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Abstract: The possibility of a shock wave recovery at a discrete closed interface with a heated gas has
been investigated. A two-dimensional model applied to conditions of optical discharges featuring
spherical, elliptical, and drop-like configurations demonstrated that non-symmetry in the shock
refraction contributes to the specific mechanism of recovery other than simply its compensation.
Even though the full restoration of the hypersonic flow state does not occur in a strict sense of it, clear
reverse changes toward the initial shape of the shock front eventually take place, thus creating an
appearance of a full recovery seen in experiments. From analysis of different interface symmetries,
the factors determining the recovery dynamics are identified. The results are directly applicable to
the problem of energy deposition into a hypersonic flow; however, it can be useful anywhere else
where the flow modifications following the interaction are important. The dimensionless form of the
equations allows applications on any scale other than that demonstrated for the optical discharges.
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1. Introduction

Shocks interacting with gas inhomogeneities is the research topic, which has a wide
range of applications because of its strong effect on hypersonic flow. Creating a plasma
region in the flow upstream of the body can work similarly to a physical spike, thus
effectively reducing the wave drag. The forces due to pressure and density redistribution
resultant from plasma being applied locally around the vehicle allow means of effective
control of its motion in a hypersonic flight, thus eliminating additional mechanical parts
on the vehicle [1]. Other features of the interaction, such as acceleration and weakening of
the shock front, are helpful in solution of the sonic boom reduction problem [2], as well as
for problems in combustion for optimized ignition dynamics [3,4] and in astrophysics for
explaining the process observed during a supernova explosion [5].

Modifications to the hypersonic flow as the result of the interaction can be conducted
in a predetermined way and includes both the shock wave structure and the gas state in
the media behind the shock. In the applications, the gaseous media within and outside
of the inhomogeneity is typically of the same nature but of different gas properties, such
as temperature or density. Another class of problems includes isothermal gas conditions
and thin film bubbles filled with a gas of a sort different from that of the environment,
and it is sometimes combined with the non-isothermal gas conditions. The gas inside
an inhomogeneity is usually heated using energy deposition via an RF, microwave, or
optical discharges, with pulsed methods of application typically being more efficient
than continuous at an appropriate repetition rate. A focused electron beam or localized
combustion are among other efficient ways of energy deposition.

In this work, a particular problem of a shock interacting with a closed thermal discon-
tinuity created in a discharge will be considered. It will be mainly focused on modification
of the hypersonic flow state as the shock is passing through a volume of heated gas or
plasma floating in a gaseous environment of different state properties. Being applied to
optical discharges, this would correspond to later phases when expansion of the heated
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spot slows down. Given the equal gas pressures across the interface, the problem equally
corresponds to the interaction with a density discontinuity. To facilitate the geometries
most common for experiments, the model will be numerically applied to a planar shock
front interacting with interfaces of round shapes.

A complex phenomenon arising from the interaction includes intensive modifications
to the supersonic flow and to the structure of the heated volume of gas. In the case of a
regular refraction, upon the incidence of a shock on a heated volume of gas, the shock wave
splits, with one portion being transmitted through the hot spot, and another one reflected
off the interface. When inside the heated medium, the shock front is accelerated, and it
becomes increasingly distorted and weakened until it becomes less and less identifiable. In
the case of a bow shock formed in front of a moving body, the shock displaces away from
the body in the presence of heating. The redistribution of the flow parameters following
the shock front deformations and strong local reduction in the gas pressure results in
an intensive vortex system setting at the interface. The positive dynamics in the vortex
intensity in the aftershock flow suggests not only interface but volume effects as well [6,7].
The sucking effect caused by the pressure redistribution is responsible for a strong distortion
and eventual collapse of the heated region span by a non-linearly intensified vortex system.
In the case of irregular refraction, additional structures feature a triple point with reflected
shocks and a Mach stem formed in front of the interface. The model developed here will
be specifically focused on the flow inside the hot spot and behind it, thus the irregular
structures can be assumed as superimposed on the picture of a regular refraction.

The wave propagating through the heated medium inside the spot generates an
internally reflected shock at the impact with the interior of the exit part of the interface, and
a shock wave emerging from the hot spot into the outside environment. In experiments,
upon exiting the heated spot or during the discharge on/off times, the changes in the
hypersonic flow persist for some time in the form of time delays in the effects on the
flow and a finite pressure rise time. After fully crossing the hot region, the shock front
distortion produced inside the heated region is often followed with the front’s full or partial
restoration to the shape initially present at the incidence [8–12].

In describing the front modifications following the shock’s crossing of the heated spot,
a model [6] based on the shock refraction mechanism will be used here. In accordance to
the model and assuming symmetry in the interaction that includes both the geometry and
the gas state across the interface, intuitively the reasons for the recovery seem obvious.
However, the fact that the full front restoration is not observed under all circumstances
necessitates looking into the problem in more detail. Considering a planar incident shock
front and a discrete type of a curved interface separating the same gas of different properties
would allow for the elimination of a number of non-essential factors, an advantage of
obvious comparison, and a more straightforward relating of the results to the conditions of
most experiments. Under the condition of equal gas pressure on both sides of the interface,
the problem is equivalent to the case when the unshocked gas density inside the spot ρ2
is less than that in the gaseous environment ρ1 and that, in terms of the Atwood number
A = (ρ2 − ρ1)/(ρ2 + ρ1), is the light gas bubble case of A < 0.

In the model described below, a closed interface enveloping the heated volume of
gas will be functionally split into two parts, further called the entrance and the exit semi-
interfaces, that in general will be of different shapes. They are distinctly defined by the
temperature step experienced by the shock during their crossing. Then, the entrance semi-
interface is characterized as the one crossed by the shock from colder gas into the heated
one, and thus the interaction will be of the slow–fast type. At the exit part, the temperature
step is opposite and the shock refraction proceeds in accordance to the fast–slow scenario.
Because the processes that occur at each of the interfaces are fundamentally different, two
separate solutions should be obtained. Considering an interface of arbitrary shape but
having an axial symmetry along the shock’s incidence direction, the problem becomes
two-dimensional and thus can be applicable to cylindrical, spherical, and elliptical (in the
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plane of symmetry) geometries. In the following examples, the model relations will be
numerically applied to symmetric as well as to non-symmetric configurations.

2. Interaction at the Front Interface

In this section, the evolution of the shock front at the entrance of a heated volume of
gas will be investigated. This first phase of the interaction is limited with the moment of
time when the first point on the distorted front propagating inside the hot spot reaches
the exit portion of the interface. In Figure 1, an initially planar shock front (green vertical
line on the left) is moving from left to right with constant horizontal (along the x-direction)
velocity V1. The shock is incident on an interface of arbitrary shape (black curve) that
separates the hot gas with temperature T2 inside the heated spot from the cold ambient gas
of temperature T1. It will be assumed that the gas parameters are distributed uniformly on
both sides of the interface and the indices 1 and 2 are referring to the cold and hot media
accordingly. The local angle of incidence α1 of the shock at the interface will be defined as
the angle between the shock velocity vector V1 and the normal to the interface at the point
of incidence.
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Figure 1. The initially planar shock wave (green vertical line) incident on the interface (black curve)
with velocity V1, from left to right, undergoes a distortion (green curve) at the moment of time t0.
Due to symmetry, only the upper half of the interaction picture is shown.

At the moment of time t = 0, the first point on the front starts interacting with the
interface (on the symmetry axis), and later the interaction point moves along the interface
up. At the moment of crossing the interface, the total shock velocity experiences a jump
from V1 to V2 that includes both its value and the direction. The jump is locally dependent
thus the velocity change, together with the time delay due to the curvature, result in the
shock front distortion that continuously increases as the entire front crosses the interface
and proceeds further through the heated medium.

The problem of a shock refraction in a spherically or cylindrically symmetrical case
has already been considered in [6], and the approach can be readily extended here for an
arbitrary interface geometry. At the entrance, the shock refraction results in the rotation of
the velocity vector by the refraction angle γ2 that is a function of the local incidence angle
α1 and the temperature step. In the slow-fast scenario taking place at the entrance interface,
the x-component of the shock velocity increases from V1 to V2x because of a higher speed
of sound, thus resulting in the horizontal stretching of the front. At the same time, because
of the continuity principle for the tangential components of the velocity, the refracted shock
acquires a local vertical component of the velocity V2y pointing toward the symmetry axis
and giving rise to the shock distortion in the second direction.
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The equations describing the front modification can be derived by following a path of
an infinitely small element of the incident front, starting from the moment the first front’s
portion touches the heated spot. The components of the front deformation (denoted as X
and Y in Figure 1) will be defined in the reference frame moving with the velocity V1, i.e.,
as the difference in the travel distances in cold and hot media. For a planar incident front,
the deformation vector components (X, Y) are equivalent to the front stretching in both
directions. Because of the local incidence angle, both deformations are dependent on the
initial position of the front’s element relative to the interface (labeled with i in Figure 1)
having the coordinates (x, y). The coordinate x is the function of the travel time to the
interface t0 that is counted from the moment when the front is positioned at the origin of
the coordinate system:

x = V1 t0 (1)

The coordinates (x, y) are related to each other with the equation of the entrance
semi-interface curve being

y = β1(x) (2)

and assuming it as a continuous and smooth function of x in the domain determined by
the dimensions of the heated spot.

From geometrical considerations, a relationship between the front deformation (X, Y)
and the coordinates of the point of contact (x, y) at a moment of interaction time t > t0 are

X =(1 − υ21 cos γ2)(x − V1t) (3)

Y = y − υ21 sin γ2(V1t − x) (4)

where υ21= V2/V1. The refraction angle γ2 (x) is determined by the local incidence angle
and the gas conditions across the interface

γ2(x) = α1(x)− tan−1[ε2 tan α1(x)], ε2= M(n)
12

√
T12 (5)

where T21= T2/T1, T12= T−1
21 , and M(n)

12 = M1n/M2n is the ratio of normal components of
the Mach number [6]. The incidence angle function α1(x) is determined by the equation of
interface (2) as

α1(x) =
π

2
− tan−1

(
dβ1

dx

)
(6)

or it can be more conveniently expressed in another form, via the first and second deriva-
tives of β1(x) with respect to x as

α1(x) = −
∫

β
′′
1x(x)

1 +
(

β′
1x(x)

)2 dx (7)

The ratio of normal components of the Mach numbers M(n)
12 = M1n/M2n appearing

in the factor ε2 in Equation (5) is obtained from the solution of the shock refraction equa-
tion [13], assuming that under the conditions at the entrance interface the wave reflected
off the interface is a rarefaction wave. In ideal gas, the Mach number ratio is the function of
the incident shock Mach number M1, the temperature step T21, and the specific heat ratios
k1 and k2.

In relating the front distortion produced at a specific location on the interface to its
coordinate, the evolution process can be described in terms of the instantaneous rate of
its change R = R(x, y) along the interface at a point (x, y). The directional derivative
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R = D→
u
(
→
Ω) of the vector field

→
Ω= <X, Y> will be given by the dot product of the unit

vector
→
u along the interface line and the gradient of deformation:

→
∇

→
Ω(xi, . . . xn) = ∑k

i=1∑n
j=1

→
ei ⊗

→
ej

∂Ω(xi, . . . xn)

∂xj
(8)

D→
u
(
→
Ω) =

→
∇

→
Ω.

→
u , where

→
ei ⊗

→
ej is the tensor product. Considering this along one of the

basis vectors, m, i.e.,
→
u =

→
em,

D→
em
(
→
Ω) =

∑k
i=1

→
ei∇iΩ1
. . .

∑k
i=1

→
ei∇iΩn

 (9)

On the (x, y)-plane, the gradient (8) is the 2 × 2 matrix ∂i Ωj:

∇
→
Ω =

(
∂xΩx ∂yΩx
∂xΩy ∂yΩy

)
(10)

where ∂i = ∂/xi, and since x and y are related coordinates, only two components of the
matrix are independent. Choosing

→
em =

→
x , we come up with the following components

to consider:
Rxx = ∂xΩx = ∂xX and Rxy = ∂xΩy = ∂xY (11)

and the remaining two components Ryx = ∂yX and Ryy = ∂yY can be determined from the
pair (11) using (2) and the relation dy = β′

1xdx. Finally, accounting for (1), the deformation
rate can be expressed in terms of the time t0 by re-scaling the coordinates with V1.

The rate equations can be derived by following a path of a small element of the incident
planar shock front of the width dy located around the coordinate (0, y). It is assumed that
the front element is hitting the interface at the location around (x, y) = (β1

−1(y), y) and
the width of the interface element involved in the interaction, in the second direction,
dx = dy/β′

1x.
Being interested in the shock front state at a number of fixed times t > t0, where

t0 = x/V1 is the local time of approaching the interface, the time t can be included in the
rate equations as a parameter. Then, for a pair of points on the incident front distant
from each other by dy and that are hitting the interface at the locations distant by dx, the
resulting variation of the incidence angle dα will cause variations in the shock speed ratio
υ21 and refraction angle dγ. Variations in the parameters dυ21 and dγ cause corresponding
deformation of the front dδ = (dX, dY) for the shock front, which can be determined using
Equations (3) and (4). Neglecting the second and higher-order terms containing differentials
dx, dy, dυ21, dα1, and dγ2, the two components of the deformation are

dX ≈ dx(1 − υ21cosγ2) + dγ2[(x − V1t)υ21sinγ2]− dυ21[(x − V1t)cosγ2] (12)

dY ≈ dy + dx[υ21sinγ2] + dγ2[(x − V1t)υ21cosγ2]− dυ21[(x − V1t)sinγ2] (13)

Choosing the x-coordinate in the analysis, the rates (11) take the form

Rxx = 1 − υ21 cos γ2 +
dγ2
dx

[(x − V1t)υ21 sin γ2]−
dυ21

dx
[(x − V1t) cos γ2] (14)

Rxy =
dy
dx

+ υ21 sin γ2 +
dγ2
dx

[(x − V1t)υ21 cos γ2]−
dυ21

dx
[(x − V1t) sin γ2], t > t0 (15)

and the transition to the related coordinate y can be done via d
dx = dβ1

dx
d

dy or for the travel

time to the interface using d
dt0

= 1
V1

dβ1
dx

d
dy .



Dynamics 2024, 4 62

The variables γ2 and υ21 are dependent on the local incidence angle α1, and, according
to Equations (6) and (7), are the functions of the interaction point coordinates (x, β1(x))
and the gas parameters on both sides of the interface, i.e., γ2 = γ2(x, t0, T21, k1, k2) and
υ21 = υ21(x, t0, T21, k1, k2). Assuming the gas parameters are fixed (uniformly distributed),
the temperature ratio can be taken as a constant factor. Then the derivatives of γ2 and υ21
are split as follows:

dγ2

dx
=

dγ2

dα1

dα1

dx
,

dυ21

dx
=

dυ21

dα1

dα1

dx
(16)

where the derivative dα1
dx appearing in both relations is the function of x only and is

determined from Equation (7):

dα1(x)
dx

=
−β

′′
1

1 +
(

β′
1
)2 (17)

The second factor dγ2
dα1

in Equation (16) can be obtained by differentiating Equation (5)
with respect to x that, together with (5), yields

dγ2
dα1

= 1 − ε2/ cos α1

1 + ε2
2 tan2 α1

(18)

where α1(x) and γ2(x) are determined by Equations (7) and (17).
The derivative dυ21/dα1 in Equation (16) is found by expressing the total shock velocity

V2 in terms of its normal and tangential components and using the property of continuity
for the tangential components at the interface, which yields

υ21 =
1
ε2

√
1 + tan2(α1 − γ2)

1 + tan2 α1
(19)

Together with Equation (5), this can be expressed through the incidence angle

υ21 =
1
ε2

√
1 + ε2 tan2 α1

1 + tan2 α1
(20)

from which we obtain

dυ21

dα1
=

1√
2ε2

(ε2 − 1) sin(2α1)√
(ε2 + 1)− (ε2 − 1) cos(2α1)

, 0< α < π/2 (21)

Finally, inserting the results for derivatives dγ2
dα1

, dυ21
dα1

, and dα1
dx in Equations (14) and (15), the

rates can be expressed explicitly as functions of x and t.

3. Interaction at the Back Interface

At the exit, upon reaching the back interface, the shock experiences the second re-
fraction into the cooler environment. The exit interface will be defined here as separating
the hotter medium “2” with temperature T2 and a medium “3” with temperature T3 < T2.
The interface shape, assumed to be arbitrary and different from the entrance one, will be
described with the equation

y3 = β3(x3) (22)

In the case of homogeneous parameter distribution in the medium surrounding the spot,
the media “1” and “3” will be same, however, a separate labeling will be kept for generality
to include the possibility of substantial gradients present in the gas. In the following
equations, the index “3” will be attributable to parameters and processes that occur in
contact with the back interface or behind it. This includes the incidence angle α3, shock
velocity V3, Mach number M3, and refraction angle γ3, as illustrated in Figure 2.
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Figure 2. A shock front interacting with the back interface (black solid curve) during its partial exiting
into the cooler surrounding, at a moment of time when the element of the incident front “i” reaches
the back interface. It starts from the initial position (left green curve) followed with further front
distortion (right green).

In the diagram below, the green curve on the left is the shock front distorted during
its refraction at the front interface, at the moment it has just finished crossing it entirely.
The front immediately begins its interaction with the back part of the interface (black bold
curve) starting with its top portion, and this is the moment the interaction time t3 starts
counting. Due to the second refraction, the shock velocity vector instantly changes from V2
to V3. The green curve on the right is the result of shock refraction at the exit from the hot
spot, at a moment of time t3 > 0, when the small element “i” on the initial front reaches the
back interface. At this moment of time, the transmission into the medium 3 is only partial,
with some portion of the front still approaching the interface.

Because of a lower value of the speed of sound in the medium 3, the magnitude of
the velocity vector V3 will be less than V2,. This, combined with the orientation of the back
interface being opposite to the incident one (concave vs. convex), results in the rotation of
the shock velocity vector toward the symmetry axis again. The angle of refraction into the
medium 3 can be determined using the continuity property for the tangential component
of the shock velocity on the back interface, similarly to the way it was determined for γ2.
Then, using the definition of the angles given in Figure 2,

γ3(x3) = tan−1
[

tan(γ2+α3)

ε3

]
− α3(x3), ε3= M(n)

32

√
T32 (23)

where the Mach number normal components and the temperature ratios are defined as

M(n)
32 = M3n/M2n, T32 = T3/T2 (24)

Modifications of the shock front produced at the back interface will be described with

the distortion vector
→
δ3 = <X3, Y3>. Its components are defined relative to the flat portion

of the front undisturbed by the heated medium, as shown in the schematic diagram of

Figure 3. Similar to that for vector
→
δ2, the components of

→
δ3 are defined in the reference

frame moving with the velocity V1.
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Figure 3. Shock front modification as the result of its refraction at the back interface. A small element
of the initial front with coordinates (xi, yi) ends up at the location (X3, Y3) at the moment of its
emergence from the heated spot.

The evolution of the shock front with time will be the main point of interest in this
section. The equations for each component of the front distortion will be obtained by
relating the coordinates of a point (xi, yi) on the initial front with its coordinates (X3, Y3) for
the front profile exiting through the back interface. In accounting for the initial distortion of
the front (xi, yi) acquired at the entrance of the spot, the net distortion vector components
at the exit will be δ3x = X3 − xi and δ3y = Y3 − yi.

Similar to the procedure described in Section 1, the equations will be derived by
tracing a path of a small element i on the initial front (t3 = 0) with time. As shown in the
diagram, starting from its initial position (xi, yi), the element is crossing the back interface at
the point (x3, y3) and continues its motion behind the spot with the components X3 and Y3.

From geometrical considerations and in accordance to the definitions of the variables
given in the Figure 3, the relationship between the coordinates of the initial shock front
(xi, yi) and that outside of the spot, (X3, Y3), can be found as follows:

X3 = −V1t3 + x3+υ21υ32V1(cos γ3)

(
t3 −

x3 − xi
υ21V1cosγ2

)
(25)

Y3= yi − (tan γ2)(x3 − xi)− υ21υ32V1(sin γ3)

(
t3 −

x3 − xi
υ21V1cosγ2

)
(26)

Here, υ32= V3/V2, the coordinate of the point of interaction x3 is the solution of the
following equation

yi = (x3 − xi) tan γ3+β3(x3) (27)

and the set (xi, yi) is determined by Equations (3) and (4) assuming xi = X, yi = Y. Similar to
the way it was determined for the ratio υ21, the shock velocity jump at the back interface is

υ32 = ε3
cos(γ2+α3)

cos(γ3+α3)
(28)

or alternatively

υ32 =
sin(γ2+α3)

sin(γ3+α3)
, ε3 =

tan(γ2+α3)

tan(γ3+α3)
(29)

Equations (25) and (26) can be rewritten in a dimensionless form if all the distances
are normalized to one of the interface dimensions, say b3, and the time, to its characteristic
value τ3 = b3/V1, resulting in
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X3 = −t3 + x3+υ21υ32(cos γ3)

(
t3 −

x3 − xi
υ21 cos γ2

)
, Y3 = yi − (tan γ2)(x3 − xi)− υ21υ32(sin γ3)

(
t3 −

x3 − xi
υ21 cos γ2

)
(30)

where the bar means the value’s dimensionless equivalent.

4. Shock’s Interaction with a Closed Interface

Heated gas volumes of nearly spherical, elliptical, or drop-like shapes and elevated
gas temperatures common for optical discharges are among the characteristics capable of
supporting significant refraction effects [14,15]. The symmetry inherent to those shapes
will be used in the examples below to numerically demonstrate the extent to which the
shock recovery is possible. In exploring the factors controlling the recovery dynamics,
partially asymmetrical shapes made out of a pair of different semi-elliptical interfaces will
be explored. Assuming the uniform gas parameter distribution, the ideal gas conditions,
and fixed values of the incident Mach number M1 and heating strength T21, variation in
the refraction strength can be narrowed to only one factor related to the interface curvature.
This can be controlled by the degree of longitudinal stretching of the interface, and the level
of heating will be kept intensive enough for significant refraction while still allowing for
the ideal gas approximations.

In the following examples, the model relations (3), (4), and (30) will be used in a
dimensionless form; however, it must be kept in mind that the ratios M(n)

21 and M(n)
32

entering the factors ε2 (M1, γ1, γ2) and ε3 (M1, γ1, γ2) are M1-dependent, and thus the
incident shock Mach number must still be specified. For easier comparison, all the interface
geometries will be tested for the same Mach number of the incident shock M1 = 3.5. In
accordance to the model presented above, the process of crossing of a spot of heated gas by
the shock will be split into two subsequent phases. During the first phase that occurs at the
entrance part of the interface, the initially planar shock refracts into the heated medium and
the shock parameters experience instant changes at the interface. This phase also includes
the shock’s propagation through the hot medium during which the front experiences a
continuous distortion. The second phase starts locally at a moment of time tc, when a front
element strikes the interior of the back part of the interface. During this phase, the shock
experiences the second refraction into a cooler medium and, after breaking free out of the
bubble, still continues its distortion, presumably back, closer to its original plane shape.

Two separate problems corresponding to those phases are connected to each other
through the solution of the first problem at the entrance interface {X2(x), Y2(x)} obtained
from Equations (3) and (4), being the initial condition for the second problem {xi, yi} in
Equation (30):

{at t = tc, xi = X2(x), yi = Y2(x)} (31)

The connection, being local, corresponds to the instant of time t and the coordinate of
the interaction point (x3, y3) at the back interface. This yields the solution {X3(x), Y3(x)} for
the shock front propagating behind the full closed interface at the times t > tc + ta. The local
time ta accounts for the travel of a shock front element inside the hot spot to the exit interface
that, in the notations depicted in Figure 3, is determined as ta = (x3 − xi)/V2x. The time
domain for the final solution is t3 = t − tc, t3 > max[ta], where the full time t is counted
starting from the first moment the initially planar shock front hits the entrance interface.

From the equation of a tangent line at a point
(

xj, yj

)
on an ellipse

xj

a2
1

x+
yj

b2
1

y =1 (32)
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the incidence angle at the entrance part of the interface is

α1 =
π

2
− tan−1

[
yi
xi

(
b1

a1

)2
]

(33)

Similar to this and accounting for the rotation of the velocity vector at the entrance of
the heated medium, the incidence angle at the back interface is

αexit = γ2 + α3 α3 = tan−1

[
yi
xi

(
b3

a3

)2
]

(34)

Then, the Equation (27) for the coordinate of the interaction point at the back interface
x3 takes the form

x3 = xi +
yi − b3

√
1 − (x3/a3)

2

tan(γ2)
(35)

where (xi, yi) is the coordinate of the corresponding shock front element at the time t3 = 0
(Figure 3). Here, the ellipse’s major semi-axes are denoted as a1 and a3 for the incident and
exit portions accordingly, and the minor semi-axes are equal, i.e., b1 = b3 = b. Of the three
solutions to Equation (35), the one satisfying the boundary conditions is

x3 =
a2

3χ(yi+xiχ)+a3b3

√
b2

3 + (a3χ)2 − (xiχ+ yi)
2

b2
3+a2

3χ2
, χ = tan(γ2) (36)

and gives the local coordinate for the shock element crossing the back interface.
The factors ε2 and ε3 entering Equations (5), (18) and (23) are the functions of the gas

parameters on both sides of the interface, the incident wave Mach number, and the degree
of the interface sharpness [7] only. Since the factors are not geometry dependent, they will
enter the equations as constants.

In determining the ratios M(n)
12 and M(n)

32 , qualitatively different processes taking place
at the two semi-interfaces must be considered. In accordance to [13,16], in the case of
moderate gas heating and no dissociation, the nature of the wave reflected off an interface
is determined by the temperature step across an interface only. In the slow–fast scenario of
the interaction present at the entrance interface, i.e., when T21 > 1, and when M1 is not very
close to the unit [16], the reflected wave is a rarefaction wave. Assuming the interface is
sharp, the normal component of the Mach number M2n is determined from the solution of
the corresponding refraction Equation (A1) given in Appendix A. With the known value of
the incident shock Mach number M1, the ratio M(n)

21 can be determined at every point of
the interaction. At the back interface T32 < 1 and the interaction proceeds in the fast–slow
scenario in which the reflected wave will be a shock. In this case, the Mach number ratio is
obtained from Equation (A2) in the Appendix A. Having M2n known from the solution to
the previous equation, it is solved for M3n and the corresponding ratio is determined. In
case the parameter distribution in the surrounding medium is uniform, T1 = T3 and the
specific heat ratios k1 = k3 are taken

Both solutions M2n(M1n) and M3n(M2n) obtained for diatomic nitrogen at T1 = 300 K,
T2 = 2000 K, and M1 = 3.5, and, assuming the gas pressure atmospheric, are presented in
Figure 4.
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The Mach number experiences a jump down at the entrance of the heated spot (plot 
a), i.e., M(n)21 < 1, and the ratio’s behavior is opposite at the exit of the spot where M(n)32 > 1 
(plot b). The solutions represent nearly straight lines, and thus the ratios can be approxi-
mated as linear functions. 

Now, with the values 𝜀  and 𝜀  in place, the solution for the shock front distortion 
is obtained using the system of Equations (3)–(6) and (20) at the entrance, and Equations 
(24), (30) and (34)–(36) at the back interface, being connected with the condition (31). In 

Figure 4. (a) The normal component of the Mach number M2n vs. M1n, at the entrance part of the
interface. (b) The component M3n vs. M2n at the back interface. Diatomic nitrogen at T1 = 300 K,
T2 = 2000 K, M1 = 3.5, and p = patm.

The Mach number experiences a jump down at the entrance of the heated spot
(plot a), i.e., M(n)

21 < 1, and the ratio’s behavior is opposite at the exit of the spot where
M(n)

32 > 1 (plot b). The solutions represent nearly straight lines, and thus the ratios can be
approximated as linear functions.

Now, with the values ε2 and ε3 in place, the solution for the shock front distor-
tion is obtained using the system of Equations (3)–(6) and (20) at the entrance, and
Equations (24), (30) and (34)–(36) at the back interface, being connected with the condi-
tion (31). In the next paragraphs, the shock distortion followed with its recovery will be
numerically tested for several interface geometries.

5. The Case of Spherical Symmetry

A spherical interface features the symmetry as one of the conditions necessary for the
full front recovery. The results of numerical simulation presented in Figure 5 are obtained
using the relations Equations (3)–(6) and (20) and Equations (24), (30) and (34)–(36) with
the ellipse major semi-axes taken equal, b = a1 = a3, for a shock of M1 = 3.5 propagating in
the diatomic nitrogen gas of T1 = 300 K, T2 = 2000 K, and T3 = T1. On the graph, the curves
demonstrate transformation of the initially planar shock front, moving from left to right,
during its transition through a spherical hot spot.
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Figure 5. Distortion of a shock front in (x, y) plane as it crosses a spherical hot spot from left to right.
The curves correspond to dimensionless times through the equal intervals of ∆nτ = 0.2 for the first six
curves, ∆nb = 0.15 for the next three crossing the back interface, and ∆nb = 0.3 for those propagating
freely behind it. Diatomic nitrogen gas at T1 = 300 K, T2 = 2000 K, and M1 = 3.5.

The coordinates of the shock profiles (X, Y) at the entrance, and (X3, Y3) at the exit, are
normalized to the distance b. The curves correspond to a number of dimensionless times:

nτ = tτ/τ (37)

where τ = a3/V1 is the characteristic time. The sequence of the distorted fronts is presented
as three bunches of curves highlighting critical moments of the interaction. The first bunch
(six curves crossing the entrance interface) is plotted through the equal time intervals of
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∆nτ = 0.2, for the next three curves crossing the exit interface the interval ∆nτ = 0.15, and
∆nτ = 0.3 for those propagating free behind the spot.

The graph demonstrates an increasing distortion of the shock front at the entrance
until the first front element strikes the interior of the exit interface (first eight curves).
During this phase, the central part of the front (next to the longitudinal axis of symmetry)
is mostly affected due to incidence angles and longer interaction times. When the front
reaches the back interface, the interaction conditions change. Contrary to the situation
at the entrance, when the front begins interaction at the central area (y ≈ 0), at the exit,
the front crosses the interface starting from the periphery (the sphere pole, y ≈ 1). Due
to longer interaction times with a cooler gas, a delay in the propagation for these front
elements relative to the rest of the front results in its gradual flattening, while the front’s
central part still continues its stretching in the same direction. The net result during this
phase is a more distorted front to the degree that keeps increasing for the entire time of
exiting through the back interface.

After the shock breaks free out of the hot spot, even the condition of the uniform
gas parameter distribution in the surrounding medium does not preclude the front defor-
mations from continuing. While the x-component of the shock velocity can be partially
compensated in the transition to a medium with a lower speed of sound, the non-zero and
locally dependent vertical component of the velocity drives the front distortion further. As
is seen in the Figure 5, starting from the periphery, the increasingly larger portions of the
front start to transform back to its original shape owing to the motion of already flattened
elements toward the center. The increasing flattening of the front can be also seen by tracing
the inflection point on the curves that is steadily approaching the symmetry axis. Finally,
at the distance approximately twice the spot size, the entire front becomes perfectly flat,
thus reaching its full “restoration”. This moment is not shown in the figure, in order to
keep a meaningful scale, however, the last few curves clearly show the trend. Thus, in the
spherical geometry of the interaction, the front recovery time is longer but comparable to
the time of distortion attained during its propagation inside the heated medium.

Regardless of the anti-symmetry in the gas conditions at the entrance and the exit of
the heated spot (T2/T1 > 1 and T3/T2 < 1), the interface’s opposite orientations (curvature
sign and value) result in the rotation of the velocity vectors V2 and V3 in the same direction,
toward the longitudinal symmetry axis. As the consequence, after crossing the back
interface, a larger vertical component of the velocity V3y (Figure 6f) gives rise to an intensive
motion of the front elements from the periphery to the symmetry axis. Thus, the flipping
of the total interface’s action on the flow twice results in the front refraction in the same
direction. In cases of strong enough refraction, the intensified transversal motion of the
front elements can result in the central parts of the front collapsing at the symmetry axis.
With both outcomes however, this motion component is able to support the “recovery” of
the front to its original shape by closing the disturbance “hole” with increasingly flattened
periphery portions of the front coming toward the symmetry axis.
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Figure 6. Shock parameter distribution along the interface (its dimensionless coordinate y).
(a) Refraction angles γ2

◦ (dashed curve) and γ3
◦ (solid). (b) Incidence angles α2

◦ (dashed) and
α3

◦ (solid). (c) Shock velocity ratios υ21 (dashed) and υ32 (solid). (d) Mach numbers M2 (dashed) and
M3 (solid). (e) Shock velocity V3 normalized to V1. (f) V2y (dashed) and V3y (solid) components of
the shock velocities. Diatomic nitrogen gas at T1 = 300 K, T2 = 2000 K, and M1 = 3.5.

The shock parameter distribution along the interface (its y-coordinate) presented in
Figure 6 provides the details that support the data above. As the plot of Figure 6a shows,
the value of the refraction angle γ3 at the exit always exceeds γ2. The main reason for this
is the difference in the values of the angle of incidence on the two semi-interfaces, where at
the entrance the shock is incident horizontally, while at the exit it strikes the interface under
the angle γ2. This increases the effective incidence angle from αentr = α1 at the entrance
to αexit = α3 + γ2 at the exit (Figure 6b), resulting in a larger angle γ3. With the incidence
angles being largest in the middle area closer to the symmetry axis and tending to zero at
the periphery, a larger normal component of the shock velocity more strongly contributes
to the effect in proximity to the axis. The specific distribution of the incidence angles results
in the refraction angle peaking near the symmetry axis of the hot spot.

The shock velocity jump υ32 across the exit interface is found to not be that intense
compared to the inverse of υ21 at the entrance (Figure 6c). Thus, even in the case of
full symmetry across the interface (geometry and the gas state), the velocity ratios υ21
and υ32 are not reciprocals. Fundamentally different processes that occur at the two
interfaces during the shock reflection (reflected shock or rarefaction wave), the shift in
the incidence angles, and corresponding shock energy losses are the reasons for non-
symmetrical distributions for the Mach number ratios (Figure 6d) and the shock velocities.

Regardless of the visible “recovery” seen in the front shape, the intensity of the shock
emerging from the hot spot is remarkably reduced due to losses associated with the two
consecutive reflections. For a particular set of flow parameters used in Figure 6, the absolute
value of the shock velocity V3 at the emergence from the heated spot (on the symmetry
axis) is reduced compared to its initial value V1 at the entrance by the factor of 0.7 (plot e).
The effect is common for the rest of the front surface, however, it continuously weakens in
the off-axis area and vanishes to none at the periphery. The loss of shock intensity can also
be noticed in the last four curves in Figure 5, where the front portions gone through the
spot increasingly fall behind with its outside part undisturbed by the interaction. Variation
in the amount of reflected energy, being dependent on the normal component of the shock
velocity, results in the losses being highest at the symmetry axis. They are continuously
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diminishing as the point of interaction approaches the periphery where the incidence angle
tends to zero.

It can be concluded then that, regardless of the possibility of a shape recovery, in the
strict sense of it, the shock disturbance by the heated spot is not fully reversible. Even with
significant development of the front back to its original shape in the longitudinal direction,
the mechanism of the front “recovery” turns out to not be of a pure compensation type.
The appearance of return to the original front shape occurs as the result of collapsing of the
perturbed portion of the front at the symmetry axis and its replacement with centripetally
moving flattened portions of the front from the periphery. In accordance to Figure 6f, the
middle portion of the front is the one most heavily involved in the centripetal motion. The
re-arrangement of the flow ceases at the sphere poles, thus preventing the undisturbed
portions of the front from participating in the process. As the result, the “hole” in the flow,
created as a disturbance to the front by the hot spot, eventually closes by overlapping with
increasingly flattened portions of the front meeting each other at the symmetry axis.

6. The Dynamics of the Front Deformation

With the purpose of tracing how quickly the front deforms as the point of interaction
moves along the interface curve (on the plane), an analysis of its dynamics will be carried
out in terms of deformation rates defined in Section 1. Information on this property is
important because of the tendency of an intense vorticity generation [17] in the post-shock
flow tied to the locations of inflection points corresponding to the most rapid/steep changes
of the shock profile [7]. The vorticity is triggered at the interface with a heated gas volume;
however, it is the plasma parameter distribution inside it that distinctively determines the
vortex intensity, size, and the growth rate. Depending on the application requirements,
finding the locations producing the most intensive front modifications can be important
whether the vorticity production is either a desired outcome or an unwelcome side effect.

In this connection, the matrix components (ℜxx, ℜxy) describing the changes in the
front deformation will be tied to the interaction point coordinate, with the purpose of
locating the rate’s maximum and minimum values. Because of the relationship (1) between
the front displacement and the time of approaching the interface, the interaction point
coordinates (x, y) and the time t0 are interchangeable, and thus differentiation in the
equations can be considered with respect to either of them.

First, in considering the interaction at the spot entrance and choosing the coordinate x
as the variable, we use the equation of an ellipse centered at x = a:

β1(x) = b

√
2x
a

− x2

a2 ,
x
a
≤ 1 (38)

and Equation (6) to determine

α1(x) =
π

2
− tan−1

 b
a
(
1 − x

a
)

[
2x
a − x2

a2

] 1
2

 (39)

β′
x(x) =

b
a

(a − x)√
x(2a − x)

, β′′
x(x) =

−ab

[x(2a − x)]
3
2

(40)

and, using (5) or (17), the derivative dα1(x)
dx is obtained. Then, from Equations (18)–(21),

the factors dγ2(x)
dx , dυ21(x)

dx , and dy
dx = β′

1(x) are determined as functions x and t, and finally
the rate components ℜxx and ℜxy are obtained from Equations (14) and (15). To trace the
changes at later times, when some portions of the shock profile are traveling free behind
the spot, the relations can be numerically run at several instants of time using the time t as
a parameter.
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In Figure 7, the components ℜxx (graph a) and ℜxy (graph b) were determined for the
case of a spherical interface, a = b. The rate components are plotted vs. the dimensionless
coordinate x/a, at the same instants of dimensionless time and the shock and gas parameters
as in Figures 5 and 6. On both graphs, the time sequence is from lower to upper curve
and each curve corresponds to a dimensionless time starting at nτ = 0.2 through the equal
intervals of ∆nτ = 0.2.
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and each curve corresponds to a dimensionless time starting at nτ = 0.2 through equal intervals
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In accordance to the results in Figure 7a, the values of the rate component ℜxx are
highest near the symmetry axis (x = 0) and diminishing to zero at the periphery of the
hot spot. The rates exhibit a positive dynamic that is linear along the whole interface.
The highest values of another component, ℜxy (graph b), are also located around the
symmetry axis. They sharply drop in the middle area and then slowly decrease to zero
as the interaction point moves toward the periphery. With time, the rate decreases in the
area around the axis. In the middle area, it saturates at a limited level that tends to zero
as the interaction point approaches the sphere pole. Thus, the graphs show that, during
the shock’s crossing of the entrance interface, the front experiences the most fast/steep
deformations in both directions near the spot’s symmetry axis. As the interaction progresses
with the interaction point moving toward the periphery, the rates have a tendency to
gradual decrease. They both eventually cease to zero at the sphere’s poles, thus satisfying
the boundary conditions.

Similar to the analysis performed at the spot’s entrance, the rates describing the front
restoration at the exit can be obtained. The purpose of the analysis will be locating the
points on the exit interface critically responsible for the front recovery. The rate components
at the exit labeled as (ℜ(E)

xx, ℜ(E)
xy) can be determined using the approach of Section 2 by

varying Equation (29) with dx3 along the exit interface. By neglecting the quadratic and
higher-order terms containing variable deviations dx, dx3, dα, dγ, and dυ in the equations
and in the Taylor series expansion of the functions, we obtain the following:

R(E)
xx = 1 − υ32

cos(γ3)
cos(γ2)

[
1 − dxi

dx3
+ dγ2

dx3
(x3 − xi)

(
tan(γ2) +

1
υ21

dυ21
dγ2

)]
+V1

(
−υ21υ32sin(γ3)

dγ3
dx3

+ υ21cos(γ3)
dυ32
dx3

+ υ32cos(γ3)
dυ21
dx3

)[
t3 − x3−xi

V1υ21cos(γ2)

] (41)

R(E)
xy = dyi
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+ tan(γ2)
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)
+ dγ2
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(
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1
υ21
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dγ3
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dυ32
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υ21sin(γ3) +
dυ21
dx3

υ32sin(γ3)
)[

t3 − x3−xi
V1υ21cos(γ2)

]
, t > t0

(42)
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Alternatively, the rates can be obtained directly by differentiation of Equations (25)
and (26) with respect to x3, resulting in bulkier expressions presented in the Appendix A.
Here in the system of equations

dα3

dx3
=

−β
′′
3

1 +
(

β′
3
)2 , (43)

the derivatives of the shock refraction parameters are determined from Equation (18)

dγ3

dx3
=

1
ε3

(
dγ2

dx3

)
cos2(γ3 + α3)

cos2(γ2 + α3)
− dα3

dx3

[
1 − 1

ε3

cos2(γ3 + α3)

cos2(γ2 + α3)

]
(44)

and from (29)

dυ32

dx3
= ε3

[
−sin(γ2 + α3)

cos(γ3 + α3)

(
dγ2

dx3
+

dα3

dx3

)
+

cos(γ2 + α3)sin(γ3 + α3)

cos2(γ3 + α3)

(
dγ3

dx3
+

dα3

dx3

)]
(45)

The factors dυ21
dx3

and dγ2
dx3

are obtained from the expressions (14) and (15) that are

functions of x1, with the substitution x1 ≡ x and via the transition d
dx3

= d
dx1

dx1
dx3

. Finally,
using the above expressions, we obtain the expression via

dυ21

dγ2
=

dυ21

dx3

/(
dγ2

dx3

)
(46)

The scale factor dx1
dx3

relating the coordinates of the interaction point at the entrance
and then at the exit interfaces is obtained using the geometrical relationship

a1 − x1 + x3 = [β1(x1)− β3(x3)]tan
(π

2
+ γ2

)
(47)

from which

dx1

dx3
=

1 + β′
3(x3)tan

(
π
2 + γ2

)
1 + β′

1(x1)tan
(

π
2 + γ2

)
+ [β1(x1)− β3(x3)]

(
dγ2
dx1

)
/cos2

(
π
2 + γ2

) (48)

Thus, the locations of the events that occur at the exit from the spot can be traced back
to the original coordinate of a small front element of the incident shock. Using Equation (5)
for an elliptical interface at the entrance, and at the exit

β3 = b
√

1 − (x3/a3)
2 (49)

the Equation (47) can be solved for x3 from which the derivative dx3
dx1

is obtained. Applying
this to a sphere (a1 = a3 = b) of 0.5 mm diameter, the derivative can be determined in a
numerical form as the function of x1

dx1

dx3
=

−0.17765(x1 − 1.02041)(x1 − 1.00671)(x1 + 0.00671)(x1 + 0.020408)(
0.25 − 0.7399x1 + 0.7399x2

1
) (50)

that will be used later in the example below. Finally, using this function in Equations
(41) and (42), the components of the front deformation rates ℜ(E)

xx (graph a) and ℜ(E)
xy

(graph b) at the exit are obtained.
The results of numerical simulation for the rates vs. the coordinate y3 of the point of

the interaction are presented in Figure 8. They are obtained for the same flow conditions as
in Figures 5 and 7, at several instants of dimensionless time n3 between 0.2 and 1.8 through
the equal intervals of 0.4, where n3 = t3/τ and τ = b3/V1. In the plots, the coordinate y3 is
normalized to b3. The curves correspond to a few moments of the shock’s crossing of the
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exit interface (nt < 1) and when it propagates free in the cooler medium behind the spot
(nt > 1). The time sequence for the curves is from the lower to upper curve in the graph (a),
and from upper to lower in the graph (b).
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Figure 8. The rate components ℜ(E)
xx (a) and ℜ(E)

xy (b) vs. y3 at the exit from the spherical spot and
behind it. The curves correspond to dimensionless times n3 between 0.2 and 1.8 through the equal
intervals of 0.4. The time sequence is from the lower to upper curve in graph (a) and from upper to
lower in graph (b).

Similar to that at the entrance, the front deformation rates here are tied to the coor-
dinates (x3, y3) of the interaction point as it moves along the exit interface curve. The
purpose of the analysis is to find the locations (x3m, y3m) on the interface producing the
most rapid reverse changes of the shock front. Using the relationship (47), those locations
can be traced back to the corresponding coordinates (x1m, y1m) at the entrance interface,
thus revealing the role of every particular portion of the entire interface in the effectiveness
of the front perturbation.

The negative rates ℜ(E)
xy in the Figure 8b reflect the fact that the front element’s motion

in this direction is still down to the symmetry axis, and its increasing absolute values with
the time point at a positive dynamic in this direction. The rate values, being significantly
higher at locations near the sphere pole (x3→0), identify the periphery and a middle portion
of the interface as producing the most rapid front modifications.

The beginning of the front recovery process is seen in Figure 8a, where the curves
for ℜ(E)

xx cross the zero line. The rate’s negative values during the first moments of the
front’s exit describe a gradual flattening of the front at its periphery, and the transition to
positive values reflects the fact of its widening at a later time (Figure 5). Reversing the sign
of the rate’s values confirms the delay in propagation of the periphery parts of the front
relative to that at its center (Figure 5). As the point of interaction slides down toward the
symmetry axis (x3→1), the deformation rates ℜ(E)

xx decrease and then become negative,
thus confirming the progressive flattening of the front near the symmetry axis. In Figure 5,
the process of the front recovery can be also traced looking at the inflection point steadily
moving down the curves toward the symmetry axis, with its coordinate corresponding to
that of crossing the zero line in Figure 8a.

7. Elliptical Interface Stretched Transversely

In identifying parameters controlling the front recovery dynamics, the effect of the
interface geometry will be explored. Compared to a circular interface, an elliptical interface
stretched in the transverse direction (a1 = a3 = a, b > a) will effectively decrease its curvature
while still keeping the factor of symmetry. The curvature affects the intensity of the
refraction effect via two factors, the local incidence angle and the time of the interaction
with the heated medium. Thus, the question is whether the softer refraction will be able to
accomplish the full recovery and if and how it affects the recovery time. Since such a shape
is most common for optical discharges, the analysis results can be validated using available
experimental data.
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The results of the numerical simulation obtained for a shock interacting with a trans-
versely oriented elliptical interface are presented in Figure 9. The shock profiles were deter-
mined using the system of Equations (3)–(6) and (20) and Equations (24), (30) and (34)–(36)
under the same flow and gas conditions as in the case of the sphere. In the figure, the fronts
entering the hot spot correspond to dimensionless times starting at nτ = 0.2 through the
equal intervals of ∆nτ = 0.2. For the next four fronts crossing the back interface ∆nb = 0.1,
and for the rest propagating free behind the spot ∆nb = 1.0. The coordinates of the profiles
(X, Y) are normalized to b, and the ratio for the major semi-axes of the ellipse b/a = 5/2.
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Compared to the case of spherical symmetry (Figure 5), the results predictably 
demonstrate that a softer refraction on a less curved interface produces a weaker distor-
tion of the front propagating inside the hot spot. Upon emergence from the spot, the full 
front flattening still occurs but much later at the distance at least three times longer than 
the characteristic length b (not shown in the picture because of optimal scale). Note the 

Figure 9. Shock front distortion as it crosses a hot spot of an elliptical cross-section oriented trans-
versely, followed by its recovery after emergence from the spot. The fronts entering the spot corre-
spond to times starting at nτ = 0.2 through the equal intervals of ∆nτ = 0.2, for those exiting the spot
∆nb = 0.1, and for the rest outside of the spot ∆nb = 1.0. The profile coordinates are normalized to b,
and b/a = 5/2. Diatomic nitrogen at T1 = 300 K, T2 = 2000 K, and M1 = 3.5.

Compared to the case of spherical symmetry (Figure 5), the results predictably demon-
strate that a softer refraction on a less curved interface produces a weaker distortion of
the front propagating inside the hot spot. Upon emergence from the spot, the full front
flattening still occurs but much later at the distance at least three times longer than the
characteristic length b (not shown in the picture because of optimal scale). Note the front
distortions during its free motion behind the spot being much larger compared to those
acquired inside the spot. Thus, the restoration of the front shape in this case takes signifi-
cantly longer than for its distortion. The front’s collapsing on the symmetry axis also occurs
later than in the spherical case, starting at x = 2.25. Consequently, the transverse stretching
of the interface delays the front recovery, in the proportion to the degree of stretching.

In discussing the reason for this, seemingly a softer refraction on a less curved interface
resulting in a weaker front distortion inside the spot should shorten its recovery time
outside the spot (relative to its characteristic time). However, considering the key role of the
vertical component of the velocity in the recovery mechanism, a relatively longer pass of
the front elements in the y-direction (proportional to the stretching degree) is the deciding
factor contributing to longer recovery.

8. Asymmetrical Interface Stretched Longitudinally

An asymmetrical interface made out of two semi-ellipses of different semi-minor
axis lengths can model drop-like shaped spots often observed in optical discharges. As a
particular case and for easier comparison, the entrance part of the interface will be kept
of a circular shape (a1 = b) to produce the initial front distortions identical to those in
Figure 5. The exit part of the interface will be taken as elliptical now being stretched in the
longitudinal direction. The ellipse’s semi-major to semi-minor axes ratio b/a3 = 5/7 will
provide stretching 3.5 times more compared to that in Figure 9.

Based on the previous results, a stronger refraction on a more curved interface
and a smaller ratio of the front element paths in transversal vs. longitudinal direc-
tions, suggests expecting shorter recovery times. In Figure 10, the curves crossing the
entrance interface correspond to several dimensionless times through the equal intervals of
∆nτ = 0.2 (first six curves), ∆nb = 0.15 for the next four exiting through the back interface,
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and ∆nb = 0.25 for those propagating freely behind the spot. The profile coordinates (X3,
Y3) of the front behind the spot are normalized to the distance b and correspond to the same
flow conditions as in Figure 9.
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correspond to several instances of dimensionless time through the equal intervals of ∆nτ = 0.2 (first
six curves at the entrance), ∆nb = 0.15 (next four fronts at the exit), and ∆nb = 0.25 for those moving
free behind the spot. The profile coordinates are normalized to b, and b/a3 = 5/7. Diatomic nitrogen
at T1 = 300 K, T2 = 2000 K, and M1 = 3.5.

The graph demonstrates that a longitudinally stretched interface supports much faster
recovery owing to a relatively shorter travel distance for the front elements in the transverse
direction. Compared to the previous results in Figures 5 and 9, the shock emerging from
the spot collapses at the axis earlier at a distance of approximately ½b. The front attains
visible flattening also earlier, and it becomes fully restored at the distance equal to the spot
size a1 + a3 (almost there on the graph).

9. Conclusions and Discussion

In this work, the possibility of a shock front recovery at a discrete closed, concave–
convex interface with a thermal inhomogeneity has been investigated. The main points
of interest were the mechanism of shock recovery, the factors determining whether it
is full or partial, and the parameters controlling the recovery dynamics, including the
recovery time. Considering one-axis or a full symmetry, a two-dimensional model of the
interaction was developed and then applied in a number of examples. Diatomic nitrogen
gas of ambient temperature T1 = 300 K heated to 2000 K behind a closed interface, and
the uniform gas parameter distribution were used as a model medium of interaction.
The ideal gas approximation appropriate for such conditions allowed for the elimination
of a number of secondary factors. However, real gas and non-equilibrium effects often
accompanying this type of interaction can be readily accounted for in the case of higher
temperatures, the specific sort of gas, or the presence of impurities, as was described, for
example, in [13,18,19].

The solution to the problem has been split into two parts, each considering the interac-
tion with the entrance and exit semi-interfaces separately, with the flow parameters being
tailored at the junction between the interfaces. The model allows solution at extended times,
after the shock front leaves the heated spot and continues its propagation free in the cooler
surrounding medium. An incident shock wave of a planar geometry was chosen for its
symmetry, obvious comparison, and because of the prevalent experimental data available in
the literature. However, extending the model for other shock geometries does not present
much difficulty if using, for example, the approaches described in [6]. For illustration
purposes and to explore the possibility of controlling the recovery, the model relations
have been applied to the conditions common for optical discharges featuring spherical,
elliptical, and drop-like configurations. From analysis of interaction with different shapes,
the interface stretching degree has been found among the factors controlling the recovery
time. In the case of full symmetry in the interaction, an analysis of the dynamics in the
front distortion has been made with the purpose of identifying locations on the interface
responsible for the most rapid front modification. The dimensionless form of the equations
makes it applicable to the problems of any other scales.
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One of the most interesting findings of this research is the non-symmetrical nature of
the shock refraction taking place at a closed concave–convex interface. It was demonstrated
that, even in the case of totally symmetrical conditions across the interface, the specific
mechanism of the shock recovery is something other than simply its compensation. In a
strict sense of it, the full restoration of the shock occurs neither at the moment of the shock’s
emergence from the spot nor at a later time. At the same time, clear reverse changes toward
the initial front shape eventually take place, thus creating an appearance of a full recovery
seen in experiments.

Another important fact following from the model is that after the shock leaves the
discharge, its front distortion does not stop but still continues for an extended period
of time comparable to the time of the shock–spot interaction. The impulse given to the
front in the transverse direction, characterized by the shock velocity components V2y and
V3y, initiates motion of the front elements toward the longitudinal symmetry axis until
the central part of the front collapses on the axis. After that, the continuing motion of
increasingly flattened portions of the front from the periphery toward the symmetry axis
eventually returns the front to its original planar shape by closing at the spot’s center.

At the periphery, a weaker refraction characterized by relatively small y-components
of the shock velocity and tending to zero at the sphere pole, makes compensation of the
front portions in the x-direction quite effective. The x-component of the front distortion,
thus almost unaffected by the transversal motion at this location, results in the front’s
continuous flattening with time. With the transversal component of the motion being
present, the front’s shape restoration is finished as soon as the last front element (at the
pole) reaches the symmetry axis, thus filling the gap of disturbance. Consequently, the
appearance of return to the original front shape occurs as the result of the elimination
of the disturbed patch of the front in its collapse on the symmetry axis, followed by its
replacement with centripetally moving periphery flattened portions of the front. The “hole”
created as a disturbance to the front eventually closes by overlapping with its external
front portions.

However, in defining the recovery strictly, a number of factors that take place differ-
ently on the two parts of a fully symmetrical interface contribute to preclude the return of
the shock to its original state. First, the losses of the shock energy associated with the two
consecutive reflections off the interface prevent the shock from its full restoration in terms
of intensity. In addition, the permanent loss of the hypersonic flow state occurs because
of three major factors. First, the fundamentally different nature of the waves reflected
off the two semi-interfaces results in the jump of local shock velocity υ32 at the exit not
being that intense compared to the inverse of υ21 at the entrance of the spot, and thus, even
under the condition of the full symmetry, the velocity ratios υ21 and υ32 are not reciprocals.
The difference in the incidence angles αentr = α1 and αexit = α3 + γ2 due to a non-zero
refraction angle γ2 is the second reason. However, the key, and the strongest factor in
the forever loss of the flow state is non-symmetry in the shock refraction. The opposite
orientation of the two semi-interfaces, together with the opposite temperature steps across
them, flip the symmetry twice, thus turning the velocity vector at both interfaces in the
same direction. This results in the y-component of the velocity never being compensated
but rather increased at the exit from the spot. This finding immediately suggests that,
if there is a desire to directly compensate the front shape, a closed convex-to-convex or
concave-to-concave interface will do the job.

From the analysis of the interaction with different symmetrical and non-symmetrical
elliptical interfaces, the degree of their stretching is found to be among the factors control-
ling the recovery time. Orientation of the stretching affects the recovery dynamics mostly
via the path lengths ratio in the transverse vs. longitudinal directions. Compared to the
transverse orientation, the longitudinal stretching results in much faster recovery owing to
a relatively shorter pass for the front elements from the periphery to the center. Compared
to the spherical case, both orientations result in the recovery times directly proportional
to the degree of the interface stretching. Thus, it can be concluded that, regardless of the
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shape or orientation of the interface stretching, the front recovery will always occur and it
is only a matter of time when. It follows then that it could be that a partial front recovery is
recorded in some experiments simply because of too short observation time.

The key statements following from the model, such as the front’s alterations continuing
well after it leaves the spot, and the shock’s overstretching followed by its collapse at the
symmetry axis, are in a good agreement with experimental observations in discharges of
various types [8,11–14]. For example, in Ref. [8], the effect of plasma was found to not be
confined to the vicinity of a heated gas region but rather it influenced a larger region of
the flow field. The front’s continuous changes were observed for extended times (on the
order of 1 ms) after it emerged from the heated area or the discharge was switched off.
The reported alterations of the shock wave structure inside the hot spot also include the
change of the shock front shape, its upstream displacement with a larger shock angle, and
tumultuous and highly diffused form of the shock front until its full or partial elimination
in the discharge central area [11–14]. As was shown in the examples above, the exact time
of the front recovery is dependent on the spot’s shape, its size, and the heating strength
T2/T1. Thus, in relating it to the experimental data, the spot’s dimensions have to be scaled
in. In any case, though, the recovery times being on the order of the times of the shock’s
transition through the hot spot, agree well with the observations.

In discussing simplifications imposed on the model, the following factors limiting
its validity must be taken into consideration. First, at the higher level of heating and in
certain gases, the excitation of slower degrees of freedom in the gas can result in the jump
parameter ratios for the shock being substantially different from its ideal gas equivalents.
For example, in diatomic nitrogen gas at 3000 K, there will be an 11% increase in density
jump across a shock, and a 17% temperature and an 11% pressure decrease, compared
to the levels predicted by Rankine–Hugoniot relations [13]. This noticeably influences
the shock refraction strength and the flow modifications through the Mach number ratio
M(n)

21 = M2n/M1n that now should be determined from the shock refraction equations
modified for the real gas effects. With those corrections, the interface reflectivity decreases,
resulting in 12% more intense shock transmission. The coordinate of the transition point
determining the character of the reflected wave also shifts, being quite sensitive to the
incident shock strength and the sort of gas [13].

In this connection, the sort of gas as a working medium is also a factor. In certain
gases and under specific range of conditions, the energy content of inert degrees of freedom
can vary greatly, affecting the rates of their excitation dramatically. For example, in O2
and N2 at very low pressures, considerable dissociation can result in the density jump
across a shock exceeding the maximum ideal diatomic value of 6 by several times, up
to the value of 25. The presence of even a minuscule amount of impurities, such as
water vapor, may significantly alter the chemical reaction rates that sometimes flip the
tendency in the excitation rate dynamics opposite to of that in a pure gas [20]. While in
pure gases, dissociation in N2 or O2 molecules can be conveniently disregarded because of
their uniquely large mean free paths compared to that for vibrations, collisions with water
molecules at room temperature are very effective in exciting vibrations of O2 molecules.
At just at 1% of water in the air, the collisions with H2O will be three times as effective as
all the nitrogen. In the mix, the collisions with water molecules are more effective than
those with N2 at 500 K, but less effective at those higher than 700 K. The effect is due to
the relaxation time quickly decreasing with temperature for collisions with N2 and much
slower for collisions with water molecules [21].

The way different types of discharges can heat the gas is another factor to consider.
For example, in the microwave discharge, the contribution of rotational–vibrational bands
of molecular nitrogen considerably prevails over that of atomic line spectrum [22] and the
pulse-repetitive discharges can feature much stronger dissociation processes [21]. And the
specifics of discharges combined with a sort of gas provide a full spectrum of intermediate
outcomes. For example, in metastable oxygen, colder discharges tend to produce molecules,
while at higher temperature conditions atomic oxygen prevails. At the same time, when
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using the He/O2 mixture, the microwave cavity discharges favor molecular production,
but an arc-seeded microwave torch in air shows preference for atomic production [23].

When the gas heating level is increasing, the presence of non-equilibrium in the
gas state also affects the interaction. In N2, it starts at around 5000 K, however, given a
complicated dependence on the sort of gas, this number can vary greatly. Because of the
lag in achieving the equilibrium state, a zone of variable specific heat with continuously
changing gas parameters forms behind the shock front. An extended structure acquired by
the front is important to consider when the spot dimensions become comparable to that
of the structure. In addition to the gas temperature, the effect is also dependent on the
shock’s Mach number. Thus, considering a curved interface, the parameter distribution
and the local width of the relaxation zone, being dependent on the normal component of
the Mach number, is affected through the incidence angle. For moderate-to-strong shock
intensities, the width of the zone of variable specific heat is on sub- to mm scale, i.e., at the
scale common for optical discharges. If an extended shock structure is already present at
the incidence, the effect on the zone during the shock transmission is its narrowing near
the poles of a spherical or elliptical interface [19]. For both, the reflected and transmitted
portions of the shock, their structure is affected by the interaction in which the relaxation
zone parameters past each of the waves evolve differently compared to that in the incident
wave [24]. In the reference, a slow–fast case of the interaction with a shock of M = 3.5
was considered in non-dissociating N2 gas heated to 5000 K/10,000 K across the interface.
At normal incidence and in the planar geometry, the relaxation time for the transmitted
wave was up to 50% shorter and the relaxation depth for both waves is significantly
reduced, thus resulting in a weakened shock structure. It follows then that, under intensive
heating conditions, an extended shock structure locally affected by the interaction will be
superimposed on the continuously distorted front.

Next, in reality, the presence of discrete interfaces is rather rare. However, this ap-
proximation was used in the model for the purpose of clearer demonstration, because of
the interface’s ability to effectively reflect shock waves. For interfaces of final widths, the
corrections associated with this property can be done using, for example, the procedure
described in [6]. Softer interfaces characterized by a continuous distribution of gas parame-
ters over an extended distance reflect less effectively, thus allowing higher transmission
of the shock [13]. Consequently, because of lower losses of the shock energy at the two
semi-interfaces, the shock fronts will be distorted more intensively during the intermediate
phases of the interaction. However, upon emergence, the delay between the central and
periphery parts of the front will be less pronounced.

The uniform gas parameter distribution is another simplifying factor used in the
model to ensure the symmetry deemed necessary for the full recovery. In the applications
featuring non-uniform conditions inside the heated spot, the approach described in [6]
developed for a number of distributions common for laboratory or astrophysics conditions
can be utilized. Since the parameter distribution does not change conditions at the interface,
only Equations (3), (4) and (26), describing the shock propagation in the media, need to be
replaced. In connection to this, it should be noted that a significant deflection of the gas
parameter distribution from longitudinally symmetrical shapes could indeed result in only
partial front recovery.

Finally, at the entrance, the domain of the functions in the model was limited with
the spot’s dimensions, thus leaving other flow elements following the interaction out of
consideration. The irregular refraction pattern that can be present in the flow picture
includes the triple point, the Mach stem, a reflected wave, and a transmitted precursor
shock [25,26] formed at the entrance of the spot. The Mach stem formation was not included
in consideration here because it forms outside of the hot spot and thus does not appear to
be critically affecting the shock propagating inside it and after its emergence from the spot.

The results of the investigation are applicable to the field of thermal energy deposition
into a hypersonic flow, most commonly employed in aerospace for vehicle control and for
wave drag and sonic boom reduction problems. While for this type of problem, most of the
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analysis available in the literature has been performed at the spot’s entrance or inside it,
this research adds further details of the flow modification after a shock’s passing through
the spot. Thus, the conclusions of this work can also be found useful in the flame–shock
interaction, combustion, astrophysics, and fusion research. Because of a largely thermal
nature of the shock refraction mechanism, the results are applicable to both, plasma and
charge-neutral heated gases. The dimensionless form of the equations allows applications
on any scale other than that demonstrated for the optical discharges.
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Appendix A

A1. Shock refraction equation used in paragraph II to determine the Mach number
ratio in the slow–fast scenario taking place at the entrance of the hot spot, when the reflected
wave is a rarefaction wave:
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In the equation, θ2 = T2/T1, and k1, k2, are the specific heat ratios in the
corresponding media.

A2. Shock refraction equation used in paragraph II to determine the Mach number
ratio in the fast–slow scenario taking place at the exit of the hot spot, when the reflected
wave is a shock:
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In the equation, θ3 = T3/T2, and k2 and k3 are the specific heat ratios in the corre-
sponding media.

A3. The rate matrix components obtained directly by differentiating Equations (25) and (26):
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