) is a Lipschitz mapping from D(Ag) into D(Ar) C
D(Ay). Since D(Ar) is convex compact, by the Schauder fixed point theorem, there exists
at least one a € D(Ay) such that u,(T) = a. This provides us a BVRC periodic solution to
—Du € Awu(t)+ f(tu(t)). O

There is a direct application to the sweeping process.

Proposition 2. Let C : [ — H be a closed convex-valued mapping satisfying
(H)E du(C(t),C(1)) < r(t) —r(t) forall 0 < T < t < T, wherer : I — R is
non-decreasing continuous on I with r(0) = 0,7(T) < oo.
(H)& C(T) is compact and C(T) C C(0);
Let f : I x H — H satisfying:
(i) f(-,x)is L(I))-measurable on I;
i) J1F(tx) — f(by)l < Mlix—y ,y) € 1 H x H;
(iii) ||f(t,x)|| < Mforall (t,x) € I x H, for some constant M > 0.
Let v :=dr + MA.
Assume further that there is B €]0, 1] such that ¥Vt € 1,0 < ZM%(t)v({t}) <B <l
Then there is a unique BVRC periodic solution to the problem

u(T)
(t) Vte I
(Lv)

€ Negyu(t) +f(t,u(t))%‘(t), vaetel

u(0) =
u(t) e C
d o0
av € Ly

u
—5, (1)
The following result deals with another class of time-dependent maximal monotone
operator [54].

Proposition 3. Let t :— A; : D(A¢) — ccwl(E) be a time-dependent maximal monotone operator
satisfying (Hy), (H;) , (Hz) and (H5') and (Hg') of Theorem 2.

Let f : I x H — H such that:
(i) f(.,x)is L(I)-measurable on I for all x € H;
(i) ||f(t,x) — f(t,y)|| < M||x —y|| forallt,x,y € I x H x H;
(iii) ||f(t,x)|| < Mforall (t,x) € I x H, for some constant M > 0.

Let v = dr + A and let ‘;—f/‘() be the density of A relative to the measure v. Assume further
that there is B €]0,1] such that Vt € 1,0 < ZM%(t)dv({t}) <B <l

Then, for all uy € D(Ay), the evolution problem

—Du(t) € Awu(t) + f(tu(t))
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admits a unique BVRC periodic solution u with u(0) = u(T), that is, there exists a BVRC function
u : 1 — H such that

u(0) =u(T

) € D(Ay),Vte I

t) € L§(1,dv)

(1) € Apu(t) + f(tu(t) 2 (t), v ae.

(
:

a =

0) )
t
(

QY

Proof. Existence of the BVRC solution follows from Theorem 2. We need only to prove the
uniqueness.

Uniqueness: Let # and v be two BVRC solutions to the problem under consideration,
that is,

du A
_dT/(t) _f(t/u(t))%(t) € Awu(t),u(0) =a € D(Ay)
*ZTZ;(” *f(t'v(f))%(f) € A(1),0(0) = a € D(A)

By the monotonicity of A;, we obtain

(= 900) = Fla () 5o (6) = (= T (6) = £, 0() G (6),u(t) (1)) 2 0.

Equivalently,

(90— 22 1), u(t) — 0(0) ) < (£t u(8)) — £t 00), (u0) (1) T2 (1))

By hypothesis (ii),

(B0~ 21,000 —u(t)) < —{Flu) ~ F(1o(0), () (1) 2 (1)
< M2 Ollu(e) ~ o)

On the other hand, we know that u and v are BVC and have the densities % and % relative
to v; due to a result of Moreau concerning the differential measure [56], ||u — v||? is BVC
and we have

e~ ol < 2(u() ~ o), ()~ () v ®

such that by integrating on |0, t] with respect to the measure dv and using the above
estimate, we obtain

Ju(t) = o = [ dllu—ol?

: /]o,q 2(u(s) — v(s), %(S) - %(S)>dv(s)

that is,
|[u(t) —o(H)|]* < /]O,t] 2JVILL%(S)IIM(S) —0(s)[dv(s)

According to the assumption Vt € 1,0 < 2M% (t)dv({t}) < B < 1 and using Grownwall’s
Lemma 4, we deduce from the last inequality that u = vin I.
Periodicity: Let u, and u;, be two BVRC solutions to the problem under consideration,

that is,
4y £1a(1) 2 (4) € Asta(t), 14 0) = 0 € D(Ag)
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7%0) *f(t/ ”b(t))%(t) € Ay (t),up(0) =b € D(Ap)

By repeating the above argument, we have

dA

lua(t) = up(D)[1? < [la = b|]* + / 2M-—(5) [[ua(s) — up(s) [ dv(s))

such that again by Gronwall’s Lemma 4,

1 dA
g (t) — uy(8)])2 < ||a — b||? exp <ﬂ /]Ot] 2Md—v(s)v(ds)),Vt el

such that

dA

o (T) = (TP < [la = bl Pexp (=5 [ 2M

(s)v(ds)) .

This shows that the mapping a — u,(T) is a Lipschitz mapping from D(Ap) into D(Ar) C
D(Ay). Since D(Ar) is convex compact, by the Schauder fixed point theorem, there exists
at least one a2 € D(Ay) such that u,(T) = a. This provides us a BVRC periodic solution to
—Du € Awu(t) + f(t,u(t)). O

Most cases of the BVRC periodic solution given here are new. Several variants dealing
with absolutely continuous or BVC periodic solutions are available. For the sake of brevity,
we omit the details. However, it is worth mentioning that indealing with the uniqueness of
a BVRC solution, a special condition is required.

4. Second-Order Problem with Perturbation of the BVRC Setting

Now we study some second-order evolution inclusions driven by a time- and state-
dependent maximal monotone operator in the bounded variation right continuous setting.
The interest in studying second-order evolution problems is motivated by their applications;
see the large synthesis by Brogliato et al. [5], particularly dry friction in mechanics [8,9].

Let I = [0,T] and let H be a separable Hilbert space. We state the existence of a
second-order evolution driven by a time- and state-dependent maximal monotone operator
A4y in the bounded variation right continuous setting. In the remainder of the work, dp
denotes the Stieltjes measure associated with a non-decreasing right continuous function
p: I — R"withp(0) =0,0(T) < +oo. The following assumptions are used for obtaining
our results.

(H1) [IAG oyl < c(L+ llx[[ + [lyll) for all (t,x,y) € I x Ex D(Ay)), for some
positive constant c.

(Hz) dis(A(2), A(zy)) < r(t) —r(7) +[[x —yll, forall 0 < 7 <t < T and for all
(x,y) € Hx H, where r : I — [0,+o00[ is non-decreasing right continuous on I with
r(0) =0,7(T) < oo.

(H3) dis(A( ), A(zy)) < r(t) —r(7) +[[x —yll, forall 0 < 7 <t < T and for all
y) € H x H,wherer : I — [0, +00] is non-decreasing continuous on I with 7(0) = 0 and
) <

x
(
(x,
(
(7—L3) D(A(;x)) is boundedly compactly measurable, in the sense of (i) and (ii):
() D(Apy) C X(t) = v(t)By for all (t,x) € I x H where 7 is a positive L'(I,1)-
integrable function;
(i) for any bounded subset B C Cg(I), there is a compact-valued Borel-measurable
mapping ¥ : [ — H such that D(Ajp))) C ¥p(t) C v(t)By forall (t,h) € I x B.

Theorem 4. Let (t,x) = A(1x) 1 D(Ax) — 2H be a maximal monotone operator satisfying (H1),
(H2) and (H3).

Let f : I x H x H — H besuch that for every x,y € H, the mapping f(-,x,y) € LY (I, B(I), n)
and for every t € I, the mapping f(t,-,-) is continuous on H x H and satisfies:
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i) |If(t,x,y)|| < Mforall (t,x,y) € I x Hx H;
(i) |[f(t,z,x) = f(t,z,y)|| < M||x —yl forall (t,z,x,y) € I x Hx H x H,
for some nonnegative constant M.
Let p(t )+ fo s)ds,t € Iand v = dp + Mu. Assume further that there is p €]0,1[

such that Vt el, 0 < ZM%( Hv({t}) < B < 1where :T;vl( ) is the density of the measure y with
respect to the measure v.
Then, for any (xo,up) € H X D(A( o)) there exists an absolutely continuous x : I — H

and a BVRC u : I — H with denszty with respect to v, such that

) = xo—i-fo s)ds, Vte I
x(0) = xo,u(0) = up € D(A(g,))
) S D(A(t,x(t))),vt el

— (1) € A u(t) + F(Ex(8),u(t) (), vae te I

Proof. Let ;
X = {uy € Cu(I:up(t) = xo +/O f(s)ds,t € I, f e sk}

Then & is closed convex C C H( ) using the weak compactness of the convex weakly

compact-valued integral fo s)ds and equi-absolutely continuous. For each 1 € X, the
time-dependent maximal monotone operator A j,(;)) is equi-BVRC in variation:

dis(A sy Ageain) < () = r(0)+ [ (s)ds = p(e) — p(0)

forall T < t € I where p(t )+ fo s)ds. Let us set v = dp + My where dp is the
Stieljies measure assoc1ated to the non—decreasmg right continuous function p. Let us
denote by 7, the density of the measure y with respect to v. By applying Corollary 3, where
Ay is replaced by A j(y)), with v = dr + My replaced by v = dp + My, forany h € X,
there is a unique BVRC solution u;, to

up(0) = ug
up(t) € D(Apnpy)) VEE I
duh

~ B 1) € Aoyt —|—f(t,h(t),uh(t))%(t), vaetel

with uy,(t) = ug + f]Ot Tl (s)dv(s) for all t € I and Hd”h( t)|| < K v-a.e. The existence

and uniqueness of such a solution is ensured by Corollary 3. Indeed, for any fixed 1 €
X, the mapping f;,(.,x) = f(.,h(.),x) € satisfies ||f;(t,x)|| < M for all (t,x) € I x H,

| fu(t, x) = fu(Ey)I| = [1F (£ 1(2), x) = F (£, 1(t), y)|| < M]|x —y|| forall (£ x,y) € I x H x
H, fy(.,x) € LL(I,B(I),u), forall x € H. Now for each ki € X, let us consider the mapping

t
D(h) () := xg +/ up(s)ds Vtel
0
Then it is clear that @ (/) € X because by (H3), uy(t) € D(A ) C Y (t) C y(t)Bp for

all t € 1. We are going to show the main fact (X)) C YV C X where ) is convex compact
in Cy(I) with

O(h) € V= {us € Cy(I uf()—x0+/f Jds,t € I, f € Sy, }

But this last set is convex compact in Cy (1), e.g., [59]. Our aim is to prove that ® : X — X
is continuous in order to obtain the existence theorem by a fixed point approach. This needs
a careful look using the estimate of the BVRC solution given above. It is enough to show
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that, if (h1,) converges uniformly to & in X, then the sequence (1, ) of BVRC solutions
associated with (h,,)

up, (0) = ug € D(Ap,(0)) = D(Aq0,xy))
Mhn(t) S D(A( (t))) vVte |

duh d
— 2 (8) € Ay i (8) + F( (D), (D) (D), v ae
converges pointwise to the BVRC solution uj, associated with &

up(0) =ug € D(A(on(0))) = D(A(0,x))
()6 D(Apnry)) Vte I

( ) € At (ryyun(t) +f(frh(f)ruh(f))%(f)r voae.

As (up, ) is bounded in variation since |uy, (t) — uy, (7)|| < K(dv(]7,t]), for T < t with
up, () € D(Apn, 1)) C Ya(t), forall t € I, it is relatively compact by the Helly princi-
ple [58]; we may ensure that (1, ) converges pointwise to a BV mapping u : I — H. As

[[u(t) —u(7)|| < K(v(]t,t]), for 0 < T < t < T, u is BVRC with ||fl”|| < K,v a.e. and
u(t) —ug = f] }d”( s)dv(s),Vt € I. Now, since for all t € I, uy, (t) = ”0+f0t] dzs"dv
and d”"” (s) € KBy v a.e, we may assume that ( h") converges weakly in LL (I, dv) to

w e L1 L(I,dv) with w(t) € KBy v a.e., so that by identifying the limits

(e, u(t)) = lim (e, up, (t)) = (e, ug) + (e,/ w(s)dv(s)), VYee H,Vte L

n—soo o]
we obtain ,
u
/]O,t] %(S)dV(S) = /]O,t] W(S)dl/<s) Vtel;

Iu ) weakly converges to 4 in L}, (I,dv), so we may assume that it

hence, 2 4 = wand (
Komlos converges to 4 o

It is clear that z, (¢ ) = f(t, hn(t), up, (t ))%(t) — z(t) == f(t,h(t),uh(t))%(t) point-
wise. Hence,

2n() = f(-,hn(-)/”hn(-))%(') —z() = f(.,h(.),uh(-))%(-)

in LL(I,v). Hence, we may assume that % R u () () -

—i—f(.,h(.),uh(.))‘;l/( ) Further, we note that u(t) € D(A(j())) for all t € I. Indeed, we
have dis( A, 1), An))) < [ha(t) —h(t)|] — 0. Itis clear that y, = A((]t,h,,(t))uhn(t) is
bounded, hence relatively weakly compact. By applying Lemma 2 to uy,, (t) — u(t) and to
a convergent subsequence of (y,) to show that u(t) € D(A () ), there is a v-negligible
set N such that

du

— (1) = 2u() € Ay oy, (1), £ € T\N,
1 & duy, du
11,131;];( 21 (8) (1) = () +2(t), t € T\ N.

Lett € I\ N. Letn € D(Apu)))- Apply Lemma 3 to Ay, (1)) and A ) to find a
sequence (17, ) such that 17, € D(A gy, 1)), TTn = 11, A(()t,hn(t))”" — A(()t,h(t));y. From

du
—— () = zu(t) € Ay, (1)
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by monotonicity,

du
(g (8) 2 (), () = 1) < (A, 0970, 70m — i, (1)

From

(& d()+zn —7)
= ( uhn()"‘zn()”hn() ) +

(B (£) 4 2, (1), u(E) — wy, (8) = (7 — 7)),

let us write

1 & d”hj 1 duh].
w (g O+ 20,00 =) = 50 (0 4210y () )
1 duy, 1 & duy,
+;§<W(t)+zj(t)/”(t)—”h](t)>+ag<ﬁ(t)+z] —1),
j= =
so that
Ty (G000 —1)
<3 7<<mm%41 %U><K+M& 1 () =, (6))]]

+(K+ M) Z ;=7
Passing to the limit using n — oo, this last mequahty immediately gives

<d1/ +Z( ) (t) - 77> < <A(()t,h(t))77/’7 - M(t)> a.e.

As a consequence, by Lemma 1, we obtain —4(t) € Apyu(t) +z(t), v ae. with
(t) € D(A(n@y)) forall t € I, so that by uniqueness, u = 1. Consequently, for all t € I

() (1) = (k) (1) = [ (1, (5) — y(5)) s,

and since (uy, (s) — up(s)) — 0 and is pointwise bounded : ||uy, (s) — uy(s)|| < 27(s)
conclude by the Lebesgue theorem that

sup [|[®(h,)(t) — P(h)(1)]| < /T ([, (s) — up(s)|lds — 0,
tel 0

such that ®(h,) — ®(h) — 0in C(I, H). Since ® : X — X is continuous with ®(X') C Y C
X, by the Schauder theorem, ® has a fixed point, say h = ®(h) € X, which means

h(t) = d(h)(t) = x0+/0tuh(s)ds, Vie I
up(0) = up € D(Aou(0))) = D(A(0,xy))
(g) ( t)))r vte 1 ;
7( ) € A(t,h(t))uh(t) + f(t,h(t),uh(t))ﬁ(t), v oaetel

O

We present a study of second-order differential equation with m-point boundary

conditions coupled with a time-dependent maximal monotone operator. For the sake of
completeness, we recall and summarize some results developed in [60]



Mathematics 2024, 12, 896

20 of 44

Lemma 8. Assume that H is a separable Hilbert space and I = [0
- < Mfm-2 < 1,9 >0, m > 3 bean integer number, and a; € R (i

the condition
2

Z o —1+exp(—
i=1

Let G : I x I — R be the function defined by

Glts) = { 0/(1—e><p(—7(t—5>))f

==

where
1—exp(—y(1—s)) -T2
1—exp(=y(1—s)) —X"
¢(s) =
1—exp(—y(1-s5s)),
and

m
(Z a; —1+exp(—

i=1

Then the following assertions hold:

(i) For every fixed s € [0,1], the function G(-,

10,1].
(i) G(-,-)and %—?(-, -) satisfies

G(ts)| < Mg and ‘%f(t,s)

1+|A(1+if§2|ai|)].

= Zlm:_lz a;u(n;), then

where

Mg = max{y~ 1,1}

(iii) If u € WEH(I) with u(0) = x and u(1)

-I—/ (t,9)(

ex(H)=x+ A(1—

where

,] L€t0<771<772<
=1,---,m—2) satisfying

Z a;exp(—1;)) # 0.

0<s<t<1 A
t<s<1

T+ ;(1 —exp(—t))¢(s), (9

a;(1—exp(=(ni—s))), 0<s<mn,

2a;(1—exp(—y(7i—5))), m <s<mn,

(10)

17111—2 SS S 1/

-1
ZazeXp m) : (11)

s) is right derivable on [0, 1] and left derivable on

< Mg V(ts)elxlI,

s) +qu(s))ds, Vtel,

1) (1 — exp(—71))x.

(iv) Let f € L;([0,1]) and let ug : [0,1] — H be the function defined by

) +/01 G(t ) f(s)

Then we have

up(0) =x wus(l

ds Vte[0,1].

thuf 17i)-
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Further, the function u is derivable on [0, 1] and its derivative i
1 aG
D+ [ 5 ds,
where
éex(t) = vyA(1— ) a;) exp(—7t)x.

i=1

(v) If f € Ly([0,1]), the function iis is scalarly derivable, and its weak derivative iis satisfies
lip(t) +yie(t) = f(t) ae tel01].

The following is a direct consequence of Lemma 8.

Proposition 4. Let f € LL([0,1]). The m-point boundary problem

{ i(t) +yu(t) = f(t), t €10,1]
u(0) = x,u(1) = Y2 aju(n;),

has a unique W7 ([0, 1])-solution u f, with integral representation formulas

up(t) = ex(t) )+ [y G s)ds, t € [0,1]
p(f) = éx(t +flaG (s)ds, t € [0,1].

where
ex(t) = x—l—A(l—):f”z_l2 ;) (1 —exp(—9t))x
éx(t) =vA (1 - E?;z zxi> exp (—t)x

-1
A = (- T exp(—1) — TP wexp(—7(n))

The following result is crucial for our purposes. For the sake of brevity, we omit the
proof; one can find the details in Theorem 5.1 of [60].

Proposition 5. With the hypotheses and notations of Proposition 4, let H be a separable Hilbert
space and let X : [0,1] = H be a measurable convex compact-valued and integrably bounded
mapping. Then the solution set of W' ([0, 1])-solutions to

{ g (t) + yie(t) = f()fE[Ol]fGS%(
up(0) =x, up(1) = L2 ajup(ns),

is bounded, convex, equicontinuous, and compact in Cg([0,1]).

Now comes an existence result with a second-order differential inclusion with m-point
boundary condition coupled with a time-dependent maximal monotone operator with
Lipschitz perturbation.

Theorem 5. Let I := [0,1]. Let t — A;,: D(A;) — 2 be a maximal monotone operator
satisfying (H7), (7—[2) and (H3).

Let f : I x H x H — H be such that for every x,y € H, the mapping f(-,x,y) € L} (I, B(I), )
and for every t € 1, the mapping f(t,-,-) is continuous on H x H and satisfies:
@) |f(t,x,y)|| < Mforall (t,x,y) € I x Hx H;
(i) ||f(t,z,x)— f(t,z,y)|| < M||x —y| forall (t,z,x,y) € I x Hx H x H,

for some nonnegative constant M.

Let v = dr + Mpy.
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Assume further that there is B €]0,1[ such that Vt € 1,0 < 2Md”( Hv({t}) < B < 1where
Z—’j( t) is the density of the measure y with respect to the measure v.
Then there is a lef(l ) mapping u : I — H and a BVRC mapping v : I — H satisfying

S
€ Apo(t) + f(tu(t), v(t))';ﬁ(t) vae t el

Proof. Let X' := {uy : I — H, ug(t) = ex(t +f0 s)ds, t € I, f € SL} be the
solution set to the second-order differential inclusion w1th m—pomt boundary conditions

{ i(f)+yu(t) e X(t), te I
“(O)ZXIU( ):Elml aiu ( )

Then by Proposition 5, X is convex compact in Cy(I). Let us set v = dr + My where dr is
the Stieljies measure associated to the nondecreasing right continuous function r. Let us
denote by Z—’: the density of the measure y with respect to v. By applying Corollary 3 for
any h € X, there is a unique BVRC solution vy, to

v;,(0) = vp € D(Ap)
vp(t) € D(Ay), Vte I

_%(t) € Apoy(t) + f(t,h(t), vy (t ))Zl(t), vaetel.

with vy, () = vo—i—fm Tk (s)dv(s) forall t € I and H
h € X, let us set

L(t)]| < K v-a.e. Now for every

1
®(h)(1) :ex(t)—l—/o G(t,5)v,(s)ds, t € I,

Then it is clear that ®(h) € X because by (H3) v,(t) € D(A¢) C X(t) C «(t)By for
all t € I. We claim that ® : X — X is continuous. For this purpose, by repeating the
arguments given in the proof of Theorem 4 or Lemma 7 via the Komlos argument, we show
that if 1, — hin X, then the BVRC solution v, associated with h;, to

d?" (t) € Aoy, (t) +f(f,hn(t),vhn(t))%(t), vaete I
o, (0) =vp € D(Ao)

converges pointwise to the BVRC solution vy, associated with k to

%( t) € Arop(t) +f(t,h(t),vh(t))‘;—5(t), vaete I
v,(0) = vg € D(Ap)

As [[vy, (-) —v5(-)|| = 0, we conclude via the estimation in Lemma 8 that sup,; || ® (/) (t) —
D(h)(H)] < fol Mg||op, (-) — vp(+)||ds — 0 such that ®(hy,) — D(h) in Cy(I).
Since ® : X — X is continuous, ® has a fixed point, say h = ®(h) € X, which means

I(t) = D(h)(t) = ex(t) +/01G(t,s)vh(s)ds, tel,
{vh(t) € D(A)

%(t) < Aroy(t) +f(t,h(t),vh(t))%(t), v a.e.
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By Lemma 8, this means

h(t) + yh(t) = v (t), t €1,
m—2

h(0) =x, h(1) = ) aih(n;)

i=1
Uh(t) € D(At), te I

_ %(t) € Apop(t) +f(t,h(t),vh(t))%(t), v ae

The proof is complete. [

The following is a variant dealing with a new class of time-dependent maximal
monotone operator (see Theorem 2).

Theorem 6. Let [ := [0,1]. Let t :— A; : D(A;) — ccwl(E) be a time-dependent maximal
monotone operator satisfying (M), (H3), (Hy*) and (H4), (H4') of Theorem 2.

Let f : I x H x H — H be such that for every x,y € H, the mapping f(-,x,y) € L} (I, £(I),dt)
and for every t € I, the mapping f(t,-,-) is continuous on H x H and satisfies
(i) |f(t,x,y)|| < Mforall (t,x,y) € I x Hx H;
(ii) ||f(t,z,x)— f(t,z,y)|| < M||x —y| forall (t,z,x,y) € I x Hx H x H,

for some nonnegative constant M. Let v = dr + A and let ‘;—ﬁ (.) be the density of A relative to
the measure v.

Assume further that there is B €]0, 1] such that Vt € 1,0 < 2MIL (t)v({t}) < B < 1 where
% (t) is the density of the measure dt with respect to the measure v.

Then there is a lejl (I) mapping u : I — H and a BVRC mapping v : I — H satisfying

i(t) +yu(t) =o(t), te I
u(0) = x,u(1) = L% aju ;)
v(0) = vy € D(Ay)

—(1) € Apo(t) + F(tu(t),o(t) D (t), vae t € 1.

Proof. We repeat the proof of the preceding theorem with careful modifications.

Let X := {uy: 1 — H, up(t) = ex(t —i—fo s)ds, t € I, f € Sk} be the solution
set to the second- order differential inclusion w1th m—pomt boundary conditions

{ i(f) +yu(t) e X(t), te I
“(0):9(/”( ) Elml aiu ( )

Then by Proposition 5, X" is convex compact in Cy(I). Let us set v = dr + A, where dr is
the Stieljies measure associated to the nondecreasing right continuous function r and A is
the Lebesgue measure on I. Let us denote by the density of the measure A with respect
to v. By applying Corollary 2 for any i € X, there is a unique BVRC solution vj, to

Z)h(O) =7 € D(AQ)
v(t) € D(Ay), Vte I

_%(t) € Arvy(t) +f(t/h(f)fvh(t))%(t), vae.t el

with vy (t) = vo + fOt T (s)dv(s) forall t € I and ||dvh( t)|| < Kva.e where K is a positive
generic constant. Now for every h € X, let us set

DO(h)(f) = ex(t) + /01 G(t,s)vu(s)ds, t €1,
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Then it is clear that ®(h) € X because by (H}) v,(t) € D(A;) C X(t) C x(t)By for all
t € I. We claim that ® : X — &’ is continuous. For this purpose, by repeating the Komlos
arguments, we show that if 1, — h in X, then the BVRC solution v}, associated with h;, to

— 90 (1) € Agop, (1) + £ (6 a (), 00, (1) L(8), vaet € 1
U, (0) =79 € D(Ao)

converges pointwise to the BVRC solution v;, associated with k to

— B0 (1) € Aoy (t) + £(E1(E), 0(D) L (1), vaet € T
Uh(O) =79 € D(A())

As (vy,) is bounded in variation, since ||vy, (t) — vy, (7)|| < K(dv(]7,t]), for T < t with
vp, () € D(Ay) C Yx(t), forall t € I, it is relatively compact by the Helly principle [58],
and we may ensure that (vj,, ) converges pointwise to a BV mapping v : I — H. As
[o(t) —o(T)|| < K(v(]T,#]), for 0 < T < t < T, u is BVRC with [|%|| < K,v a.e. and

o(t) —up = f]o,t] du(s)dv(s),Vt € 1. Now, since for all t € I, vy, (t) = ug + f]or] Do g

and h” (s) € KBy va.e, we may assume that (dZi’/" ) converges weakly in LL (I,dv) to
(OXS L1 H(I,dv) with w(t) € KBy v a.e. so that by identifying the limits,

(e,v(t)) = lim (e, vy, (t)) = (e,vp) + <e,/ w(s)dv(s)), Yee H,Vtel

o o]
we obtain .
/m 2 ()v(s) = /]o,t] w(s)dv(s) Vel
hence, 5 = © and ( 72) weakly converges to 42 in L} (I,dv), so we may assume that

it Komlos converges to % It is clear that z,(t) = f(t hu(t), vh”(t))g—ﬁ(t) — z(t) =
f(t,h(t),uh(t))dt( t) pointwise. Hence,

2n() = f(-,hn(-)/uhn(-))%(‘) —z() = f(.,h(.),uh(.))%(.)

weakly in L} (I,v). Hence, we may assume that

dUhn (t)+ f(,h(.),u ())%() — % +f(.,h(.),uh(.))§£( ) Komlos. Further, we note
that v( ) € D(A;) for all t € I. There is a v-negligible set N such that

_d;]sn (t) —zu(t) € Ayop, (t), t € I\ N,
lirrlni]é(d;jj(f) +zj(t) = %(t) +z(t), t € I\ N.

Lett € I\ N. Letyy € D(A¢). From

dUhn
dv

(£) = zn(t) € Asop, (1)
by monotonicity

(% (1)t 2(0), 03, (1) — ) < (Al g — o, ()
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From

<d”"; +zn(t), 0(t) —17) .
= (G (0) + 2a(8), 00, () =) + (G (1) + 2a(8), () = 00, (1)),

let us write

12 dvh 12 dvh
” X;< dl/l () +zj(t),0(t) —11) = - Zi <7U/(f) +zj(t), o5, (t) —17)
= ]
1 dvy,
“‘; 21 <W(t) +zj(t),0(t) Uh,(t)>
]:

Ly (S @ 0,00 ) < Z(Atm — o, (D) + (K+ M) va o

Passing to the limit using n — oo, this last inequality immediately gives

(32 0) - 2(0)u(0) ~ ) < (A —o(0)) 0

As a consequence, by Lemma 1, we obtain —g—z(t) € Appu(t) +z(t), v ae with
v(t) € D(A;) for all t € I so that by uniqueness v = vj,. As ||vy, (-) — v;(+)|| — 0 we con-

clude via the estimation in Lemma 8 that sup, || ® () (t) — ®(h)(t)]| < fOT Mg||op, (+) —
v, (+)||ds — 0 so that ®(hy,) — P(h) in Cy(I).
Since ® : X — X is continuous, ® has a fixed point, say h = ®(h) € X, which means
1
h(t) = D) () :ex(t)—l—/ G(t,s)u,(s)ds, t € 1,
0
{vh(f) € D(Ay)

dUh

— d—v(t) € Aoy (t) +f(t,h(t),vh(t))%(t), v ae.

By Lemma 8, this means

h(t) +yh(t) = v,(t), t €1,

m—2
h(0) = x, h(1) = ; aih(1;)
vu(f) € D(Ay), te I

The proof is complete. [

A variant of Theorem 5 dealing with continuous bounded variation (BVC) solutions
is available.

Theorem 7. Let H be a separable Hilbert space. Let, for every t € I = [0,T], At : D(A;) C H —
2H be a maximal monotone operator satisfying (H?), (H5¢) and (H}).
Let f : I x H x H — H be a continuous mapping satisfying
@ |If(txy)] < M(1+ [|x|]), Vt,x,y € I x H x H;
(i) ||f(t,x,z) = f(t,y,z)|]| < M||lx—yl||, Vt,x,y,z€ [ x Hx Hx H,

for some positive constant M.
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Then for ug € D(Ao),yo € H, there is a BVC mapping u : I — H, and a BVC mapping
y : I — H satisfying

y(t) = yo + fotu(S)dr(s), te I
_%(t) € Aw(t) + f(tu(t),y(t)) dr-aet e I
u(0) = ug

with the property ||u(t) — u(7)|| < K|r(t) —r(t)| forall t, T € I for some constant K € [0, 0].
Proof. This is similar to the proof of Theorem 5, using Theorem 3.1 of [50]. [

5. On Fractional Differential Inclusions

5.1. On a Riemann—Liouville Fractional Differential Inclusion Coupled with Time- and
State-Dependent Maximal Monotone Operators

In this subsection, we present a concrete version of the existence of solutions to a
fractional differential inclusion (FDI) coupled with a time- and state-dependent maximal
monotone operator in the vein of [10,32]. We begin with some preliminary facts.

Definition 1. (Fractional Bochner integral) Let f : [0,1] — H. The fractional Bochner integral of
order « > 0 of the function f is defined by

1% F(t) = /at (t;(sa);_lf(s)ds, t>a

In the above definition, the sign “ [ denotes the Bochner integral.

Definition 2. Let f € L},([0,1]). We define the Riemann—Liouville fractional derivative of order
a>0of fby
d?’l

n _3 n—ua—1
Df(1) = Df () = 50 = 5 [ s
where n = [a] + 1.

We refer to [38,39,42] for the general theory of Fractional Calculus and Fractional
Differential Equations.

We denote by W ([0,1]) the space of all continuous functions in C;([0,1]) such that
their Riemann-Liouville fractional derivatives of order « — 1 are continuous and their
Riemann-Liouville fractional derivatives of order « are Bochner-integrable.

We recall and summarize some useful results in [32].

Lemma 9. Let  €]1,2],b € Hand f € L};([0,1]). Then the mapping uy : [0,1] — H defined by

up(t) = F(lw /Ot(t —5)* 1 f(s)ds + l_f;)t"“l, te0,1]

is the unique Wg‘l’l ([0, 1])-solution to the (FDI)

D*u(t) = f(t), t € [0,1]
{ u(0) =0,D*u(0) =b

D*u(t) = [, f(s)ds +b.

Lemma 10. Let b € H. Let X : [0,1] =% H be a convex compact-valued measurable and integrably
bounded multimapping. Then the Wi ([0, 1])-solution set to the fractional differential inclusion (FDI)

D*u(t) € X(t), t € [0,1]
{ u(0) =0,D*u(0) =b
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is bounded, equicontinuous, compact in Cg ([0, 1]) endowed with the topology of uniform conver-
gence. Furthermore the Wﬁ’l ([0, 1])-solution set X is characterized by

b

/Ot(t — )L f(s)ds + Wt"‘_l, Fesk, telo1])

1

X = {uf: [0,1} — H, uf(t) = W

Now comes an existence result to an FDI coupled with a time and state dependent
maximal monotone operator.

Theorem 8. Let [ := [0,1] and b € H. Assume that for any (t,x) € I x H, A( ) : D(A(yx)) C
H = H is a maximal monotone operator satisfying (H1) , (Ha) and (Hsz).

Let f : I x H x H — H be such that for every x,y € H, the mapping f(-,x,y) € L}, (I, B(I), u)
and for every t € I, the mapping f(t, -, -) is continuous on H x H and satisfies

@) |f(t,xy)|| < Mforall (t,x,y) € I x Hx H;

(i) ||f(t,z,x)— f(t,z,y)|| < M||x —y| forall (t,z,x,y) € ] x Hx H x H,
for some nonnegative constant M.

(A)  Then the bounded closed convex subset X in the Banach space Cy;(I) defined by

X = {Llf I — H,Mf(t) = 1_|(1“) \/Ot(t — S)a_lf(S)dS + r(ba)tzx—ll

f )] < v(s)ae t e}
is equi-K-Lipschitz.
(B) Letp(t) =r(t)+ Kt forallt € I andlet v =dp + M.
Assume further that there is p €]0,1] such that Vt € 1,0 < ZM%(t)dv({t}) <B<L
Then there is a Wﬁ’l(l) mapping x : I — H and a BVRC mapping v : | — H satisfying

Da.X(t) = ’U(t) S D(A(t,x(t)))r te I

x(0) =0,D*x(0) =0

D 1x(t) = fot v(s)ds+b

— 90 (1) € Ay o(t) + f(t,x(),0() G (E), v ae.t € L

Proof. (A) Let us consider the bounded closed convex subset X" in the Banach space C(I)
defined by

1ot b
m/O(t—s) (s + gt

[[f(S)] < y(s)aet € [0,1]}.
We note that X" is equi-Lipschitz (cf. Lemma 4.5 [32]). Indeed, for any f € S'lYEH’ vBy

X ={up:[0,1] — H,us(t) =

denotes the convex weakly compact-valued integrably bounded mapping t = -y(t)Bp, and
forany 0 < v <t <1, wehave

_Trxfl _Ttxfl
R

with « — 1 €]0,1] such that

1
g ol < (L4 o T e

oIl Jy (s)ds
< ot W

JIt = 7| = |L(t) = L(7)],
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ot _ Lol Jore)ds
where L(t) = fO Kds, t € [Or 1] and K = T'(a) + I'(a) -

(B) For any h € &, the time-dependent maximal monotone operator A j,(;)) is equi-
BVRC in variation: For all T < t, we have by (H;)

where p(t) = r(t) + Kt, Vt € I. So p is non-decreasing right continuous on I with
p(0) =0,0(1) < 4o0. Further, by (#1), we have

14,091l < 1+ )| + Iyl

<d(1+yl)
forally € D(A(t,h(t)))/ where d is a positive generic constant, because h € X, which
is is uniformly bounded. Further, each f;(t,x) := f(t,h(t),x) V(t,x) € I x H satisfies
ILf (£ h(t),x)|| < Mforall (t,x) € I x H,and || f(¢, h(t),x) — f(t,h(t),y)|| < M|x —y]|| for

all (t,x,y) € I x H x H. So by virtue of Corollary 3, for every h € X, there is a unique
BVRC solution uy, to

where % is the density of the differential measure du;, with respect to the measure v. For

each h, let us set

D(h)(t) = r(l) /Ot(t — )% Ly, (s)ds + r(ba)t“l, tel

o
Then it is clear that ®(h) € X, because by (H3) uj(t) € D(Aqyr))) C Ya(t) C v(t)By
for all t € I where ¥y is a compact-valued Borel-measurable mapping. We note that
d(X) C Y C X, where ) is convex compact in Cy ([0, 1]):

1 -1 b a1 1
Yi={u:[0,1 — H: @/o (=) f(S)ds + gt f € Shoy € 1),
Now we check that & is continuous. It is sufficient to show that, if (%, ) uniformly converges
to hin X, then the BVRC solution u;, associated with

up, (0) = ug € D(A (o, (0)))
l/lhn(t) € D(A(t,hn(t))),vt S

du

=D(Aq))
I
€ Aty iy (8) + F(E T (E), 1, (D) (1), v ae t €1,

converges pointwise to the BVRC solution uj, associated with h

up(0) =ug € D(A(on(0))) = D(A,0))
Mh(t) S D(A(t’h(ﬂ)),vt el

— B € Ay n(E) + £(L (), un(8) F (1), v ae te,

by repeating the machinery given in the proof of Theorem 4 via the Komlos argument.
As (up, ) is bounded in variation, since ||uy, (t) —up, (7)|| < R(dv(]t,t]),for0 <t <t <1
where R is a positive generic constant, with uy, () € D(A(, 1)) C 0¥ x(t), forallt € I,
it is relatively compact by the Helly principle [58], and we may assume that (1, ) converges
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pointwise to a BV mappmg u:I— H. As|Ju(t) —u(t)| < R(dv(]t,t]), for0 <t <t <1,
and u is BVRC with || 24| < R,v a.e. and u(t) = ug + f]Ot] g—z(s)dp(s),w € I. Now, since

forallt € I, uy, (t) = up+ f]Ot Sl dy and ”"” (s) € RBy dp a.e., we may assume that
(dg#) converges weakly in L}I(I,B( )ydv) tow € LY (I, B(I),v) with w(t) € RBy v a.e. so
that by identifying the limits

(e,u(t)) = lirr;o<e,uhn(t)> = (e, up) + (e,/ w(s)dv(s)), Vee€ H,Vtel.

v o
we obtain o
/]Ot] E(s)dv(s) = /]o,t] w(s)dv(s) VteT;
hence, % = w and ( ﬁn) weakly converges to % in LL(I,dv) and so zn(.) =

d d .
F( (), up, (1) 55 () weakly converges to z(.) = f(.,h(.),u,(.)) % (.) in L} (I,dv), so
by repeating the monotonicity and Komlos arguments given in Theorem 4, we have
u(t) € D(Agp)), vVt € I and _% € Agneey)yun(t) +f(t,h(t),uh(t))iﬁ(t) vae t €1,
so that u = uy, by uniqueness. Since ® : X — X is continuous with ®(X) C ), by
the Schauder theorem, ® has a fixed point, say h = ®(h) € X. This means that

n(t) = d(h)() = r(ltx) /Ot(t — 5y (s)ds + r(ba)t“l,
with

u(0) € D(A(on(0)))

Mh(t) S D(A( ())) Vte I

— G (1) € Aoyt (E) + F(E (), un(D) 5 (1), v ae t e L

Coming back to Lemma 10 and applying the above notations, this means that we have just
shown that there exists a mapping h € Wﬁl’l (I) satisfying

D*h(t) = uy(t),

h(0) = O D"‘h( )=10b

D* 1h(t fo uy(s)ds + b

up(0) € D( 01(0)))

Mh(f) ED(A ))),Vte I
)

—Gh(1) € A(th(t) up (F) + F(ER(E), up (1) 5 (t), v ace. t € 1.

O

Our tools allow us to treat other variants by considering other classes of FDI given
n [10,30-32,60].

5.2. On a Caputo Fractional Differential Inclusion Coupled with Time- and State-Dependent
Maximal Monotone Operators

We study an example of a Caputo fractional differential inclusion coupled with a time-
and state-dependent maximal monotone operator. For the sake of completeness, we recall
some needed properties for the fractional calculus and provide a series of lemmas on the
fractional integral. Throughout, we assume « € [1,2].

Definition 3. The Caputo fractional derivative of order v > 0 of a function h : I — H, “D"h :

I — H is defined by
Lt p(s)
cryY _
Dh(t) F(n—’y)/o T

Here n = [y] + 1 and [7y] denotes the integer part of .
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Denote by

where 2 9f is the derivative of u,

Wi (1) = {u € Cy(I) : °D*'u € Cy(I); “D*u € LF(I)},
where ‘D*~ 1y and °D*u are the fractional Caputo derivatives of order « — 1 and « of u,
respectively. We recall and summarize some properties of a Green function given in [30]

that is used in the statement of the problem under consideration.

Lemma 11. Let G : [0, T] x [0, T] — R be a function defined by

t—s)* 1 T—s)*—1 T—g)a-2 .
: F?z)x) — 15 [( r<i> + (l"(zxszl) }, if 0<s<t,

G(t,s) =

T—s T—s .
%ié[( r(i) +((a)1)} if t<s<T.

Then the following assertions hold:
(i)  Let f € L{j(I) and let ug : [0, T] — H be a function defined by

T
ug(t) :/0 G(t,s)f(s)ds, ¥Vt € [0, T].

Then the following hold:

du
uf(0) = - (0) =0,

duf
(1=

o a—1
cDa—l / F(s)ds — I J;Jr);)— 1(3 _fi)ﬂ 7%, Yt € [0,T],

Dug(t) = £(1), Ve € 0,1,

(ii)  Assume that u is a Wy'y; (I)-solution to

Llf(T) -+ 0,

‘D*u(t) =o(t), te I
{ u(0) — 440y =0
u(T)+ % (T) =0

where ¢ € LY(I); then u(t) = OTG(t,S)(T(S)dS, vVt € [0, T) with |G(t,s)| < Mg =
27 14 (a—1) T2
T(«)

We recall and summarize a crucial lemma (Lemma 3.5 [30]).

Lemma 12. Let X : [ = [0, T] =% H be a convex weakly compact-valued measurable mapping such
that |X(t)| < v < +oo, Vt € I. Then the Wy'y; (I)-solution set X to the FDI

D*u(t) € X(t), te I
{u(o) du ( o) 0

af
u( é T)=0,

is bounded, convex, equicontinuous, weakly compact in the Banach space Cy (1) and equi-Lipschitz.
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Now comes an existence result with a Caputo fractional differential inclusion coupled
with a time- and state-dependent maximal monotone operator.

Theorem 9. Let I = [0, T]. Let (t,x) — Ay : D(Ayy) — 25 be a maximal monotone
operator satisfying (H1), (Hz) and (H3).
Let f : I x H x H — H be such that for every x,y € H, the mapping f(-,x,y) € L§(I, n)
and for every t € 1, the mapping f(t,-,-) is continuous on H x H and satisfies:
i) |f(t,x,y)|| < Mforall (t,x,y) €  x Hx H;
(ii) ||f(t,z,x)— f(t,z,y)|| < M||x —y| forall (t,z,x,y) € I x Hx H x H,
for some nonnegative constant M.
(A) Then the bounded closed convex subset X of Wgﬁ(l )-solutions to the FDI:

‘D*u(t) € yBy, t€ I
u(0) — %(0) =0
u(T) + 5 (T) =0,
is equi-K-Lipschitz in the Banach space Cy;(I).
(B) Letp(t) =r(t)+ Kt forallt € I andlet v =dp + M.
Assume further that there is B €]0,1[ such that V't € 1,0 < ZM%(t)dv({t}) <B<L
Then there is a Wgﬁ(l ) mapping x : I — H and a BVRC mapping v : I — H satisfying

D"‘x(t) = U(t) c D(A(t,x(t)))l te I

x(0) — ‘Zgj"(o) =0

x(T)+%(T) =0

—%(t) € Axy)o(t) —l—f(t,x(t),v(t))%(t), vaetel

Proof. The proof is omitted. It is sufficient to repeat the proof of the previous theorem with
careful modifications using the properties of the Caputo fractional inclusion. [

6. Skorohod Problem

By using the above techniques we obtain a fairly general version of Skorohod problem
involving time et state dependent maximal monotone operator in the BVC setting.

Theorem 10. Let [ := [0,1] and H = R®. Let (t,x) — A1) : D(A¢x)) = 2H be a maximal
monotone operator satisfying (Hq) and (HS).

Let z € C1=9%([0,1],R%) be the space of continuous functions of bounded variation defined
on I with values in RY. Let L(RY,R¢) be the space of linear mappings f from R? to R¢ endowed
with the operator norm

fli= sup [If(%)|e-

x€RY,||x[| g =1

Let us consider a class of continuous integrand operators b : I x R® — L(R?,R¢) satisfying

(@) |b(t,x)| <M, V(tx)elxR%
(b) |b(t,x) —b(t,y)| < Ml||x —yllge, V(tx,y)€[0,1] x R® x R¢,
where M is > 0. We note fot b(t, x(7))dz the perturbed Riemann—Stieljies integral of b(., x(.))
against z with x € C([0,1],R?).
Let g : I x I x R® — IR be a continuous mapping satisfying:
() ||g(t,s,x)|| < Mforall (t,s,x) € I x I xR
() [lg(t;s,x) = g(t,s,y)l| < M,
forall (t,s) € I x I,x,y € R® x RC.
Let us set p(t) = r(t) + M|z|i_yar.[o,), Vt € I and let dp be the Stieltjes measure associated
with p. Let a € D(A(g))-
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Then there exists a BVC function x : I — H and a BVC function u : I — H satisfying

R
I
=

0)
t

( (0) =a
(

(t

(

(

) +k(t) +u(t), Vte I
b< ’ (T))dzr, Vte I
g(t,s,x(s))ds, Vt € 1

(Aguey), Vte 1

Agnyu(t) +k(1), dpae, te I

=
[

r
I
S =

.
O &«

=
m
ol

)
)
t)
t)
du

0

—~

t)

m

where dz is the density of the differential measure du with respect to the measure dp.

Proof. Leta € D(A (g ). Letusset forallt € I = [0, T]

() = a, K (F) = /Otb(r,a)dzf

then by Proposition 2.2 in Friz-Victoir [61], we have

t
| [ b )dze] < 16t 21 o (12)
Moreover , ,
S
/b(r,a)dzr—/ b(T,{Z)dZT:/ b(t,a)dz,
0 0 s

so that by condition (a)
||hl(t) — ! (S) || < M|Z|17var;[s,t]/ (13)
forall0 <s <t <1 and in particular
||hl(t)|| < M|Z|l—vﬂr;[0,t] < M|Z|1—var;[O,T]

for all t € I. Further, we have

dis (A (1) Agsi(sy) < 7(E) = r(s) + [ (1) = ()] < () = 7(5) + Mzl garfs g

so that with our notation

dis( Ay (1)) Asin(s))) < () — p(s), (14)

forall0 < s <t < 1wherep:1 — Rt isa non-decreasing continuous function with
p(0) = 0. Letussetforallt € I = [0, T]

() = a, KL(F) = /Otg(s, 0(s))ds,

then k! is continuous with ||k' (¢)|| < MT for all € I. By an easy computation, ||k!(t) —
Ho)|| £ M|t — 7|, forall T,t € I. Taking account of (14), by Theorem 3.1 ([50]), there is a
unique BVC mapping u! : I — H solution of the problem

Ml (0)1 =4da, Ml(t) < D(A(t,hl(t)))’ vVt € I}
du
—E(t) € A(t,,ﬂ(t))ul(t) +k'(t), dp ae.
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with|[u! (t) — ul(7)|| < K(p(t) —p(7)) for all T < t € I where K is positive constant
depending on the data (cf. Theorem 3.1 in [50] for details). Set

L) = () F () +ul(t) = /: b(t,x°(1)dze + /Otg(t,s, x0(s))ds + ul(t).

Then x! is BVC with x!(0) = a. Now we construct x” by induction as follows. Let for all
tel

W (t) = /O bl "1 (1) )z
K'(t) = /Otg(t,s,x”_l(s))ds).

By Proposition 2.2 in Friz-Victoir [61], we have the estimate
[[R* () = B"(s)|] < Mlz]1—vars g
forall0 <s <t <1 and in particular
B ()] < Mz]1_varo,) < M|zl1—var;fo,1)
for all 0 < t < 1. Further, we have
dis(A (1) Agsn(s))) < 1(8) —7(s) + |W"(t) = W' (s)|| < r(t) —7(s) + Mz|1_par;fs g
so that with our notation

dis(A g pn(r)), Asin(s))) < p(t) —p(s),

forall 0 <s <t < 1. Further, k" satisfies ||k (t) — k" (7)|| < M|t — 7|, for all T, € I with
[lk"(t)|| < MT for all t € I. Again, by Theorem 3.1 ([50]), there is a unique BVC mapping
u" : I — H solution of the problem

u(0) =a, u"(t) € D(Aquny)), VtEL
du”
_%(t) E A(t,hn(t))un(t) +kn(t), dp a.e.

with [[u"(t) — u"(7)|| < K(p(t) — p(7)) forallt < t € I. Setforall t € I

¥(F) = K'(E) + K () + " (f) = /Ot b(7,x" 1 (1))dze + /Otg(t, 5, x"~1(s))ds + u" (t),

so that x™ is BVC, and

du"
—E(t) G A(trhn(t))un(t) ‘l’ kn(t), dp a.e. (15)
As (u") is equicontinuous and for all t € I, u"(t) € D(A,(+))), we may assume that (u")
converges uniformly to a BVC mapping u : [ — R® with u(t) € D(A( ), Vt € I and
[lu(t) —u(7)|| < K(p(t) —p(7)) forall T < t € I. Now, recall that

[ (8) = W ()] < Mz[1—oar.js,

forall0 < s < t < T. So (h") is bounded and equicontinuous. By the Ascoli theorem,
we may assume that h" converges uniformly to a continuous mapping h. Similarly, (k")
is bounded and equicontinuous: |[k"(t) — k" (7)|| < M|r(t) —r(7)|, for all 7,t € I. By the
Ascoli theorem, we may assume that k" converges uniformly to a continuous mapping k.
Hence, x"(t) = h"(t) + k" (t) + u" () converges uniformly to x(t) := h(t) + k(t) + u(t), and
b(.,x"~1(.)) converges uniformly to b(., x(.)) using the Lipschitz condition (b). Then by Friz-
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Victoir [61] (Proposition 2.7), fot b(t,x"1(1))dz; converges uniformly to fot b(t,x(7))dz. By
hypothesis (i), g(t,5,x""1(s)) converges pointwise to g(f,s,x(s)). Hence, fot q(t,s
“1(s))ds — fot <(t,s,x(s))dr(s) for each t € I by the Lebesgue theorem. So by identi-
fying the limit
t t
lim x"(t) = lim [ b(t,x" (7))dz, +r}i£§o/() g(t,s,x"1(s))ds +nlg£10 u"(t)

n—oo n—oo J

=h(t) +k(t)+u(t) = /Ot b(t,x(7))dzr + /Otg(t,s,x(s))ds +u(t) = x(t).

Further, we note that u(t) € D(A())) for all t € I. Indeed we have dis(A, (1),
Awny) < lha(t) = h(t)|| — 0. It is clear that (y, = A?t,hn(t)”hn(t)) is bounded. By
applying Lemma 2 to uy, (f) — u(t) and to a convergent subsequence of (y,;) to show that
u(t) € D(A( (1)), it remains to check that

———(t) € Auyult) +k(t), doae. t €l

As ||u"(t) —u"(t )|\<K( (t) —p(7)) forall T < t € I, we have % ()EKBHsuchthat
u(t) = a+ fOt] G (s)do(s) — u(t) == a+ f]O,t] r (s)dp(s) w1th d” — Zl; weakly in
L (I,dp). We use Komlos’s trick to finish. For convenient notation, let

__dau” n _ _duy
zn(t) = —%(t) —k'(t) and z(t) = dp(t) k(t)
Then {z, } weakly converges in L}, (I,dp) to z.
We will show that
du
z(t) = —%(t) —k(t) € A peyyu(t), do a.e

Since z,(.) — z(.) weakly in L}. (I, dp), we may assume that z, = d;% + k' Komlos
converges to z = g—z + k. Further, we note that u(t) € D(A(;j())) forall t € I. Indeed we
have dis( A, (1)), Anry)) < [[ha(t) —h(t)|| — 0. It is clear that (y, = A(()t,hn(t))”hn(t))
is bounded, hence relatively compact. By applying Lemma 2 to u;, (t) — u(t) and to a

convergent subsequence of () to show that u(t) € D(A ;)) ), there is a dp-negligible set
N such that

duhn
——y (8 = K(8) € Aggp, ) un, (1), £ € I\ N,
1 n dUh], ; du
im=-V (—2 j
hrrlnn];( i (t) +K(t) = dp()+k() teI\N.

Lett € [0,1] \ N. Let 7 € D(A;()))- Apply Lemma 3 to Ay j,, (1)) and A (1)) to find a
sequence (17, ) such that 17, € D(Agp, 1)), Tln = 11, A(()t,hn(t))”" — A(()t,h(t));y. From

duhn
dp

() —k"(t) € A, (r))thn, (t)

by monotonicity

du
(TR0 R 8) 0, 8) = ) < (A g 0 = 0, (8)
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From

Tl (£) + k7 (), u(t) — 1)
f<d””"<>+k"<>uhn<t>—nn> (%l () K (8), u(E) =y, () — (7 — 7)),

let us write

! i<duhj(t) K(t),u(t)—n) = : i<duhj (8) + K (8), up, (t) —1;)
ni= dp ’ n S dp ’ j
+71 Luhi t) + K (t t) — t —i-fl ; 7h] t) + K (t —
n];< dp (t) (t),u(t) ”hj()> n];<d () (), 1 ),

so that

LY (S k(8 (1), ut) — )
<aXia(A (th(t))’7]/’7] ()>+(K+M)% }'1:1 H”(t)—”hj(t))n-
+(K+M)% =1 7 =7l

Passing to the limit using n — oo, this last inequality immediately gives
du
<%(t) + k() u(t) —17) < (AQy ey — u(t))

As a consequence, by Lemma 3 we obtain f%(t) € Awpnyul(t) +k(t), do a.e. with
u(t) € D(Ap(s))) for all £ € I. The proof is therefore complete. [

In Theorem 10, we present a new result for the Skorohod problem (SKP) driven by a
b(s, x(s))dzs and Volterra

integral perturbation fg g(t,s,x(s))ds in the BVC setting. So it has several novelties and
our tools allow us to state several variants of Theorem 10 according to the nature of the
perturbation and the operator. It is a challenge to obtain the uniqueness. Nevertheless,
some uniqueness results are discussed below. In this setting, our result is quite new by
comparison with some classical integral equations existing in the literature.

time- and state-dependent operator A; ) under rough signal fot

Proposition 6. Let [ := [0, T] and H = R®. Let C : [0,T)] — H be a closed convex-valued
mapping satisfying dy (C(t),C(t) < r(t) —r(t) , forall 0 < v <t < T, wherer: I — R" is
non-decreasing continuous with r(0) = 0.

Let ¢ : I xR® — R® be a continuous mapping satisfying ||g(t,x)|| < 1 for all
(t,x) e IxReand ||g(t,x) — g(t,y)|| < ||x —yl|, forall (t,x,y) € I x R® x R".

Let y be a probability nonatomic Radon measure on I and let v = dr + y. Let a € C(0). Then
there exists a BVC function x : I — H and a BVC function u : I — H satisfying

0
t

t

=

~

u(0) =a

h(t) +u(t), vte I

y g(s,x(s))u(ds), Vt € I
C(t) —h(t), Vte I

t) € Ney—nyu(t), dvae., t €l

=

=

=
m

(
(
(
(

~_— — —
\_/m

LN

%

where o is the density of of the differential measure du with respect to the measure v. The BVC
solutzon (x,u) is unique.

Proof. From h(t fo u(ds), we have ||h(t) — h(7)|| < u([t,t]) for all
T<tel Letus set Ch( ) = C(t) h( ). Then dy (Cy,(t),Cp(7)) < r(t) —r(T) + ||1(t) —
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h(t)|| < v([7,t]). Hence, the existence follows by repetition of the arguments given in
Theorem 10, with dp replaced by dv. Now we prove unicity of the BVC solution (x, u).
Assume that (x,u) and (x*,u*) are two solutions with

x(t) = h(t fo dS) +u(t)

()—h*( fo Jp(ds) +u*(t)

—d y (1) € NC() h(t) ( )= NC( )( ( )+h( )) = Nex(t)

” (1) € Ney—ps (™ (t) = Negy (w*(t) + h*(t)) = Negyx™ (t)

By our construction, it is easily seen that k, u, h*, u* are BVC. By monotonicity, we have

du du*
<_E(t) + v

(£),x(t) = x*(£)) > 0. (16)

On the other hand, since x and x* are BVC and have the densities % v * and 4 e ~ relative to the
measure dv, by a result of Moreau concerning the differential measure [56], ||x — x*||? is
BVC and we have

=22 < 2(x() ~ 2 (), 2 () - T haw

so that by integrating on [0, t| we obtain

) 2@ = [l =P < [ 20x06) — 506, o (6) - o (6)yvs).

We have p p
£ . X x*
| (s) = (5), G (5) = G (sD)av(s)

_ /O-t[<x(s) (), T ) — B (5)) + (xls) — 2 (5), T ) — T (5) e

1%

< /Ot(x(s) —x*(s), %(s) — dd}: (s))dv(s) (using (16))
= [[x(5) = (5),8(5,3() — 05,3 (D) T (e (6)
< [ llxts) 2 @) P L ()avs)

so that
()~ (012 < [ 29 (5)|x(s) — x*(5) Pav(s)

By applying Gronwall’s Lemma 5, we conclude that x = x*. Then h = h* and u = u* and
the proof is complete. [

In this vein, some more uniqueness of solutions is available using specific Gronwall

lemmas However, the uniqueness solutions to the sweeping process with perturbation

fo T, x(T))dzr is an open question, although existence is ensured. We refer to [2]

for some problems of uniqueness related to the sweeping process perturbed by rough

signal. Also, related (SKP) problems for the sweeping process are developed in [1,62] with
the existence and uniqueness of solution.
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7. Fractional Differential Inclusion/Evolution Inclusion under Rough Signals and
Young Integrals: The BVRC Setting

Let z € C1=9([0, T], R?) be the space of bounded variation continuous mappings
defined on [0, T] with values in R?. We recall some notations. By £(R?, R¢) we denote the
space of linear mappings from R? to R¢ endowed with the operator norm

A= sup A@
XERd,HxHRd =1

Let A7 :={(s5,4): 0<s <t < T} Amap w: Ar — [0,00[is a control function on [0, T] if
w is continuous, superadditive [61] and w(s,s) = 0 for 0 <s < T. An example of a control
function is (s, t) — |t —s|® for 8 > 1, or (s,t) — fst p(7)dt where p is a positive Lebesgue
integrable function.

Let us consider the class B of continuous integrand operator b : [0, T] x R¢ — L(R?, R¢)
satisfying the conditions

(B1) |b(t,x)| <M, VxeRe
(B7) [b(s,x) = b(t,x)| <w(s,t), 0<s<t<T, VxeRe
(B3) [b(t,x) —b(t,y)| < M||x—y||, Vte[0,T], Vx € RS,

where w is a control function on [0, T] and M is a positive constant. If X C C([0, T],R¢) a
set of continuous mappings from [0, T] into R is controlled by a control function «(s, t):
[lx(s) — x(t)|| < a(s,t)forall x € X, for all s < ¢, then the set of mappings {b(.,x(.));x €
X'} from [0, T] into £(R?, R?) is uniformly bounded and uniformly bounded in variation,
in particular b(., x(.)) € C'=%" ([0, T], £L(R“,R¢)). Indeed, we have

[b(s, x(s)) = b((£, x(£))| < |b(s, x(s)) = b(t, x(s))[ + |b(t, x(s)) — b(t, x(¢))]
with |b(s,x(s)) — b(t,x(s))] < w(s,t) and |b(t, x(s)) — b(t,x(t)] < M]||x(s) — x(t)]] <

Ma(s,t) for all s < t < T so that using Proposition 1.11 [61], [b(., x(.))[1—gar;ss] < 0,

0 < s <t < T. Consequently the Young integral fo x(s))dzs along z is well-defined
and belongs to C! =77 ([0, T], R¢), and according to Frlz-Vlctmr Theorem 6.8 [61], we have
the following estimates:

||/ T x dZTH < 21 9|Z|1 var;| st]|b( <>)|1—vur;[s,t] + |b<1x()>|||z(t) _Z(S)HR”’

1
< mh'lfvar;[s,t] ‘b('/x('))hfvar;[s,t] + M| |Z(t) - Z(S)H]Rd

forall0 <s <t < Twithf =2and

| /O b(Trx(T))dZThfvar;[s,t] < C(lf1)‘Z|1fvar;[s,t](|b(-rx('))|1fvar;[s,t] + |b('/x('))|oo;[s,t])

forall0 <s <t < T. As consequence, we see that the set J of mappings
Y= {/0 b(t,x(7))dz;x € X'}

in C1=%7([0, T], R®) is uniformly bounded, and by the continuity of t — |Z[1—oar;[0,¢) SinCe
z € C=2([0,T],R%) and Y is also equicontinuous; further, it is additionally uniformly
bounded in variation. Altogether, ) is uniformly bounded, equicontinuous, and uniformly
bounded in variation. When X is compact C C([0, T],R®) and equi-Lipchitz, then Y is
compact with respect to the topology uniform convergence.

Theorem 11. Let I := [0,1]. Assume that for every t € I = [0,1], A; : D(Ay) CR* =2 Risa
maximal monotone operator satisfying (1) and (H3).
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Let z € C1=°(I,R4) and b € B.

Let f : I x R® x R® — R be a continuous mapping satisfying:
i) |f(tx,z)— f(ty2)|| < Mlx—yl forall (t,x,y,z) € I x R® x R¢ x R°.
(i) ||f(t x,z)|| < Mforall (t,x,z) € [ x R® x R,

Let v := dr + A. Assume further that there is & > 0 such that Vi € 1,0 < ZMdd—l":(t)v({t}) <
o<1

Assume that w €]1,2], B € [0,2 —a],A > 0,7 > 0.

Then for any ug € D(Ay), there exists a Wg’IlRf([O, 1]) mapping x : I — R® and a BVRC
mapping u : I — RE satisfying the dynamic with rough signal

D*x(t) + AD* 1x(t) = u(t), t€ I
x(®)li—o =0, x(1) = 17, x(1)
u(t) € D(As), te I
—du(t) € Awu(t) + f(t, u( fo $))dzs) () aete I
u(0) =a € D(Ay)
Let L:]0,1] x R® x R® x R® — [0, o[ be a lower semicontinuous integrand such that L(t,x,y, .)
is convex on R* for every (t x,y) € [0,1] x R® x RE. Then the problem of minimizing the cost
function fol f fo ))dzs, u(t), dv( ))dv subject to

“(ﬂ+AD“1() u(t), t €[0,1]

Ihex(t)]i=o =0 <1>—1 <1>
Zan () € Au(t) + f(tu(e), [ bls,x(s)dz) () aete I
u(0) = a € D(Ap)

has an optimal solution.

Proof. For any continuous mapping ¢ : I — R¢, uy € D(Ay), by Corollary 3, there is a
unique BVRC solution uy to the differential inclusion

ug(0) = a € D(Ay)
ug(t) € D(Ay), VE € I

d
T( ) € Apug(t) + f(t, ug(t),g(t))d—f/(t) ae. tel
with u¢ uniformly bounded and equi-BVRC:

dug

IOl

for some constant 7 > 0. So one has ||ug(t)|| < K for all t € I for some constant K for all
continuous functions g. Now let us consider the set X’ defined by

—{é’f I—)Re'fGSB }

each mapping ¢ being given for every ¢ € I by

1

&0 = [ Gf(s)ds,

where G is the Green function ([10], Lemma 8). We note that X is convex compact and
equi-Lipschitz ([10], Theorem 3): h € X, ||h(t) — h(s)|| < N|t —s|*1 < N|t — s| where N
is a positive constant. Then for any € X, using (B;) and (B3),

[b(£,1(£)) = b(s, h(s))| < [b(t h(£)) = b(s, h(t))| + [b(s, h(t)) = b(s,h(s))| < w(s, £) + NIt — |
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so that for any h € X, b(.,h(.)) € C'=99(]0,1], L(R¢,R?)) with |b(., h(.))| < M by (By).
In particular, the integral [;b(s, h(s))dzs has a meaning for all 1 € X with b(.,h(.)) uni-
formly bounded in variation. As consequence, it was stated that

V= {'/O.b(s,h(s))dzs he X)

is compact in C([0,1],IR®). For each h € X, let us set (again with the above Green function G)
1
®(h)(t) = / G(t,s)uy(s)ds, forallte I.
0

where 1, is a unique BVRC solution to the differential inclusion

{ up(0) = a € D(Ap)
up(t) € D(Ay), Vie 1
d;—h()eAtuh(Hftuh ), [ b(s,h(s))dzs) 2 (H) aetel

Then it is clear that ®(h) € X. Now we check that ® is continuous relative to X. It is
enough to show that, if (1), converges uniformly to & in &, then the sequence (uy, ),
where each uy,, is the unique BVRC solution of the differential inclusion

Up, (0) = Ug € D(A())
up, (t) € D(Ay), Vte 1

d
— B (1) € Agug, (1) + f(t, 3, (5), fo (5, hu(s))dzs) (b)) ae.t €1,

converges pointwise to the unique BVRC solution uy, of the differential inclusion

{ up(0) = a € D(A)
uy(t) € D(Ay), Vte 1
EfTh()EAtuh()-i-ftuh fo $))dzs) 4L (t) ae.te L

This requires careful examination. Since (uy, ), is equi-BVRC for each n € N, the estimate

duy,
<
122 (0] < yaetel,

we may suppose that (uy, ), converges pointwise to a BVRC mapping w : I — R%

w(t) = ug+ [y 4 ! d”’ dv( ) and we may assume that (d ") weakly converges to @ in

L'([0,1],dv,R®) w1th| V( )|| < #,so forevery t € I we have, as n — oo,

t dt

= bls, h(s) o (s)) 7 (¢).

b n(s))dz) 4o (8) = k(1) := £(t,w(t), [

0

fa(t) = £, (), [

0

Keeping in mind that || f(t, uy, (t), [y b(s, hu(s))dzs)|| < M for all t € I, we show that w is
the solution of the differential inclusion

{ w(0) = uy
w(t) € D(At), Vie I
—4u (1) e Ajw(t) + f(t,w( fo dzs)g—( ) ae t€lL

by applying the Komlos argument.
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Now let us write by ([10], Lemma 8)
1

D(hy)(t) —@(h)(t) = /1 G(t,s)up, (s)ds — | G(t,s)uy(s)ds

= [ 605l ()~ ua(o)] s

< [ Mol (5) ~ ua(s) s

Since ||uy, () — uy(+)|| — 0onIasn — oo, we deduce that
1
sup @) (£) = D(R) ()] < /0 Mg [lup, (-) — un(-)|lds — 0,
te -

which entails that ®(h,) — ®(h) uniformly on I, as desired. Then ® : X — X is
continuous; hence, by the Schauder theorem, ® has a fixed point, say h = ®(h) € X. This
means that for every t € I

1
h(t)zCD(h)(t):/O G(t,s)uy(s) ds,
with

up(t) € D(As), Vte I
d”h()eAtuh()+ffuh fo dzs) L(t) aetel

According to ([10], Lemma 9), this means that we have just shown that there exists a
mapping h € Wy’ Rf-’( ) satisfying

{ uh(O) =up < D(Ao)

(OAFADWJhU)Il%U%

h(t)]i=0 =0, h(1) = Ij, k(1)

( ) =up € D(Aop)

uy(t) € D(Ay),Vt € [0,1]

dd—(t)uh(t) € Agu(t) + f(t,up (), f3 b(s, h(s))dzs) ae tel

Let hn, uy) bea m1m1m1z1ng sequence in this FDI/EVI, namel

hm/ / 0(5))z5) (8, (1)) = i [/OTL( ,/Ob(s,k(s))dzs,v(t),v(t))dv]

D%hy () + AD* 1, (t) =
e h(B)i=0 =0, hy(1)
Mn(()) =1Ug € D(Ao)
uy(t) € D(Ay),Vt € [0,1]
— B (1) € Agun(t) + f(tun(t), [y b(s,n(s))dzs) () ae.t € L.
At first, by compactness of the solution set in the FDI, there is a subsequence not relabelled

(hy) in X converging uniformly to i € X. Second, by compactness of the solution set in
the evolution inclusion

{ un(0) =ug € D(Ag
UE D(A),Vt € 0,1]
i (1) € Agun(t) + f(tun(t), o b(s, hn(s))dzs) (1) ae.t €l

un(t),
I
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there is a subsequence not relabelled (u,) such that u, converges pointwise to a BVRC

mapping u with ‘%” — g” weakly in L'([0,1]),dv,R¢). By compactness of

Y= {/O'b(s,x(s))dzs tx € X}

we may ensure that fot b(s, hy(s))dzs — fot b(s, h(s))dzs uniformly. So by repeating the
above argument, we are ensured that u satisfies the inclusion

{u(O)— 1o € D(Ay)
u(t) € D(Ay), vt € [0,1]
—du(t) € Apu(t) + f(t,u(t) fo $))dzs) 4L (t) ae.t €l

From

{ D*hy(t) + AD* 'hy, (t) = un(t),
o (B)lizo =0, ha(1) = 17 (1)

this inclusion is equivalent to

ha(t) = /01 G(t,s)uu(s)ds,

again with the Green function considered before. Therefore, by passing to the limit, in this
equality, we obtain

1
h(t) = / G(t,s)u(s) ds
0
Altogether, we see that (1, u) satisfies the dynamic

“h(t) +AD* h(t) (t),

11— =0, h(1) =1I1,h(1)

(O_M()ED(A(])

u(t) € D(Ay),Vt € [0, T]

—*()EAtu( + f(t,u(t) fo dzs) () ae.tel

According to the lower semicontinuity of the 1ntegral functional (see Theorem 8.16 [63]),

we obtain

1 du

t
L(t,/ob(s,h(s))dzs),u(t),d—v(t))dv.

duy,

hmmf/ / (5,1n(5))zs), (), (t))dvz/

0

We see that the pair (h, u) is an optimal solution. [

There is a great novelty in dealing with the dynamic system R.L fractional differential
inclusion/evolution inclusion with rough signal in the BVRC setting. In case of the dynamic
Caputo fractional differential inclusion/evolution inclusion with rough signal, we provide
the variant below.

Theorem 12. Let I := [0,1]. Assume that for every t € I = [0,1], A; : D(Ay) CR* =2 R%isa
maximal monotone operator satisfying (Hy), (H;) and (HzZ) D(A;) is closed.
Letz € C1=2(I,R%) and b € 5.
Let f : I x R® x R® — R® be a continuous mapping satisfying:
@) |f(tx,z)— f(t,y2)|| < M|x—yl| forall (t,x,y,z) € I x R® x R x R".
(i) |[f(t,x,z)|| < Mforall (t,x,z) € I x R x R.
Let v :=dr +dt.
Assume further that there is 6 > 0 such that Vt € 1,0 < 2M§—5(t)1/({t}) <é< 1l
Assume that « €]1,2].
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Then for any ug € D(Ay), there exists a Wg‘ e ([0,1]) mapping x : I — R® and a BVRC
mapping u : I — RE satisfying to the dynamic FDI/ EVI with rough signal

”‘X(t)
x(0) —

u(t), t €0,1]
4x(0) =0

)+ %F1) =0

(t) € ()fel
—9(£) € Agu(t) + f(t,u(t), [y b(
u(0) = a € D(A)

=
Ua\&ﬁ:\k ||

=
Q.H-

dzs)g—(t) age.te I

Let L:[0,1] x R® x R® x R® — [O,oo[ be a lower semicontinuous integrand such that L(t, x,y, .)
is convex on R® for every (t,x,y) € [0,1] x R® x R®. Then the problem of minimizing the cost

[0,
function fo tfo ))dzs, u(t), 9 (t))dv subject to
Dex(t) = u(t), t € [0,1]
x(0) - ,Tf( )=0
x(1) + 5 (1) =0

u(t) € D(As), te I
— 48 (t) € Apu(t) + f(tu(t), [y b(s,x(s))dzs) B (t) aete
u(0) =a € D(Ay)

has an optimal solution.

Proof. The proof is omitted. It is sufficient to repeat the proof of the previous theorem
with suitable modifications using the properties of the Caputo fractional inclusion given in
Theorem 9. O

Direct applications to the convex sweeping process are available.

8. Conclusions

We have established, in the BV frames, existence and uniqueness results for dynamical
systems of fractional equations coupled with time- and state-dependent maximal monotone
operators, in particular the BV solution for a second order of evolution inclusion with
application to the convex sweeping process. The existence of BVRC periodic solutions is
stated for first time in the literature. Our results are strong and contain novelties. However,
there remain several issues that require further development, for instance, the Skorohod
problems, by considering the case when the moving set C(t, x) is not convex. We also have
to develop the study of evolution inclusions in the context of unbounded perturbations.
In most of the presented settings, the existence of solutions is established, but the question
of uniqueness is an open question, particularly with unbounded perturbations in Skorohod,
rough signal, Volterra, or Young integral settings. An extension to the stochastic framework
could also be considered.
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