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Abstract:



We focus on quantization of the metric of a black hole restricted to the Killing horizon with universal radius [image: there is no content]. After imposing spherical symmetry and after restriction to the Killing horizon, the metric is quantized employing the chiral currents formalism. Two “components of the metric” are indeed quantized: The former behaves as an affine scalar field under changes of coordinates, the latter is instead a proper scalar field. The action of the symplectic group on both fields is realized in terms of certain horizon diffeomorphisms. Depending on the choice of the vacuum state, such a representation is unitary. If the reference state of the scalar field is a coherent state rather than a vacuum, spontaneous breaking of conformal symmetry arises and the state contains a Bose-Einstein condensate. In this case the order parameter fixes the actual size of the black hole with respect to [image: there is no content]. Both the constructed state together with the one associated with the affine scalar are thermal states (KMS) with respect to Schwarzschild Killing time when restricted to half horizon. The value of the order parameter fixes the temperature at the Hawking value as well. As a result, it is found that the quantum energy and entropy densities coincide with the black hole mass and entropy, provided the universal parameter [image: there is no content] is suitably chosen, not depending on the size of the actual black hole in particular.
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1. Introduction and Summary


After the work of Bekenstein and Hawking [1,2] defining the thermodynamical properties of black holes [3,4], microscopic explanations of thermodynamical features of black holes became a standard issue of modern theoretical physics. A microscopic explanation should throw some light on a possible quantum description of gravity. The holographic principle, proposed by ’t Hooft and Susskind [5,6,7,8], suggests to search exactly on event horizons the quantum nature of the gravity. That is a reason why many scientists in the last decades have tackled the problem under different points of view obtaining some relevant but partial results [4,9,10].



Restricting to the case of spherical symmetry, we propose here an alternate approach, regarding canonical quantization (by means of a straightforward extension of the notion of chiral current) of some “components” of the metric when restricted to the horizon of a black hole. This approach is based on results previously obtained by the authors [12,13], using some of the ideas of [11], where the language and the mathematical tools of conformal nets of local observables were exploited profitably. It is worth remarking that the approach employed in this paper has recently been developed toward other very promising directions in quantum field theories in curved spacetime [14,15,16,17,18]. Herein, instead, we focus to quantum gravity. Our main idea is that the metric of a black hole, restricted to the Killing horizon with radius [image: there is no content] and represented in a suitable manner after imposing spherical symmetry, can be quantized with the procedures of chiral currents. We quantize two “components of the metric”: one behaves as an affine scalar fields under changes of coordinates and the other is a proper scalar field. However, the reference state of the latter, which, in fact fixes the black hole, is not a vacuum state but a coherent state arising from spontaneous breaking of conformal symmetry (which is a natural symmetry on null surfaces). That state (and the state associated with the affine field), when examined on a half horizon, turns out to be thermal (KMS) with respect to Schwarzschild Killing time (restricted to the horizon) and it contains a Bose-Einstein condensate. The value of order parameter individuates the actual size of the black hole with respect to [image: there is no content], as well as the Hawking temperature. In spite of initial limitation to only treat the spherical case, we finally find that the densities, energy and entropy of this state coincide to the mass and the entropy of the black hole provided the universal parameter [image: there is no content] is fixed suitably (not depending on the size of the black hole).



Let us review some basic results of the theory of n-dimensional ([image: there is no content]) vacuum Einstein solution (with cosmological constant Λ) enjoying spherical symmetry. Such metrics have the following general form in a coordinate patch where [image: there is no content]


ds2=gab(x)η(x)n−3n−2d[image: there is no content]dxb+η(x)2n−2dΣ2(y).



(1)




Above [image: there is no content], moreover the “non-angular part of the metric” is given by the Lorentzian metric g (with signature [image: there is no content]) which, together with the so-called dilaton field η, depends only on coordinates [image: there is no content]. The “angular part of the metric” [image: there is no content] with [image: there is no content], depends on coordinates [image: there is no content] only. h is the metric on a Riemannian [image: there is no content]dimensional space Σ and it is supposed to satisfy, if [image: there is no content] is Ricci tensor associated with h,


RAB[h]=ΓhAB,with Γconstant.



(2)




Under these assumptions vacuum Einstein equations give rise to equations for the metric g and the dilaton η which can also be obtained by means of a variational principle. Starting from Hilbert-Einstein action for the complete metric (1) and integrating out the angular part discarding it, one obtains:


I[g,η]=2G∫dx0dx1|detg|ηR[g]2+[image: there is no content](η).



(3)




That is the action of a 2-D dilatonic theory with dilatonic potential


[image: there is no content](η)=Γ2η1n−2−Λη1n−2.



(4)




[image: there is no content] encodes all information about the n-dimensional original spacetime with cosmological constant Λ. The approach to Einstein equation based on the action (3) is called dimensional reduction [19,20,21,22,23]. We stress that, in spite of the reduction, the finally obtained 2-dimensional models share many properties with [image: there is no content]dimensional ones.



We can reduce the number of used fields by the following remark. It is well known that every Lorentzian 2-dimensional metric g is, at least locally, conformally equivalent to the flat metric [image: there is no content] referred to Minkowski coordinates [image: there is no content]:


gab(x)=eρ(x)γab(x).



(5)




(In several papers the exponent is defined as [image: there is no content] instead of ρ). Working with null coordinates [image: there is no content], so that [image: there is no content] and [image: there is no content], one has


g++=g−−=0,g+−=g−+=−eρ(x)/2,



(6)




and vacuum Einstein equations become very simple:


∂+∂−η+eρ[image: there is no content](η)2=0,∂±2η−∂±ρ∂±η=0,∂+∂−ρ+eρ2d[image: there is no content](η)dη=0.



(7)




Starting from the action above as a functional of the fields [image: there is no content] the variational procedure produces only two equations, the first and the last in (7), of the original four Einstein equations, the remaining ones can be imposed as constraints on the solutions. Equations (7) are completely integrable and the general solution depends on an arbitrary real function [image: there is no content] and an arbitrary real constant C:


eρ=−[image: there is no content](η)2∂+ϕ∂−ϕ,2[image: there is no content](η)=ϕ,



(8)




where η is assumed to satisfy [image: there is no content] and


[image: there is no content](η)=∫0η[image: there is no content](α)dα−C,[image: there is no content](η)=∫1[image: there is no content](η)dη.



(9)




The integration constant of the latter integral is included in the field ϕ in (8). The explicit expression for [image: there is no content] reads


[image: there is no content](η)=Γ2n−2n−3−Λn−2n−1η2n−2ηn−3n−2−Cor[image: there is no content](η)=−Λη22−Cifn=3.



(10)




With these definitions the metric (1) takes the following explicit form


ds2=[image: there is no content](η(ϕ))2η(ϕ)n−3n−2∂+ϕ∂−ϕd[image: there is no content]d[image: there is no content]+η(ϕ)2n−2dΣ2.



(11)




In [image: there is no content] ([image: there is no content] being any pair of (open) segments where [image: there is no content], [image: there is no content](η(ϕ))≠0) the fields [image: there is no content] together with coordinates on Σ define a coordinate patch of the spacetime where


ds2=[image: there is no content](η(ϕ))2η(ϕ)n−3n−2d[image: there is no content]d[image: there is no content]+η(ϕ)2n−2dΣ2.



(12)




As the metric depends only on [image: there is no content], [image: there is no content] is a Killing field. This is a straightforward generalization of Birkhoff theorem [23]. The arbitrariness, due to an additive constant, in defining [image: there is no content] and [image: there is no content] from ϕ does not affect the Killing field and it reduces to the usual arbitrariness of the origin of its integral curves.



As a comment, notice that in the three dimensional case ([image: there is no content]), the last equation in (7) becomes the field equation of a [image: there is no content]Liouville theory for [image: there is no content] with [image: there is no content]


−∂+∂−ϱ+ke2ϱ=0.



(13)




Notice however that the action in (3) does not reduce to the usual Liouville action in this case. Restricting to the case [image: there is no content] with [image: there is no content] and [image: there is no content], two relevant cases arise. If [image: there is no content], the metric (12) is Schwarzschild’s one with black-hole mass [image: there is no content], [image: there is no content], [image: there is no content] is the “Regge-Wheeler tortoise coordinate” [image: there is no content] and [image: there is no content] are the usual null coordinates. As [image: there is no content] has a unique non-integrable zero, there are two inequivalent functions [image: there is no content] corresponding to the internal singular metric and the external static metric respectively. [image: there is no content] defines Schwarzschild time in the external region. The case [image: there is no content] is nothing but Minkowski spacetime. [image: there is no content] is the Killing field associated with Minkowski time, there is a unique function [image: there is no content], and coordinates [image: there is no content] are the usual global (radial) null coordinates with range [image: there is no content]+[image: there is no content]>0.Global structures are constructed gluing together solutions of Einstein equations. In particular, manifolds with bifurcate Killing horizon arise. Consider again the case [image: there is no content], [image: there is no content], [image: there is no content], [image: there is no content] (Schwarzschild black hole). In this cases one fixes global coordinates [image: there is no content], [image: there is no content] such that the metric reduces to (12) in each of the four sectors [image: there is no content]. ϕ, ρ and η are functions of [image: there is no content] defined as follows:


ϕ([image: there is no content],[image: there is no content])=4M1+ln[image: there is no content]32M3,ρ([image: there is no content],[image: there is no content])=1−η([image: there is no content],[image: there is no content])2M,



(14)




η is obtained by solving, for [image: there is no content] and [image: there is no content] respectively, the equation


[image: there is no content]



(15)




The global metric (1) obtained in this way (with [image: there is no content]) is smooth for [image: there is no content], [image: there is no content] being the black/white-hole singularity. The spacetime obtained is maximally extended and K=∂[image: there is no content]−∂[image: there is no content] turns out to be a Killing field smoothly defined globally which is light-like on a pair of 3-dimensional null hypersurfaces [image: there is no content] and [image: there is no content]. These hypersurfaces intersect at the compact 2-dimensional spacelike submanifolds Σ, localized at [image: there is no content], and are normal to it. Σ is called bifurcation surface. K vanishes exactly at the bifurcation surface. It turns out that η|[image: there is no content]=η|[image: there is no content]=ηC>0 is constant and it is the unique positive solution of [image: there is no content](η)=0. [image: there is no content] is the Schwarzschild radius. Either [image: there is no content] and [image: there is no content] are diffeomorphic to [image: there is no content] with [image: there is no content] covered by the coordinate [image: there is no content],[image: there is no content]∈[image: there is no content] respectively. In coordinates [image: there is no content] it holds:


ρ|[image: there is no content]=ρ|[image: there is no content]=0.



(16)




Notice that [image: there is no content] depend on the product [image: there is no content] only. Therefore, passing to new global coordinates [image: there is no content]=[image: there is no content][image: there is no content] with constants [image: there is no content] satisfying [image: there is no content], Equations (14)–(16) and [image: there is no content] still hold for the considered metric replacing [image: there is no content] with [image: there is no content].



The point of view we wish to put forward is to promote (some of) the objects ρ, η and ϕ to quantum objects, i.e., averaged values of associated quantum fields [image: there is no content], [image: there is no content] and [image: there is no content] with respect to reference quantum states. Those quantum states do individuate the actual metric and in particular the mass of the black hole on a hand. On the other hand they should account for thermodynamical properties of black holes.



In the rest of the paper we adopt of Planck units so that [image: there is no content], in this way every physical quantity is a pure number.




2. Quantum Structures on the Horizon of a Black Holes


2.1. Geometrical Background and its Quantum Interpretation


To go on with our proposal we have to consider as separated objects part of the background manifold (not quantized) and part of the metric structure (at least partially quantized). More precisely we consider a 4-dimensional differentiable manifold [image: there is no content] diffeomorphic to ([image: there is no content]×Σ)×([image: there is no content]×Σ)=[image: there is no content]2×Σ such that a reference flat Lorentzian [image: there is no content] metric γ is assigned in a global coordinate frame ([image: there is no content],[image: there is no content])∈[image: there is no content]×[image: there is no content] where the two factors [image: there is no content] are those in the decomposition of [image: there is no content]=([image: there is no content]×Σ)×([image: there is no content]×Σ). These coordinates, together with coordinates on Σ, describe respectively manifolds [image: there is no content] and [image: there is no content]. Every admissible metric on [image: there is no content] must be such that, (C1) it has the general structure (1) and in particular it enjoys [image: there is no content]-spherical symmetry, Σ being tangent to the associated Killing fields, (C2) it solves (7) with [image: there is no content] (that is the mass M) fixed a priori in some way depending, at quantum level, on a quantum reference state as we shall discuss shortly, and (C3) [image: there is no content]∪[image: there is no content] is a bifurcate Killing horizon with bifurcation surface Σ.



A time orientation is also assumed for convenience by selecting one of the two disjoint parts of [image: there is no content]∖Σ and calling it [image: there is no content]>. The other will be denoted by [image: there is no content]<. (In [12,13] we used notations [image: there is no content]± instead of [image: there is no content]≷.)



There is quite a large freedom in choosing global coordinates [image: there is no content]∈[image: there is no content] on [image: there is no content],[image: there is no content] respectively, such that the form of the metric (6) hold. In the following we call admissible null global frames those coordinate frames. It is simply proved that the following is the most general transformation between pairs of admissible null global frames provided η transforms as a scalar field (as we assume henceforth):


x′+=f+([image: there is no content]),x′−=f−([image: there is no content])anddf+d[image: there is no content]df−d[image: there is no content]>0,



(17)




where the ranges of the functions [image: there is no content] cover the whole real axis. We remark that preservation of the form of the metric (6) entails preservation of the form of equations (7). There are infinitely many possibilities to assign the metric fulfilling the constraints (C1), (C2), (C3). Considering Kruskal spacetime, if [image: there is no content] and if [image: there is no content]:[image: there is no content]→[image: there is no content] are functions as in (17) with [image: there is no content](0)=0, the fields [image: there is no content] give rise to everywhere well-defined fields η and ρ using (8) and (9). The produced spacetime has a bifurcate Killing horizon with respect to the Killing vector [image: there is no content] (which has the temporal orientation of [image: there is no content]) just determined by the initially assigned manifolds [image: there is no content],[image: there is no content],Σ. Different global metrics obtained from different choices of the functions [image: there is no content] are however diffeomorphic, since they have the form of Kruskal-like metric (with the same mass) in admissible null global frame, [image: there is no content]=[image: there is no content]([image: there is no content]) in the considered case.




2.2. The Field ρ and the Interplay with ϕ on Killing Horizons


As a consequence of the decomposition [image: there is no content], ϕ is a solution of d’Alembert equation [image: there is no content], where □ is referred to the reference flat metric γ in any admissible null global frame. This field is a good candidate to start with a quantization procedure. In particular each component [image: there is no content]([image: there is no content]) of ϕ could be viewed as a scalar quantum field on [image: there is no content] and [image: there is no content] respectively. Here we focus also attention of the field ρ and on the interplay between ρ and ϕ when restricted to the horizon.



Let us start by showing classical nontrivial properties of the field ρ and its restrictions ρ|[image: there is no content] and ρ|[image: there is no content]. First of all consider transformations of coordinates (17) where, in general, we relax the requirement that coordinates [image: there is no content] are global and we admit that the ranges of functions [image: there is no content] may be finite intervals in [image: there is no content]. The field ρ transforms as


ρ(x′+,x′−)=ρ([image: there is no content](x′+),[image: there is no content](x′−))+ln∂([image: there is no content],[image: there is no content])∂(x′+,x′−),



(18)




where the argument of ln is the Jacobian determinant of a transformation [image: there is no content]. (18) says that the field ρ transform as an affine scalar under changes of coordinates. (We notice en passant that, from (8) and (9) and the fact that η is a scalar field, (18) entails that ϕ is a scalar field as assumed previously.) A reason for the affine transformation rule (18) is that, for the metric g, only Christoffel symbols [image: there is no content] and [image: there is no content] are non vanishing and


∂+ρ=[image: there is no content],∂−ρ=[image: there is no content].



(19)




Remark. The reader should pay attention to the used notation. ρ should be viewed as a function of both the points of [image: there is no content]×[image: there is no content] and the used chart. If the chart [image: there is no content] is associated with the coordinate frame [image: there is no content], an appropriate notation to indicate the function representing ρ in [image: there is no content] could be ρ([image: there is no content]|[image: there is no content],[image: there is no content]) or ρ[image: there is no content]([image: there is no content],[image: there is no content]). However we shall use the simpler, but a bit miss-understandable, notation [image: there is no content]. As a consequence, the reader should bear in his/her mind that, in general


ρ(x′+,x′−)≠ρ([image: there is no content](x′+),[image: there is no content](x′−)).











Form a classical point of view, on a hand ρ|[image: there is no content] and ρ|[image: there is no content] embody all information about the metric, since they determine completely it via Einstein equations, on the other hand these restrictions can be assigned freely. More precisely the following theorem holds.



Theorem 1. Working in a fixed admissible null global frame [image: there is no content] on [image: there is no content], if [image: there is no content], [image: there is no content] are smooth bounded-below functions, there is a unique metric which satisfies (C1), (C2), (C3) (with assigned mass [image: there is no content]) and such that ρ|[image: there is no content]=ρ+ and ρ|[image: there is no content]=ρ−.



Proof. First of all we prove that if [image: there is no content], [image: there is no content]˜ are solutions of Einstein equation on [image: there is no content] satisfying (C1), (C2), (C3) (with a fixed value of the mass), they coincide if the restrictions of the respectively associated functions ρ, [image: there is no content] to [image: there is no content]∪[image: there is no content] coincide working in some admissible null global frame [image: there is no content].



Indeed, using (18) one sees that if ρ|[image: there is no content]=[image: there is no content]|[image: there is no content] and ρ|[image: there is no content]=[image: there is no content]|[image: there is no content] in an admissible null global frame, these relations must hold in any other admissible null global frame. Hence we consider, for the metric [image: there is no content], the special admissible null global frame [image: there is no content] introduced in the end of the introduction. In these coordinates it must hold ρ|[image: there is no content]=[image: there is no content]|[image: there is no content]=ρ|[image: there is no content]=[image: there is no content]|[image: there is no content]=0. On the other hand, [image: there is no content]|[image: there is no content]=[image: there is no content]|[image: there is no content]=0 is valid also in coordinates [image: there is no content] analog of [image: there is no content] for the metric [image: there is no content]˜. Applying (18) for [image: there is no content] with respect to the coordinate systems [image: there is no content] and [image: there is no content] one easily finds (assuming that [image: there is no content] for convenience) [image: there is no content]=[image: there is no content][image: there is no content] such that the constants [image: there is no content] satisfy [image: there is no content]. Therefore, in coordinates [image: there is no content], [image: there is no content]˜ has the form individuated by (14) and (15) and thus it coincides with [image: there is no content]. This facts is invariant under transformations (18) and so, in particular, the affine scalars ρ and [image: there is no content] coincide also in the initial reference frame. The [image: there is no content] case is analog.



To conclude, let us prove the existence of a metric satisfying (C1), (C2), (C3) when restrictions of ρ to [image: there is no content]∪[image: there is no content] are assigned in a global null admissible coordinate frame. In the given hypotheses, by direct inspection one may build up a global transformation of coordinates [image: there is no content]→[image: there is no content] as in (17), such that [image: there is no content] constantly. Now a well-defined metric compatible with the bifurcate Killing horizon structure can be defined as in (14). This metric is such that ρ reduces to [image: there is no content] on [image: there is no content] and [image: there is no content] on [image: there is no content]. Transforming back everything in the initial reference frame [image: there is no content], the condition ρ|[image: there is no content]=ρ+, ρ|[image: there is no content]=ρ− turns out to be preserved trivially by transformations (17). The [image: there is no content] case is analog. □



Working in a fixed admissible global null coordinate frame, consider the restriction of ρ to [image: there is no content]: ρ|[image: there is no content]([image: there is no content])=ρ([image: there is no content],[image: there is no content]). The transformation rule of ρ|[image: there is no content]([image: there is no content]) under changes of coordinates makes sense only if we consider a change of coordinates involving both [image: there is no content] and [image: there is no content]. It is not possible to say how ρ([image: there is no content]) transforms if only the transformation rule x′+=f+([image: there is no content]) is known whereas x′−=f−([image: there is no content]) is not. This is because (18) entails


ρ(x′+,xΣ′−)=ρ([image: there is no content],[image: there is no content])+lnd[image: there is no content]dx′++lnd[image: there is no content]dx′−[image: there is no content].



(20)




However, since the last term in the right-hand side is constant on [image: there is no content], the transformation rule for field ∂[image: there is no content]ρ(x+,[image: there is no content]) is well-defined for changes of coordinates in [image: there is no content] only x′+=f+([image: there is no content]). This situation resembles that of ϕ. The restriction of ϕ to [image: there is no content] is ill defined due to the divergence of [image: there is no content]([image: there is no content]) at [image: there is no content] (see (14)), whereas the restriction of [image: there is no content] is well-defined and it coincides ∂+[image: there is no content], the arbitrary additive constant in the definition of [image: there is no content] being not relevant due to the presence of the derivative. The analogs hold replacing [image: there is no content] with [image: there is no content].




2.3. Quantization


Quantization of ρ and ϕ in the whole spacetime would require a full quantum interpretation of Einstein equations, we shall not try to study that very difficult issue. Instead, we quantize ρ|[image: there is no content] (actually the derivatives of that field) which, classically, contains the full information of the metric but they are not constrained by any field equations. Similarly we quantize ϕ|[image: there is no content]=[image: there is no content] (actually its derivative) and we require that classical constraints hold for its mean value (with respect to that of [image: there is no content]), which is required to coincide with the classical field [image: there is no content] (actually its derivative). We show that, in fact there are quantum states which fulfill this constraint and enjoy very interesting physical properties.



From now on we consider the quantization procedure for fields [image: there is no content][image: there is no content] and [image: there is no content]+ defined on the metrically degenerate hypersurface [image: there is no content]. Since we consider only quantization on [image: there is no content] and not on [image: there is no content], for notational simplicity we omit the the indices [image: there is no content] and + of [image: there is no content][image: there is no content] and [image: there is no content]+ respectively and we write [image: there is no content] and [image: there is no content] simply. Omitting complicated mathematical details, we adopt canonical quantization procedure on null manifolds introduced in [24,25] and developed in [12,13] for a real scalar field as ϕ based on Weyl algebra. This procedure gives rise to a nice interplay with conformal invariance studied in various contexts [12,13,24,25,26].



It is convenient to assume that [image: there is no content] and [image: there is no content] are function of [image: there is no content] but also of angular coordinates s on Σ: The Independence from angular coordinates will be imposed at quantum level picking out a 2-dimensional spherically symmetric reference state. Σ is supposed to be equipped with the metric of the 2-sphere with radius [image: there is no content], it being a universal number to be fixed later. Notice that, as a consequence [image: there is no content] does not depend on the mass of any possible black hole. A black hole is selected by fixing a quantum state.



We assume that only transformations of coordinates which do not mix angular coordinates s and coordinate [image: there is no content] are admissible. Under transformations of angular coordinates, [image: there is no content], ∂[image: there is no content][image: there is no content] transform as a usual scalar field, whereas it transforms as a connection symbol under transformations of coordinates x′+=x′+([image: there is no content]) with positive derivative:


∂x′+[image: there is no content](x′+,s′)=d[image: there is no content]dx′+∂[image: there is no content][image: there is no content]([image: there is no content],s)+dx′+d[image: there is no content]d2[image: there is no content]dx′+2I.



(21)




Conversely [image: there is no content] transforms as a proper scalar field in both cases with the consequent transformation rule for ∂+[image: there is no content]:


∂x′+[image: there is no content](x′+,s′)=d[image: there is no content]dx′+∂[image: there is no content][image: there is no content]([image: there is no content],s).



(22)




Transformation rules for the field [image: there is no content] are not completely determined from (21). However, as explained below it does not matter since the relevant object is ∂+[image: there is no content] either from a physical and mathematical point of view.



Fix an admissible (future oriented for convenience) null global frame [image: there is no content] on [image: there is no content]=[image: there is no content]×Σ. For sake of simplicity we assume that [image: there is no content] so that the bifurcation surface is localized at the origin of the coordinate V on [image: there is no content]. In coordinate [image: there is no content] Fock representations of [image: there is no content] and [image: there is no content] are obtained as follows [12,13] in terms of a straightforward generalization of chiral currents (from now on, [image: there is no content] and [image: there is no content] and where [image: there is no content]):


[image: there is no content][image: there is no content]=1i4π∑n,j[image: there is no content](s)e−inθ(V)n[image: there is no content],



(23)






[image: there is no content][image: there is no content]=1i4π∑n,j[image: there is no content](s)e−inθ(V)nPn(j).



(24)




As V ranges in [image: there is no content], [image: there is no content] ranges in [image: there is no content]. (The identification [image: there is no content] would make compact the horizon, which would become [image: there is no content], by adding a point at infinity to every null geodesic on [image: there is no content]. This possibility will be exploited shortly in considering the natural action of the conformal group PSL(2,[image: there is no content]).) [image: there is no content] and [image: there is no content] are real and, separately, define Hilbert bases in [image: there is no content] with measure [image: there is no content]. There is no cogent reason to assume [image: there is no content]=[image: there is no content] since the results are largely independent from the choice of that Hilbert basis. Operators [image: there is no content] are such that [image: there is no content] and [image: there is no content], [image: there is no content] and oscillator commutation relations for two independent systems are valid


[[image: there is no content],Jn′(j′)]=nδjj′δn,−n′I,



(25)






[Pn(j),Pn′(j′)]=nδjj′δn,−n′I,



(26)






[[image: there is no content],Pn′(j′)]=0.



(27)




The space of the representation is the tensor products of a pair of bosonic Fock spaces [image: there is no content] built upon the vacuum states [image: there is no content] such that [image: there is no content], [image: there is no content] if [image: there is no content], while the states with finite number of particles are obtained, in the respective Fock space, by the action of operators [image: there is no content] and [image: there is no content] on Ψ and Υ respectively for [image: there is no content].



From a mathematical point of view it is important to say that the fields [image: there is no content]([image: there is no content],s) and [image: there is no content]([image: there is no content],s) have to be smeared by integrating the product of [image: there is no content]([image: there is no content],s), respectively [image: there is no content]([image: there is no content],s), and a differential form ω of shape


ω=∂f([image: there is no content],s)∂[image: there is no content]d[image: there is no content]∧[image: there is no content](y),








where f is a smooth real scalar field on [image: there is no content] compactly supported and [image: there is no content] is the volume-form on Σ defined above. There are several reasons [12,13,24,25] for justify this procedure, in particular the absence of a measure on the factor [image: there is no content] of [image: there is no content]=[image: there is no content]×Σ: Notice that forms include a measure to be used to smear fields, for instance, the smearing procedure for [image: there is no content] reads ∫[image: there is no content][image: there is no content][image: there is no content]ω[image: there is no content] simply. Moreover, this way gives rise to well-defined quantization procedure based on a suitable Weyl [image: there is no content]-algebra [12,13]. Actually, concerning the field [image: there is no content] another reason arises from the discussion about Equation (20) above. Using [image: there is no content]-derivatives of compactly supported functions to smear [image: there is no content] it is practically equivalent, via integration by parts, to using actually the field ∂+[image: there is no content]([image: there is no content],s) which is well-defined concerning its transformation properties under changes of coordinates. Another consequence of the smearing procedure is the following. Relations (26) are equivalent to bosonic commutation relations for two independent systems


[[image: there is no content](V1,s1),[image: there is no content](V2,s2)]=−i4δ(s1,s2)sign(V1−V2)I,



(28)






[[image: there is no content](V1,s1),[image: there is no content](V2,s2)]=−i4δ(s1,s2)sign(V1−V2)I,



(29)






[[image: there is no content](V1,s1),[image: there is no content](V2,s2)]=0.



(30)




Indeed, these relations arise from bosonic quantization procedure based on bosonic Weyl algebra constructed by a suitable symplectic form, see [12,13] for full details. Actually those relations have to be understood for fields smeared with forms as said above. Changing coordinates and using (21), these relations are preserved for the field [image: there is no content](x′+,s′) smeared with forms since the added term arising from (21) is a [image: there is no content]-number and thus it commutes with operators.



The mean values ⟨Υ|[image: there is no content]Υ⟩, ⟨Ψ|[image: there is no content]Ψ⟩ with respect quantum states Υ and Ψ respectively should correspond (modulo mathematical technicalities) to the classical function ρ|[image: there is no content] and ϕ|[image: there is no content]. Let us examine this case.



By construction ⟨Υ|[image: there is no content][image: there is no content]Υ⟩=0. This suggest that the interpretation of the coordinate V must be the global coordinate along the future horizon [image: there is no content] introduced at the end of the introduction when the mean value of ⟨Υ|[image: there is no content][image: there is no content]Υ⟩ is interpreted as the restriction of the classical field ρ to [image: there is no content]. Indeed, in the coordinate [image: there is no content], ρ vanishes on [image: there is no content]. Actually this interpretation should be weakened because the field must be smeared with forms to be physically interpreted. In this way ⟨Υ|[image: there is no content][image: there is no content]Υ⟩=0 has to be interpreted more properly as ⟨Υ|∂V[image: there is no content][image: there is no content]Υ⟩=0. Thus one cannot say that V=[image: there is no content] but only that V=k[image: there is no content] for some non vanishing constant k. Hoverer the coordinate [image: there is no content] is defined up to such a transformation provided the inverse transformation is performed on its companion [image: there is no content] on [image: there is no content] (see the end of the introduction). Notice also that by construction ρ|[image: there is no content](V)=⟨Υ|[image: there is no content][image: there is no content]Υ⟩ is spherically symmetric since it vanishes. From a semi-classical point of view at least, one may argue that the state Υ and the analog for quantization on [image: there is no content] referred to a global coordinate U, picks out a classical metric: It is the metric having the form determined by Equations (14),(15) in coordinates [image: there is no content]=V,[image: there is no content]=U.



The interpretation of the mean value of [image: there is no content] is much more intriguing. Working in coordinates V, from the interpretation of ⟨Υ|[image: there is no content][image: there is no content]Υ⟩ given above and using (14) one expects that the mean value of ∂V[image: there is no content][image: there is no content] coincides with [image: there is no content] where [image: there is no content]. This is not possible if the reference state is Ψ. However, indicating the field [image: there is no content] with [image: there is no content]ζ for the reason explained below, as shown in [12,13] there is a new state [image: there is no content] completely defined from the requirement that it is quasifree (that is its n-point functions are obtained from the one-point function and the two-point function via Wick expansion) and


⟨[image: there is no content]|[image: there is no content]ζ[image: there is no content][image: there is no content]⟩=ζln|V|,



(31)






⟨[image: there is no content]|[image: there is no content]ζ[image: there is no content][image: there is no content]ζ(V′,s′)[image: there is no content]⟩=−δ(s,s′)4πln|V−V′|+ζ2ln|V|ln|V′|+R(V)+R(V′),



(32)




where the rests R are such that they gives no contribution when smearing both the fields with forms as said above. In practice, taking the smearing procedure into account, [image: there is no content] is the Fock vacuum state for the new field operator [image: there is no content]0, with


[image: there is no content]ζ[image: there is no content]=[image: there is no content]0[image: there is no content]+ζln|V|I.



(33)




Properly speaking the state [image: there is no content] cannot belong to [image: there is no content] because, as shown in [12,13], [image: there is no content] gives rise to a non-unitarily equivalent representation of bosonic commutation relation with respect to the representation given in [image: there is no content]. For this reason we prefer to use the symbol [image: there is no content]ζ rather than [image: there is no content] when working with the representation of CCR based on [image: there is no content] instead of Ψ. The picture should be handled in the framework of algebraic quantum field theory considering [image: there is no content] as a coherent state (see [12,13] for details). Notice that (31) reproduces the requested, spherically symmetric, classical value of ∂Vϕ|[image: there is no content]=∂V[image: there is no content].



Remark. Generally speaking, in quantizing gravity one has to discuss how the covariance under diffeomorphisms is promoted at the quantum level. In our picture, the relevant class of diffeomerphisms is restricted to the maps (17). Their action at the quantum level is implemented through (21) and (22) in terms of a class of automorphisms of the algebra generated by the quantum fields [image: there is no content] and [image: there is no content]. However, introducing quantum states, the picture becomes more subtle. We shall shortly see that such a symmetry will be broken, the remaining one being described by PSL(2,[image: there is no content]) or a subgroup.




2.4. Properties of [image: there is no content] and [image: there is no content]ζ: Spontaneous Breaking of Conformal Symmetry, Hawking Temperature, Bose-Einstein Condensate


[image: there is no content] with [image: there is no content] involves spontaneous breaking of PSL(2,[image: there is no content]) symmetry. This breaking of symmetry enjoys an interesting physical meaning we go to illustrate. Let us extend [image: there is no content] to the manifold [image: there is no content] obtained by adding a point at infinity ∞ to every maximally extended light ray generating the horizon [image: there is no content]. On the circle [image: there is no content] there is a well-known [12,13] natural geometric action PSL(2,[image: there is no content])=SL(2,[image: there is no content])/± (called Möbius group of the circle) in terms of diffeomorphisms of the circle. Using global coordinates [image: there is no content] the circle [image: there is no content] is parametrized by [image: there is no content] with [image: there is no content], so that ∞ corresponds to [image: there is no content] and the bifurcation correspond to [image: there is no content]. Three independent vector fields generating the full action PSL(2,[image: there is no content]) group on the extended manifold [image: there is no content] are


[image: there is no content]=V∂V=sinθ∂θ,[image: there is no content]=21+V2∂V=∂θ,[image: there is no content]=∂V=(1+cosθ)∂θ.



(34)




Integrating the transformations generated by linear combinations of these vectors one obtains the action of any g∈PSL(2,[image: there is no content]) on [image: there is no content]. g transforms p∈[image: there is no content]×Σ to the point g(p)∈[image: there is no content]×Σ. (See [24,25] for the explicit expression of [image: there is no content]). Finally, the action of PSL(2,[image: there is no content]) on [image: there is no content] induces an active action on fields:


[image: there is no content]ζ(p)↦[image: there is no content]ζ(g−1(p)),for every g∈PSL(2,[image: there is no content]),



(35)




which preserves commutation relations. This is valid for any value of ζ, including [image: there is no content]. Notice that all this structure is quite universal: the vector fields [image: there is no content] do not depend on the state [image: there is no content] characterizing the mass of the black hole, but they depend only on the choice of the preferred coordinate V, that is Υ.



If [image: there is no content], it is possible to unitarily implement that action (35) of PSL(2,[image: there is no content]) on [image: there is no content]; in other words [12,13], there is a (strongly continuous) unitary representation U of PSL(2,[image: there is no content]) such that


Ug[image: there is no content](p)Ug†=[image: there is no content](g−1(p)),for every g∈PSL(2,[image: there is no content]).








Furthermore, it turns out that the state Ψ is invariant under U itself, that is


UgΨ=Ψ,for every g∈PSL(2,[image: there is no content]).








To define U one introduces the stress tensor


[image: there is no content][image: there is no content]=:∂V[image: there is no content]∂V[image: there is no content]:[image: there is no content].








The state Ψ enters the definition by the normal ordering prescription it being defined by subtracting ⟨Ψ|[image: there is no content](V′,s′)[image: there is no content][image: there is no content]Ψ⟩ before applying derivatives and then smoothing with a product of delta in [image: there is no content] and [image: there is no content]. One can smear [image: there is no content] with a vector field X:=X[image: there is no content]∂V obtaining the operator


T[X]=∫[image: there is no content]X[image: there is no content][image: there is no content][image: there is no content]dV∧[image: there is no content].








It is possible to show [12,13] that the three operators, obtained by smearing [image: there is no content] with [image: there is no content] respectively,


T[[image: there is no content]]=14i∑j,k>0:J−k(j)Jk+1(j):−:J−k(j)Jk−1(j):,



(36)






T[[image: there is no content]]=12∑k∈Z,j∈N:J−k(j)Jk(j):,



(37)






T[[image: there is no content]]=14∑k∈Z,j∈N2:J−k(j)Jk(j):+:J−k(j)Jk+1(j):+:J−k(j)Jk−1(j):,



(38)




are the very generators of the unitary representation U of PSL(2,[image: there is no content]) which implements the action of PSL(2,[image: there is no content]) on [image: there is no content][image: there is no content] leaving fixed Ψ. They, in fact, generate the one-parameter subgroups of U associated with the diffeomorphisms due to vector fields [image: there is no content] respectively. The fact that [image: there is no content] enjoy correct commutation relations is not enough to prove the existence of the unitary representation. Rather the existence is consequence of the presence of an invariant and dense space of analytic vectors for [image: there is no content] and know nontrivial theorems by Nelson. See [12,13,24,25,26] for details and references.



The normal ordering prescription for operators [image: there is no content] is defined by that :PkPh:=PhPk if [image: there is no content] and [image: there is no content], or :PkPh:=PkPh otherwise.



All that is mathematically interesting, but it is unsatisfactory form a physical point of view if we want to describe classical geometric properties of the horizon as consequences of quantum properties. Indeed, in this way, the quantum picture admits a too large unitary symmetry group which exists anyway, no matter if the manifold is extended by adding the points at infinity or not. This larger group does not correspond to the geometrical shape of the physical manifold [image: there is no content]: The transformations associated with vector fields [image: there is no content] do not preserve the physical manifold [image: there is no content], they move some points in the physical manifold to infinity. The transformations associated with vector field [image: there is no content] transforms [image: there is no content] into [image: there is no content] itself but they encompass translations of the bifurcation surface Σ which we have assumed to be fixed at the beginning. Only the vector [image: there is no content] may have a completely satisfactory physical meaning as it simply generates dilatations of the coordinate V transforming [image: there is no content] into [image: there is no content] itself and leaving fixed Σ. One expects that there is some way, at quantum level, to get rid of the physically irrelevant symmetries and that the unphysical symmetries are removed from the scenario once one has fixed the quantum state of a black hole. In fact this is the case. Switching on [image: there is no content] the situation changes dramatically and one gets automatically rid of the unphysical transformations picking out the physical ones. Indeed, the following result can be proved (it is a stronger version than Theorem 3.2 [12,13]).



Theorem 2. If [image: there is no content], there is no unitary representation of the whole group PSL(2,[image: there is no content]) which unitarily implements the action of PSL(2,[image: there is no content]) on the field [image: there is no content]ζ (33) referred to [image: there is no content]. Only the subgroup associated with [image: there is no content] admits unitary implementation


e−iτ[image: there is no content][image: there is no content]ζ[image: there is no content]eiτ[image: there is no content]=[image: there is no content]ζ(e−τV,s)



(39)




and [image: there is no content] is invariant under that unitary representation of the group


e−iτ[image: there is no content][image: there is no content]=[image: there is no content].



(40)







Sketch of Proof. If ζ∈[image: there is no content] is fixed arbitrarily, and ω varies in the class of the admissible real forms used to smear the field operator, the class of all of unitary operators in the Fock space based on [image: there is no content]


Wζ(ω)=expi∫[image: there is no content][image: there is no content]ω=expi∫[image: there is no content][image: there is no content]0ω+ζln|V|ω








turns out to be irreducible (see [12,13]). If g∈PSL(2,[image: there is no content]), [image: there is no content] denotes the geometric action of the group on the operators [image: there is no content]. We know that, for [image: there is no content], this action can be unitarily implemented (Theorem 3.2 in [12,13]). This is equivalent to say that there is a unitary representation U of PSL(2,[image: there is no content]) such that


Ugexpi∫[image: there is no content][image: there is no content]0ωUg†=expi∫[image: there is no content][image: there is no content]0ω(g).



(41)




For that representation it holds Ug[image: there is no content]=[image: there is no content] Suppose now that the action can be implemented for [image: there is no content] by means of the unitary representation of PSL(2,[image: there is no content]), [image: there is no content]. In other words


Vg(ζ)expi∫[image: there is no content][image: there is no content]0ω+ζln|V|ωVg(ζ)†=expi∫[image: there is no content][image: there is no content]0ω(g)expi∫[image: there is no content]ζln|V|ω(g).



(42)




Consider the unitary operator [image: there is no content]. Due to (41) and (42), one simply gets


[image: there is no content]W0(ω)=ei[image: there is no content]W0(ω)[image: there is no content],



(43)




where [image: there is no content] is the real ζ∫[image: there is no content][ln|V|(ω(g)−ω)]. From standard manipulations working with the spectral measure of [image: there is no content] one finds that (43) implies, if [image: there is no content] is any projector in the spectral measure of [image: there is no content]:


[image: there is no content]W0(ω)=ei[image: there is no content]W0(ω)[image: there is no content].








Since the spectral measure is complete and [image: there is no content], there must be some projector [image: there is no content] such that [image: there is no content]W0(ω)≠0 and W0(ω)[image: there is no content]≠0. For for all those projectors the identity above is possible only for [image: there is no content]=0. Therefore every projection space (including those whose projectors do not satisfy [image: there is no content]W0(ω)≠0 and W0(ω)[image: there is no content]≠0) turns out to be invariant with respect to [image: there is no content]. The result is valid for every [image: there is no content]. This is impossible (since the considered operator form an irreducible class as said at the beginning) unless [image: there is no content]=ei[image: there is no content]I for some real [image: there is no content]. In other words: Vg=ei[image: there is no content]Ug. Inserting it in (42) and comparing with (41) one finds that the constraints [image: there is no content]=0 must hold true, that is


∫[image: there is no content][ln|V|(ω(g)−ω)]=0








for every g∈PSL(2,[image: there is no content]) and every smearing form ω. It has been established in the proof of Theorem 4.1 of [12,13] that this is possible if and only if g belongs to the one-parameter subgroup of PSL(2,[image: there is no content]) generated by [image: there is no content]. The unitary representation of that subgroup has been constructed explicitly finding (39) and (45). Moreover, in the same theorem, it has been similarly proved that [image: there is no content] is invariant under the action of that unitary representation. These results conclude the proof. □



The thesis shows that the strongest notion of spontaneously breaking of (PSL(2,[image: there is no content])) symmetry used in algebraic quantum field theory arises: There is a group of transformations (automorphisms), in our case associated with PSL(2,[image: there is no content]), of the algebra of the fields which cannot be completely implemented unitarily. The self-adjoint generator [image: there is no content] of the surviving group of symmetry turns out to be [12,13]:


[image: there is no content]=∫[image: there is no content]V:∂V[image: there is no content]0∂V[image: there is no content]0:[image: there is no content]dV∧[image: there is no content](s),



(44)




the normal ordering prescription being defined by subtracting ⟨[image: there is no content]|[image: there is no content]0(V′,s′)[image: there is no content]0[image: there is no content][image: there is no content]⟩ before applying derivatives (which is equivalent to subtract ⟨Ψ|[image: there is no content](V′,s′)[image: there is no content][image: there is no content]Ψ⟩). This definition is equivalent to that expected by formal calculus:


[image: there is no content]=Tζ[[image: there is no content]]=∫[image: there is no content]V[image: there is no content]ζ[image: there is no content]dV∧[image: there is no content](s),



(45)




where


[image: there is no content]ζ[image: there is no content]=:∂V[image: there is no content]ζ∂V[image: there is no content]ζ:[image: there is no content],








with the above-defined notion of normal ordering, assuming linearity and :[image: there is no content]0:=[image: there is no content]0. Indeed, let v be the parameter of the integral curves of [image: there is no content], so that [image: there is no content] and v∈[image: there is no content],s∈Σ define a coordinate system on both [image: there is no content]> and [image: there is no content]< separately. Starting from (45), one has:


[image: there is no content]=lim[image: there is no content]∫[image: there is no content]>[image: there is no content](v):∂[image: there is no content]0∂v∂[image: there is no content]0∂v:(V+(v),s)dv∧[image: there is no content](s)+ζ2A0∫[image: there is no content][image: there is no content](v)dv










−∫[image: there is no content]<[image: there is no content](v):∂[image: there is no content]0∂v∂[image: there is no content]0∂v:(V−(v),s)dv∧[image: there is no content](s)−ζ2A0∫[image: there is no content][image: there is no content](v)dv,



(46)




where from now on [image: there is no content]. Moreover [image: there is no content] is a smooth function with compact support in the interior of [image: there is no content] and [image: there is no content] separately, which tends to the constant function 1 for [image: there is no content] and [image: there is no content]. We have omitted a term in each line proportional to [image: there is no content] (using derivation by parts). Those terms on, respectively, [image: there is no content]< and [image: there is no content]> give no contribution separately as [image: there is no content] with our hypotheses on [image: there is no content]. The remaining two constant terms at the end of each line in brackets cancel out each other and this computation shows that (45) is equivalent to (44).



Physically speaking, with the given definition of [image: there is no content], ζ−1[image: there is no content] is just the restriction to [image: there is no content] of the Killing vector of the spacetime defining the static time of the external region of black holes. If, as above, v is the parameter of integral curves of [image: there is no content], [image: there is no content] itself is the limit of Killing time towards [image: there is no content]. At space infinity this notion of time coincides with Minkowski time. Let us restrict the algebra of observables associated with the field [image: there is no content] to the region [image: there is no content]> where [image: there is no content] is future directed. This is done by smearing the fields with forms completely supported in [image: there is no content]>. Therein one can adopt coordinates [image: there is no content] as above obtaining:


⟨[image: there is no content]|[image: there is no content][image: there is no content]ζ[image: there is no content][image: there is no content]⟩=ζ,



(47)






⟨[image: there is no content]|[image: there is no content][image: there is no content]ζ[image: there is no content]∂v′[image: there is no content]ζ(v′,s′)[image: there is no content]⟩=−δ(s,s′)4πev−v′(1−ev−v′)2,



(48)




Take the above-mentioned smearing procedure into account and the fact that one-point and two-point functions reconstruct all n-point functions class as well. Therefore, from (47) and (48), it follows that that the n-point functions are invariant under [image: there is no content] displacements. Furthermore, performing Wick rotation [image: there is no content], one obtains [image: there is no content] periodicity in the variable v. This is nothing but the analytic version of well-known KMS condition [27,28,29]. These fact can be summarized as:



Theorem 3. Every state [image: there is no content] (including [image: there is no content]), restricted to the algebra of observables localized at [image: there is no content]>, is invariant under the transformations generated by [image: there is no content]=[image: there is no content] and it is furthermore thermal with respect to the time v with inverse temperature [image: there is no content]. As a consequence, adopting the physical “time coordinate” [image: there is no content] which accounts for the actual size of the Black hole (enclosed in the parameter ζ), the inverse temperature β turns out to be just Hawking’s value [image: there is no content].



It is furthermore possible to argue that the state [image: there is no content] contains a Bose-Einstein condensate of quanta with respect to the generator of v displacements for the theory restricted to [image: there is no content]>. We have provided different reasons for this conclusion in [12,13]. In particular the non-vanishing one-point function (31) is a typical phenomenon in Bose-Einstein condensation (see chapter 6 of [30]). The decomposition (33) of the field operator into a “quantum” [image: there is no content]0[image: there is no content] part (with vanishing expectation value) and a “classical”, i.e. commuting with all the elements of the algebra, part [image: there is no content], is typical of the theoretical description of a boson system containing a Bose-Einstein condensate; the classical part ζv=⟨[image: there is no content]|[image: there is no content][image: there is no content][image: there is no content]⟩ plays the role of a order parameter [30,31]. The classical part is responsible for the macroscopic properties of the state. Considering separately the two disjoint regions of [image: there is no content], [image: there is no content]< and [image: there is no content]> and looking again at (47), [image: there is no content] is recognized to be made of two contributions [image: there is no content], [image: there is no content] respectively localized at [image: there is no content]< and [image: there is no content]>. The two terms have opposite signs corresponding to the fact that the Killing vector [image: there is no content] changes orientation passing from [image: there is no content]< to [image: there is no content]>. As


[image: there is no content]=∫[image: there is no content]>VTζ[image: there is no content]dV∧[image: there is no content](s)+ζ2A0∫[image: there is no content]dv



(49)




it contains the classical volume-divergent term


⟨[image: there is no content]|[image: there is no content][image: there is no content]⟩=ζ2A0∫[image: there is no content]dv.








This can be interpreted as the “macroscopic energy”, with respect to the Hamiltonian [image: there is no content], due to the Bose-Einstein condensate localized at [image: there is no content]>, whose density is finite and amounts to [image: there is no content].



As a final comment we stress that, in [12,13], we have proved that any state [image: there is no content] defines an extremal state in the convex set of KMS states on the [image: there is no content]-algebra of Weyl observable defined on [image: there is no content]> at inverse temperature [image: there is no content] with respect to [image: there is no content] and that different choices of ζ individuate not unitarily equivalent representations. The usual interpretation of this couple of results is that the states [image: there is no content], restricted to the observables in the physical region [image: there is no content]>, coincide with different thermodynamical phases of the same system at the temperature [image: there is no content] (see V.1.5 in [27]).




2.5. Properties of Υ and [image: there is no content]: Feigin-Fuchs Stress Tensor


Let us consider the realization of CCR for the field [image: there is no content] in the Fock representation based on the vacuum vector Υ which singles out the preferred admissible null coordinate V. In this case there is no spontaneous breaking of symmetry. However, due to the particular affine transformation rule (21) of the field [image: there is no content], there are anyway some analogies with the CCR realization for the field [image: there is no content] referred to the state [image: there is no content]. Using the coordinate patches [image: there is no content] on [image: there is no content]+ with [image: there is no content]=[image: there is no content] and exploiting (21), the field takes the form


[image: there is no content][image: there is no content]=[image: there is no content](V(v),s)+ln|V|I.



(50)




This equation resembles (33) with [image: there is no content] and thus one finds in particular:


⟨Υ|[image: there is no content][image: there is no content][image: there is no content]Υ⟩=1,



(51)






⟨Υ|[image: there is no content][image: there is no content][image: there is no content]∂v′[image: there is no content](v′,s′)Υ⟩=−δ(s,s′)4πev−v′(1−ev−v′)2.



(52)




As a consequence, analogous comments on the interplay of state Υ and the algebra of fields [image: there is no content] (notice that they are defined in the region [image: there is no content]>) may be stated. In particular:



Theorem 4. The state Υ restricted to the algebra of observables localized at [image: there is no content]> turns out to be a thermal (KMS) state with respect to ∂[image: there is no content] at Hawking temperature.



We want now to focus on the stress tensor generating the action of SL(2,[image: there is no content]) on the considered affine field. Fix an admissible global null coordinate frame inducing coordinates ([image: there is no content],s) on [image: there is no content]. A stress tensor, called Feigin-Fuchs stress tensor [32], can be defined as follows.





[image: there is no content]^([image: there is no content],s)=:∂[image: there is no content][image: there is no content]∂[image: there is no content][image: there is no content]:([image: there is no content],s)−2α∂[image: there is no content]∂[image: there is no content][image: there is no content][image: there is no content]([image: there is no content],s).



(53)




The normal ordered product with respect to Υ, :∂[image: there is no content][image: there is no content]∂[image: there is no content][image: there is no content]:([image: there is no content],s), is defined by taking the limit for (x,z)→([image: there is no content],s) of :∂[image: there is no content][image: there is no content](x,z)∂[image: there is no content][image: there is no content]([image: there is no content],s):, the latter being defined as


∂[image: there is no content][image: there is no content](x,z)∂[image: there is no content][image: there is no content]([image: there is no content],s)−⟨Υ|∂[image: there is no content][image: there is no content](x,z)∂[image: there is no content][image: there is no content]([image: there is no content],s)Υ⟩+⟨Υ|∂[image: there is no content][image: there is no content](x,z)Υ⟩⟨Υ|∂[image: there is no content][image: there is no content]([image: there is no content],s)Υ⟩.








The last term, which vanishes with our choice for Υ if working in coordinates [image: there is no content], is necessary in the general case to reproduce correct affine transformations for :∂[image: there is no content][image: there is no content](x,z)∂[image: there is no content][image: there is no content]([image: there is no content],s): under changes of coordinates for each field in the product separately. The stress tensor can be smeared with vector fields X=X([image: there is no content],s)∂[image: there is no content]:


[image: there is no content][X]=∫[image: there is no content]X([image: there is no content],s)[image: there is no content]^([image: there is no content],s)d[image: there is no content]∧[image: there is no content].








As a consequence one obtains (where it is understood that the fields are smeared with forms as usual)


δ[image: there is no content]([image: there is no content],s)=−i[image: there is no content][X],[image: there is no content]([image: there is no content],s)=X([image: there is no content],s)∂[image: there is no content][image: there is no content]([image: there is no content],s)+α∂[image: there is no content]X([image: there is no content],s),



(54)




which is nothing but the infinitesimal version of transformation (21) provided [image: there is no content].



It is worth to investigate whether or not [image: there is no content][[image: there is no content]], [image: there is no content][[image: there is no content]], [image: there is no content][[image: there is no content]] are the self-adjoint generators of a unitary representation which implements the active action of PSL(2,[image: there is no content]) on the field [image: there is no content][image: there is no content]:


[image: there is no content][image: there is no content]↦[image: there is no content](g−1(V),s)+lndg−1(V)dV,for any g∈PSL(2,[image: there is no content]).








The answer is interesting: once again spontaneous breaking of PSL(2,[image: there is no content]) symmetry arises but now the surviving subgroup is larger than the analog for [image: there is no content]. Indeed, the following set of result can be proved with dealing with similarly to the proof of Theorem 2.



Theorem 5. Working in coordinates [image: there is no content] and referring to the representation of [image: there is no content] based on Υ:



(1) there is no unitary representation of PSL(2,[image: there is no content]) which implements the action of the whole group PSL(2,[image: there is no content]) on the field [image: there is no content].



(2) There is anyway a (strongly continuous) unitary representation [image: there is no content] of the 2-dimensional subgroup Δ of PSL(2,[image: there is no content]) generated by [image: there is no content] and [image: there is no content] together, which implements the action of Δ on the field [image: there is no content][image: there is no content].


Ug(Δ)[image: there is no content][image: there is no content]Ug(Δ)†=[image: there is no content](g−1(V),s)+lndg−1(V)dV,foranyg∈Δ.











The self-adjoint generators of [image: there is no content] are [image: there is no content][[image: there is no content]] and [image: there is no content][[image: there is no content]] (with [image: there is no content]).



(4) Υ is invariant under [image: there is no content].



Notice that [image: there is no content] and [image: there is no content] form a sub Lie algebra of that of PSL(2,[image: there is no content]), whereas the remaining couples in the triple [image: there is no content],[image: there is no content],[image: there is no content] do not. The explicit form of the generators [image: there is no content][[image: there is no content]] and [image: there is no content][[image: there is no content]] can be obtained in function of the operators [image: there is no content]. With the same definition of normal ordering for those operators as that given for operators [image: there is no content], one has:


[image: there is no content][[image: there is no content]]=14i∑n∈Z,j∈N:P−n(j)Pn+1(j):−:P−n(j)Pn−1(j):,



(55)






[image: there is no content][[image: there is no content]]=14∑n∈Z,j∈N:P−n(j)Pn+1(j):+:P−n(j)Pn−1(j):+2:P−n(j)Pn(j):.



(56)







Dropping the dependence on s, [image: there is no content] defined in (53) is the stress tensor of a 1-dimensional Coulomb gas [32]. As is well known it does not transform as a tensor: By direct inspection one finds that, under changes of coordinates [image: there is no content]→x′+,


[image: there is no content]^(x′+,s)=∂[image: there is no content]∂x′+2[image: there is no content]^([image: there is no content],s)−2α2[image: there is no content],x′+,



(57)




where [image: there is no content] is the Schwarzian derivative (which vanishes if [image: there is no content]→x′+ is a transformation in PSL(2,[image: there is no content]))


[image: there is no content]=d3zdx3dzdx−32d2zdx2dzdx2.








The coefficient in front of the Schwarzian derivative in (57) differs from that found in the literature (e.g. see [32]) also because here we use a normal ordering procedure referred to unique reference state, Υ, for all coordinate frames. We stress that, anyway, Υ is the vacuum state only for coordinate [image: there is no content]. Let us restrict ourselves to [image: there is no content]> and use coordinate v with [image: there is no content]=[image: there is no content] therein. If [image: there is no content]=V and [image: there is no content] one finds by (57)


[image: there is no content]^[image: there is no content]=∂V∂v2[image: there is no content]^[image: there is no content]+1.



(58)




The formally self-adjoint generator for the field [image: there is no content][image: there is no content], defined on [image: there is no content]> and generating the transformations associated with the vector field [image: there is no content]=V∂V=[image: there is no content], is


H(>)=∫[image: there is no content]>[image: there is no content]^[image: there is no content]dv∧[image: there is no content].








From (58) one finds:


H(>)=∫[image: there is no content]>V[image: there is no content]^[image: there is no content]dV∧[image: there is no content]+1A0∫[image: there is no content]dv,



(59)




This formula strongly resembles (49) for [image: there is no content] also if it has been obtained, mathematically speaking, by a completely different way and using the field [image: there is no content] with property of transformations very different than those of the scalar [image: there is no content]ζ.





3. Thermodynamical Quantities: Free Energy and Entropy


Assume that the states Υ and [image: there is no content] are given and let [image: there is no content], v being the integral parameter of [image: there is no content] on [image: there is no content]>. If [image: there is no content] denotes the classical field restricted to [image: there is no content], one has [image: there is no content](v)=⟨[image: there is no content]ζ(v)⟩=[image: there is no content] and this is in agreement with the fact that [image: there is no content] is the Killing field defining Schwarzschild time in spacetime (see Section 2.2). The temperature of the state [image: there is no content] coincides with Hawking one when referring to the “time” [image: there is no content]. Therefore let us focus attention on the generator of [image: there is no content] displacements ζ−1[image: there is no content] whose “density of energy”, due to the condensate, is


⟨[image: there is no content]|ζ−1[image: there is no content][image: there is no content]⟩/∫[image: there is no content]dv=ζA0.








We try to give some physical interpretation to that density of energy. First of all notice that we are considering a system containing Bose-Einstein condensate at temperature [image: there is no content]. This picture has to be discussed in the approach of grand canonical ensemble in the thermodynamical limit and the chemical potential μ must vanish in this situation. In this context the generator ζ−1[image: there is no content] which generate the one-parameter group of transformations verifying KMS conditions is that of a grand canonical ensemble and its averaged value has to be interpreted as the density of free energy of the system (see chapter V of [27]) rather than its energy. Notice that the density is computed with respect to the parameter v which is universal, not depending on ζ, and valid for every black hole. We recall the reader that [image: there is no content] and [image: there is no content]. We conclude that


[image: there is no content]








is a density of free energy. Concerning the densities of energy and entropy one has:


E=∂∂βHβHF,S=βH2∂∂βHF.



(60)




where some terms in the right hand side have been dropped because they are proportional to [image: there is no content]. For the case [image: there is no content], fixing the universal parameter [image: there is no content] as [image: there is no content]=1/(4π) one gets, if M is the mass of the black hole and A the area of its horizon:


F=M2,E=M,S=4πM2=A4.












4. Final Comments and Open Issues


Even if we have focused on the S-wave sector, which captures just the radial modes of the metric leaving outside, for instance, gravitational waves, the results presented in (60) are suggestive and one may hardly think that they arise by chance. There are anyway two problems to tackle in order to be confident in our approach to understand black hole thermodynamics from a quantum point of view. First of all the parameter [image: there is no content] is universal but there is no way to fix it at the beginning, within our approach. However it remains that the densities of energy and entropy scale as the energy and the entropy of black holes modulo [image: there is no content] which does not depend on the size of the black hole. The second point concerns the fact that E and S are densities of energy and entropy, but they are compared with energy and entropy of black holes. These densities are evaluated with respect to an universal—and dimensionless if introducing dimensions—parameter v, which is proper of the arena where to represent all different black holes (each depending on its own value ζ of the order parameter used to break the conformal symmetry). Notice also that the densities are referred to observables homogeneously spread along the Killing horizon, that is the evolution in time of the 2-sphere defining the horizon of the black hole at fixed time. A Cauchy surface for the whole Kruskal spacetime intersect, at every time, the Killing horizon in such a 2-sphere (not necessarily the same). Usually handled quantities of black holes are referred to that 2-sphere. If a relation exists between those two classes of quantities (spread on the whole horizon or defined on the 2-sphere) it is reasonable that quantities defined on the [image: there is no content] sections of [image: there is no content] are the densities of the corresponding ones homogeneously spread along [image: there is no content]. However this issue deserves further investigation.



Further investigation are also necessary to translate horizon quantization proposed here to that presumably existing in the bulk. If this task seems to be straightforward regarding the field ϕ, it seems to be very difficult for the field ρ due to Einstein equations. To this end it is worthwhile stressing that, in the 3-dimensional case, ρ is a Liouville field in the bulk whose quantization is not simple at all. In this case it seems that the horizon fields ρ[image: there is no content] could play the role of a chiral current emerging from canonical quantization of the Liouville fields. In the general case the situation is also more complicated because of the presence of the field η. It enters the equation of motion of ρ, so that, quantization of η needs to be considered as well.



In this paper, we have considered the field ρ and ϕ as almost independent. Actually, on the horizon the following classical equation for classical fields holds:


∂+ρ=ζ−1∂+[image: there is no content]+∂+2[image: there is no content]∂+[image: there is no content],



(61)






12[image: there is no content](ηC)=ζ−1.



(62)




These relations are nothing but the Einstein equation on the horizon. The requirement [image: there is no content]=ζv is nothing but a solution of that equation in suitable coordinates. We have considered it as a relation valid for the expectation value of the field. A posteriori (61) and (62) have to be considered as a kind of thermodynamical relations. Their meaning or, more appropriately, the corresponding equations at quantum level controlling the fields [image: there is no content] and [image: there is no content] are not yet understood.



As a final comment we notice that [image: there is no content] may be viewed as a non-commutative light-coordinate on the horizon, in fact on the state implementing symmetry breaking the expectation value of ⟨[image: there is no content](v)⟩=ζv defines a preferred coordinate [image: there is no content] on the horizon. This issue deserves further investigation.



To conclude we want to make a technical comment concerning the possibility of constructing a unitarizable representation of Virasoro algebra using the Feigin-Fuchs stress tensor (53) and smearing it with the complex vector fields


Ln=ieinθ∂∂θ.



(63)




Here we have added the point at infinity to the light geodesics of [image: there is no content] obtaining the extended (unphysical) manifold [image: there is no content]. If [image: there is no content]=[−π,π) with [image: there is no content] and θ ranges in [image: there is no content], [image: there is no content]. The fields [image: there is no content] enjoy Virasoro commutation relations without central charge and satisfy Hermiticity condition with respect to the involution [image: there is no content], respectively


{Ln,Lm}=(n−m)Ln+m,ı(Ln)=L−n,



(64)




{·,·} denoting the usual Lie bracket (see [33] and Section III of [12,13] for further details). However, a direct computation shows that, if [image: there is no content] is that refereed to the preferred coordinates [image: there is no content] defining the vacuum Υ,


[image: there is no content]



(65)




where [image: there is no content] individuates the constant function among the orthonormal complete set {[image: there is no content]}j∈N, [image: there is no content] otherwise [image: there is no content] is the sign of [image: there is no content]. It is simply proved that, in general, the commutator of [image: there is no content] and [image: there is no content] produces an infinite constant term among other operatorial terms. In general it is possible to cancel out difficult terms using suitable linear combinations of operators [image: there is no content], in particular those corresponding to [image: there is no content][[image: there is no content]] and [image: there is no content][[image: there is no content]]. The reason is that not all diffeomorphisms of the circle preserve the physical manifold [image: there is no content]+. Only those which do it can be represented by means of [image: there is no content].







Acknowledgements


The work of N.P. is supported in part by the ERC Advanced Grant 227458 OACFT “Operator Algebras and Conformal Field Theory.”




References


	1. 
Bekenstein, J.D. Black holes and the second law. Lett. Nuovo Cim. 1972, 4, 737–740. [Google Scholar] [CrossRef]

	2. 
Bekenstein, J.D. Black holes and entropy. Phys. Rev. 1973, D7, 2333–2346. [Google Scholar] [CrossRef]

	3. 
Hawking, S.W. Particle creation by black holes. Comm. Math. Phys. 1975, 43, 199–220. [Google Scholar] [CrossRef]

	4. 
Padmanabhan, T. Gravity and the Thermodynamics of Horizons. Phys. Rep. 2005, 406, 49–125, arXiv:gr-qc/0311036v2. [Google Scholar] [CrossRef]

	5. 
’t Hooft, G. Dimensional Reduction in Quantum Gravity. arXiv:gr-qc/9310026v2.

	6. 
’t Hooft, G. The scattering matrix approach for the quantum black hole, an overview. Int. J. Mod. Phys. 1996, A11, 4623–4688. [Google Scholar] [CrossRef]

	7. 
Susskind, L. The World as a Hologram. J. Math. Phys. 1995, 36, 6377–6396. [Google Scholar] [CrossRef]

	8. 
Padmanabhan, T. Holographic Gravity and the Surface term in the Einstein-Hilbert Action. Braz. J. Phys. 2005, 35, 362–372, arXiv:gr-qc/0412068v3. [Google Scholar] [CrossRef]

	9. 
Wald, R.M. The Thermodynamics of Black Holes. Living Rev. Relativ. 2001, 4, 6. [Google Scholar] [CrossRef]

	10. 
Fursaev, D.V. Can one understand black hole entropy without knowing much about quantum gravity? Phys. Part. Nucl. 2005, 36, 81–99. [Google Scholar]

	11. 
Guido, D.; Longo, R.; Roberts, J.E.; Verch, R. Charged sectors, spin and statistics in quantum field theory on curved spacetimes. Rev. Math. Phys. 2001, 13, 125–198. [Google Scholar]

	12. 
Moretti, V.; Pinamonti, N. Bose-Einstein condensate and Spontaneous Breaking of Conformal Symmetry on Killing Horizons. J. Math. Phys. 2005, 46, 062303. [Google Scholar] [CrossRef]

	13. 
Moretti, V. Bose-Einstein condensate and spontaneous breaking of conformal symmetry on Killing horizons II. J. Math. Phys. 2006, 47, 032302. [Google Scholar] [CrossRef]

	14. 
Dappiaggi, C.; Moretti, V.; Pinamonti, N. Rigorous steps towards holography in asymptotically flat spacetimes. Rev. Math. Phys. 2006, 18, 349–416. [Google Scholar] [CrossRef]

	15. 
Moretti, V. Uniqueness theorems for BMS-invariant states of scalar QFT on the null boundary of asymptotically flat spacetimes and bulk-boundary. observable algebra correspondence. Commun. Math. Phys. 2006, 268, 727–756, arXiv:gr-qc/0512049v2. [Google Scholar] [CrossRef]

	16. 
Moretti, V. Quantum out-states states holographically induced by asymptotic flatness: Invariance under spacetime symmetries, energy positivity and Hadamard property. Commun. Math. Phys. 2008, 279, 31–75, arXiv:gr-qc/0610143v2. [Google Scholar] [CrossRef]

	17. 
Dappiaggi, C.; Moretti, V.; Pinamonti, N. Cosmological horizons and reconstruction of quantum field theories. Commun. Math. Phys. 2009, 285, 1129–1163, arXiv:0712.1770v3 [gr-qc]. [Google Scholar] [CrossRef]

	18. 
Dappiaggi, C.; Pinamonti, N.; Porrmann, M. Local causal structures, Hadamard states and the principle of local covariance in quantum field theory. Commun. Math. Phys. 2010, in press; arXiv:1001.0858v1 [hep-th]. [Google Scholar] [CrossRef]

	19. 
Nojiri, S.; Odintsov, S.D. Anomaly induced effective actions in even dimensions and reliability of s-wave approximation. Phys. Lett. B 1999, 463, 57–62, arXiv:hep-th/9904146v2. [Google Scholar] [CrossRef]

	20. 
Cavaglia, M.; Ungarelli, C. Quantum gravity corrections to the Schwarzschild mass. Phys. Rev. D 2000, 61, 064019, arXiv:hep-th/9912024v1. [Google Scholar] [CrossRef]

	21. 
Grumiller, D.; Kummer, W.; Vassilevich, D.V. Dilaton Gravity in Two Dimensions. Phys. Rep. 2002, 369, 327–430. [Google Scholar] [CrossRef]

	22. 
Giacomini, A. Description of Black Hole Microstates by Means of a Free Affine-Scalar Field. arXiv:hep-th/0405120v1.

	23. 
Schmidt, H.-J. A new proof of Birkhoff’s theorem. Gravity Cosmol. 1997, 3, 185–190. [Google Scholar]

	24. 
Moretti, V.; Pinamonti, N. Holography and SL(2,R) symmetry in 2D Rindler spacetime. J. Math. Phys. 2004, 45, 230–256. [Google Scholar] [CrossRef]

	25. 
Moretti, V.; Pinamonti, N. Quantum Virasoro algebra with central charge c=1 on the horizon of a 2D-Rindler spacetime. J. Math. Phys. 2004, 45, 257–284. [Google Scholar] [CrossRef]

	26. 
Moretti, V.; Pinamonti, N. Aspects of Hidden and manifest SL(2,R) symmetry in 2D near horizon black hole background. Nucl. Phys. B 2002, 647, 131–152. [Google Scholar] [CrossRef]

	27. 
Haag, R. Local Quantum Physics: Fields, Particles, Algebras, 2nd ed.; Springer: Berlin, Germany, 1992. [Google Scholar]

	28. 
Bratteli, O.; Robinson, D.W. C* and W* Algebras, Symmetry Groups, Decomposition Of States. In Operator Algebras and Quantum Statistical Mechanics; Springer-verl: New York, NY, USA, 1979; Volume 1. [Google Scholar]

	29. 
Bratteli, O.; Robinson, D.W. Equilibrium states. Models in quantum statistical mechanics. In Operator Algebras and Quantum Statistical Mechanics; Springer: Berlin, Germany, 1996; Volume 2. [Google Scholar]

	30. 
Popov, V.N. Functional Integrals in Quantum Field Theory and Statistical Physics; D. Reidel Publishing Company: Boston, MA, USA, 1983. [Google Scholar]

	31. 
Dalfovo, F.; Giorgini, S.; Pitaevskii, L.P.; Stringari, S. Theory of Bose-Einstein condensation in trapped gases. Rev. Mod. Phys. 1999, 71, 463–512. [Google Scholar] [CrossRef]

	32. 
Di Francesco, P.; Mathieu, P.; Sénéchal, D. Conformal Field Theory; Springer: New York, NY, USA, 1997. [Google Scholar]

	33. 
Kac, V.G.; Raina, A.K. Bombay Lectures on Highest Weight Representations of Infinite Dimensional Lie Algebras; World Scientific: Singapore, 1987. [Google Scholar]





© 2010 by the authors; licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution license (http://creativecommons.org/licenses/by/3.0/).







nav.xhtml


  entropy-12-01833


  
    		
      entropy-12-01833
    


  




  





