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1. Introduction

Over the past twenty years, there has been an increasing interest in the nonlinear
time series literature, for example, the monograph by Tong [1] represents a good account
of nonlinear time series models. Compared to linear models, studying the properties of
estimators in nonlinear time series models is technically more complex and difficult. In this
paper, we will investigate the properties of estimators in nonlinear autoregressive processes.

Throughout this paper, we always assume that {¢;,i € Z} is a sequence of inde-
pendent and identically distributed random variables with mean zero, finite variance
02, {X;,i € Z} is a sequence of strictly stationary real random variables which satisfies
nonlinear autoregressive processes of order p

X; = 1’9<X1',1,...,X,;p) + &, @)
for some 6 = (91, ceey Gq)’ € ©® C RY, where rg, 8 € O, is a family of known measurable
functions from R? — R. Obviously, X;_1, ..., X;_s are independent of {s]-, j>i}.

In recent years, many authors have studied the properties of estimators for the error
sequence. One research interest is the error density estimator, for example, Liebscher [2]
proved the law of logarithm and the law of iterated logarithm of the M-estimator in the
nonlinear autoregressive processes of order p with independent errors. Cheng and Sun [3]
studied the goodness-of-fit test of the errors in the nonlinear autoregressive processes
of order p with independent and identical distributed errors. Fu and Yang [4] obtained
the asymptotic normality of error kernel density estimators in the pth-order nonlinear
autoregressive processes with independent and identical distributed errors. Cheng [5]
obtained the asymptotic distribution of the maximum of a suitably normalized deviation of
the density estimator from the expectation of the kernel error density. Li [6] established the
asymptotic normality of the L,-norms of error density estimators in the pth-order nonlinear
autoregressive processes with independent and identical distributed errors. Kim et al. [7]
considered the goodness-of-fit test of the errors in the nonlinear autoregressive processes
of order p with a stationary a-mixing error. Cheng [8] considered the uniform strong
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consistency of the classical Glivenko—Cantelli Theorem for the residual-based empirical
error in the pth-order nonlinear autoregressive processes with independent and identical
distributed errors. Liu and Zhang [9] established the law of the iterated logarithm for error
density estimators in the pth-order nonlinear autoregressive processes with independent
and identical distributed errors.

The other research interest is the error variance estimator. Cheng [10] obtained the
consistency and asymptotic normality of the variance estimator in the pth-order nonlinear
autoregressive processes with independent and identical distributed errors. As we know,
there are few results about the error variance estimators except for Cheng [10], and there
are no results for the almost sure central limit theorem for the error variance estimator,
and therefore, we will study the almost sure central limit theorem for the error variance
estimator in this paper.

The almost sure central limit theorem (ASCLT, for short) has been first introduced
independently by Brosamler [11] and Schatte [12]. Since then many interesting results have
been discovered in this field. The classical ASCLT for a sequence {X, X,;;n > 1} of i.i.d.

random variables with zero means states that when Var(X) = o2,

lim — i dkl{jif < x} =®(x) as. (2)

for all x € R with the logarithmic averages dy = 1/kand D, = Y }_;dy, Sk = Z;'(:l X;.
However, logarithmic averaging is not the only one providing a.s. convergence for par-
tial sums of i.i.d. random variables. Peligrad and Révész [13] showed that (2) holds
with dp = (logk)*/k, « > —1. Berkes and Cséki [14] showed that (2) holds also if
dy = exp{(logk)*}/k, 0 < & < 1/2. To compare these results, Hirmann [15], Tong
et al. [16], Miao [17], Li [18], Zhang [19,20], Wu and Jiang [21], and Li and Zhang [22-24]
showed that the a.s. limit (2) holds for any weight sequence {dy } satisfying a mild growth
condition similar to Kolmogorov’s condition on the law of iterated logarithm.

The paper is organized as follows. In Section 1, the significance and background of
research is introduced. Some assumptions and main results are stated in Section 2. Several
useful lemmas are listed in Section 3. The proofs are listed in Section 4. Examples are stated
in Section 5. In the sequel, we denote with C, Cy, Cy, - - - generic constants that may be
different in each of its appearances. I{ A} denotes the indicator function of the set A. ®(-)
denotes the distribution function of the standard normal random variable N.

2. Main Results

The goal of this paper is to study the properties of the estimator of the error variance
o2 by means of the observations {Xj, X, -, X, } in model (1). The main difficulty is
that we do not observe the error {1, €, - - - , €, }, the structure of estimation of parameters
is complex, and the residuals are unknown. We need to use Taylor’s expansion and
many other techniques to deal with it. This is the greatest contribution of this paper.
We will follow the following steps. Firstly, we compute an estimator § = (0, ..., éq)’ of
unknown parameter 6. Secondly, based on the estimator 8 and model (1), we calculate the
following residuals

m>

i:Xl'—Té(Xi_l,...,XZ‘_p), i21,2,...,1’l. (3)

Finally, using the above residuals, we estimate the error variance ¢? by using the
following equation

(4)

>
N
S|
1=
o
=N

I
—
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Before giving the main results, we need the following basic assumptions for model (1)
which will be used throughout the paper. For1 <i <nand1 <j<g,let

a
A

d
Vi & —r(Xi1,..., X 1= 3230
, = 36,00,

Tg* (Xi—lr- . "Xi_P)’

where 8* = 8+ A(8 — 8) forsome A € (0,1). By the fact that X;_1,. .., X;_, are independent
of {¢j,j > i}, we conclude that ¢; is independent of Yj;.

Assumption 1. Let U C © C RY be an open neighborhood of 8. For anyy € RP, 0 =
(61,...,65) €U, j,1 =1,...,q, assume that

aZ

] W”e(]/)

89,76(]/)‘ < Mi(y), | < Ma(y),

where E[M{(X;_1, ..., Xi—p)] < coand E[M3(X;_1,...,Xj_p)] < oo foreachi > 1.

Assumption 2. Let§ = (y,..., éq)’ be a strong consistent estimator for 0 satisfying the following

law of iterated logarithm
lim —~__|6-6|<C, as 5)
njoL:p loglogn -

where |0 — 6] = (6; — 6,)2 and C is a positive constant.

]

It

Remark 1. By Corollary 2.2 of Klimko and Nelson [25], we know that the least square esti-
mator for the stochastic process under some suitable conditions satisfies (5). For the first-order
autoregressive progresses, Wang et al. [26] proved that the least square estimator of the unknown
parameters meets (5). For smooth threshold autoregressive progresses, Chan and Tong [27] obtained
the conditional least square estimators of the unknown parameters that satisfy (5). For general
nonlinear autoregressive progresses of order p, Liebscher [2] established M-estimators for the un-
known parameters that satisfy (5), Yao [28] obtained (5) for least square estimators of nonlinear
autoregressive progresses.

Now, we will state the main result for the almost sure central limit theorem of the error
variance estimator 62.

Theorem 1. Suppose that {dy} is a sequence of positive numbers satisfying the following conditions:
(C1) limsup,_,, kdi(log Dy )P /Dy < oo for some p > 1, where D, = Y}, dy.

(C2) Dy — oo, Dy, = 0(n€), for any € > 0.
For model (1), under the Assumptions 1 and 2, if Es‘% < oo, forall x € R, we have

lim Di i dkl{ L ([T,% - 02) < x} =®(x) as. (6)

k=1 Var(e?)

Corollary 1. Let ¢, > 0 with ¢, T o0 and 1i_r>n il = 1 and % < (%’;)7, k <1 for some constant
n—oo n
v > 0. Denote

n
dkzlogclz—:lexp(logﬂck>, D, = de, 0<p<1/2
k=1

Then, under the assumptions of Theorem 1, (6) also holds.
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Remark 2. If the conditions (C1) and (C2) of Theorem 1 is satisfied for some sequence { Dy, }, then it
is also satisfied for any other sequence D}; = ¥ (D,,), provided that ¥ : RT — R is differentiable,
Y'(x) = O(¥(x)/x) and log ¥ (x) is uniformly continuous on (B, c0) for some B > 0. Typical
examples are ¥ (x) = x7, ¥(x) = (logx)7, ¥(x) = (loglog x)” with some suitable v > 0.

Remark 3. [t is easy to show that d;, = 1(k)/k, where 1(x) is slowly varying at infinity and
D, — oo, satisfies the conditions (C1) and (C2). So typical examples including d, = 1/k;
di =log?k/k, 0 > —1; dp = exp(log” k) /k, 0 <y <1/2,1<p < (1—7)/y.

3. Preliminary Lemmas

Some useful lemmas which are needed to prove the main result are given in the
following section.

Lemma 1 (Hall and Heyde [29], Theorem 2.11, P.23). Let X; = Sy and X; = S; — S;_1,

2 < i < n denote the differences of the sequences {S;,1 < i < n}. If {S;, F;,1 <i <mn}isa
martingale and p > 0, then there exists constant C depending only on p such that

n p/2
1P < 2| F. AR
E(fgg;lszl ) < C{E [(gE(XZ IF11)> +E<1rg§>;lel )}

Lemma 2. Forl <i<mn,1<j, I <gq,thenforany2 <t <4,one can obtain

t ¢ 4 b4
E[Y;j|' < EMY(X; q,..., X p) < (EMl(Xi_l,...,Xi_p)) < o0,
t t 4 t4
E|Zigl' < EM5(Xi 1, Xi ) < (EMZ(Xi_l,...,Xi_p)) < oo,
Proof. The proof of Lemma 2 is obvious by Assumption 1 and the Hélder inequality. O

Lemma 3. Assume that {G,,n > 1} is a sequence of random variables satisfying the ASCLT with
the weight {dy } defined as in Theorem 1, that is

1 &
VxeR, rzlgr(}oD—n;dkl{Gk <x}=®(x) as.

Let {R,,n > 1} be a sequence of random variables converging almost surely to zero. Then,
{Gn + Ry, n > 1} also satisfies the ASCLT. That is

n
VxeR, nlglgoDlnI;dkl{GknLRka}:dD(x) a.s.

Proof. For fixed x € R and 5 > 0, recall that { G, n > 1} satisfies the ASCLT, then we have

1 n
Ty = D—nkglde{Gk <x+n} <I>(x+17)‘ —0, as.
and
1 n
W,y = E];dkl{ck <x—n}—®(x—7n) =0, as.
Remark that

{Gn+ Ry <x} C{Gu < x+n} U{|Ru| > 11},
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{Gn <x—n} C{Gn+ Ry < x}U{|Ru| >n}.

Then, we can conclude that

—deI{Gk+Rk<x} @( )

S|~

1 n
D—Z del{Gy < x 417} = P(x +17) + del{le\ >0} + | P(x 4 1) —

,2
e” Zdt

at (IR >y + [
X 27

i
o

diI{|Rg| > +7
IR > )+

n
— Z de{Gk + Ry < x} — CD(x)
D k=1

A\

A\

_Wn,iy del{‘Rk| >77} \/7

D(x)]

;nk”zldkz{ck <x )= @) o L AR > 1)+ 9(x ) - B

Noting that {R,,n > 1} is a sequence of random variables converging almost surely to
zero and the arbitrariness of #, the desired conclusion follows from above discussion. [

Lemma 4 (Zhang [30], Lemma 2.10, P.391). Let {{,,, n > 1} be a sequence of uniformly bounded
random variables and {d, }, {Dy} be defined as in Theorem 1. If there exist constants C > 0 and

0 > 0 and a sequence of positive numbers {a(k)} such that y_;> 1 a(2") < oo and
E[ZkZj| < C((k/f)° +a(k)), for j/k > by = (log Du)f’?,

then

lim — Z Al =0 as.

I’l*}OO ”k 1

Lemma5. Let {¢;,i > 1} bea sequence of independent and identically distributed random variables
with mean zero, finite variance o> and E¢] < oo. Let {dy}, {Dy} be defined as in Theorem 1. Then

forallx € R,

nlgrgo Z dkl{ ! i (s% — 02) < x} =d(x) as.

kVar(e3) i=1

)

Proof. Denote T = Z 1 (¢2 — 02). Suppose that f is a bounded Lipschitz function. By

classical central limit theorem we have

Ef(T)—HSf(N) as k — oo.
kVar(e3)
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By the conclusions in Section 2 of Peligrad and Shao [31] and Theorem 7.1 of Billings-
ley [32], we know that (7) is equivalent to

lim — def =Ef(N), as.
n=e D ( kVar(e %))
Hence, to prove (7), it suffices to show that
n
Dlzdk[f(n) Ef(ﬂ)] o as e ®
k=1 kVar(e3) kVar(e3)
. T, Ty

For convenience, let Wy = f (W) — Ef (WT()) Notice that {¢;,i € Z} are

independent, both f and f’ are bounded, then we conclude thatfor1 <k <j <mn,

Cov | fl T | s T
kVar(e3) jVar(e3)

corl s N[ n \ (n-n
\/kVar(e2) ’ jVar(e?) jVar(e3)

|EWkW]-| =

T, - Tk
< GE|f
]Var ]Var
2)1/2
]Var(e%) 1/]Var e2)
2
. kVar(el) 1/2
]Var(e%)

then by Lemma 4 with § = 1/2 and a(k) = 0, (8) holds, and therefore, the proof of (7)
is completed. O

Lemma 6. Under the assumptions of Theorem 1, for any 1 < j < q, we have

n
lim sup loglﬂ Z Y2 =0 as.

n—oo i=1

Proof. Let ny = [k*], « > 2. By Lemma 2 and the Markov inequality, for any € > 0, it is
easy to known that

o o loglog i ¢ o
kg P< 3/2 Z Y‘]» >e€

< G Z loglog 111 108 Mk+1 Z EY

= 372
k=1 ny
loglog 11411
< G Z T
k=1 ng

loglog k+1)
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Then by the Borel-Cantelli lemma, we obtain

logl
o8 03%;1"“ ZY% —0 as. as k— oo. ©)

Similarly, by Lemma 2 and the Markov inequality, for any € > 0, one can obtain

n

Z P <log 108 k41 max Z Y-zj > e>

3/2 Me<n<Mpyq ;- 1

loglog ng41 - 2
< C E Yij
< 1): R P 1-2%1 ;

© oo loo 1 Met1
< oY % Y, EY?
k=1 le i=np+1

loglogn
< G Z £ 38/2k+1 (M1 — 1g]

loglog(k+1
< z%ww“—kﬂ

loglog(k + 1)
< G Z ka/2+1 < oo

By the Borel-Cantelli lemma, it follows that

n

loglogn
%ﬂkﬂ max ) Y»zj —0 as. as k— . (10)
ny M <HSMpet ng+1

Then combining (9) with (10), for n, < n < ny1, one can obtain

loglogn
lim sup g3/;g Z
n—oo
, loglogn . loglogn 2
< limsup & 3g/2 kil 2 +11msupw max Z Y%
k—o0 k—o0 nk Me<n<Mjyq ; ne+1

— 0 as. as k—>oo.
Thus, the proof of Lemma 6 is completed. O
Lemma 7. Under the assumptions of Theorem 1, for any 1 < j, 1 < g, we have

lim sup logISO/%n ZZl]l =0 as.

n—o0

Proof. By Lemma 2 and the Markov inequality, for any € > 0, it is easy to see that

s (loglogn)
Z ( g5/g2 Zzlﬂ>€>

> (loglogn)?

= G 2 Z Ezlﬂ
n=1
=2 (logl 2

S C2 Z ( og Ogn)
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oo
2 .
= n3/
By the Borel-Cantelli lemma, one can obtain
(loglogn)~
2 2 Zz]l a.s. as n — .

The proof of Lemma 7 is completed. [
Lemma 8. Under the assumptions of Theorem 1, for any 1 < j < g, we have

log 1 1/2 n
lim sup L°81087) % Y- Vi =0 as
n—sco n

Proof. Let

Ym—z ij€is 1<m<n.

Let F,,, be the o-algebra generated by the random variables {¢;,1 < i < m}. By the fact
that Yj; and ¢; are independent, it is easy to compute that the process { Y, Fiu, 1 <m < n}
isa martmgale By Lemmas 1 and 2, for some 2 < t < 4, we know

n t
ElY,|' =E

i=1
o t/2
<CGE (ZE(Yﬁ %|]:il)> ] +CzE<maX |Y; €z|>
i=1

i=1

n t/2 n
< GE (Z EY5> [E3]2+ Cy Y EIYy| - Eleqf
i=1
<Csn'’/? + Cgn < Cyn'/?. (11)
By the Markov inequality and (11), for any € > 0, it is easy to obtain

) 1/2 n
Z <loglogn |Z €l|>€>

n t

Bl LY

(loglogn)!/? £/2
(

(loglogn t/z

IN

-— = n
nt

t/2
loglogn) < oo,

= nt/2

G ).
n=1

< G i
n=1

G ),
n=1

By the Borel-Cantelli lemma, we can obtain

(log 10g n)l/2

n

LY

a.s. as n — 0.

The proof of Lemma 8 is completed. [
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Lemma 9. Under the assumptions of Theorem 1, for any 1 < j, 1 < g, we have

lim sup
n—oo

Proof. Let n; = [k*], « > 2. By Lemma 2, the Markov inequality, C, inequality and
Cauchy—Schwarz inequality, for any € > 0, it is easy to see that

loglogn Uk

Z p< ) 38/2k+1|21 Zines| >€>
(log1 2
(loglogn

Cy Z g 8 kt1) (2 Zz]l€1>

<
)
(loglog ny 1)?
< CZZT+'nk2EZ1'2jl£lz'
k i=1
(loglog 1y i
< G Z & ;;52 11)° Z(EZ4-)1/2(E54)1/2
k i=1
loglogn (loglo k+1
SC4Z(g§kk“ CE gg )
k=1

Then by the Borel-Cantelli lemma, we obtain

loglogn s
1y 1=

Similarly, By Lemma 2 and the Markov inequality and C, inequality, for any € > 0,
one can obtain
€>

2

< .
ny ng<n< nm i1

n
Z Zijlei >

32 e <NSTeyt | ng+1

Z P<log log ny11 max

[e0]

A
O
1e 1M1

2
0o Mgt
< Zloglogwg( Z |Zijl€i>
=1 k i=ng+1
- 2 Mk41
< Z M ”k 1— nk Z E [Zz]l‘c’ }
= k i=np+1
o Njt1
<Gl (oglogmen)® (o —my) 3 (BZd)V2(Eet)2
= k i=ng+1
>, (loglogn
S Z ggkkJrl) (”k+l — nk)Z
= (loglog(k+1))* o1 (loglog(k +1))*
< Z o e < ¢ ka2

By the Borel-Cantelli lemma, it follows that

loglogn
08708 Mic+1 3g/2k+1 max
mny <<y

n
Y. Zije

i=np+1

—0 as. as k— oo. (13)
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Then combining (12) with (13), for n, < n < ny 1, one can obtain

. loglogn | &
lim sup 372 Z Zjjig
n—oo n i—1
) loglogn ok ) loglogn &
< hmsup% Zzijlsi —l—hmsup% max Zjji€;
k—>o0 1y i—1 k—sco ny M <SHSMet |11

— 0 as. as k— oo
The proof of Lemma 9 is completed. [

Lemma 10. Under the assumptions of Theorem 1, for any 1 < j, 1,k < g, we have

n

Z Zilk

1 3/2
lim sup M =0 as.

n—o0

n

Z zlk

n=1

Proof. By Lemma 2, the Markov inequality, C;, inequality and Cauchy-Schwarz inequality,
for any € > 0, it is easy to see that

n
Z Ziik

Z p<(loglogn )3/2
t/2
logl
M t/2— 12E[| |t/2|zilk|t/2}

=, (loglogn)3t/4
C1Z(gg
n=1

IN

IA
0
N

agk

3
Il
—_

(loglog n)3/4 & 172 12
%2( Yil") " (E|Zinel")
i=

(loglogn)3t/4

nt/2

IA
0
[6%]

[1e

3
Il
—_

< G < oo,

e

Il
—

n

where 2 < t < 41is defined in Assumption 1.
By the Borel-Cantelli lemma, we obtain

n

Z 1lk

loglogn)3/?
E@%Lf 05, as 1 oo,

The proof of Lemma 10 is completed. [J

4. Proof

Recall (1) and (3), by Taylor’s expansion expansion with the Lagrange remainder, there
exists A € (0,1),and 8* = 0+ A (6 — )

Y—fEZG—G —0,)Zij. (14)

Then by (14), we can obtain

Varn(e%) <&£ a 02)
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|
— N
N—
1=
Ang/
~—~
>
|
=
=
Ny
0

_ 7(8%) Z Z Y (6; —6,) (6, — 6;) Zije

=
S
)

no4 4 4
WVar(@) YY) Y (8, —6) (6 —6) (B — 6k)YijZisk

)i j=11=1k=1

1 & 2 2
- - s — Ee5
nVar(e%) i:l( ! i)

=0y + Lo — I3 — Lia + Is + Lye.

=N

Recall the elementary inequality

(£on) < () (£7)

For I,,1, by (5) and (16) and Lemma 6, it is easy to know that

1 nof 2

q 9 n
=\ 5O B L
]:

nVar €1) p

sy

n

1 n 1 1. loglogn
— Y (6 —0)* Y. 0= Y2
Var(e3) loglogn ="/ 7 &5 w2 H Y

—0 a.s. as n — oo.

For I,;5, by (5) and (16) and Lemma 7, one can obtain

n (4 49 A 2
In2: 167’[Vla7‘(€%)|:1:21< 2(9]'—9]')(91—91)2,']]>]

j=11=1

1 1. 9 9 9 n
< m;((’j*(’j)z'2(91791)”22221@1

1 I=1 j=11=1i=1

2
1 n g L (- (loglogn)® -,
-—L_ Fo-07) LE y2,
4 Vm,(g%)<loglognj_1 77 55 nd/2 =

—0 a.s. as n — oo.

(15)

(16)

(17)

(18)
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For I3, by (5) and (16) and Lemma 8, one can obtain

[ g n
=\ T nVar ; 9 - 9 1221 Yijei]
q g ; 2 1/2
Ar —_— . 2 . .. .
\/ nVar ];(9] 9]) ]; (zg Yl]sl) }

2
2 n )2 g ( loglogn )2 & )
/Var(e%) lloglogn].Z ];1 Z

—0 a.s. as n — oo. (19)

—_

1/2

For I,,4, by (5) and (16) and Lemma 9, we have

2
1 n i .
= (9.9.)2> .
\/ Var(€3) [(105510%”]; b j=1i=1

—0 a.s. as n — oo. (20)

For I,;5, by (5) and (16) and Lemma 10, we know

s = |——— i i i(é,- —0;)(0; — 6;) (6 — 6) i Yijzilk]

nVar(el) | = (= 5 i=1
_ )7 1/2
1 7 , , & , L n
v Y (0;—0)7-) (6—6)7- ) (Bc—060)7- Y ) Y | ) YiiZik
nVar(ey) j=1 I=1 k=1 j=11=1k=1 \i=1
(g 0 07) £ (o )]
] ] ij&ilk
Var(e?) loglogn = j=li=1k=1 n? =
—0 a.s. as n — oco. (21)
Combing (17)—(21), one can obtain
Ln+Lp—ILs—ILu+1,5—0 as. as n— oo. (22)
For I,,4, by Lemma 5, it is obviously that
. 1 £ 2
lim — Z di Z(ei —Egf) <xp=®(x) as. (23)
Ao D kVar(3) i=1

Finally, (6) follows by combining (15), (22) with (23) and Lemma 3, thus the proof of
Theorem 1 is completed.
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5. Examples

Some examples are given in this section to verify the almost sure central limit theorem
for the error variance estimator for some special nonlinear autoregressive models. The first
example is a degenerate model, that is, AR(1) progresses.

Example 1. An AR(1) model is a family of { X;} of random variables such that for every i > 1
Xi =0Xi1+¢

where {&;,i > 1} is a collection of i.i.d. random variables with zero mean and finite variance o>. We
also assume that E exp{yle;ej|} < oo for some v > 0and any i,j > 1. It is obviously that {X;} is
a stationary model under the condition |6| < 1.

It is easy to check that the Assumption 1 holds naturally. For Assumption 2, by
Theorem 1 of Wang et al. [26] and Eexp{|e;ej|} < oo, (5) holds for the least squares
estimator 0. Therefore, we have the following statement for AR(1) progression due to
Theorem 1.

Theorem 2. Suppose {dy} is a sequence of positive numbers satisfying conditions (C1) and (C2).
For the above AR(1) model, if E exp{y|e;ej|} < oo for some y > 0and anyi,j > 1, forany x € R,
one can obtain

n
lim 1 Y dil L (6’% - 02) <xp=®(x) as.
e Pk Var(e3)

The next example concerns the self-exciting threshold autoregressive (SETAR) pro-
gresses.

Example 2. Let {X;,i > p} be a sequence of stationary and geometrically ergodic random variable
satisfying the following continuous SETAR(p,1,d) progresses.

4
ap + 2 A Xi—m + &, if Xi—q € Ry,

m=1

X = .
|4 J
ap + 2 ani—m + Z be(Xi—g—rk1)+ei, if X g€ Rj,j =2,...,1
m=1 k=2

where {e;} is a collection of i.i.d. random variables with zero mean and finite variance 0>, Ry, ..., R,
are the different regions with Ry = (rs_1,7s| for1 <s <l and —co =1y <r; <1y < --- <
ri_1 < r; = oo are the thresholds. Let 6y = (ao,...,ap,bz,...,b,,rl,...,rl,l)T €O CR
be the true parameters of the progresses and 0 = (ay, .. .,EP,EZ,. ..,El,?l, . ..,?l,l)T, X, =
(Xiso o Xizpy1) T g=p+20—1

Condition € Suppose that {¢;} has the density h and the density f of X; is continuous
and has a support including the interval [rmin — #, ¥max + ], 7 > 0 where rin = min{7; :
0 € O}, rmax = max{7_1 : 0 € @}. There is some ¢ > 0 such that #,_; < 7 — ¢ for all
6c®andk=2,...,L

By Corollary 3.1 of Liebscher [2], under Condition € and Ele;|? < oo, E||X;||7 < oo,
v > 4, the Assumption 2 holds. Therefore, we have the following result for SETAR
progresses due to Theorem 1.
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Theorem 3. Suppose {dy} is a sequence of positive numbers satisfying conditions (C1) and (C2).
For the above SETAR(p, 1,d) progresses, under Assumption 1 and Condition € and E|e;|7 < oo,
E||X;||T < o0, v > 4, for any x € R, one can obtain

n
lim Y dil VR (?7,% - (72) <xp=®(x) as
e P Var(e2)

Next, we will consider the threshold-exponential AR progresses.

Example 3. Let Rj, j = 1,-- -, K be non-overlapping and non-empty intervals of R such that
U;j R; = R. A combined threshold-exponential AR progresses is defined by

K
X =) (0 +BjXi1) [{Xi1 € R} + ce XX g +e,
=1

with Xo = xo and {&;} is a collection of i.i.d. random variables with zero mean. Let the
true parameters 0o = (a1, - ,ax,B1,- -, Br c,fy)T € © C R7 and the parameters 0 =
(@, &, By, B, & 7)) " withq =2K +2.

For Assumption 2,ifc # 0,7y >0, |g;| <1,j=1,--- ,Kand Elgi|?™? < oo for some
6 > 0, by Theorem 4 of Yao [28], (5) holds for the least squares estimator 0. Therefore, we
have the following statement for threshold-exponential AR progresses due to Theorem 1.

Theorem 4. Suppose {dy} is a sequence of positive numbers satisfying conditions (C1) and (C2).
For the above threshold-exponential AR progresses, ifc # 0,y >0, [B;j| <1,j=1,--- ,Kand
Elej|**® < oo for some 6 > 0 and Ee} < oo, then under Assumption 1, for any x € R, one
can obtain

lim Di idkl{\/%(ff,? — (72) < x} =®(x) as.

" k=1 Var(e2)
Next, we will consider the multilayer perceptrons progress.

Example 4. Multilayer perceptrons progressesw have become popular in nonlinear modeling due to
its universal approximation ability. Such an example is the model described below which has p input
units feeding by variables X;_q,- -+, Xj_ pat time i, a hidden layer with K units and one output
unit which provides the variable X;

K P
Xi=) ap (Z BiiXi—1 + ,30j> + a0+ ¢,
=1 =1

where {¢;} is a collection of i.i.d. random variables with zero mean. Let the true parame-
ters O = (ap,- - sai, B0 <1 < p1 <j< K)' € ® C RY and the parameters
0= (%, &k, By, 0 <1 < p,1 <j<K)" withqg=1+K(p+1).

For Assumption 2 and sigmoid map (x) = tanh(x) = %, if for all 6 are different

from 69, there exists x € R? such that r¢(x) # rg,(x), E|e;|®" < oo for some § > 0 and the
matrix Iy is regular, where

drg(x) dre(x)
Iy = Z/RP Ma, (x)pe, (dx), Mp(x) = ( 26, 'Tej)léz}jéq'
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then by Theorem 5 of Yao [28], (5) holds for the least squares estimator 8. Therefore, we
have the following statement for multilayer perceptrons due to Theorem 1.

Theorem 5. Suppose {dy} is a sequence of positive numbers satisfying conditions (C1) and (C2).
For the univariate multilayer perceptrons progress with (x) = tanh(x), if for all 8 different from
0o, there exists x € RP such that rg(x) # re,(x), E|e;|®+® < oo for some & > 0 and the matrix I
is reqular, then under Assumption 1, for any x € R, one can obtain

n
lim — Y dil VR (?7,% — 02) <xp=®(x) as.

1
e D (5 Var(e?)

6. Conclusions

In this paper, using Taylor’s expansion, the Borel-Cantelli lemma and the classical
almost sure central limit theorem for independent random variables, the authors establish
the almost sure central limit theorem for the error variance estimator for nonlinear autore-
gressive progresses with independent and identical distributed errors. The results extend
the almost sure central limit theorem for the error variance estimator to the nonlinear au-
toregressive progresses. Four examples, first-order autoregressive processes, self-exciting
threshold autoregressive processes, threshold-exponential AR progresses and multilayer
perceptrons progress, are given to verify the results. In the future, we will try to investigate
the almost sure central limit theorem for the error variance estimator for nonlinear autore-
gressive progresses with dependent errors and the moderate deviation principle for the
error variance estimator for nonlinear autoregressive progresses with independent errors.
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