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Abstract: The purpose of the present paper is to introduce and investigate new subclasses of an-
alytic function class of bi-univalent functions defined in open unit disks connected with a linear
g-convolution operator, which are associated with quasi-subordination. We find coefficient estimates
of ||, |h3| for functions in these subclasses. Several known and new consequences of these results
are also pointed out. There is symmetry between the results of the subclass #5,2 (¢, n,p,0,8,7,9,¢)

and the results of the subclass N%ﬁ (A, g,n,p,0,0,¢).
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1. Introduction

The theory of g-calculus plays an important role in many areas of mathematical physi-
cal and engineering sciences. Jackson (see [1,2]) was the first to perform some applications
of the g-calculus and introduced the g-analogue of the classical derivative and integral
operators (see also [3]).

Let A be the class of analytic functions 7 in an open unit disk l = {e € C: |¢|< 1} of
the form:

oo
T(e)=e+)_ ajd, (e€ ). 1)
j=2

and satisfying the normalization conditions (see [4]): 7(0) = 7/(0) —1 = 0.

Assume that Y ; denotes the class of all functions in A defined by Equation (1), which
are univalent in 4[.

The well-known Koebe One-Quarter Theorem [5] states that the range of every func-
tion of class ) ¢ contains the disk {w:lw| < %} Thus, every univalent function 7 has an
inverse 7 1, such that

T HT(e) =¢ (e€l),
and

TIT (€)= ¢ (1l < ro(T)iro(T) 2 ), (r s radtius).
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In fact, the inverse function ¢ = 7! is given by

6(6) = 6 — aa6” + (24 — a3)¢’ — (53 —5aaa3 +ag)c* + ... e
=6+ Lz Ang'.

The function 7 € A is said to be bi-univalent in {{ if both 7 and its inverse 7 ! are
univalent functions in i given by Equation (1).

The class of bi-univalent functions was introduced by Lewin [6] and proved that
|az| < 1.51 for the function of the form Equation (1). Subsequently, Brannan and Clunie [7]
conjectured that |a;| < v/2. Later, Netanyahu [8] proved that 1%1§1§|a2| = 3. Also, several

authors studied classes of bi-univalent analytic functions and found estimates of the
coefficients |a;| and |a3| for functions in these classes [For two analytic functions 7 and
¢, T is quasi-subordinate to ¢, written as follows:

T(e) <q6(e) (e€ &) 3)

if there exist analytic functions h(e) and ||(¢), with |h(z)] < 1, ||(0) = 0 and |||(¢)| < 1,

(e € i), such that
T(e) = h(e)S(ll(e)), (e € 41).

Note that if (h(e) = 1), then T (¢) = &(||(¢)); hence, T (e) < &(¢) (z € U). If & is
univalent in £, then 7 < ¢ if and only if 7°(0) = ¢(0) and 7 (&) C &(£0)].

For the functions 7,0 € Y defined by 7 (¢) = Z+ T aje/ and p(e) = Z+°° higl (e € ),
the convolution of 7 and p denoted by T * p is

“+o00

(Txp)(e) =), a]-hjsj =(oxT)(e) (g€ W).

j=1

To start with, we recall the following differential and integral operators. For 0 < g < 1,
El-Deeb et al. [9,10], and others [11] defined the g-convolution operator (see also [1]) for

T % p by
+oo ,
Qq(T *p)(e) = Qg (8 + ) ajhie )
j=2
(T xp)(e) = (T *p)(qe) 1
1= 1) —1+Z il ]h]d ,ec s,
where )
L=l i —o
U]q_ﬂ_ +];q,[ J; =0. (4)

We used the linear operator 'yg'q: A — A according to El-Deeb [9] (see also [12]) for
and{ > -1, 0<g<1.1If

YT (e) ¥ 15 (e) = ey (T # p) (e) e € 84,

where ]Ig+1 is given by

=0+,
]Ig“(s) :s—l—zwsf,se 4,
! [s—l]q.
then, ’
A S []]’4! j
yp’T(s)zs—i—Z ajhi (> -1,0<g<lee ). (5)

j=2 [Q q,e—1
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Using the operator 'yg'q, we define a new operator as follows:

QraT(e) = YT ()
QLT (&) = (0 - 9 (Y5 T(0) " + (14200 - )2 (U5'T () +¢(vfT(e))
QT (e) =
(@~ 0@ (G T(©) " + (1 + 200 0 (Y™ T©) +e(yE )
= e+ B (0= )= 1) + 1) gy o

Zagn (>-10<gq<1,8>0,0>0,0#7,
Qoo T (€) _8+Z¢] < neNy=NU{0}ande e U ’

where

Y= -9(-1)+1)"

and by [1], let 0 < q < 1 and [j], be defined by [j], = —2 =1+ ZJ 4 qf [0], = 0.
The g — number shift factorlal is given by

mv:{[%U—”w~PhUM if j=1,2,3,...,
7 1, ifj=0.

From the definition relation Equation (5), we obtain
0,0,0 0,00

(g +1), VT () = (), Sha"T(e) +a°e0y(QL 5" T () e € b

[l
[g] ge—1

—+00
(YRGS 4T (e) = lim QAT (e) = e+ 1 /(0 = &)= 1) +1)"
j=2

The g — generalized Pochhammer symbol is defined by [(], ._1= rq(éj(iz)il), €—
N, € N.
For g =17, [¢], . reduces to ({)e—1= %

1.l
a]h].s .

©)

1¢e

Remark 1. We find the following special cases for the operator QE’Z’:; by considering several

particular cases for the coefficients a; and n:

1. Putting aj = 1,8 = 0 and n = 0 into this operator, we obtain the operator QTRcalB;

defined by Srivastava et al. [13];
(=1)/T(p+1)
4-1(—1)IT (r+p)
operator N/ g q defined by El-Deeb and Bulboaci [10] and El-Deeb [9];

2. Puttinga; =

(0 >0),9 = 0and n = 0 in this operator, we obtain the

r
3. Puttinga; = (T—H) (r>0,7>0), ¢ =0andn =0 in this operator, we obtain the

T+]

operator M‘TT; defined by El-Deeb and Bulboacé [14] and Srivastava and El-Deeb [12];

4. Puttinga; = %Q_g (¢ > 0) and n = 0 in this operator, we obtain the g-analogue of

Poisson operator I‘? * defined by El-Deeb et al. [15];

5. Putting a; = 1,8 = 0 in this operator, we obtain the operator QTRcalBg’Z’n defined as

follows:

—+o00
4,4, . . i
%j%@)=s+2hh«a—ﬂx¢—n+1r[ hi el
j=2

}q,e—l

(10)
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(-1) I(p+1)

6. Putting aj = ety

> 0) in this operator, we obtain the operator N7 defined
Y p P Spa

as follows:
N 2n 8 1 Hl (= 1)] I'(p+1) W el
opab(e) =e+ Z] (0=8)(j=1)+1)" [g+1]q£ LTI (rtp) T € (11)
—s—i—z 2(p]h e,
where []] | )
o ! 1)/ T(p+1
0= (= 0= 1+ 1), 1 T+ 1) 12)

Clge1 471 (G—DIT(r+p)

r
7.  Putting aj = (ﬁ—i}) (r >0, T > 0) in this operator, we obtain the operator M7y’ defined

as follows:

r 1!

+oc0
MGIE(e) —s+]§f2”<<ff—z9><f—1>+1>"<T+j [T

Ma and Minda in [16] have given a unified treatment of various subclasses consisting of

starlike and convex functions for either one of the quantities S;;()) orl+*- 0 ()S ) subordinate
to a more general superordinate function The S*(¢) introduced by Ma and Minda [16]
consists of function 7 € A satlsfymg ) 4)( z),z € Yl and corresponding to class k(¢)

(z),z € U, Ma and Minda [16], where
¢ is an analytic and univalent function with a positive real part in the unit disc 4, satisfying
$(0) =1, ¢'(0) > 0, and ¢(4l) is a starlike region with the respect to 1 and symmetric with
the respect to the real axis. The functions in the classes S*(¢) and K(¢), are called starlike
functions of the Ma-Minda type or convex functions of the Ma-Minda type, respectively.
By S5 (¢) and Ky (¢ ), we denote bi-starlike functions of Ma-Minda type and bi-convex
functions of Ma-Minda type, respectively [16]. In this investigation, we assume that

of convex functions 7 € A satisfying 1

¢(e) =1+ Bie + Bye*+B3e® +..., B; >0. (13)

and
h(e) = ho+ he + hoe®+hae® + . .. (14)

The aim of this paper is to introduce new subclasses of the class } ( and determine esti-
mates of bounds on the coefficient |11;| and |h3| and for the functions in the above subclasses.

In[7] (see also [4,6,9,13,15-33]), certain subclasses of the bi-univalent analytic functions
class B were introduced and non-sharp estimates on the first two coefficients |h;| and |h3]
were found. The object of the present paper is to introduce two new subclasses as in
Definitions 1 and 2 of the function class B using the linear g-convolution operator and
determine estimates of the coefficients || and |h3] for the functions in these new subclasses
of the function class.

Lemma 1 ([9]). Let p(e) € P, then |p;|< 2 foreachi € N, where P is the family of all functions
p, analytic in 4, for which Re(p(g)) > 0, (e € U), where

p(z) =1+ pre+ pae+pse + ...

2. Coefficient Estimates for the Class #le(g, n,p,0,%,706,¢)

Definition 1. A function T € ) defined by (1) is said to be in the class fg,z (C,n,0,0,9,7,96,9)
if the following quasi-subordination conditions are satisfied:
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4

[(QEZ’Q () +ve( QT ())”}
((QtT0) +a(gfe)") + a-m(a- 0T +ax(gfzT o)

7| 1 =4(e(e) = 1), (15)

and

o[ (hzazee) +s(9ftieee) T
ve((QEee) +o(Qitsee)) + - (-0 Githzte) +ao(QEtete))

—1=4(9(¢)=1), (16)

where v,d,u € [0,1] and QE:Z’ZT(S) is defined in Equation (7) and (g, ¢ € ).

For special values to parameters y,d,v,{, n,p,0, ¢ and ¢(¢), leads to get known and
new classes.

Remark 2. For 6 = 0, a function T € Y defined by Equation (7) is said to be in the class
#Z,Z (C,n,p,0,0,7,6,¢) if the following quasi-subordination conditions are satisfied:

4

e[(Q57@) +re( G T@)']
(QLsT) + - MQLETE)

—1 =<4(p(e) = 1),

and i / A
| (i) +e(Qe) ]
_ vg(ngZ,’f,é(g)), +(1-7)Q55e(s)

where ¢ is the inverse function of T and (e, ¢ € L).

=1 =4(9(¢) = 1),

Remark 3. For 6 = 1, a function T € Y defined by Equation (7) is said to be in the class
15&5 3 (¢, n,p,0,0,7,0, ¢) if the following quasi-subordination conditions are satisfied:

],L -

e[(QaTie) +ae(ziTee)]
1e(QGT©) + (- me(QftiTie)

=1 =<4(p(e) = 1),

and ) 1
g{@?%é(g)) +6( QM) ]
16(1e0) + (1 - v)g(Qgﬁ(%ﬁ(g))/_

where ¢ is the inverse function of T and ¢, ¢ € 4,

=1 =4((c) = 1),

Theorem 1. If the function T belongs to the class #Z,): (C,n,p,0,0,7,6,¢), then we have

|ha| < ,
¢ (1+27) (3 — 26 = 1) AgB3p5 — (1+ 1) [ (2 — 6 = 1)°(By = By) — [20( — 1) — (24 — 6 — 1) (14 0) [y3 4, B
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and -
By (|Ao| + |A1]) ABi

(A+27)0u=20-D¥s 414 4)22u—6-1)42

|]’l3| < B] >1, (18)

Proof. Let 7 € #;Z(C’ n,p,0,9,v,0,¢). There exist two analytic functions u,v and
u,v: 4 — U with u(0) = v(0) = 0,|u(e)|] < 1and |v(g)| < 1forall ¢,¢ € 4, satis-
fying the following conditions.
n#

s{(Qg'Z’:;T(s)) +7e( Q5T (@) }

re( (QfsT@) +o(T®)") + 1= -0 QT (o + e QfLsT(O)

—1 <4h(e)(@(u(e) = 1)), ectl (19)

and

| (@) +ve(Qfne) ] y
vo( (9e@) + (@) ) + 0 - (-0 Qfiete) + ac(Qfaeo)

— 1 =4h(6)(p(v(c) —1)), c €4, (20)

where ¢ is the inverse function of 7 and (g, ¢ € ). Determine the definition of the functions

p(e) and g(g) by

ple) = T_LZS =1+cie’ + e+ (21)
and 1
()= TS 14y g @)
Equivalently,

B 2
u(e) := ggi;+1:;{c1€+<czC21>€z+"'}, (23)

and )

_ b
o9)= 187 = 3 {b1g+ <b2 - >g " } (24)

Applying Equations (23) and (24) in Equations (19) and (20), respectively, we have

e|(o5zar) +ne(gftiT) '] ple) =1
TN L1 o)’ ~ 500 Gy | ) ((P< p(e) + 1) - 1)’ %)
7e((gmﬁ(e)) +o(QnTe) >+(1 7)((1 8) Q5T (e) + 6o QAT (e))

and
o[(ggze) +ae(efzie) | o) -1
Lan ! Zan " _ ol Zan ! _1:h(g)((’)(q(g)+1)_1>' (26)
re( (@) +o(Qhse) ) + = (1 -0)Qfee) + s (Qh4e(o)

Utilizing Equations (22) and (23) in the right-hands (RH) of the relations
Equations (25) and (26), we obtain

e) —1 1 1 1 2\  AgB
h(S) ((p(iEE; +1> — 1> = §A0B1C18+ {2A13101 + EAOBl (Cz — 21> + (21 2C%}€2+ e, (27)
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-1 1 1 1 a2 AoB
w0 (o(4557) ~1) = 0B+ {zAlBldl + 2B, <d2 - ;) + 2o 2d%}g2+ o

By equalizing Equations (25)-(28), respectively, we obtain
1
(L+7)(2p =6 = Dhyypa = 5 AoBrcy, (29)

[(14+29)(3u =26 = Vigyps + (1+ 7 2p(pe = 1) = (1+0) (2 — 6 — 1) ]33]

> (30)
= %AlBlcl + %A()Bl <C2 — c21) + %C%.
and .
—(1+7) (21 =0 = Dhyr = S A0Biby (31)
(19?20 = 1) = 2 = 5= 1)(1+6)] +2(1+27) (34 — 26 — 1)}@4]51
—(1+27)(3p — 26 = 1)hsps (32)
2
= 3A1Bidy + 3 AoBy + (dz - df) + 4oP242.
From Equations (29) and (31), we have
A0B1C1 AOBldl
2T A0 h -0 Dgs 20412k — 06— 1)§s 33)
It follows that
¢ =—dy, (34)
and )
B(1+7)(2n—3—1)" 5y} = A3BR(dT + ). (35)

Now, by summing Equations (33) and (35), in light of Equations (33) and (34), we obtain

8[(1+ 1220 — 1) — (21— & — 1)(1+6) AoB2E + (1 +21) 3yt — 20 — D AoB] 13 i
= 2438 (ca + o) + (8(1+7)2(2p =6 = 1)" (B, — B)Ii3y3),

which implies

2A2B (cy + dy)
8{(1+27) (3 — 26 — 1) AgBR, — (1+7)? (2 — 6 — 1)%(Ba — By) — u(u — 1) — (2 — 5 = 1) (1 +6)] 4083 |}’

Applying Lemma 1 |¢;| < 2,|d;| < 2 to Equation (37), we obtain the desired result
Equation (17).
Next, for the bound on |as|, by subtracting Equation (32) from Equation (30), we obtain

=
NN
Il

(37)

4{(1+29) (3 =26 = 1)pahs — (1+27) (34 =26 — 1)¢5 3 | = 2A Bicy + AgBi (2 — d) (38)

By substituting Equation (32) from Equation (30), and with further computation using
Equations (34) and (35), we obtain

2
h 2AByc, . AoBi(cr — da) . A%B%(Cﬁd%)
4(1+27y)Bu—20—1)yp3  4(1+27)(Bu—26—1)y3 8(1+’y)2(2y—5—1)21/)§

Applying Lemma 1. |¢;| < 2,|d;| < 2, in Equation (38), we obtain Equation (18). This
completes the proof of Theorem 1. [

(39)
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By putting 6 = 0 in Theorem 1, we obtain the following Corollary:

Corollary 1. If the function T (€) given by (1) belongs to the class #Z/Z (¢,n,p,0,9,7,0,¢9), then

|h2| < |AO| Bl\/?l
¢ (1+27) (3u — 1) AoB3p; — (1+7)2[ (21— 1) (B2 — By) — (e — 1) — (2 — 1)]934,B7]
and -
] < Bi(|Ao| + [A1]) " ApBy

A+29)6u =¥ 401 4 9)22u —1)¢2

By putting 6 = 1 in Theorem 1, we obtain the following Corollary:

Corollary 2. Let T (&) given by (1) belong to the class #5/2 (¢,n,0,0,98,71,¢). Then,

|h2| < |AO| Bl\/?l
¢3<1 29) (1~ 1) AoBIp; — (14702 [ (20— 2)(Ba — Br) — 20pu(pe — 1) — (20 — 2)]934,B7]
and
| < Bi (Aol +]A1]) AjB}

T2 -DYs g1 42 (u - 1)2415

By putting v = 1 in Theorem 1, we have the following Corollary:

Corollary 3. Let T (&) given by (1) belong to the class #5/2 (C,n,0,0,8,1,5,¢). Then,

| Ao| B1v/ By
|ha| < ,
2
\/3(3u 26— 1) AgB3p; — 4[ (20 — 8 — 1) (B2 — By) — [2u(p — 1) — (2 — 6 — 1)(1+ &) ¢34, B3
and -
AsB
|h3|< Bl(‘A0‘+|A1|) + 0~-1 , Bl>1

T 30Bu—20-1)ys  16(2u -6 —1)*y3

By putting v = 0 in Theorem 1, we have the following Corollary:

Corollary 4. Let T (¢) given by (1) belong to the class #Z/Z (¢,n,p,0,8,0,0,¢).

Then, |hy| < |Ao|B1v/B1 ,
=\ Bu—26-1) AgB3y, ~[(2u—0-1)2(By—By)— [2p0(—1)— (2p—0—1)(1+0) |93 A4, B3
and -
By(|Ao| + |A A2B
|hs| < 1([ Aol +[A4]) 071 . B> 1.

Gu—20—-1)¢s  4(2u — 05— 1)*y?

3. Coefficients Estimates for the Subclass Nga(/\, {,n,p,0,9¢)
Definition 2. A function T € Yy defined by (1) is said to be in the class qu’(s(/\, gn,p,0,0¢9)if
the following quasi-subordination conditions are satisfied:
! " !
e(Q5IT(e) e (5T () +( Q5T (o))
g/ ’ " !/
(1= Ne+AQuuiT(e)  \ Ae(Q514T(e) +(Q5%4T ()

and

1+% (1- —1| =% (pe)-1)  (40)
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gan ! Can "y oban '
6(Loo06(5) 6(Lret(6)) +(<Lprs6(c)
1+=|a-s (%52 gq)n +9 ( P;'i ) 7 ( pf’i ) | = 1] =g (0(c) = 1), (41)
g (- Me+AQTuE) | Ae(Qirhz(e)"+(Qhe o)
where (0 <A <1,0<6<1,9e€C\{0}, € L.
For special values of parameters A and §, we obtain new and well-known classes.
Remark 4. For A = 0, a function T € Y defined by Equation (1) is said to be in the class
N%‘S()\, ¢,n,p,0,0,¢) if the following quasi-subordination conditions are satisfied:
Lan ! Lan " Can '
1+ 1 a- 5)8(%"”(”) W ECHUSISICHUCR 4 (p(2) 1)
!
! (9527
and
Lan ! Lan "y ofan '
1 ¢l < ,0/196(9) ¢l < ,g,ﬁg(G) +(< ,g,gé(g)
12| (1=9) ( "g ) +4 (9 C,)q,n ( s ) —1| <4 (p(w) —1)
(Qw,ﬁé(g))

Theorem 2. If the function T belongs to the class N%é()\, g,n,p,0,08,¢), then we have

Ao| B1v/ B
|h2|§ r)/| 0| 1 1 (42)
\/2(1 — A)(1420) AoB3p, — (1= A)*[(1+38) AgB} — (1+6)" (B, — B) | 43
and oo o
AGB
iy < Bl ol 140 ) WY B>, 3)
A=A +200%5 14521 - 1)y,
where0 <6 <1,0<A<1, ve€ s4—{0}.
Proof. Proceeding as in the proof of Theorem 1, we can obtain the relations as follows:
1 1
;(1 +0)(1—A)hyypp = EAOBlcll (44)
1121 = A) (1 +26)haips — (1 — A)(1+ A)((1+36))h3y3 |
2 45
= lAlBlcl + %AOB‘I (C2 — C21> + %C%} (45)
and 1 ,
_;(1 +0)(1 = A)hypo = EAOBlbll (46)
L[A(1 = M) (1 +28)3 — (1= A)(1+A)(1+38)]1593 — 2(1 = A)(1 +26)¢pahs]
47
= 1A1B1by + Y AoBy (bz - bj) + AoB2p2 } “7)
From Equations (44) and (46), we obtain
1 = —d1 (48)
and
hy — vApBicq _ v AoB1by (49)

T20+0) 1Ay 2(1+6) (1A
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and
8(1+0)(1- A)* Wy} = AFBIA(d] + 63). (50)

Now, by summing Equations (45) and (47) and using Equation (50), we obtain

S0 - M) (1+20)5 — (1= A)(1+A)(1+30)y3 ) 61)
= 2AoBl(C2+d2) + A()(Bz—Bl)(C%-i-d%),
which implies
3 2A2B (03 + dy) )

8{2(1 - 2)(1+20) AoBp; — (1 A)[[(1+36)40B} — (1+)* (B> — B) 3] }

Applying Lemma 1. in Equation (52), we obtain the desired result Equation (42).
Next, for the bound on |h3|, by subtracting Equation (45) from (47), we obtain

%{(1 — AU+ 25)95hs — (1= A)(1+26)p3 12} = 24 Brcy + Aoy (c2 — )

By substituting Equation (47) from Equation (45), and with further computation using
Equations (48) and (49), we obtain

2
2vA1Bicy yAoBy(c2 —d2) A3B3y(ci+d7)

s = T A1+ 20)9; AT —A)(1F20) 51+ 0701 1)

(53)

From Equations (53) and (52), we obtain the desired result Equation (43). The proof
is complete. [

Corollary 5. If T (¢) € Ngé(l, ¢,n,p,0,08,9) defined in (1), then we have

71Ao| B1v/ B1
\/2(1 +26) AgB3y, — [(1 +30)AgB2 — (14 6)*(By — Bl)} 93

|ha| <

and yor o
1([Ao] + [A1]) ApBiY

|h3| < B

,B1 > 1.

Corollary 6. If T (¢) € Ngl()t, g,n,p,0,8,p) defined in (1), then we have

7| Ao| B1v/ By

|ha| < >
\/6(1— 1) AgB2p, — (1— A)?[4A0B2 — 4(B, — B1)] ¥}

and r o
1([Ao| + [A1]) i AgBTY

hy| < I8
el < 50 Ay, 41— 2P

,B1> 1

4. Conclusions

We introduce and investigate new subclasses ﬁZ,Z (¢,n,0,0,8,746,¢) and N%ﬁ
(A, ¢, n,p,0,0,¢) of the analytic function class of bi-univalent functions defined in open
unit disk connected with a linear g-convolution operator, which are associated with quasi-
subordination. We find coefficient estimates |hy|, |h3| for functions in these subclasses.
Several known and new consequences of these results are also pointed out. The results
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contained in the paper could inspire ideas for continuing the study, and we opened some
windows for authors to generalize our new subclasses to obtain some new results in
bi-univalent function theory. There is symmetry between the results of the subclass

15&;’2 (¢,n,p0,0,89,7,6,9) and the results of the subclass Ng(s(/\, n,p,0,0,¢).
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