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Abstract: It is well known that both concepts of symmetry and convexity are directly connected.
Similarly, in fuzzy theory, both ideas behave alike. It is important to note that real and interval-valued
mappings are exceptional cases of fuzzy number-valued mappings (FNVMs) because fuzzy theory
depends upon the unit interval that make a significant contribution to overcoming the issues that
arise in the theory of interval analysis and fuzzy number theory. In this paper, the new class of
p-convexity over up and down (UD) fuzzy relation has been introduced which is known as UD-p-
convex fuzzy number-valued mappings (UD-p-convex FNVMs). We offer a thorough analysis of
Hermite-Hadamard-type inequalities for FNVMs that are UD-p-convex using the fuzzy Aumann
integral. Some previous results from the literature are expanded upon and broadly applied in our
study. Additionally, we offer precise justifications for the key theorems that Kunt and Iscan first
deduced in their article titled “Hermite-Hadamard-Fejer type inequalities for p-convex functions”.
Some new and classical exceptional cases are also discussed. Finally, we illustrate our findings with
well-defined examples.

Keywords: fuzzy number-valued p-convexity; up and down fuzzy relation; fuzzy number-valued
mappings; integral inequalities

1. Introduction

Since the discovery of the first convex inequality, also referred to as the Jensen inequal-
ity, convex inequalities have been a hotly debated subject in mathematics. There are many
inequalities that are derived using convexity; for example, see the books [1,2]. See the
works [3-14] for further information on the applications of inequality to diverse areas of
mathematics, such as numerical analysis, probability density functions, and optimization.
It should be noted that L'Hospital and Leibniz first proposed the concept of fractional
calculus in 1695. Numerous mathematicians, including Riemann, Grunwald, Letnikov,
Hadamard, and Weyl, expanded on this idea. These mathematicians contributed signifi-
cantly to fractional calculus and its many applications. For further information on fractional
calculus, see [15-27]. In the modern era, fractional calculus is frequently used to describe
a variety of phenomena, such as the fractional conservation of mass, and the fractional
Schrodinger equation in quantum theory. One of the inequalities that has garnered the
most interest in the mathematical community is the Hermite-Hadamard inequality [28],
which was independently proven by Charles Hermite and Jacques Hadamard. Numerous
mathematicians have generalized this inequality in numerous ways. For more related
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results, see [29—44]. The inequality is written as if 7 : I — R is a convex function on I and
1, 1 € I with1 < jsuch that:

T(lﬂ> < 1 ]T(m)dm < M (1)

2 Ty =1 2

New variations of these disparities have been obtained in recent years using various
creative ways. For instance, the Hermite-Hadamard inequality’s first fractional analog was
discovered by Sarikaya et al. [45]. Ramik [46] used fuzzy numbers to derive inequalities in
1985 and applied the inequality in fuzzy optimization. The concept of FNVMs was created
by the authors in [47] using Jensen-type inequalities. Costa et al.’s [48] computation of
fresh integral inequality uses the idea of FNVMs. For more information, see [49-59] and
the references therein. In order to look at inequalities of the Jensen and Hermite-Hadamard
types, Zhao et al. [60] introduced the concept of generalized interval-valued convexity.
Liu et al. used J-inclusions to study the modular inequalities of interval-valued soft sets
in [61]. Yang et al.’s [62] formulation of novel Hermite-Hadamard-type inequalities in
conjunction with exponential FNVM was published in 2021. The authors of [63] computed
Ostrowski-type inequalities and applied them to numerical integration using the concept of
interval-valued mappings. Santos-Gomez used fuzzy number-valued pre-invex functions
in [64] to study coordinated inequalities. In [65], Khan et al. developed new harmonically
FNVM-based Hermite-Hadamard inclusions. According to the authors of [66], some
Hermite-Hadamard inequalities and their weighted variants, referred to as Fejer-type
inclusions, involve generalized fractional operators with an exponential kernel. See [67-82]
for contemporary research and applications involving the Hermite-Hadamard inequality.

This inequality was discovered by many scholars as a result of the generalization
employing various types of convexity with fractional operators [83-89]. The works go into
further detail concerning the Hermite-Hadamard inequality and UD-p-convex inequality.
In the current study, several UD-p-convex inequalities are derived together with fuzzy
Aumann integral operators using the fuzzy number-valued settings and newly defined
fuzzy UD-convexity. In this study, the recent findings of Kunt and Igcan [90] are generalized
and several exceptional cases are discussed.

2. Preliminaries

We will go through the fundamental terminologies and findings in this section, which
aid in comprehending the ideas behind our fresh findings.
Let L be the space of all closed and bounded intervals of R, and m € L be defined by

m=[m,n]={ocRjn, <o < m}(m,m €R). )

If M, = m*, then M is said to be degenerate. In this article, all intervals will be non-
degenerate intervals. If m, > 0, then [m., Mm*] is called a positive interval. The set of all
positive intervals is denoted by £ and defined as

LE = {[m, m]: [m, 0] € Lcand m, > 0}. (3)
Let T € Rand 7 - M be defined by

[Ty, TN if T >0,
T-M= {0} ift=0, 4)
[T, Ty ] if T < 0.

Then the Minkowski difference B — m, addition m + B, and m x B for m, D € L, are
defined by
[D*/ D*} + [m*r m*] = [D* + m*r D* + m*]/ (5)
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[D*ID*] X [m*l m*] = [mi/n/{D*m*/D*m*/D*m*/D*m*}/mux{D*m*/D*m*/D*m*ID*m*}}/ (6)
[D.,D*] — [, 0] = [P — NV, D* —M,]. @)

Remark 1. (i) For given [D,, D*], [, m*] € L, the relation * D1 ” defined on Lc by
[y, M*] D [Dy, D] if and only if M, < D,, D*< m* for all [D,, D*], [, m*] € Lcisa
partial interval inclusion relation. The relation [M., m*] D1 [Ds, D*| is coincident to [M, M*] D
[Ds, D*| on Lc. It can be easily seen that “21” looks like “up and down” on the real line R, so
we call “ D1 " “up and down” (or “UD” order, in short) [80]. For [D., D*], [, m*] € Lc, the
Hausdorff~Pompeiu distance between intervals [D,, D*] and [m, m*| is defined by

1. ®)

It is a familiar fact that (L¢,dy) is a complete metric space [74-76].

Noting that we will be using the traditional definitions of fuzzy set and fuzzy numbers,
we will only review some fundamental ideas about fuzzy set and fuzzy numbers. Be
mindful that we refer to the set of all fuzzy subsets and fuzzy numbers of R as £, and L.

dp (s, B, [, v]) = max{|D. — .|, |[D* — "

7

Definition 1([78,79)). Given f € L, the level sets or cut sets are given by [7] = {(0 € ]R‘]N‘((o) > T}

10 ~ 10 ~
forall T € (0, 1] and by {f} = cl{«) € R‘f(co) > O}, where {f} is known as support of f. These
sets are known as T-level sets or T-cut sets of ?

Definition 2 ([48]). Let f,§ € Lc. Then, relation * <g " is given on L¢ by f < § when and
only when [ﬂ ‘ SI [8]", for every T € [0, 1], which are left- and right-order relations.

Definition 3 ([77]). Let f,§ € Lc. Then, relation * Dy " is given on L¢ by f D § when and
~T
only when [f} Dy [8]F for every T € [0, 1], which is the UD—order relation on Lc.

Remember the approaching notions, which are offered in the literature. If f,§ € L,
and T € R, then, for every T € [0, 1], the arithmetic operations addition “&®”, multiplication
“®”, and scaler multiplication “©” are defined by

Fos] =[f] +@ ©)
[Fog] =[] (3" (10)
[Tof] =T (11)

Equations (4)—(6) directly relate to these processes.

Definition 4 ([69]). Let H be a Hausdorff metric. Then a supremum metric is handled by the space
Lc; that is, for each f, § € L¢, the whole metric space is represented by the formula

io(7.) = o au (7" ), w

0<t<1

Theorem 1 ([75,78]). T is an Aumann integrable (IA integrable) over [1, j] when and only when
Ti(©) and T*(©) both are integrable over [1, ||, such that

(14) /1] T(0)do — [ /,] T.(0)do, / ! T*(co)dco}, (13)
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where T : 1, ] CR — L¢ is an interval-valued mapping (IVM) fulfilling that T (©) =
[T+ (o), T*(0)].

The literature supports the following inferences [47,48,70,72,73]:

Definition 5. ([48]). A fuzzy interval-valued map T : K C R — L is called FNVM. For
each T € (0, 1], its IV Ms are classified according to their T-cuts Tr : K C R — L¢ are given
by T-(0) = [Ti(0,7), T*(0,T)] for all © € K. Here, for each T € (0, 1], the end point real
functions T+(.,T), T*(.,T) : K = R are called lower and upper functions of T (o).

Definition 6. Let 7~’ [1, ] CR = Lc bea FNVM . Then, fuzzy integral of T over [1, jl,
denoted by (FA) [1T 1T (0)do , is given level-wise by

[(PA)/l] %(m)dm}T - (IA)/IJTT(m)dco _ {/] T(0, 7)o : T(0,7) € Ry, ) } (14)

1

for all T € (0, 1], where R}, ), +) denotes the collection of Riemannian integrable functions

of IVMs. The FNVM T is FA-integrable over [1, j] if (FA) V)T /T (0)do € Lc. Note that, if
T:(0,7), T*(o,T) are Lebesgue-integrable, then T is fuzzy Aumann mtegmble function over
[1, 7], see [47].

Theorem 2. Let 7 :[1, j] C R — L bea FNVM , its IVM s are classified according to their
T-cuts Tr: 1, J] CR — Lc are given by T (0) = [T«(o,T), T*(0,T)] forall © € [1, j] and
forall T € (0, 1]. Then, T is FA -integrable over [, j] if and only if, T (o, T) and T* (o, T) are
both A -integrable over [1, j] . Moreover, if T is FA -integrable over [1, ]|, then

[(Fa) f} 7~'(<o)d(or = [(A)f) T (0,7)do, (A) [! T*(0,T)do]

= (IA) [/ Te(0)do (1

orall T € (0, 1]. Forall Tt € (0, 1], FA denotes the collection of all FA-integrable FNV Ms
([ 1. 7) 8
over [1, ].

Definition 7 ([80]). Let [, j] be a convex interval. Then, FNVM T : [1, j] — Lc is said to be
UD-convex on [1, J] if

T(ho+(1-h)w) 2p hO T(0) & (1-h) 0T (v), (16)
forall o, ¥ € [1, ], h € [0, 1], where T(0) >r 0, forall © € [1, J] . If inequality (16) is
reversed, then T is said to be UD -concave FNVM on [1, j| . The set of all UD -convex ( UD
-concave) FNV M s is denoted by

UDFSX([1, j], £c), (UDFSV([1, j], Lc))-

Definition 8. Let [1, j] be a p-convex interval. Then, FNVM T :[1, j| — Lc is said to be
UD-p-convex on [1, j] if

%([ﬁouu—ﬁ) ]i)aFﬁ@’r() (1-h)oTx), (17)

forall ©, v € [1, 7], h € [0, 1], where T (0) >r 0, forall ® € [1, ] . If inequality (17) is reversed,
then T is said to be UD-p-concave FNVM on [1, j| . The set of all UD-p-convex (UD-p-concave)
FNV M s is denoted by

UDESX([t, ], £¢, p), (UDESV([1, j], Lc, p))-

Remark 2. If p =1, then UD-p-convex FNV M becomes UD-convex FNV M, see Definition 7.
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When p = —1, then inequality (17) is converted into inequality obtained from the
definition of harmonically UD-convex FNVMs.

The following results discuss the characterization of definition of UD-convex FNVM

Theorem 3. Let [1, j] be a convex set, and T : [1, j| — Lc bea FNVM. The family of IV Ms is
defined by T-cuts T : [1, j] CR — K¢ C K¢ are given by

Te(0) = [Ti(@,7), T (0, 7)), VO £ [t ]] (18)

forall © € [1, j] and for all T € [0, 1]. Then, T is UD-p-convex on [1, j], if and only if, for all
T € [0, 1], Tx (o, T) is p-convex and T *(o, T) is p-concave functions.

Proof. Assume that for each T € [0, 1], 7x(0, T) is p-convex and 7 *(o, T) is p-concave
functions on [1, 7]. Then, from (17) we have

T. <[hco7” (1 R)er)E, r> <hT(0, )+ (1-KT(% 1), Yo,v e[y ], he o, 1],

and

T* <[ﬁ(0p +(1- ﬁ)vp]% , T) >hT (o0, )+ (1-A)T*(%, 7),Vo,v €y, j], h€ 0, 1].
Then, by (9), (11), and (18), we obtain

ﬂ([ﬁmp + (1= h)vr)? ) = {T ([fwﬂ +(1- R, r), T ([ﬁ“)” =R, Tﬂ

21 [WT(o, T), KT (0, T)] + [(1 = W) T(v, T), 1 =M)T" (¥, 7)],
thatis

7~'([ﬁ(07”+ (1 —ﬁ)vl’]% ) DFhoT(0)®(1-heoT®Novcl, ], helo,1].

Hence, 7 is UD-p-convex FNVM on [z, ]].

Conversely, let T be UD-p-convex FNVM on [1, j]. Then, for all 0, € [1, j], and
h € [0, 1], we have

7~'([hco” +(1—R)e?]r ) Dp O T(0)® (1—h) O T(%).

Therefore, from (18), we have

TT([hcoP+ a fﬁ)vf’]% ) _ [T*Oﬁ“’” (1 ,h)w]% , T), T*([h@f’+ (1 —ﬁ)vf’]% , r)}

Again, from (9), (11), and (18), we obtain

WT2(0) + (1 - WTe(v) = [WT: (0, ©), KT (0, T)] + [(1 - WTa(v, ), (1- AT (5, 7)),

forall o, € [1, j]and & € [0, 1]. Then, by UD-p-convexity of 7, we have for all o, % € [1, /]
and h € [0, 1] such that

T: ([fuop 41— R)er]r, r> < WTe(0, T) + (1 - B)To(%, T),
and

T* ([ha)p (1 R)r]p, T> > BT (0, T) + (1 — B)T* (v, 7),
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1
o= 1 —n v hp1+hn I 1 hin
I P — r 4 " 4 P
TQWnZi:l i } ) Qani R T " (ﬁn_l B P }

for each 7 € [0, 1]. Hence, the result follows. O
Example 1. We consider the FNVM T : [0, 1] — L defined by,

sz A€ [0, 207]
T(0)(A) = 4 40 O c (2(02, 4«;2}
0, otherwise,

then, for each T € [0, 1], we have Tr(©) = [210?, (4 —27)0? |. Since end point functions,
T.(o, T) is p-convex and T*(©, T) is p-concave functions.for each T € [0, 1]. Hence T (©) is
UD-p-convex FNV M.

Remark 3. If T.(©0, T) = T*(©, T), then Definition 6 cuts down to the definition of classical
p-convex function, [90].

If To(o, T) = T*(0, T)and p =1, then definition 6 cuts down to the definition of classical
convex function.

3. Jensen’s and Schur’s Type Inequalities

We first provide a new ideal inequality known as discrete Jensen’s type inequality for
UD-p-convex FNVM. This is how it is explained.

Theorem 4. Let ﬁi € RT, 14 € 1,7, ©=1,23, ...,k k>2) and 7 € UDFSX
([t, 7], Lc, p)andforall T € [0, 1], the family of IV Ms is defined by t-cuts T : [1, j] C R — K¢ ™
are given by T(©) = [Ty (©,T), T* (o0, )] forall © € [1, j]. Then,

1
~ 1 k r k hi ~
where Wy = Zﬁ:l hy If T is UD-p-concave, then inequality (19) is reversed.

Proof. When k = 2, then inequality (19) is true. Consider inequality (19) is true for
k=mn—1, then

1
~ 1 n—-1 v
T({W/nl Z$:1 ﬁilip} ) oF Zi W, lT(Zi)

Now, let us prove that inequality (19) holds for k = n.

==
N———
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Therefore, for each T € [0, 1], we have

1 z %
T\ |ws X P |
[anl w] '
1
* 1 z 4 g
T ([W$§1ﬁ$li‘| ,T)

1
P
_ i 1+ﬁfn hip_q hy
=T ([w Z hy1y? + iy in-1! il | T

7

N——

7

1
n—2 P
_ T 1 fip 1+l [ Iy fig
-7 ([Wn g ﬁilip—i_ Ml’n (ﬁ/n 1+1ﬁfn n-1F + hp 1+h’nlnp1 &
gy 1+h h, hn
<Z¢ 1 Wy 7;<li' ) /n"\}/n /nﬁ<[ﬁn?+]ﬁ/nl’” 1 +ﬁn 1+ﬁnlnp} ’T>l
1
_ hy_q+h hyy h, P
22%f*$7*(’¢' )+ ”T*<[ﬁn?+%nln1“%1%%”}']”)’
1 hyy_1+h By
< T T () 2 | 9 T ) T o)
hyp_1+h hyp
= Zn 2 T (%, )+ nV\}n = [hnljf+lﬁn7—*(zn_l’ )+ ﬁn +ﬁfn Hn T }
) h,
< Z”” 2 ;ﬂ(zi,r) + {V”’}—;ﬂ(lnq,r) + W”’ﬁ?l(zn, T)},
):n 2 ;T* (li'T) + [hv’l\’/l;; T*(l,n_l,T> + %T*(zn,’F)},
h
= Z/inzl W;ﬁ (lir T)/
o )

N——

==

From which, we have

(e o (et

thatis

21 |:Z/£Ll Vi\jiﬂ (li’ T), Z/g:l V@nT* (%’T):|’

1
P

1 & n ﬁi =
Wn; ﬁ$11P] Q]F ZiZl Wn ® T(li),

and the result follows. [J

If iy = hp = hg = ... = B = 1, then from (19) we obtain following outcome:
Corollary 1. Let 11 € [1, j], (1 =1, 2,3, ..., k, k > 2), and T € UDFSX([1, j], Lc, p). The
family of IVMs is defined by t-cuts 7} [, )] CR = KT are given by T(0) =

[T:(0,7), T*(0,7)] forall © € [1, 7], and for all T € [0, 1]. Then,

({szi ? ] ) Op E] 1k®7’(1¢) (20)

If T is an p-concave, then inequality (20) is reversed.
Here is the generalized form of discrete Schur’s type inequality for UD-p-convex
FNVM.

Theorem 5. Let 7 € UDFSX([1, j|, Lc, p). The family of IVMs is defined by T-cuts
Tr:[1, )] CR — Kt are given by T (©) = [To(0,7), T*(0,7)] forall © € [, j], and for all
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Te0,1).If 11, 1, 13 € [1, J], such that 1 < 17 < 13 and 13P — 117, 137 — 157, 15P — 117 € [0, 1],
then we have

(137 —=11") © T (12) D (13 —12") © T (11) ® (12" —1”) © T (13). (21)
If T is a UD-p-concave, then inequality (21) is reversed.

Proof. Let 11, 1, 13 € [1, j] and 13” — 117 > 0. Consider /i = 2,22, then 1,/ = finy +
(1 — h)13P. Since T is a UD-p-convex FNVM, then by hypothesis, we have

T(12) 2x <Z3p _lzi) oTm)e <12p —11:) o T ().

137 — 11 137 — 11

Therefore, for each T € [0, 1], we have

To(2,) < (58 ) Tolo, 1)+ () T 0, 7),

e o (22)
T*(0,7) > (85225 ) T, 7) + (5755 ) T (1, 7),
= o= Z’?W )+ (G T (1, 7), -
(137 —1 % P *
= B2 T (0,0) + (i T (13, 0).

From (23), we have

(137 —11P) T (12, 7) < (137 —127)

< Te(11,7) + (2P —11P) Ti (13, 7),
(l3p — llp)T* (12, T) > (Z3p - lzp)T* (11,’[) +

(12F =uP)T*(13,7),

that is
(137 — 11P) T (12, T), (137 —aP)T* (12, 7)] 21 [(137 — 12P) Tic (12, T)+
(137 —12P) T (13,7), (1P —02P)T (11, T) + (2P — 1a?) T (13, 7)),
hence _ _ -
(13" =uP) O T (12) 2r1a” — 2P © T (11) & (0 —11”) © T (13).
O

The following theorem provides a clarification of Jensen’s type inequality for UD-p-
convex FNVMs.

Theorem 6. Let hi € RT, 1 € 1,7, ©=1,23, ...,k k>2) and 7 € UDFSX
([t, 71, Lc, p). The family of 1V Ms is defined by t-cuts T : [1, j] CR — K™ are given by
Tr(0) = [Te(0,7T), T*(0,7)] forall © € [1, j] and forall T € [0, 1]. If (1, U) C [1,]], then

£ () o700 2B (52 () o Tome (50 ) () e7n). o

where Wy, = Zi:l hy If T is UD-p-concave, then inequality (24) is reversed.

Proof. Consider 1 = 13, I =1, (1=1,2,3 ...,k), U = 13. Then, by hypothesis and
inequality (24), we have

~ ur —? ~ 1P —1P ~
7 (1) 2r <up_fp> 0T e (l}p _lp> oTU,7).
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Therefore, for each T € [0, 1], we have

To(7) < () To0,0) + (e ) T ),
T*(13,7) 2 () T 0,0) + () T ()

The above inequality can be written as

()7 (%) = (525 () + () ()T,
(vt )T* (17) > (7)) (%) T 0 + (Fr) () T (W 7).

Taking the sum of all inequalities (25) for } =1, 2, 3, ..., k, we have

o ()7 () < (o) () 200 + (fw ) () (U ),
o5 (7)) 7 (17) 2 Sy (e ) () T2 0) + (fm ) () T2 D)),

That is
T (@f j}))(zh [)&—1( )7 (17 )(ij—l gv;%{()T;(%f )]
un:llip Wik Te(1,7) - L Wi T (1,7)
- {Zﬁl (+(E’éiii) (V*’Vi)mu,r)) Bt (+(EZZ§Z) (w) T (W)
o () () 170, T 0]+ 2y (et ) (30 1T (W), T(, 7).
= vt (o) () Te o+t (o) () T o).

Thus,

£ ()70 B (5 ()7 (52) ) o),

completes the proof. [

In the next outcomes, we shall discuss the exceptional cases that are acquired from the
Theorems 6 and 7.

If 7.(0,7) = T«(o,7) with T = 1, then Theorems 5 and 6 cuts down to the follow-
ing results:

Corollary 2 ([81]). Let iy € R, 1y € [1, 7], (3 =1, 2,3, ...,k k>2)andlet T : [1, j] — RT
be a non-negative real-valued function. If T is a p-convex function, then

7'< {Vlkaﬁ:l ﬁw] *1“> <y (:&)T(zi) 26)

where Wy, = 2’%21 hy If T is p-concave function, then inequality (26) is reversed.
Corollary 3 ([81]. Let hy € RY, 13 € [1, 7], ($=1,2,3, ..., kK, k>2)and T : [1, j] - R*

be a non-negative real-valued function. If T is a p-convex function and 1, 15,...,11 € (1, U) C
[1,7] then,

£ () s E () (o (5 (). e

where Wy = Z%:l hy. If T is a p-concave function, then inequality (27) is reversed.
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4. Fuzzy Aumann’s Integral Hermite-Hadamard Type Inequalities

Primary goal and focus of this section is to establish a novel version of the H-H-type
inequalities in the mode of UD-p-convex FNVMs via fuzzy Aumann’s integrals.

Theorem 7. Let 7 € UDFSX([1, j], Lc, p) . The family of 1V Ms is defined by T-cuts
Te: [t J] CR = K™ are given by Te(0) = [Ti(o,T), T*(0,7)] for all © € [1, j] and for

all T € [O, 1] . If T € .7:./4([1, 7, ) then
1 ~ ~
=[P +Pr p Lol A TH®TQ)
T({ . ] ) OF ]p_ZPG(FA)/I 0" 1o T(0)do OF s @9)

If 7 (©) is UD-p-concave FNVM, then

(TP Py _ 7 7
H([222)) e g i for o o, TOSTO

Proof. Let 7 : [1, j] — Lc be an UD-p-convex FNVM. Then, by hypothesis, we have

2@’?([1p;]p];> OF ’T([ﬁzF’Jr(l—ﬁ)v”]zlﬂ) @’7([(1—71)1’#?1]"];).

Therefore, for every T € [0, 1], we have

zﬂ([”’;ﬂ’] 3 T> <T. ([mr’ (1B, r> + T ([(1 — R+ Ry, r),

zT*([”’;] ]%, r) > T*<[ﬁzp+ (1— R)P]7, r) +T*<[(1 —ﬁ)zuh]v]i,r).

Then

21 T ( [l”;f”] %, T> dh < [} T ([ﬁzp +(1- ﬁ)]P]rlf,T> dh+ [} T <[(1 — B+ FP), T)dﬁ,
2y 7 ([45]

==

,T) dh > fol T* ([ﬁzp +(1- ﬁ)]P]%, T> dh+ fol T* ([(1 — h)P + ﬁ]’”]%,r dh.

It follows that

1
PPy _
Bl ) < o Jl 0P 1T, (0, T)do,

1
Al 1
{ 2] } , T) > ],,%lpfz] o’ 'T* (o, T)do.
That is

1 1
P PP P I e
lﬁ([ 2 :| /T>/T <|: ) :| /T>] :_)I ]7’—17’ |;/1 () 7—*((0, T)d([),[ o T (([), T)d(l') X

Thus,

(TP J _
() oty orrom

In a similar way as above, we have

Iz ﬁ 7 O (PA)/ZJ o’ 1 © T (0)do D w a1
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Combining (21) and (22), we have

1

Hence, the required result. [

Remark 4. If p = 1, then Theorem 7, cuts down to the outcome for UD-convex ENV M, as shown

in[77]: ~ -
T<“2”> DF]1®(FA)/ F(o )dmgmm (32)

1

If Ti(o, T) = T*(0, T) with T =1, then Theorem 7, cuts down to the finding for p-convex
function, as shown in [90]:

r([752]) < g o mione < TUSTL

If Ti(o, T) = T*(o, T) with Tt = 1and p = 1, then Theorem 7 cuts down to the outcome
for classical convex function:

147 1 ] T)+T()
T( s ) ) [ T(o)do < TOTT, (34)

Example 2. Let p be an odd number and the FNVM T : [1, j] = [2, 3] — Lc defined by,

4 p
A=2402 ) ¢ [2— o2, 3},
- 1-02
_ 14
T((D)(/\) - 2+(.27—/\ = (3[ 2_|_(Dgi|, (35)
©2-1
0 otherwise.

Then, foreach T € [0, 1], wehave Tr(©) = [(1 — T) (2 - cog) +37,(1—-1) (2+ a)g> + 37].

Since endpoint functions T, (o, T) = (1 — T) (2 E) +31, 7T (o0, 1) =(1—-1)(2+0 ) +37

are p-convex functions for each T € [0, 1). Then, T (®) is UD-p-convex FNV M.
We now computing the following

N

4 m+37,

J” 7 J] 0P 1T (o, Td“’*fzs

o [l 0P T (o, 7) )do = [; ( —T)(Z—I—(Dg) +3r)dm% P(1—1)+37
OO0 _ () ) (12425 far,

T, T)JZr’T*(], ) _ (1 - T) (4+\/g+\/§) + 37,

/_\
|
|
N\‘!

N———
_|_
[eV)
,u‘

N——
QU
S
I

No

o

=l

—~
—_
|
(-.]

S—

_|_
w

a

forall T € [0, 1]. That means

2000 ’ 50
I [(1 — T)(%) +37,(1—1) (W) _|_3-L—},
forall T € [0, 1], and Theorem 7 has been verified.

[(1 —7)4=y10 4 37, (1 —T)%-{-?(} Y [&(1 — 1) +37, 2 (1-1)+37



Symmetry 2023, 15,2123 12 of 25

Theorem 8 presents the extended version of Aumann’s integral Hermite-Hadamard
type inequalities.

Theorem 8. Let T € UDFSX([1, j|, Lc, p). The family of IVMs is defined by T-cuts
Te: [, ) CR = K™ are given by Tr(0) = [Te(o,T), T*(0,7)] forall © € 1, j] and for

all T€0,1].If T € FA, ), <) then
1 ~ ~
~ 4 Ply ] ~
T( [l;]] p) 2F &2 2F 7 ﬁ 5 © (FA)/ o’ 1 ® T (0)do Dp > O m, (36)
where
o 1 B 1 B 1
mugnn g 7([rgr)}) () o7 ([
o = 5 , Oo = 5 yand O =[G, ©17], &2 = [, 7).
Proof. Take {1”, lp;]p},we have
L ) s L G Py L i B 1 B 1
207 [ — } +[ — } QFTqmmu—mlP;q )@Tqu—h)zmﬁ“’;q )

Therefore, for every T € [0, 1], we have

1 1
mP+(1—m)23 (1= m)ye +REL] Pt PPl
o7 [ e ] J N ) e gﬂ([hzlur(lh)l - ]p,r>+ﬂ<[(1ﬁ)ﬂ’+hl I ]p,r>,

1 1
LS o M AL Ak
* > * p _ ] 1
T 5 + 5 Jt| =T ({ﬁz +(1=h)—; } 'T>+T*([(1_h)zv+n”ﬂ”,r).

In consequence, we obtain

1
3PP 1P
73‘([ 1 ] T iyl

3 < 3% f, 7 Ti(o, T)do,
“([W]%'T) i
> > ]pfzpfl 2 T*(o, T)do.
That is
() ()] e
5 21 i [/I T(0, T)do, /1 T*(o, T)d(D‘|.

It follows that
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1
f([”’: | ) e
P 2 F
7 2 gty o) [ T(o)do.

In a similar way as above, we have

(=),

] ~
2l O () [, T(o)to

Combining (37) and (38), we have

(o),

7
5 2 55 © (FA)/I 7 (0)do.

By using Theorem 7, we have

1 1
([P +P17\ _ A [L 3P +P | 1P +3P ]y
T([ : })-—T(L. LN s } )

Therefore, for every T € [0, 1], we have

m([5) o) = (B ] ),

1 1
T*<[1p§’p] 7 T) = T*({% 31’7:”7 +3 ’”3]}0}?, T>,
+

Pap s P3Pl s
< {%7;({3 4+] }ﬁ, T) %7;([*43]}!7/ T)],
1 1
> [%T*aszpfq !, T) + %T*Glqu !, TH,
= Doy,
§]f,,f]7;(o T)do,
Z]f [ T*(0, 1)do,
< % T.(1, T)+7;(] ) LT ([1”%—]”};, T>

<=

EHT“%?%ﬂ+T(V?q'Q'

:(>1*,§% T:(, T)er’ﬁ«(ll 04 LG T)erT*(], ) ,
=0%,> % TG T);T*(J’ L T*(er);T*(J,T)},
_ L +T0,7)

7

2 7
_ T+, 7
- 2

thatis

1B

hence, the result follows. (J

==

(37)

(38)

p ) TO®T()
) 2F &2 2F i © (FA)/Z T (0)do O &1 OF —
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Example 3. Let p be an odd number and the FNVM T : [1, j] = [2, 3] = Lc defined by,
Ti(0) = [(1 - 1) (2 - co%> +37, (1—-1) (2 + (0%> + 31], as in Example 2, then T (o) is
UD-p-convex FNVM and satisfying (38). We have T(o0, T) = (1—1) (2 - cog) + 3tand
T(o, 1) =(1—1) (2 + m%) + 371. We now computing the following

[T*(z, O+, 1)) _ 4+2-(1-)(V2+V3)
2 - 2 7

|:7-* @ T);T* (, T)i| _ 4+10+(1+2)(\/§+\/§) ,

Tx(t, O+Tx(), 1) P+
§ +T*<{ ] 'T> _ 8+4-(1)(V2+VB+v2x15)
2 = 1 ’

1
* * o [P+P1 7
e ((22]) 1)

=

_ 8420+ (14) (V2+V3+v2x15)
= 2 _— 4 7
1 1
By — 1 [7—*({3110;;?] 3 T) +7—*<|:1PJ;3]7’} v )} =54+7—VI1(1—-),
1
2

1

oyt — {T*<[3l”+ﬂ’};,r n *< 1P+3]P ’ ﬂ 11+23+\ﬁ(1+)
r

7

Then, we obtain that

(1-)& f+3<5+7 \45(1 ) < 83 (1 _) 13
< 8+4— ( )(f+f+ﬁxf) S(1_)(47\/37\/5)+3

(1+)4+[+3Z % > 17914y 13
= 8+20+(1+>(ﬁ4+ﬁ+ﬁxﬁ) > (1+ )(4+¢g+ﬁ> +3.

Hence, Theorem 8 is verified.

The next outcomes will give us the Aumann’s integral Hermite-Hadamard type
inequalities for the product of two UD-p-convex FNVMs

Theorem 9. Let 7,Y € UDFSX([1, j], Lc, p) . Then, T-cuts Tz, Yo : [1, J] C R — K¢t are
defined by Tr(0) = [Ti(o,T), T*(0,7)] and Y(0) = [Yi(o,7), Y*(0,7)] forall ® € [1, ||

and forallT €0, 1]. If T®Y € FA(, ), ©) then
7 r O (FA)/ZJ 0’1o T(0) ®Y(0)do Dy Mg']) @ %(g”. (39)
where M(1,7) = TO)@YW) @ TG @Y(), 21,) = TO)@Y() & T () @ Y(1), and

)
Me(1,7) = [Mu((7), T), M*((1,)), D] and ne(1,7) = [n:((1,7), T), 27 (1), T)]-
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Example 4. Let p be an odd number, and UD-p-convex FNVMs T,Y : [1, 1] = [2, 3] = L¢
are, respectively, defined by T(©) = [(1 - 1) (2 - (o%> +37, (1-1) (2 + (D%) + 37} , as in
example 3, and taking Y+ (©) = [t0?, (2 — 7)o" |. Since T (©) and Y (©) both are UD-p-convex
FNVMs and T.(o, ) = (1—1) (2— cog) +37, T* (o, 1)
Yi(o0, T) = t0P, Y*(0, T) =

=(1-1) (2+®§> + 37, and
(2 — T)©P, then we computing the following, where p = 1

]P

]l’ zp

Py J) 0P VT (0,7) x Ya(0,T)d0 = 5[ (25— 16v2+36/3) T — 363+ 16v2 +50],
17 0P=1T*(0,7) x Y*(0,7)do = 20 [(25+16\/ 36V/3)7+36v3 —16v2+ 50|,

Ml ) (5+2\f+3f) +3(10-2v2-3v3),
S = a(r ) e M) R F g B

z [157+ (1- r){10+3ﬁ+2\@}}
10+3v2+2V3— (3ﬁ+2ﬁ)r+157),

for each T € [0, 1], that means

n ((lé]),f) _ (= )(

1] (25 - 16v2+36V3) T~ 36v3 +16v2 + 50|

< (5+2ﬁ+3\/§)é+g(10—2ﬂ—3\/§) +g[157+ (1-1){10+3v2+2v3)],
Er [ (25+16v2 - 36v/3) T+ 363 — 16v2 + 50|
(1) R () R f e
+@(10+3ﬁ+2\f— (3\/§+2\/§)r+15r).

Hence, Theorem 9 has been verified.

Theorem 10. Let 7,Y € UDFSX([1, j|, Lc, p). The family of IV Ms is defined by T-cuts
Te, Ye: 1, ] CR— Kct are given by Tr(0) = [7'*((0 T), T*((D T)] and Y(0) =

[Yi(o0,7T), Y*(0,7)] forall © € [1, j] and for all T € [0, 1]. UT@YG]’A([ ), 7) then
2@7’([1“]”}’1’) ®Y<{l”+f”}’l’>
S o © (FA) [/ 0V ~1 0 T (0) ® V(0)do & 1) g Hia),

where M(1,7) = T) @ Y) @ T() @ Y()), #(1)) = T(1) ®Y
Me(1,)) = [Mu((17), T), M*((1,)), D) and ne(1,7) = [na((1,)), T
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Proof. By hypothesis, for each T € [0, 1], we have
(et o419
T*(V?P};,T> " Y*([’”?”}”,ﬁ
T <[ﬁzp+(1—ﬁ)]v]i T)

Y, ([(1 — )P+ FyP), r>]

(1m7 + @ = myr1F, <

+7;E )P + 1yP)7, T; <Y, ([(1 = R)w + 1y7)7, T;

1

;

b XY*( [P + (1 —h)jP]7, T

T3 ([P + (1= )P ]% T)
X

7; [1— Ry + 1), T> Y,

_|_
PN,

7

=

P+ (1—h)Flv, T

v
[N,

—i—T* [P 4+ (1—h % T>><Y* [(1—ﬁ)zp+h]’7]% T
xY*([ﬁzp +(1- ﬁ)]P]%, T>
1

T*([ >zﬂ+ﬁm% .
m( (= ], ) (1w ], ) |

N——

»N»—l

-

7;([?117"—1- 1 R)P)7, T)XY* [P + (1 — h);P]7, r)

+ﬁ(( )P+ gP]?, T xY*([(l—h)zp—i—ﬁ]P]ll’,T)
70,
p

IN
ST

(AT(1, T) + (1 =) T<(y, 7))
X((1=h)Yi(t, T) + 1Y.(), 7))
(A =M)T .1, 1) + 1T, )|

X (WY1, T) + (1 = 1) Ys(y, 7))

7 (1 + = ), o) (e =, )
7 (1= 1w 1R, ) ([ =1 4 ], r)]

(AT*(1, 1) + (1 =R)T*(j, 7))
x((1=h)Y*(1, T) + RY*(;, T))
+((1=h)T*@, )+ hT*(, 1) |’
x(hRY*(1, T) + (1 —R)Y*(;, 7))

ﬁ([th+ (- h)P)r, r)xh([ﬁl”( — Py,

+1

\‘|

‘tﬂH h]

>

[N

+1

N\'—'

)
+T( [(1— )l”+ﬁ]”}?’ T)XY* ([(1—7"2)1”—#?1]7’];, T)
{Rra—nta(en o |
+{h(1—h)+ (1 —h)hIM.((1,7), T)
T*([mua—n)m% T)XY*([ﬁzp+(1—ﬁ)] )7, T> ]

INE

+

NI—

ST

+7*( (1 ﬁzp—kﬁ]?’;’ T ><Y*< [(1-h zp—i—ﬁﬂ’% 1-)
+ (1= 1)} (), T)

1
" +{ﬁ<1—> (1= WRME (1), )
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A-integrating over [0, 1], we have

1 1
2T ([15] ) ([F7]77) < ol 0 T 0) ¢ o 21040
AN

1 1 "
ZT*G@TP’T) XY*QW}F’”) > L [l 0P 1T (0, 7) X Y* (0, T)do + 2T
(1), )
+f,

that is

2®%([1p;q”> ®?<{1P42rﬂ]]”> O ]pﬁzf’ Q(FA)/z]‘f’%l@”T(co)@?(m)do@ /\7(61,]) N %(;,])'

Hence, the required result. O

Example 5. Let p be an odd number, and UD-p-convex FNVMs T,Y : [1, ] = [2, 3] = Lc
are, respectively, defined by T(©) = [(1 - 1) (2 - (D§> +37, (1-1) (2 + cog) + 31'] , as in
Example 3, and Y-(©) = [tof, (2 —T)0P]. Since T(©) and Y(®) both are UD-p-convex
FNVMs and T.(o, ) = (1—1) (2 - (Dg) +3t, T*(o, T) = (1—1) (2+ (Dg) + 37, and
Yi(o0, T) = 10P, Y*(0, T) = (2 — T)©P, then we computing the following, where p = 1

27 ([242])m) e (|42 m) = 3+ Vi) (4 viO)e),
2T*<|:1P.£_]pj|}7,,[> XY*([IPJZFJPV'T> =32 _T){4+\/ﬁ—|—<2—\/ﬁ>T},
M:(Hz\fwf)%z £(10-2v2-3V3),
e - (e 1)+ 3= 1) e 1 o B
M:%[wﬁu(l T){10+3ﬁ+2\@

WU = @20 (10 432 1213~ (3v2+2v3) T+ 157),

for each T € [0, 1], that means

(24 vI0)? (4 VIO 1]
< 5| (25— 16v2+36v3) 7~ 36v/3 +16v2 + 50|
£5+2f+3\f) S+ 5(10-2v2-3V3)
+3[157 + (1 - 1) {10+3v2 +2v3}),
fo- 0 vio: (o m)e

N

> )[25+16\f 36f)r+36\f 16f+50]
PR ) 2B (=) - - e
ZT)

(10+3f+2f—(3f+2f)r+15r)

hence, Theorem 10 is verified.
H-H Fejér inequality for UD-p-convex FNVM

Theorem 11. (H-H Fejér inequality for UD-p-convex FNVM) Let T € UDFSX([1, 1], Lc, p).
The family of IVMs is defined by t-cuts Tr:[1, ] CR — Kc© are given by Tr(0) =
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[Te(0,7), T*(0,7)] for all © € [i, ] and forall T € [0,1] . If T € FA(, ), ) and

N:[1, 7] = R, N(0) > 0, symmetric with respect to [%} 7, then

4 T 1 . F = = ! 1
=T ®(FA)/1 0’1o T(0)N(0)do 25 [T (1) & T()] @/0 ﬁN([(1—ﬁ)zP+h]P]p>dﬁ. (41)
If T is UD-p-concave FNV M, then inequality (41) is reversed.

Proof. Let 7 be an UD-p-convex FNVM. Then, for each T € [0, 1], we have

T. ([ﬁz” - Ry, T)N([ﬁl” - Wﬁ) < (BT, ) + (A-DT(, T))N([ﬁlp ra- ﬁ)ﬂ’ﬁ), @)

==

T)N([ﬁl’” - ﬁW) > (WT*(, 1)+ (1 - HT*(, r>>N(W - h)ﬂﬁ).

And

T" ([hz’” + (1—h)j*]r,

7. (10 =+ ), o) ([ - m + ) )

< (=0Tt )+ T, N[0 e+ ), @
7+ (1=t + w213, <) (1= w4 1))

> (1= 070 0+ AT, D)N([ - B+ 1)),

After adding (42) and (43), and integrating over [0, 1], we get

Jo T (12 + (1= myP)e, o) N ( (72 + (1= )PP )dn
+ ) T<< )P+ 1?7, 2) N(( )P + hyP)7 )>dﬁ
7.6, D IN(19 + = my?1F ) + =y (1= e+ 1) )|
+7;(],T){(l—ﬁ) (ﬁz”+ 1- ﬁ)]v]?v) ( ﬁ)z”+hﬂ’]rl’)}
folT*([ B+ b7, T)_N(( zf’+ﬁ]P%
+ T*(hz?’+ (1—B)P)7, T)]\I(ﬁlp-i- 1-h )dﬁ
| me o (e a-mmi) s ﬁ)N([(l—ﬁﬁ”Jrﬁ]P]'l’)}
> / dn,
7, of a=nn (e a-m?) (- >1P+W)}
—27.(s, T)fothE[ﬁzP—i—(l B)P)r \dh+ 2720, 7)) hN( (1= B)iP + gP)? ) dh,

[P + (1 — )]P]p dh+2T*(, Tfo hN( )1P+ﬁ]r’];> dh.

<[ dh,

=2T*(1, T)fol AN

Since N is symmetric, then

=2Ta(, T) + Ty, D) hN( )1P+ﬁ]7"];>dﬁ,

. (44)
=2[T*(, )+ T*(, T fo hN( )1”+ﬁ]”]v> dh.
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Since
f017;<mp+(1 )PP, T) (mm (1— A7) 117>dﬁ
:fol7;<[(1— zp—i—ﬁ]P P T>N< 1P+h]17];> dh
= zV f] oF” 1T (D'T (45)
1T* ﬁzp+hi’v T 1— zP+hP% dh
0 7] N 7]
—fOT*(ﬁzp+(1— ]P; T) (ﬁzp—i— 1-h rli)dﬁ
177 fl](op 17—*((0, T
Then, from (44), we have

o [l 0P (0, T)N(0)do < [Ti(, T) + To(), T NSy ﬁN( h)iP + hyP)v )dﬁ,

],,%lp [} 0P 1T+ (0, T)N(0)dos > [T*(1, T) + T*(j, T fo ﬁN( R)iP + jP)v )dﬁ,

that is

Lpil}a /l] 0" 1T (0, T)N(0)do, ]Pilp /l] (Dp_lT*((D,T)]\I((D)d(D}

O [Te(, T)+T(y, T), T5(1, T) +T7(), T)]./ hN([( h)iP +h]”]ll’) dh,

hence

]Pﬁzp @(FA)/](DP—lca’T(co)N(co)dco O [’T(l)@ff(])} / ﬁ_]\]([( By + hpP]P ) .

1

0

Theorem 12. (H-H Fejér inequality for UD-p-convex FNVM) Let T € UDFSX([1, 1], Lc, p).
The family of IVMs is defined by t-cuts Tr:[1, ] CR — Kc™ are given by Te(0) =
[Tx(0,7), T*(0,7)] for all © € [1, ]] and for all T € [O 1. IfT € FAy, ), and

N:[1, 7] = R, N(o) > 0, symmetric with respect to [l and } ,and [} ©PIN(0)do > 0, then

7~—< [lp _;]p} p) 2F W © (FA)/z] o 1o ’7’((0)]\]((0)11(0. (46)

If T is UD-p-concave FNV M, then inequality (46) is reversed.

Proof. Since 7 is an UD-convex, then for T € [0, 1], we have

7;<[l,,?,,};/ T>§%<ﬁ([ﬁ1p+(1_ﬁ>mé, T>+ﬂ([( B+ ), T>)

{1 o ) o)

(47)
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Since N ([hl” +(1- h)]P]Il’) =N ([(1 — )P + h]’”]ll’), then by multiplying (47) by

N ([(1 — h)iP + hyP] ;’) and integrate it with respect to 1 over [0, 1], we obtain

71([”’*”} )fo ( )P + fyP) 7 >dﬁ

» F 7l + =y, <) (1 = ) )
+) T( (1— Ry + ByP)7, T>dﬁN<[(l —R)yP +ﬁ]r’]i) N
[l‘“;f” ) ([(1—ﬁ)zv+ﬁjv]i)dh ()
(e (e =t <) (e =y ) an
2T (10— me s, o) N (1= r 4 ) Jan )
Since ( : ) ( 1>
[T (P + (1= n)P)P, T ) N( [P + (1= R)P)P )dh
_OfOT*< z’: }h(ii 51722 ( z”+ﬁ]F’ )dh
(49)

i 7 (1= e iy, o) (1= e+ )
:folT*(ﬁzp+(1— ]7";’ T N(ﬁz”—l— 1—h)jP] P)dﬁ

f]p 7 j‘Z](Dp 17—* (D,T

Then, from (49) we have

1
T[] 7) < o tiae 0 T DNl

1
T ([ ) 2 i 1@ T 0w

from which, we have

() ()

21 rorNe L) @ T TIN()de, [/ 0P IT (0, T)N(0)do],

that is

%( [ZP ;JP} p) 2F W © (PA)/l] o’ & T (0)N(0)do,

this completes the proof. [

Remark 5. If in Theorems 11 and 12, p = 1, then we obtain the appropriate theorems for UD-
convex fuzzy-1VMs [77].

If in the Theorems 11 and 12, T.(o©,v) = T*(©,v) with v = 1, then we obtain the
appropriate theorems for p-convex function [84].
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If in the Theorems 11 and 12, T.(©,v) = T*(o,y) withy = 1 and p = 1, then we obtain
the appropriate theorems for convex function [90].
If N(©) = 1, then combining Theorems 11 and 12, we get Theorem 7.

Example 6. We consider the FNVM T : [0, 2] — L defined by,

Then, for each T € [0, 1], we have T¢(©0) = [(1 — 7) (2 - m§> +37,(1471) (2 + mg)
+ %T] Since end point mappings 7. (o, T), and 7 *(o, T) are convex and concave mappings,
respectively, for each T € [0, 1], then 7 () is UD-convex FNVM. If

(Dg, oce[0,1],

Nie) = {(2—o)'z’, se (1,2,

then N((2 — ©)”) = N(0) >0, forall © € [0, 2].
Since 7 (0, 7) = (1—1) (2 - (og) +3tand T*(0,7) = (1+71) (2 + a)g) + 37
Now we compute the following:

N(o)do = zjoz P17 (0, T)N(0)do
(0)do + zfl o’ 1T (0, T)N(0)do,
(0)do = 2fo oP1T*(0,T)N(0)do
,T)N(0)do + 2f2 ©oP~1T*(0,T)N(0)do,
=1y [A-)(2-02) +§r] (Vo)do + 4 )7 [( l[ 1-1)(2-0}) + 37| (V2= 0)do (50)

ERniRadtanl
:%fol [(1—}—7) 2—|—(D%)+%T] Vo)do + zfl [1—1—‘(( +o %)—1— T}(ﬂ)dm
TR B L)
And
(T, )+ T:(), T fo hN( h)iP + hyP]r )dﬁ
= [4(1—r) - ﬁ(l—r)+3rH fﬁ\/ﬁdmf%l ﬁmdﬁ}
( (1-1) 1—T)+3T),
[T*(, T)+ T*( fo ﬁN( h)iP +ﬁ]P];1«)dﬁ
[ (1+7)+ \f(1+r)+3r} [ e ﬁ\/ﬁdﬁ—i-f;ﬁ\/mliﬁ}
%(4(1+T)+\/§(1+T)+3T).

(51)

From (50) and (51), we have

BEREIRRE R E

it +7lf +2§’]]
oy [%(4(17T) f\/§(177)+3r), %(4(1+r)+

3
\25(1 + 1) +3T)},f01‘ all T € [0, 1].
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Hence, Theorem 11 is verified.
For Theorem 12, we have

A e,
]N lf 2 4
/I (co)dco:/o (odco—i—/l V2 —odo = 3
s [0 T, TN = 38 - 5] + F[F - ]
71 P ] P—17* do=3|YV ¢ 3t |m y 31 (53)
J-JJ\I((D)d(sz“) (0, T)N(0)do 8[3 "’2]* 2 {8—'—12}'

From (52) and (53), we have

241 3(2+3r)}21{3[13 n} 31{71 1]/2{19 ﬂ} 37[” 31”.

8

3 2

2

8 12

2

2 ' 2 377 812

Hence, Theorem 12 has been verified.

5. Conclusions

This work examines the new class of p-convexity over up and down fuzzy relation
which is known as UD-p-convex FNVMs. The usage of FNVMs in probability density func-
tions and numerical integration makes the subject intriguing. Kunt and Iscan’s (see, [90])
indings are generalized in the context of convex FNVMs. We obtain both a novel Hermite—
Hadamard-type inequality and a Hermite-Hadamard-Fejer-type inequality. There are no
doubts regarding the feasibility of generalizing the fuzzy Aumann integral type inequalities
found in this article because we have given some exceptional cases that can be viewed as
applications of main outcomes. Some new examples have been provided to discuss the
validity of main results.
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