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Abstract: First of all, we show that any spherically symmetric galactic model with integrated mass
profile M(r) → 0 as r → 0 is physically correct close to the centre only provided that the circular
velocity vc(r)→ 0 and the gravitational field g(r)→ 0 as r → 0. Next, we apply this statement to a
broad class of five-parameter spherical galactic models, including most of those used in astrophysics
and cosmology. Specifically, we show that the Jaffe and Hernquist models can be trusted only for
r & 0.2 Re (Re being the effective radius), while the Navarro–Frank–White (NFW) model cannot
describe galaxies in the central region of regular clusters. We also briefly discuss the relevance of our
result for the NFW profile of pure dark matter halos. However, we are unable to tell at which central
distance the NFW model breaks down in either case, and this is a challenge for future investigations.
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1. Introduction

Spherical analytic models are still ubiquitous in astrophysics and cosmology, ranging
from globular clusters to galaxies, and from regular galaxy clusters to dark matter halos.
Examples are many. While the Plummer sphere model [1] provides a good description
of stars in globular clusters, the Jaffe [2] and Hernquist [3] models are routinely used to
represent the stellar distribution in spheroidal elliptical galaxies and bulges. Further, the
pseudo-isothermal profile (see, e.g., [4]) correctly describes the intermediate part of dark
matter halos of spiral galaxies, while the Navarro–Frank–White (NFW) model [5] represents
the galaxy distribution in regular clusters and provides a good analytic fit to the N-body
simulations of pure dark matter halos within the standard ΛCDM context.

The aim of the present paper is twofold. (1) We consider a generic spherically symmetric
galactic model of radius r whose integrated mass profile M(r)—defined by Equation (1)
below—is such that M(r) → 0 as r → 0. And we stress that—because of a statement
that we are going to prove—the considered model is physically correct near the centre
only provided that two conditions are satisfied: the circular velocity vc(r) → 0 as r → 0
and the gravitational field g(r) → 0 as r → 0 (they are defined by Equations (5) and (6),
respectively, below). (2) We apply such a statement to a broad class of five-parameter
spherical galactic models, which includes most of those used in astrophysics and cosmology,
in particular the three-parameter family of Dehnen profiles [6–8], the Jaffe, the Hernquist,
and the pseudo-isothermal spherical models, as well as the NFW, the Plummer sphere, the
modified Hubble [9], and the perfect sphere [10] profiles (observe that the models described
in [6,8] coincide up to a simple rescaling of the radius).

Surprisingly, we have been unable to find our statement in books or papers. As a
consequence, we have decided to publish it since it leads to new and important results,
which are mentioned below.
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The paper is organised as follows. In Section 2, we formulate and prove the statement
in question, which has general validity, while in Section 3, we describe our broad class
of five-parameter spherical galactic models. Section 4 is devoted to the application of
the considered statement to a few galactic models from a purely mathematical point of
view. We discover that for some of them, e.g., the Jaffe, Herquist, and NFW profiles, as the
central distance decreases, the gravitational field monotonically decreases, becoming either
nonvanishing in the centre (Hernquist, NFW) or infinite there (Jaffe). In Section 5, we analyze
the Jaffe and Hernquist mass models for real spheroidal elliptical galaxies and bulges. We
find that, when the Jaffe and Hernquist models are used to describe the stellar population
of spheroidal elliptical galaxies and bulges, the presence of the central supermassive black
hole (SMBH) avoids the above pathological behaviour in the neighbourhood of the centre.
But we show that nonetheless both models can be trusted only for r & 0.2 Re (Re being the
effective radius). In Section 6, we discuss the NFW model, in connection both with the
distribution of galaxies in regular clusters and with pure dark matter halos. In either case,
the NFW model loses its validity towards the centre, thereby failing to predict a central
cusp. Finally, in Section 6, we draw our conclusions.

2. Formulation of the Statement

Before committing ourselves to any specific model described by a spherically symmet-
ric density profile ρ(r), we stress and prove a statement which ensures that any spherically
symmetric galactic model makes sense close to the centre O.

STATEMENT: Suppose that an arbitrary spherically symmetric galactic model defined by
the density profile ρ(r) has integrated mass profile

M(r) ≡ 4π
∫ r

0
dr′ r′2 ρ(r′) (1)

such that
lim
r→0

M(r) = 0 . (2)

Then, in order for the considered mass model to be physically correct near the centre, the
following two conditions should be met:

lim
r→0

vc(r) = 0 , (3)

lim
r→0

g(r) = 0 , (4)

where vc(r) denotes the modulus of the circular velocity

vc(r) ≡
(

G M(r)
r

)1/2

, (5)

while g(r) is minus the modulus of the gravitational field

g(r) ≡ − G M(r)
r2 , (6)

respectively (for these definitions see, e.g., [9]), and G is the Newton constant. Although our
statement should belong to the scientific background of any astrophysics or cosmologists,
for the reader’s convenience we prove it. The circular velocity is a vector vc(r) always
tangent to a circle of radius r centred in O (which should not be confused with the rotation
velocity). When r shrinks to 0, such a tangent direction becomes meaningless, and so vc(0)
must vanish by symmetry. Let us next address the gravitational field g(r), whose direction
is radially oriented with respect to O, supposing further that a test particle P of mass m
is present in O. What is the force acting on P? In order to settle this issue, we start by
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focusing our attention on an infinitesimal volume dV1(r) at distance r from O, which pulls
P with a force equal to G m ρ(r) dV1(r)/r2. But for any dV1(r), there is an equal volume
dV2(r) at the same distance r from O but in the opposite direction with respect to O of the
same size and mass—owing to the spherical mass distribution—which pulls P with the
same force as before but in the opposite direction. As a result, the total force arising from
both dV1(r) and dV2(r) acting on P vanishes. And since the same reasoning can be used
for any pair of infinitesimal volumes on opposite sides of O because of spherical symmetry,
we end up with the conclusion that no net force acts on P . Hence, the central gravitational
field must vanish. So, our statement is proved. Therefore, whenever condition (2) is met
but one of the conditions (3) or (4) is not, then the considered mass model loses its physical
meaning in the neighbourhood of the centre.

3. A Five-Dimensional Class of Spherically Symmetric Galactic Models

In order to be definite, we focus our attention on galactic models which are defined by
the following mass density

ρ(r) = ρ0

( r
a

)−γ[
1 +

( r
a

)α](γ−β)/α
, (7)

where ρ0, a are arbitrary positive constants, and α, β, γ are arbitrary parameters. Models of
this sort are mentioned but not thoroughly discussed by Mo, van den Bosch, and White [11]
(see also [9]).

We shall see that for some of them, M(r) behaves as M(r) → ∞ for r → ∞, but this
fact does not bother us, since realistic astronomical systems are spatially bounded with
radiusR, and hence the considered mass models should be cut at r = R. Of course, such a
truncation can affect other properties of the models, like, for instance, isothermality in the
case of the regular isothermal sphere [9]. In addition, we shall encounter models which
exhibit a central density profile ρ = constant which is called a central core, whereas other
models display a h, namely they have ρ(r)→ ∞ as r → 0. A priori, nobody worries about
a central cusp, since an infinite central density is not against any physical principle; indeed,
the density is merely a derived quantity which cannot be directly measured, and what
matters are the integrated mass profile, the circular velocity, and the gravitational field.
Only vc(r) and g(r) are directly measurable quantities.

Actually, the main point behind the present analysis is that—given a certain density
profile ρ(r)—it cannot absolutely be taken for granted that the observable quantities vc(r)
and g(r) possess a physically sensible behaviour towards the centre. Surprisingly, even
though several properties of some models included in the considered family have been
carefully analyzed, close to the centre, so far insufficient attention has been paid to the
circular velocity and no attention whatsoever to the gravitational field (with the exception
of the regular isothermal sphere [9]).

We should mention that after this paper was nearly finished, we became aware of the
exhaustive analysis of the same class of models described by Equation (7) carried out in
1996 by Zhao [12]. Nevertheless, the overlap between the two papers is nearly vanishing,
since Zhao also does not consider the central behaviour of the gravitational field g(r). As far
as notations are concerned, the reader can recover Zhao’s counterpart of our Equation (7)
by the replacements ρ0 → C, r/a→ r, and α→ 1/α.

4. Mathematical Discussion

Starting from Equation (7), the integrated mass profile reads

M(r) = 4πρ0 a3
∫ r/a

0
dt t(2−γ)

(
1 + tα

)(γ−β)/α , (8)
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whose explicit form is

M(r) =
4a3πρ0

3− γ

( r
a

)3−γ

2F1

[
3− γ

α
,

β− γ

α
; 1 +

3− γ

α
;−
( r

a

)α
]

, (9)

where 2F1(·, ·; ·; ·) is the confluent hypergeometric function of the second kind. Correspond-
ingly, the circular velocity and the gravitational field are defined by Equations (5) and (6),
respectively. So, all we need to know is M(r).

Specifically, our task is to explicitly investigate the behaviour of M(r), v2
c (r) and g(r)

as r → 0 for the above-mentioned models, even though our strategy can straightforwardly
be extended to any spherically symmetric galactic model and in particular to Equation (7)
with arbitrary values of α, β, and γ.

In view of the forthcoming analysis, it is therefore instrumental to evaluate M(r),
v2

c (r), and g(r) as r → 0 for α, β, and γ in specific ranges. We start with the case α = 1,
3 ≤ β ≤ 4, and 0 ≤ γ < 3. Correspondingly, we find

lim
r→0

M(r) = 0 , (10)

while

lim
r→0

v2
c (r) =


0 , 0 ≤ γ < 2 ,

4πGρ0 a2 , γ = 2 ,

∞ , 2 < γ < 3 ,

(11)

and

lim
r→0

g(r) =


0 , 0 ≤ γ < 1 ,

−2πGρ0 a , γ = 1 ,

−∞ , 1 < γ < 3 ,

(12)

for any value of β in the above range. Next, we address the case α = 2, 2 ≤ β ≤ 5, and
γ = 0. Accordingly, we obtain

lim
r→0

M(r) = 0 , (13)

lim
r→0

v2
c (r) = 0 , (14)

lim
r→0

g(r) = 0 . (15)

regardless of the values of β in the specified range. As a consequence, in the present case,
conditions (2)–(4) happen to be automatically satisfied.

Finally, we proceed to apply these results to the previously considered models.
Schematically, our results are as follows.

1. NFW model—It corresponds to α = 1, β = 3, γ = 1. The integrated mass profile is

M(r) = 4πρ0 a3
[

ln
(

1 +
r
a

)
− r

r + a

]
, (16)

which meets condition (2). Owing to its importance, it deserves a thorough discussion,
which will be presented in Section 6.

2. Dehnen models—They correspond to α = 1, β = 4, γ < 3. The integrated mass
profile is

M(r) =
4πρ0a3

3− γ

(
r

r + a

)3−γ

. (17)
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Thanks to Equations (10)–(12), we see that conditions (2) and (3) are obeyed for
0 ≤ γ < 2 but condition (4) is satisfied for 0 ≤ γ < 1. So, only for 0 ≤ γ < 1 are the
Dehnen models physically correct near the centre.

3. Hernquist model—It is the particular case of the Dehnen models with γ = 1. Hence,
conditions (2) and (3) are met but condition (4) is not, and we have g(r)→ −2πGρ0 a
as r → 0. As a consequence, the Hernquist model is physically incorrect in the
neighbourhood of the centre.

4. Jaffe model—It is a particular case of the Dehnen models with γ = 2. Thus, only
condition (2) is obeyed but conditions (3) and (4) are not, and we have v2

c (r) →
4πGρ0 a2 as r → 0 and g(r)→ −∞ as r → 0. Therefore, the Jaffe model is physically
incorrect towards the centre.

5. Pseudo-isothermal sphere—It corresponds to α = 2, β = 2, γ = 0. The integrated
mass profile is

M(r) = 4πρ0 a2
[
r− a tan−1

( r
a

)]
. (18)

Owing to Equations (13)–(15), conditions (2)–(4) are met. Consequently, the pseudo-
isothermal sphere is physically correct close to the centre.

6. Modified Hubble profile—It corresponds to α = 2, β = 3, γ = 0. The integrated
mass profile is

M(r) =
4πρ0 a3

r2 + a2 −
[
(r2 + a2) sinh−1

( r
a

)
− a r

(
1 +

r2

a2

)1/2]
. (19)

Due to Equations (13)–(15), conditions (2)–(4) are satisfied. Hence, the modified
Hubble profile is physically correct near the centre.

7. Perfect sphere model—It corresponds to α = 2, β = 4, γ = 0. The integrated mass
profile is

M(r) =
2πρ0 a3

r2 + a2

[
(r2 + a2) tan−1

( r
a

)
− a r

]
.

Thanks to Equations (13)–(15), conditions (2)–(4) are met. So, the perfect sphere model
is physically correct in the neighbourhood of the centre.

8. Plummer sphere model—It corresponds to α = 2, β = 5, γ = 0. The integrated mass
profile is

M(r) =
4
3

πρ0r3
(

1 +
r2

a2

)−3/2

. (20)

On account of Equations (13)–(15), conditions (2)–(4) are obeyed. So, the Plummer
sphere model is physically correct towards the centre.

We can obtain some of the previous results—in the particular case of the models
described by Equation (7)—by enforcing condition (4) with the help of Equations (1) and (6).
Whence,

lim
r→0

4πG
∫ r

0 dr′ r′2 ρ(r′)
r2 = 0 . (21)

Observe that the left-hand side of Equation (21) is an indeterminate form 0/0. So, by
employing the de L’Hôpital’s rule, we find

2πG lim
r→0

r ρ(r) = 0 . (22)

Inserting next the expression of ρ(r) from Equation (7), we obtain the condition

2πGρ0a lim
r→0

[( r
a

)1−γ [
1 +

( r
a

)α](γ−β)/α
]
= 0 , (23)
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which is met for γ < 1. As discussed above, for γ = 1, g(r)→ − 2πGρ0a as r → 0, and for
γ > 1 we find g(r)→ −∞ as r → 0. Note that if γ = 1− ε with 0 < ε < 1, condition (4) is
satisfied, since g(r)→ 0 as r → 0 but ρ(r) diverges as r → 0.

5. Real Spheroidal Ellipticals and Bulges

The analysis carried out so far is formal in nature, since it merely refers to specific
abstract models. For instance, models describing the stellar distribution inside spheroidal
elliptical galaxies and bulges are invalid close to the centre because of the presence of an
SMBH (for a review, see [13]). Nevertheless, our previous results are important because
they are alarm bells that some models can be pathological also beyond the SMBH. Below,
we will carefully analyze the behaviour of such models in their realistic context.

Some relationships exist in the literature between the SMBH mass MSMBH and the
properties of the host galaxies. One of them has been obtained by Magorrian et al. [14]:

3× 10−3 <
MSMBH

Mhot
< 6× 10−3 (24)

with Mhot denoting the ‘hot’ stellar component of the host galaxy. Incidentally, from
Equation (24), it follows that the value of MSMBH for ellipticals is much larger than that
for spirals. Another tight relation links MSMBH to the central one-dimensional velocity
dispersion σ(0) of the host bulge

MSMBH = A · 108
(

σ(0)
200 km s−1

)Γ
M� , (25)

where the values of the two parameters A and Γ depend on the considered sample. Out of
several studies, we select three of them. We stress that the most critical point is the actual
definition of σ(0) and a careful discussion thereof can be found in [15].

• Gebhardt et al. (2000) find A = 1.2± 0.2 and Γ = 3.75± 0.3 [16]. These authors choose
the definition of σ(0) within the slit aperture of length 2Re, where Re is the bulge
effective radius.

• Merritt and Ferrarese (2001) obtain A = 1.30± 0.36 and Γ = 4.72± 0.36 [17]. They use
the standard definition to evaluate σ(0) inside Re/8.

• Tremaine et al. (2002) obtain A = 1.36± 0.19 and Γ = 4.02± 0.32 [15]. They estimate
σ(0) with a variety of techniques.

The Dehnen models—and in particular the Jaffe and Hernquist models—have rou-
tinely been used to represent the stellar distribution within spheroidal elliptical galaxies
and bulges (just to quote a few papers out of so many, see Refs. [18–32]).

Let us therefore discuss the effect of the central SMBH on a generic Dehnen model.
Here, the relevant quantity is the dynamical radiusRg, where the gravitational fields of the
SMBH and of the host galaxy are equal [9]. We neglect the dark matter, because the central
region of ellipticals and bulges is believed to be baryon-dominated. It is then trivial to find
thatRg is given by

Rg = a


[

4πρ0 a3

(3− γ)MSMBH

] 1
3−γ

− 1


−1

, (26)

but since the term inside the square brackets is obviously much larger than 1—by defining
Me ≡

(
4πρ0 a3)/3—Equation (26) boils down to the following approximate expression:

Rg ' a
(

1− γ

3

) 1
3−γ

(
MSMBH

Me

) 1
3−γ

. (27)
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Thus, we conclude that the Dehnen models can make sense for a galactocentric distance
larger thanRg as provided by Equations (26) or (27) (more about this later).

As a next step, we focus our attention on the Jaffe and Hernquist models. Since
a = 1.31 Re for the Jaffe model [2] and a = 0.55 Re for the Hernquist model [3], by specializ-
ing Equation (27) to these cases, we obtain

Rg,J ' 0.44 Re

(
MSMBH

Me

)
, (28)

and

Rg,H ' 0.45 Re

(
MSMBH

Me

)1/2
, (29)

for the Jaffe and Hernquist models, respectively. So, only for galactocentric distances larger
than either Rg,J or Rg,H can the Jaffe or the Hernquist model be regarded as a realistic
description of the stellar population of spheroidal ellipticals and bulges.

Incidentally, a slightly different discussion of the Hernquist model is contained in [9] (see
Figure 4.20), where—denoting by Mg the luminous mass of the galaxy—for MSMBH = 0.002 Mg
and MSMBH = 0.004 Mg, it is found thatRg,H ' 0.026 Re andRg,H ' 0.037 Re, respectively.

Henceforth, we prefer to work with the dimensionless quantities defined as follows:

1. Radial distance: r/Re.
2. Mass density: ρ/ρ0.
3. Integrated mass profile: M(r)/

(
4π ρ0 R3

e
)
.

4. Square circular velocity: v2
c (r)/

(
4πG ρ0 R2

e
)
.

5. Gravitational field: g(r)/
(
2πG ρ0 Re

)
.

We will replace Re by aNFW for the NFW model.
We are now in a position to assess the validity of the Jaffe and Hernquist models.

Because we are interested in investigating in great detail what happens around the centre,
we plot ρ/ρ0, M(r)/

(
4π ρ0 R3

e
)
, v2

c (r)/
(
4πG ρ0 R2

e
)

and g(r)/
(
2πG ρ0 Re

)
versus r/Re in

logarithmic scales in Figures 1–4, respectively.

Figure 1. We report ρ/ρ0 on the vertical axis and r/Re on the horizontal axis, both in logarithmic
scale.
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Figure 2. We show M(r)/
(
4π ρ0 R3

e
)

on the vertical axis and r/Re on the horizontal axis, both in
logarithmic scale.

Figure 3. We exhibit v2
c (r)/

(
4πG ρ0 R2

e
)

on the vertical axis and r/Re on the horizontal axis, both in
logarithmic scale.

Figure 4. We report g(r)/
(
2πG ρ0 Re

)
on the vertical axis and r/Re on the horizontal axis, both in

logarithmic scale.
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The departure from similarity of the two models takes place around r ' 0.2 Re, where
it starts to become larger and larger as the galactocentric distance becomes smaller and
smaller. Moreover, the circular velocity curve for the Hernquist model is physically very
well-behaved, while for the Jaffe model, it is not. In addition, the gravitational field does
not show any turn towards 0 for either model (this is not evident for the Jaffe model from
Figure 4 due to its small size, but we have seen in Section 4 that g(r)→ −∞).

Fortunately, we can make sense out of such behaviour by recalling that historically
both models have been devised in order to reproduce the De Vaucouleurs surface brightness
profile upon projection, assuming a constant mass-to-light ratio. Accordingly, their shape
should nearly coincide at, say, r = 2 Re, as indeed takes place in the considered figures. We
are thus led to guess that both models fail to fit the De Vaucouleurs law in projection for
r . 0.2 Re. A check of our guess can be obtained by projecting these models onto the sky.
The results are shown in Figure 5.

Figure 5. We show the projected Jaffe and Hernquist models as well as the De Vaucouleurs law
versus r/Re, both in logarithmic scale. In all cases, I/Iref is the dimensionless surface brightness.

We see that Figure 5 beautifully shows that indeed both the Jaffe and Hernquist models
can be trusted only for r & 0.2 Re, if we want to stick to a constant luminous mass-to-light ratio
Υlum forRg < r . 0.2 Re (our conversion from surface mass density to surface brightness
has been performed by assuming Υlum = constant). Taking these models seriously in the
rangeRg < r < 0.2 Re, an unphysical gradient in Υlum would necessarily show up, which
could be confused with a colour/metallicity gradient or a gradient of the total mass-to-light
ratio Υtot, which might in turn be erroneously interpreted as evidence for dark matter.

6. NFW Model

Let us come back to the NFW profile, whose explicit form is

ρ(r) = ρ0

(
r

aNFW

)−1[
1 +

(
r

aNFW

)]−2
, (30)

which we plot versus r/aNFW in Figure 6. Moreover, we obtain the dimensionless square
circular velocity v2

c (r)/
(
4πG ρ0 a2

NFW
)

and the dimensionless gravitational field g(r)/(
2πG ρ0 aNFW

)
by employing Equations (5) and (6), respectively. Note that in Equations (5),

(6) and (16) we have made the replacement a→ aNFW.
These quantities are plotted versus r/aNFW in Figures 7 and 8. While the behaviour of

v2
c (r) shown in Figure 7 looks physical and in agreement with our statement, the behaviour

of g(r) exhibited in Figure 8 implies that this is not the case. Hence, the NFW model fails
close enough to the centre. We stress that the situation is presently worse as compared to
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the one discussed in Section 5, since we have no handle to tell at which distance from the
centre the NFW model breaks down.

Figure 6. We exhibit ρ(r)/ρ0 on the vertical axis and r/aNFW on the horizontal axis, both in
logarithmic scale.

Figure 7. We report v2
c (r)/

(
4πG ρ0 a2

NFW
)

on the vertical axis and r/aNFW on the horizontal axis,
both in logarithmic scale.

Figure 8. We show g(r)/
(
2πG ρ0 aNFW

)
on the vertical axis and r/aNFW on the horizontal axis, both

in logarithmic scale.



Astronomy 2023, 2 203

6.1. NFW Model and Regular Galaxy Clusters

Nowadays, the overall distribution of galaxies in regular clusters is believed to be
well-described by an NFW model with aNFW = Rvir/cgal, where Rvir denotes the virial
radius and the galaxy concentration cgal ranges from cgal = 3.7 [33] to cgal = 4.2 [34].
Unfortunately, the galaxy distribution in the central region is more uncertain. According
to Adami et al., the luminosity profile of the brightest galaxies is significantly cusped in
the centre of the clusters (regardless of the redshift), whereas the luminosity profile of the
fainter galaxies is significantly better fitted by a cored model [35]. But Lin et al. claim
that all galaxies are distributed according to a model (7) with α = 1.07, β = 3, γ = 1,
and cgal = 2.71, which is almost indistinguishable from an NFW profile [36]. However,
according to our result, the galaxy distribution cannot be represented by an NFW profile all
the way down to the centre.

6.2. NFW Model and Dark Matter Halos

It has been well-known since 1997 that the NFW profile provides the classic analytic
fit to the N-body simulations of pure collisionless cold dark matter particles [5]. Within
this context, we have aNFW ≡ r200/ch, where r200 is the radius where the overdensity is
200 times larger than the mean cosmic density—currently considered as the virial radius—
while ch is the halo concentration parameter, which depends on both the halo mass and
its redshift [11]. But for the present analysis, we do not need to commit ourselves to any
specific value. So, its validity rests upon simulations, and even the most recent simulations
are unable to probe the central region inside about 1 kpc from the centre. Therefore, it is
presently totally unclear whether our result applies in this context. Only future N-body
simulations of pure dark matter halos with resolution much better than about 1 kpc will
show whether the NFW persists very close to the centre. If it turns out to be the case, our
result would apply.

We stress that these considerations make sense only in the absence of baryons. Unfor-
tunately, over the years, several astrophysicists and cosmologists have blindly applied
the NFW model to real galaxies, finding no cusp where they expected to discover it,
namely in bulgeless galaxies, like galaxies with low surface brightness and dwarf galaxies
(see, e.g., [37,38] and references therein). Actually, since 1986 [39], it has been known that
baryons strongly affect the dark matter halo—which can either collapse or expand—thereby
invalidating the NFW profile (see, e.g., [40,41], and for a review, see [42]).

7. Conclusions

We have first stressed and proved the general statement according to which any
spherically symmetric galactic model whose integrated mass profile M(r) → 0 as r → 0
is physically correct in the neighbourhood of the centre, only provided that the circular
velocity vc(r) → 0 as r → 0, and the gravitational field g(r) → 0 as r → 0. We have next
applied the considered statement to models from a class of five-parameter self-gravitating
spherical galactic models, which are most frequently used in astrophysics and cosmology,
like the Hernquist, Jaffe, and NFW models.

As is well-known, the stellar population of spheroidal elliptical galaxies and of bulges
are often described by either the Jaffe model or the Hernquist model. We have shown that
in both cases—even taking the central SMBH into account—they can be trusted only for
galactocentric distances larger than about 0.2 effective radii.

We have next addressed the distribution of galaxies in regular clusters, which is
believed to be well-represented by an NFW model, with suitable values of the parameters.
We have demonstrated that such a description must break down towards the centre, thereby
avoiding the central cusp, which is instead predicted by the NFW model. Unfortunately,
we have no idea where such a failure starts to takes place. This is a challenge for future
improved photometric studies which can determine the stellar profile in the innermost
region, thereby resolving the issue.
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Finally, we have considered the NFW model in connection with pure dark matter
halos. In this case, if future N-body simulations with resolution much better than about
1 kpc show that the NFW persists very close to the centre of pure dark matter halos, then
our result would apply. As stated above, the baryonic infall drastically changes the nature
of the halo—making it either contracting or expanding—so that the NFW profile becomes
obsolete for real galaxies. We remark that such behaviour has started to be systematically
investigated by employing models of the form (7) for suitable values of the parameters
not considered here (see, e.g., [43,44]). We plan to extend the present analysis to this very
interesting case in a future publication.
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