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Abstract: High-speed train operation may cause vibration near track facilities and propagate far
through the ground, affecting people’s lives, work, and normal use of precision instruments in an
urban environment. An efficient numerical method is proposed to calculate the non-uniform ground
vibration under a moving high-speed railway load. The theory of stochastic variables is used to
describe the soil spatial variability of the non-uniform layered elastic ground, and the coupled 2.5D
random finite element method (FEM) is proposed to reduce the computational cost without losing
accuracy. Vibration propagation and attenuation of the non-uniform layered ground are investigated
and the effect of train speed and soil non-homogeneity are analyzed. Results show that (1) at cross
speed and high speed, the homogeneity coefficient of the layered ground has the most important
influence on the ground vibration amplitude; (2) the upward acceleration is much larger than the
downward acceleration at most speeds, and at cross speed and high speed, the acceleration amplitude
decreases with the increase in the homogeneity coefficient; (3) as train speed increases from 60 m/s to
130 m/s, the influencing range of the homogeneity coefficient increases to 10 m from 2 m; and (4) the
phenomenon of an in increase in local rebound can be observed in the velocity and acceleration
attenuation curve at cross speed when the ground soil has a weaker homogeneity.

Keywords: numerical simulation; high-speed railway; soil non-homogeneity; ground vibration; 2.5D
random FEM

MSC: 74-10; 74H45; 74B05; 75G15; 65N30; 65P99

1. Introduction

In recent years, high-speed railway (HSR) has developed as a convenient means of
transportation in China. The HSR operation may cause vibration near track facilities
and propagate far through the ground, affecting people’s lives, work, and normal use of
precision instruments in an urban environment [1]. Hence, it has become a key challenge
to reasonably evaluate the ground vibration caused by trains and its impact on the adjacent
environment in HSR construction.

Investigations concerning the ground vibration induced by moving surface loads date
back to the 1950s, and have been reviewed in detailed by Beskou and Theodorakopoulos [2],
from track–ground models to computation methods of the dynamic system. Researchers
have allocated many efforts to this subject using analytical [3,4], numerical (such as FEM
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and BEM) [5,6], or semi-analytical methods [7,8]. The moving loads may cause the Doppler
or Mach radiation effects of a traveling wave at some critical speed, due to the properties
of wave propagation in the embankment–ground system and the bending wave propa-
gation in the track [2,6]; these can be simulated through the 3D FEM model, but this is
usually too time-consuming in practice. An accurate 3D numerical model often has a large
computational cost due to the high speed of HSR (250–400 km/h), while a simplified 2D
plane strain numerical model often lowers the result precision although it has a higher
calculation speed. In order to avoid the shortcomings of 2D/3D numerical models and fully
utilize their advantages, Yang and Hung [9,10] proposed a two-and-a-half finite element
method (2.5D FEM) to study the ground dynamic response under moving train loads. The
same numerical concept was also adopted by Takemiya and Bian [11–13] to evaluate the
dynamic stress and long-term settlement of the layered ground under a moving railway
load. In this semi-numerical model, the geometric shape and material properties of the
track structure–elastic soil are assumed to be unchanged along the moving load, and the
finite element discretization in the numerical calculation is only required in the section
perpendicular to the track; hence, the 2.5D FEM can significantly reduce the numerical
computational cost by about 200 times without losing accuracy [10,14,15].

As suggested by Dieterman et al. [7] and Sheng et al. [16], the elaborated physical
soil characteristic should be described as close to the actual situations as possible, since
it has an important effect on the numerical accuracy of the track–ground dynamic re-
sponse. In most of the previous studies, the granular soil medium is usually treated as
a homogeneous material, and the effect of soil spatial variability on the ground vibra-
tion is often neglected. In fact, it is well known that the soil properties are inherently
variable and have considerable randomness, which leads to strong non-uniformity even
within “homogeneous” ground layers [17,18] and often makes deterministic predictions
of vibration propagation inaccurate [19]. Analyses of the impacts of soil variability on
the ground seismic/dynamic response have been conducted using stochastic field the-
ory [20–23]. As another method to consider the soil non-uniform characteristics, stochastic
variable theory is also widely used due to its simplicity, small computational cost, and
high efficiency [24,25]. Assimki et al. [24] investigated the influence of soil space change
on ground movement using the standard Monte Carlo (MC) simulation framework, and
found that changes in soil properties have a considerable impact on ground vibration. To
investigate the spatial heterogeneity of soil stiffness on wave propagation, Coelho et al. [26]
developed a dynamic random finite element model by means of random variable theory
and the Monte Carlo approach. To obtain reliable vibration and attenuation prediction,
spatial variability should be undoubtedly included in the simulation of train-induced
ground vibration. In previous studies, uniform elastic or layered ground vibrations under
railway loads have attracted a large amount of attention [9–16,27–29]. However, until
now, only a few works concerning non-uniform soil have been undertaken to elucidate
the impact of soil non-homogeneity on the ground vibration and propagation. For exam-
ple, Gao et al. [30] established a semi-analytical boundary element method based on the
thin-layer method to analyze the 3D non-uniform ground vibration caused by a train load,
pointing out that the non-uniform coefficient has an important impact on the vibration
isolation. Zhou et al. [31] employed integral transformation and elastic dynamic theory
to analyze the vibration characteristics of a 2D non-uniform foundation having a shear
modulus that linearly varied with depth, and results showed that the load speed and soil
non-uniformity significantly affected the dynamic response of the foundation. Ma et al. [32]
established the governing equation for the dynamic response of gradient non-uniform soil
under a moving load and analyzed the influence of soil non-uniformity using the back
propagation ray matrix method. Although not commonly used, other methods, such as the
finite difference method and differential quadrature method [33–35], are also useful for the
further study of the ground vibration caused by train loads. It is shown in these studies that
the non-uniform characteristics of ground soil is of great significance and worth considering
to understand the special characteristics and propagation of the ground vibration.
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In this study, an efficient numerical method is established to investigate the vibration
of non-uniform layered ground under an HSR load, with consideration of the soil spatial
variability. The theory of stochastic variables is adopted to describe the non-uniform
layered elastic ground, and a semi-numerical 2.5D random FEM program is proposed to
solve the coupled model. The 3D problems then can be solved using the 2D plane numerical
model, and the results can be quickly and accurately derived in a single computation, which
can significantly reduce the computation cost without losing accuracy. Finally, ground
vibration and attenuation characteristics of a layered elastic foundation considering the
spatial variability of surface soil are investigated, and numerical calculations at different
train speeds are conducted to analyze the influence of train speed and soil non-homogeneity
on the ground vibration.

2. Analysis Model and Solution Method
2.1. Formulation of 2.5D FEM Considering Spatial Variability
2.1.1. Basic 2.5D Finite Element Model

In elasto-dynamic theory, the governing equation is actually a partial differential
equation system [5,6]. When we perform Fourier transform on the time term and load
moving direction variables of the dynamic equations, the final formulation for the 2.5D
finite element numerical method of an elastic medium can be derived and expressed as
follows [9,10]:

(K − ω2M)× ũ = F (1)

where ω is the circular frequency, ũ and F are the node displacement of the ground soil and
external equivalent node load in the frequency–wavenumber domain, and K and M are the
coefficient matrices of stiffness and mass, expressed as follows:

F = ∑
e

NT f |J|dηdε

M = ∑
e

ρe
x

NT N|J|dηdε

K = ∑
e
(B∗N)

T D(BN)|J|dηdε

in which D is the stress matrix and B is the partial derivative matrix of the elastic medium;
the superscript ‘*’ and ‘T’ represent the conjugate and transpose of the matrix; J is the
Jacobi matrix; f is the equivalent node load vector; and N is the shape function of a 4-node
isoparametric finite element for discretization, and can be expressed as:

Ni(η, ξ) =
1
4
(1 + ηiη)(1 + ξiξ)

where η, ξ are local coordinates of the element and ηi, ξi are node coefficients. Readers can
refer to more details in the study presented by Yang and Hung [9,10] about the derivation
process and parameter meanings.

2.1.2. Consideration of the Soil Spatial Variability

In non-uniform ground soil, the interior of the soil elements is considered to be
uniform, while each element is distributed independently with a randomized physical
property. The physical property (e.g., elastic modulus) of each element varies with its spatial
position and has a Weibull statistical distribution [36,37], and the probability distribution
function is as follows:

f (x, λ, β) =

{
β
λ (

x
λ )

β−1 exp(−( x
λ )

β) x ≥ 0
0 x < 0

(2)
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where x and λ represent the unit mechanic parameters and its average level in the soil
layer, and β represents the shape parameter of the distribution function, which is called
the homogeneity coefficient of the soil medium. This distribution function was adopted
by Lei [37] to simulate the spatial heterogeneity and spatial distribution law of the soil’s
physical and mechanical parameters, which provided distinct advantages over traditional
models in simplicity and efficiency. This relationship is then directly incorporated into
the 2.5D FEM model presented in the previous part to consider the influence of the soil
spatial variability. As shown in Figure 1, the probability distribution function is strongly
influenced by the shape parameter β. By changing the shape parameter of the model, the
influence of the non-uniformity of the soil on the ground vibration can be considered. It
can be observed that when there is a smaller homogeneity coefficient (e.g., taken as 2), the
distribution range of the soil element property parameter has a wide scope, indicating a
weaker homogeneity of the ground soil. In the most common scenario, the median value of
5 is taken, and is used here. At a specific homogeneity coefficient value, sufficient automatic
Monte Carlo simulations (MCs) were conducted on the computers to generate random
variables with a convergent mean value of the probability characteristic. The physical
property values with a non-uniform distribution for the soil cells serve as the calculation
parameters in the finite element calculation at each specific uniform coefficient.

Mathematics 2024, 12, x FOR PEER REVIEW 4 of 17 
 

 

2.1.2. Consideration of the Soil Spatial Variability 
In non-uniform ground soil, the interior of the soil elements is considered to be uni-

form, while each element is distributed independently with a randomized physical prop-
erty. The physical property (e.g., elastic modulus) of each element varies with its spatial 
position and has a Weibull statistical distribution [36,37], and the probability distribution 
function is as follows: 

( )
1

exp 0, ,
0 0

x x xf x
x

β ββ
λ β λ λ λ

−    − ≥    =     
 <

（ ）

  

(2)

where x and λ  represent the unit mechanic parameters and its average level in the soil 
layer, and β  represents the shape parameter of the distribution function, which is called 
the homogeneity coefficient of the soil medium. This distribution function was adopted 
by Lei [37] to simulate the spatial heterogeneity and spatial distribution law of the soil’s 
physical and mechanical parameters, which provided distinct advantages over traditional 
models in simplicity and efficiency. This relationship is then directly incorporated into the 
2.5D FEM model presented in the previous part to consider the influence of the soil spatial 
variability. As shown in Figure 1, the probability distribution function is strongly influ-
enced by the shape parameter β . By changing the shape parameter of the model, the 
influence of the non-uniformity of the soil on the ground vibration can be considered. It 
can be observed that when there is a smaller homogeneity coefficient (e.g., taken as 2), the 
distribution range of the soil element property parameter has a wide scope, indicating a 
weaker homogeneity of the ground soil. In the most common scenario, the median value 
of 5 is taken, and is used here. At a specific homogeneity coefficient value, sufficient au-
tomatic Monte Carlo simulations (MCs) were conducted on the computers to generate 
random variables with a convergent mean value of the probability characteristic. The 
physical property values with a non-uniform distribution for the soil cells serve as the 
calculation parameters in the finite element calculation at each specific uniform coeffi-
cient. 

 
Figure 1. Probability distribution function of the Weibull statistical distribution influenced by the 
shape parameter. 

2.1.3. Track System Modeling and Train Loads 
In the research on ground vibration, it is generally believed that the entire track sys-

tem undergoes an overall deformation under train loads. The track system (including the 
rails and the embankment) can be simulated as a composite Euler beam with a bending 

Figure 1. Probability distribution function of the Weibull statistical distribution influenced by the
shape parameter.

2.1.3. Track System Modeling and Train Loads

In the research on ground vibration, it is generally believed that the entire track system
undergoes an overall deformation under train loads. The track system (including the rails
and the embankment) can be simulated as a composite Euler beam with a bending stiffness
of EI [12,14], and the dynamic equation of the track structure in the frequency–wavenumber
domain under load p0δ(x − ct) can be expressed as [12]:

(EIξ4
x − mω4)uxt

r = f xt
IT(ξx, ω) + pxt

0 (ξx, ω)

and expressed in a matrix form as:

KTTUTT = FIT + FT (3)

where ξx is the wave number variable, m is the comprehensive mass of the track system,
uxt

r is the displacement of the track in the frequency–wavenumber domain, and pxt
0 (ξx, ω)

and f xt
IT(ξx, ω) are the external dynamic train load on the track and the reactive force at

the foundation contact point in the frequency–wavenumber domain, respectively. UTT
represents three orthogonal displacement vectors of the track nodes (including vertical
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displacement and two horizontal displacements). The coupled elastic 2.5D random FEM
calculation model for the track non-uniform ground under a high-speed railway load can
be obtained by combining Equations (1)–(3).

Consider a train comprising N cars, where each car has four pairs of wheels and the
train load acts on the track moving along the x-direction with a velocity of Vc. Based on the
geometry and loading information of the train [12], the series of train wheel loads in the
frequency–wavenumber domain is directly described mathematically as follows:

p̃(ξx, y, z, ω) =
2π

Vc
δ(ξx −

ω

Vc
)χ(ξx)

where χ(ξx) =
N−1
∑

n=1
[Pn1(1+ exp(−ianξx) + Pn2(exp(−i(an + bn)ξx) + exp(−i(2an + bn)ξx)]

exp(−i
N−1
∑

k=0
Lkξx), Pn1 and Pn2 are the axle loads for the front and rear bogies; L0 is the

distance to a reference position ahead of the first axle load position and Li is the ith car
length; an, bn are the distances between axles.

Figure 2 shows the schematic diagram of the coupled track non-uniform layered
ground model established in this paper. The vertical cross-section of the track–soil is dis-
cretized using 4-node isoparametric elements, and visco-elastic wave absorbing boundaries
truncate the modeling space at both sides to prevent the reflection of the external traveling
waves [38]. During programming, the train load in the frequency–wavenumber domain
is directly applied to the contact points between the track and foundation model. An
iterative calculation is performed to solve the governing equations and the double Fourier
transform is conducted to obtain the dynamic response in the time–space domain, and this
can be simplified to a single Fourier transform using the property of the Dirac function to
improve efficiency.
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Figure 2. Schematic diagram of the coupled track non-uniform layered elastic ground. 
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2.2. Program Verification of the Coupled 2.5D Random FEM

In this section, the verification of the coupled 2.5D random FEM for an elastic medium
is carried out in two steps. Firstly, the existing analytical solution for a 3D homogeneous
half-space subjected to a moving load is compared with the results of the 2.5D FEM
program used in this study. Subsequently, we degenerate the coupled non-uniform elastic
2.5D random FEM model to the uniform model and compare the result with the existing
analytical solution for elastic media.
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2.2.1. Verification of 2.5D FEM Calculation Program

The analytical solution [3] is used for comparison and verification. Here, the ground
of a half-space is approximated by a 20 m × 20 m uniform soil layer on a rigid rock layer,
and a vertical point load is applied to the ground surface with a velocity of 90 m/s in
the x-direction. Visco-elastic boundaries are used on both sides of the model, and a fixed
boundary is used at the bottom. The density, elastic modulus, Poisson’s ratio, and shear-
wave velocity of the soil are 2000 kg/m3, 50 MPa, 0.25, and 100 m/s, respectively, and the
material damping coefficient is 0.05. The mesh size of the element is 0.5 m × 0.5 m, and
there are 40 elements in both directions, as shown in Figure 3. The nodes and elements
are numbered in an S-shaped pattern from the top left to the bottom right. The degrees
of freedom for bottom fixed nodes are marked as 0, and the unknown degrees of freedom
are marked as 1 in the programming process. There are 41 fixed constraints at the bottom
nodes. The load is applied to the node marked 821 in the vertical direction. The dynamic
response of the node marked 823 located 1.0 m beneath the surface load is investigated. The
normalized horizontal and vertical displacement multiplied by 2πρV2

s /P is presented in
Figure 4. The analytical solution [3] is also depicted for comparison, and the two solutions
are in good agreement, indicating the reliability of the 2.5D FEM program in this paper.
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2.2.2. Verification of Non-Uniform Elastic Soil Model

The coupled 2.5D random FEM model for the non-uniform elastic soil degenerates into
the uniform model when the shape parameter takes a sufficiently large value (here taken as
200). In this situation, we can inspect the displacement results in three directions, as shown
in Figure 5, where the subscript “z” represents the vertical direction, “x” represents the
moving load direction, and “y” represents the lateral direction perpendicular to the moving
load. The results of the coupled 2.5D random FEM model are in good agreement with the
analytical solution [3] when degenerated to the uniform model, illustrating the reliability of
the present model. Furthermore, it can be observed that the lateral displacement is almost
zero and the displacement in the moving load direction is small enough to be ignored
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compared to the vertical displacement; therefore, only vertical displacement is considered
in the analysis hereafter.
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3. Analysis of the Key Factors Influencing the Ground Vibration

To clarify the key factors influencing the ground dynamic response and the choice of
non-uniform parameters, the basic 2.5D FEM model proposed in Section 2.1.1 is used to
study the vertical and horizontal ground displacement and its attenuation. The monitoring
points are located with a spacing of 0.5 m on the ground surface. The benchmark values
and variation range of the soil physical parameters, i.e., Young’s modulus, Poisson’s
ratio, density, and load velocity, are listed in Table 1. The parameters remain at their
benchmark values unless otherwise specified. The shear wave and Rayleigh wave velocity
corresponding to the benchmark soil parameters are 114 m/s and 124 m/s, respectively.
Table 2 shows the detailed values of the calculation parameters. Figure 6 shows the
attenuation and decay rate of the maximum normalized ground displacement in the
x and z- directions. It can be seen that the Z-direction displacement is much greater
and also decays faster with distance than that of the X-direction within 4 m from the
loading point. Figure 7 shows the attenuation of the normalized ground displacement
when soil parameters and velocity vary according to Table 2. It can be clearly seen that
Young’s modulus and load velocity have enormous implications compared to Poisson’s
ratio and density. To quantitatively illustrate the sensitivity level of parameters affecting
the vibration propagation, the concept of sensitivity in system analysis is introduced using
a non-repetitive variance quantification. Here, sensitivity is defined as the sensitivity
coefficient multiplied by the change rate of the input variable:

ηss = ηsr ×
max xr − min xr

x

Two sets of experimental parameters are taken at low and high levels, respectively, at
moving point loads, and response data are normalized by the result at the loading point.
The parameter sensitivity of normalized ground displacement is depicted in Figure 8. It
can be found that the elastic modulus and train speed greatly affect the propagation and
attenuation of ground vibration. Therefore, the influence of elastic modulus variability
at different train speeds is investigated hereafter, and Poisson’s ratio and density are
considered deterministic.
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Table 1. Basic parameters for ground vibration simulation in half-space.

Parameters Young’s Modulus (MPa) Poisson’s Ratio Density (kg/m3) Load Velocity (m/s)

Benchmark Values 80 0.30 2000 70.0
Variation range [20, 160] [0.20, 0.45] [1300, 2300] [55.6, 164.0]

Table 2. Detailed values of calculation parameters for ground vibration simulation.

Young’s Modulus (MPa) Poisson’s Ratio Density (kg/m3) Load Velocity (m/s)

20 0.20 1300 55.6
25 0.23 1500 70.0
40 0.25 1700 83.3
60 0.30 1900 97.2
80 0.35 2100 111.1
100 0.40 2300 125.0
120 0.45 - 164.0
160 - - -
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4. Vibration of Non-Uniform Elastic Layered Ground at Different Train Speeds

The calculation parameters for the non-uniform stratified ground are represented in
Table 3, with 15, 5, and 2 chosen as representative coefficients to indicate the homogeneity
of the soil elastic modulus. In practical geotechnical engineering, for soil with ordinary and
better homogeneity, the coefficient can be 2–5, and if the soil homogeneity is excellent after
soil improvement, the coefficient can be increased to 15–30. Regarding the train velocity, it
is always paid special attention by researchers. Here, we choose typical speeds to consider
their effect on the ground vibration. Costa et al. [39] pointed out that the critical speed of
the stratified ground with an upper soft and lower hard soil layer is between the Rayleigh
wave and shear wave velocity of the surface soil. This critical speed may cause resonance
between the foundation soil and the moving train, which threatens the operational safety
of the HRT. In the present study, the Rayleigh wave and shear wave velocity of the surface
soil are 88.75 m/s and 95 m/s; therefore, 94.5 m/s is referred to as the “cross-speed” [40],
which is faster than the Rayleigh wave speed and slower than the shear wave speed. Here,
we also take 60 m/s as the low speed and 130 m/s as the high speed, and we numerically
investigate the influence of the non-uniform characteristics of the layered foundation on
ground vibration at these three train speeds.

Table 3. Calculation parameters of non-uniform stratified elastic ground.

Soil
Layer
No.

Thickness
(m)

Shear Wave
Velocity

(m/s)

Density
(kg/m3)

Poisson’s
Ratio

Damping
Coefficient

Mean Value of
Elastic Modulus

(107 pa)

Homogeneity
Coefficient

Shear
Modulus
(107 pa)

1 2 95 1500 0.35 0.05 3.66 2, 5, 15 1.35
2 2 150 1700 0.30 0.05 9.95 200 3.83
3 26 280 1800 0.25 0.05 35.28 200 14.11

Figures 9–11 show the vertical acceleration time history curve of the ground surface
at the track center under different ground homogeneity coefficients, and the train speeds
are 60 m/s, 94.5 m/s, and 130 m/s respectively. We list different time history curves in
the same vertical coordinate range, which helps readers to observe the amplitude changes
with the homogeneity coefficient changes at the same vehicle speed. It can be seen that,
at the same train speed, the shape of the acceleration curve remains almost unchanged at
different values of β, and the acceleration upward is much larger than that downward at
most speeds. At the same β, the acceleration increment is not obvious when the train speed
increases from 94.5 m/s to 130 m/s. The ground acceleration exhibits a significant quasi-
static effect of the wheel axle at 60 m/s, and displays a fluctuation in vibration acceleration
at the high speed of 130 m/s. The non-homogeneity of the superficial soil affects the
peak ground acceleration in a different way: at the low speed of 60 m/s (Figure 9), both
upward and downward peak acceleration decrease significantly as β increases from 2 to
5. However, as β increases from 5 to 15, the peak acceleration change is not significant;
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the upward peak acceleration is much larger than that of downward acceleration. At the
cross speed of 94.5 m/s (Figure 10), the downward peak acceleration becomes as large
as the upward acceleration at β = 2, and both upward and downward peak acceleration
decrease as β increases from 2 to 15. When exceeding the cross speed and at the high-speed
of 130 m/s (Figure 11), the upward peak acceleration continues to decrease as β increases
from 2 to 15, while the downward peak value slightly increases, and the downward peak
acceleration becomes as large as the upward acceleration at β = 15. It can be concluded that
the non-uniformity of the superficial soil has a certain influence on the ground acceleration
at the track center, especially for the cross speed and high speed.
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When the train load acts on the track, it generates reciprocating downward and upward
acceleration as the wheel set passes by. The downward acceleration has a compaction effect
on the foundation soil, and does not cause damage to the foundation as long as it is below
the acceleration corresponding to the critical compressive strength of the soil. Meanwhile,
the upward acceleration generates tensile stress in the foundation, which may exceed
the fragile tensile strength of the soil, and this cyclic effect will inevitably have a certain
impact on the structural integrity and operational stability of the foundation soil and nearby
infrastructure. From Figures 9–11, it can be seen that at low speed, cross speed, and high
speed, when the soil homogeneity coefficient increases from 2 to 5 and then to 15, the
downward acceleration magnitude gradually decreases, and the reduction percentage of
the upward acceleration amplitude is about 9%, 25%, and 33%, respectively. Therefore, it
can be inferred that increasing the homogeneity coefficient is beneficial for the maintenance
of the foundation, especially at cross and high speeds.

The ground vertical displacement at the track center will affect the safety and comfort
of HSR. Figures 12–14 shows the time history curve of ground vertical displacement at the
track center at different homogeneity coefficients, and the train speeds are 60 m/s, 94.5 m/s,
and 130 m/s respectively. The ground displacement also exhibits a quasi-static effect of
the wheel axle at 60 m/s and 94.5 m/s, and we can clearly see the footprints of the train
wheels acting on the track. At the high speed of 130 m/s, the ground vibration acceleration
displays a fluctuating effect, which may be caused by the resonance of the track–ground
system when the train speed is high, up to a certain value. It can be seen from Figures 12–14
that, contrary to the ground acceleration situation, the downward ground displacement is
much larger than that of the upward displacement. The downward displacement decreases
as β increases from 2 to 5; however, the peak displacement change is not significant as
β increases from 5 to 15. At the high speed of 130 m/s, the ground acceleration shows a
more obvious fluctuating effect at β = 2, which means weaker homogeneity of the ground
soil. Improving soil homogeneity is beneficial for mitigating the ground displacement
at the track center; however, the impact is limited as the value of β exceeds 5. From
Figures 12–14, it can also be seen that at low speed, cross speed, and high speed, when the
soil homogeneity coefficient increases from 2 to 15, the downward displacement magnitude
decreases, and the reduction percentage of the displacement amplitude is about 22.2%,
34.4%, and 38.5%, respectively. Combining the analysis of Figures 9–11, it can be concluded
that, as the train speed increases from low speed to high speed, increasing the value of β
can significantly reduce the ground vibration characteristics at the track center.
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Figure 14. Time history curve of ground displacement at the track center at 130 m/s.

To study the law of variation of ground vibration with train speed and soil uniformity,
a numerical simulation is conducted to obtain the ground vibration velocity, displacement,
and acceleration under different speeds and uniformity coefficients. Figure 15 shows the
ground vibration amplitude attenuation with the distance from the track center at different
soil homogeneity coefficients and train speeds. It can be found that, in low-speed, cross-
speed, and high-speed conditions, the vibration amplitude near the track center increases
significantly as coefficient β decreases from 15 to 2. At a lower speed of 60 m/s, the spatial
influencing range of the homogeneity coefficient on the vibration amplitude is about 0–2 m.
At a cross speed of 94.5 m/s, the influencing range is 0–8 m. As the speed further increases
to a higher speed of 130 m/s, the influencing range increases to 0–10 m. That is to say, at
cross speed and high speed, the β influencing range increases to 0–10 m from 0–2 m at a
speed of 60 m/s, and the apparent fluctuation effect in the far distance can be observed. In
the cross-speed condition, a phenomenon of an increase in the local rebound of the velocity
and acceleration attenuation curve can be observed as the coefficient β decreases to 2, which
is consistent with the data and findings in previous research [41–44]. This may be caused
by defects in the soil area, with a very low elastic modulus in the non-uniform superficial
soil, which has an increased dynamic response at some certain resonance train speed.
Therefore, it can be inferred that, an obvious Doppler effect and vibration amplification
zones may occur in the ground vibration in cross-speed or high-speed conditions, and the
lateral fluctuation range and vertical vibration intensity increase significantly, especially
in non-improved soil with low homogeneity. This indicates that in practical engineering,
when the speed is low, the influence of surface soil uniformity on the prediction of the
ground vibration amplitude near the track should not be ignored; when the speed increases
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above the cross speed, the influence of surface soil uniformity on the prediction of the
ground vibration amplitude far from the track should also be considered. In high-speed
conditions, the maximum acceleration does not occur at the track center but at a distance
about 1 m away from the center, which is also illustrated by the work of some previous
studies [12]; the maximum acceleration appears near the outer edges of the composite track
beam under the dynamic action of higher speed loads.
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5. Conclusions and Further Discussion

This paper presents a high-efficiency numerical method to solve the coupled track–
ground system. The calculation procedure for analyzing the non-uniform ground vibration
caused by a high-speed train is proposed, and the track-non-uniform layered ground model
is established based on the elastic 2.5D FEM and the theory of stochastic variables. The
propagation and attenuation of non-uniform layered ground vibration at different train
speeds are investigated. The following conclusions can be drawn:

(1) The variation in the soil elastic modulus and train speed has the most important
influence on ground vibration; at low speed, the soil homogeneity coefficient has
almost no influence on the shape of the acceleration time history curve.

(2) The acceleration upward is much larger than the acceleration downward at most
speeds; at cross speed and high speed, the acceleration amplitude decreases with the
increase in the homogeneity coefficient.
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(3) At low speed and cross speed, both upward and downward peak acceleration at the
track center decrease significantly as the homogeneity coefficient increases from 2 to 5;
at high speed, the upward peak acceleration continues to decrease as the homogeneity
coefficient increases from 2 to 15, while the downward peak value increases slightly.

(4) At cross speed and high speed, an apparent fluctuation effect can be observed at a far
distance, and the influencing range of the homogeneity coefficient increases to 0–10 m
from 0–2 m as the train speed increases from 60 m/s to 130 m/s.

(5) At cross speed, a phenomenon of an increase in the local rebound in the velocity
and acceleration attenuation curve can be observed as the homogeneity coefficient
decreases to 2, and the maximum acceleration occurs near the outer edge of the
composite track as the ground soil has weaker homogeneity.

The proposed high-efficiency 2.5D random FEM in this article has promising applica-
tion prospects. It can be applied not only to the analysis of the ground vibration in sensitive
environments caused by high-speed rail operation, but also to other application scenarios
involving moving loads, such as heavy-haul railway, large freight cars, underground sub-
ways, and aircraft loads, with consideration of the ground non-homogeneity. It can also be
used to study the response of linear project structures (such as tunnels, long bridges, or
pipeline) to traveling seismic waves. In addition, if the obtained vibration displacement
is used for further finite element calculation, the vibration stress and strain data of the
foundation near the load can also be obtained, based on which the ground strength damage
and cumulative deformation can be analyzed. This is of great significance for the operation
assessment and maintenance of foundation facilities. Hence, compared to traditional 3D
finite element methods, the proposed method in this article is a promising tool worthy of
further exploration.

Nonetheless, in the traditional 3D finite element calculation, there may be some short-
comings, including volumetric locking and poor accuracy when simple triangular elements
are used. In recent years, authors have been dedicated to researching methods for improv-
ing the efficiency in the finite element method [15,42–46]. By applying Fourier transform in
the train’s moving direction and using the four-node isoparametric elements, the proposed
2.5D finite element method can avoid the volumetric locking problems and improve the
computational efficiency with high accuracy. However, besides the FEM, it is undeniable
that some other numerical methods have been developed which have their own advan-
tages, for example, mesh-free methods including the smoothed point interpolation method
(SPIM), material point method (MPM), and smooth particle hydrodynamics (SPH) [47–49].
In our study dealing with the dynamic response of a roadbed under random roughness
conditions, the 2.5D FEM requires repeated calculation at each harmonic component of the
roughness spectrum, which will no longer highlight the advantage of the high efficiency of
2.5D FEM. Taking advantage of the other methods [47–49] in future research may improve
the proposed method for better study of the non-uniform ground response under moving
loads with track roughness conditions.

Moreover, as mentioned in this article, although the introduction of the random vari-
able model in the 2.5D FEM makes it possible to take into account soil non-uniformity,
the heterogeneity of the soil is quite a complex issue which is difficult to accurately de-
scribe. The Weibull statistical distribution in the present paper provides a perspective
for the consideration of soil spatial variability. In further study, the normal distribution,
stochastic field theory, or distribution models obtained through back-analysis based on in
situ testing may be used to improve the description of the heterogeneity characteristics of
the ground soil.
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