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Abstract: The scope of this paper is twofold. First, we use the Kolmogorov-Sinai Entropy
to estimate lower bounds for dominant eigenvalues of nonnegative matrices. The lower bound
is better than the Rayleigh quotient. Second, we use this estimate to give a nontrivial lower
bound for the gaps of dominant eigenvalues of A and A + V.
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1. Introduction

The main concern of this paper is to relate eigenvalue estimates to the Kolmogorov-Sinai entropy for
Markov shifts. We shall begin with the definition of the Kolmogorov-Sinai entropy. Let A = (a;;) €
RY>*N be an irreducible nonnegative matrix. By an irreducible matrix A, we mean foreach 1 <i,j < N,
there exists positive integer k such that (A*);; # 0. A matrix P = (p;;) € RV*¥ is said to be a stochastic
matrix compatible with A, if P satisfies

1. 0<pij < 11f(lw > 0,
2. Dij :01faw :0,
N
3. ) py=1foralli=1,...N.

j=1

We denote by Py the set of all stochastic matrices compatible with A. By Perron-Frobenius Theorem,
it is easily seen that every stochastic matrix P has a unique left eigenvector q > 0 corresponding to
eigenvalue 1 with Zfil q¢; = 1. Here we say q is the stationary probability vector associated with P.
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For a transition matrix A, i.e., a;; = 1 or 0 foreach 1 <1, 57 < N, the subshift of finite type generated by
A is defined by

EA = {i: (i07i1,...)| Z] € {1,...,N}, aimﬂ == 1, j 20,1,2,...}
and the shift map on X5 is defined by o4 (ig, i1, - ..) = (i1, 12, ...). A cylinder of X4 is the set
Closjt,min = 11 € Balio = Jo, -, in = Jn}

for any n > 0. Disjoint unions of cylinders form an algebra which generates the Borel o-algebra of > 4.
For any P € P, and its associated stationary probability vector q, the Markov measure of a cylinder
may then be defined by

NPM(Cjo,jl ----- jn) = 50Pjo.j1 * " " Pin—1.jn

Here pip o 1s an invariant measure under the shift map oa (see e.g., [8]). The Kolmogorov-Sinai entropy

(or called the measure theoretic entropy) of o under the invariant measure up  is defined by

|
hpg(oa) = lm = > H(upo(Cipi....i)

JO5J1 5 Jn

where H(z) = —xlog x and the convention 0 log 0 = 0 is adopted. The notion of the Kolmogorov-Sinai
entropy was first studied by Kolmogorov in 1958 on the problems arising from information theory and
dimension of functional spaces, that measures the uncertainty of the dynamical systems (see e.g., [6,7]).
It is shown in [8] (p. 221) that

hpqloa) = — Z ¢ipij log pij (1)

ij
where the summation in (1) is taken over all 7,5 with a;; = 1. On the other hand, it is shown by
Parry [9] (Theorems 6 and 7) that the Kolmogorov-Sinai entropy of o4 has an upper bound log Ay (A).

Theorem 1.1 (Parry’s Theorem). Let A be an N x N irreducible transition matrix. Then for any

P € Pa and its associated stationary probability vector q, we have

hp7q(O'A> S log )\N(A) (2)

where A\n(A) denotes the dominant eigenvalue of A. Moreover, if A is regular (A™ > 0 for some
n > 0), the equality in (2) holds for some unique P € Pa and q the stationary probability vector

associated with P.

Parry’s Theorem shows the Kolmogorov-Sinai entropy for a Markov shift is less than or equal to its
topological entropy (that is, log Ay (A)) and exactly one of the Markov measures on ¥4 maximizes the
Kolmogorov-Sinai entropy of o provided it is topological mixing. This is also a crucial lemma for
showing the Variational Property of Entropy [8] (Proposition 8.1) in the ergodic theory. However, from
the viewpoint of eigenvalue problems, combination of (1) and (2) gives a lower bound for the dominant

eigenvalue of the transition matrix A. In this paper, we generalize Parry’s Theorem to general N x N
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irreducible nonnegative matrices. Toward this end, we extend the entropy of irreducible nonnegative

matrices by
p, .
hpga = — Z qipij log —*
ij dij
It is easily seen that hp q o = hp g(0A).

Theorem 1.2 (Main Result 1: The Generalized Parry’s Theorem). Let A € RY*Y an irreducible

nonnegative matrix. Let P € Pa and q be a stationary probability vector associated with P, then

we have
hp ga <logAy(A) 3)
where the summation is taken over all i, j with a;; > 0. Moreover, the equality in (3) holds when
1
P= diag(x) ' Adiag(x
(A g(x) g(x)
and
B y o X
q - yTX

where x > 0 and 'y > 0 are, respectively, the right and left eigenvectors of A corresponding to the
eigenvalue A\ (A). Here, diag(x) denotes the diagonal matrix with x on its diagonal, y o x denotes the

vector (3171, ..., ynTy), andy " denotes the transpose of the column vector'y.

Lower bound estimates for the dominant eigenvalue of a symmetric irreducible nonnegative matrix
play an important role in various fields, e.g., the complexity of a symbolic dynamical system [5],
synchronization problem of coupled systems [10], or the ground state estimates of Schrodinger
operators [2]. A usual way to estimate the lower bound for Ay (A) is the Rayleigh quotient
x'Ax

xTx
It is also well-known that (see e.g., [4] (Theorem 8.1.26)),

)\N(A) >

N 1 N

1
min — E a;x; < An(A) < max — E a;;T; 4)
1SiSN 1; 4= 1SISN 1y =
j= j=

provided that A € RV is nonnegative and x € R¥ is positive. Comparing the lower bound
estimate (3) with (4) as well as with the Rayleigh quotient, we have the following result.

Corollary 1.3. Let A € RY*N be a symmetric, irreducible nonnegative matrix. Suppose x € RY
x o (Ax)

be positive. Then the matrix P = diag(Ax) ' Adiag(x) is in Pa and q = TA
xTAx

is the stationary

probability vector associated with P. In addition,

N
1
h >lo min — Qg5
PqA = 108 <1<i<N 2 Z ij J)

J=1

and

xT Ax
xx

hfP,q,A 2 IOg (

Here, each equality holds if and only if X is the eigenvector of A corresponding to the eigenvalue Ay (A).
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Here we remark that for any arbitrary irreducible nonnegative matrix A, the entropy hp 4 A involves
the left eigenvector q of P. Hence, the lower bound estimate (3) is merely a formal expression. However,
for a symmetric irreducible nonnegative matrix A and P chosen as in Corollary 1.3, the vector q can
be explicitly expressed. Therefore, hp o o can be written in an explicit form. We shall further show in
Proposition 2.6 that hp g A = % Zf\il x;1; log Zj_ where y = Ax.

Considering symmetric nonnegative A and its perturbation A + 'V, it is easily seen that Ay (A 4+ V) —
An(A) > x"Vx, where x is the normalized eigenvector of A corresponding to Ay (A). This gives a
trivial lower bound for the gap of Ay (A + V) and Ay (A). Upper bound estimates for the gap are well
studied in the perturbation theory [4,11]. By considering A + V as a low rank perturbation of A, the
interlace structure of eigenvalues of A + V and of A is studied by [1,3]. In the second result of this

paper, we give a nontrivial lower bound for Ay (A + V) — Ay (A).

Theorem 1.4 (Main Result 2). Let A € RY*Y be an irreducible nonnegative matrix and x > 0 be
the eigenvector of A corresponding to A\y(A) with ||x||s = 1. Suppose A is symmetric. Then for any

nonnegative V.= diag(vy, . .., vy), we have

S/ An(A)) =1

MW(A+V) = w(A) > TS

(&)

where

N (1+'uiz)zl2

F2) = [0+ viz) =m0
i=1
Here (f(1/An(A)) — )An(A) > x"Vx. Furthermore, the equality in (5) holds if and only if

U = =Up.

This paper is organized as follows. In Section 2, we prove the generalized Parry’s Theorem in three
steps. First, we prove the case in which the matrix A has only integer entries. Next we show that
Theorem 1.2 is true for nonnegative matrices with rational entries. Finally we show that it holds true for
all irreducible nonnegative matrices. The proof of Corollary 1.3 is given at the end of this section. In
Section 3, we give the proof of Theorem 1.4. We conclude this paper in Section 4.

Throughout this paper, we use the boldface alphabet (or symbols) to denote matrices (or vectors).
For u,v € RY, the Hadamard product of u and v is their elementwise product which is denoted by
uov = (u;v;)1<;<n. The notation diag(u) denotes the N x N diagonal matrix with u on its diagonal.
A matrix A = (a;;) € RY* is said to be a transition matrix if a;; = 1 or 0 forall 1 < 4,5 < N.

A(A) < - < Ay(A) denotes the dominant eigenvalue of a nonnegative matrix A.
2. Proof of the Generalized Parry’s Theorem and Corollary 1.3

In this section, we shall prove the generalized Parry’s Theorem and Corollary 1.3. To prove

inequality (3), we proceed in three steps.
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Step 1: Inequality (3) is true for all irreducible nonnegative matrices with integer entries.

Let A be an irreducible nonnegative matrix with integer entries. To adopt Parry’s Theorem, we shall
construct a transition matrix A corresponding to A for which Ay(A) = Ay(A)Y2. To this end, we

define the sets of indexes:

T=1{1,...,N}
_ (W)
g—{Z] |aij7é071§k:§a,-j}

Let N = ZZ 1 Qi = #& and N = N + N. The transition matrix A € RV*N corresponding to A with
index set Z U & is defined as follows
(1) a; ) = 1, forall 1 <k < a;;ifa;; #0, (6a)
(2) Az ; = 1, forall1 <k <ay;ifa; #0, (6b)
(3) the rest entries are set to be zero (6¢)

It is easily seen that A can be written in the block form:

- 0 A
A— NxN 1€ %)
Aer Og,y
where Oy, n and Oy, 5 are, respectively, the zero matrices in RV*N apnd RV*N , Aze € RN N and
Agz € RV*N,
Proposition 2.1. \g(A) = Ay (A)Y/2
Proof. From (7), we see that
A2 — AIEAEI ‘ (U
Ogun | AsrAre

From (6a) and (6b), for each ¢, j with a;; # 0, we have

Z ST o W = Qi ()
Using (8), together with (6¢), we have

(AIEAEI Z azaaa]
a€l
_ Dok @, 0w ; = i ifa; 70 )

0= Q5 if Q5 = 0

From (9) we see that Anggz = A. Hence /\N(A2) = )\N(AIgAgI) = )\N<A52A25) = /\N(A) On
the other hand, A is a nonnegative matrix. From Perron-Frobenius Theorem, its dominant eigenvalue is

nonnegative. The assertion follows. []
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Remark 2.1. In the language of graph theory, a,; represents the number of directed edges from vertex ¢
to vertex j. Hence ), ; (A™), ; equals to the number of all possible routes of length n + 1, i.e.,

#{all possible routes of length n + 1} = Z (A");; = O(AN(A)")
ij
For the construction of A, we add an additional vertex on every edge from vertex i to vertex j (See

Figure 2.1 for the illustration). Hence, each route that obeys the rule defined by A,
(il,ig, .. ,ij, ij+1, ey b1, Zn), provided Qijiz g = Oforallj=1,...,n—1 (10)

now becomes one of the following routes according to the rule defined by A:

(Zl, leg(kl), 12, .. .15, ZijJrl(k])ZjJrl, vy ln—1, anlln(knfl), ’ln) (1 1)
where 1 < k; < a;i,,,,J =1,...,n — 1. However, a route of the form in (11) is equivalent to the form

in (10) but its length is doubled. Hence O(Ay(A)?") = O(An(A)™).

1 2
Figure 1. Illustration for Remark 2.1 with the example A = [ 10 ] .

Now, let P € Pa be given and q be its associated stationary probability vector. We shall accordingly
define a stochastic matrix P € P4 and its associated stationary probability vector q. The stochastic
matrix P is defined as follows:

(1) B = 2 forall 1 < k < ay provided a;; > 0 (12a)
) ]51»—]?(;@)’]- = 1forall 1 <k < a;; provided a;; > 0 (12b)
(3) the rest entries are set to zero (12c¢)

From (6) and (12), it is easily seen that P is a stochastic matrix compatible with A. Let the vector
q € RV* be defined by

Gi=5,1<i<N (13a)

and

G = ‘;aﬂ forall 1 < k < a;; with a;; > 0 (13b)

ij
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Proposition 2.2. q is the stationary probability vector associated with P.

Proof. We first show that q is a left eigenvector of P with the corresponding eigenvalue 1. For any
1 < j < N, using (12b), (13b), and the fact thatq' P = q", we have

Q5

qum”m] > Z 1 ng '
7 a2]>0 k=1
= Z 5%‘]%’;’ = 5%’ = gj (142)

On the other hand, using (12a) and (13a), for all Z'_j}(k) with a;; > 0and 1 < k < a;;, we have

@'P)zw = @b, 7o
L pij

5% a; = Cjﬁ(k) (14b)

In (14), we have proved ' P = q'. Now we show that the total sum of entries of q is 1. Using the fact

Qjj Qjj
IR
B =

i 2“21
ij k=1 iy k=1

1
= Z 5%‘]%‘ = 5 Z%‘
1) 1

we conclude that

aij
2 @e=2 64D D> 5o
aceZUE ij k=1

252%—1‘5;%:1

The proof is complete. [

From the construction of the transition matrix A, it is easily seen that A is irreducible. In (12) and
Proposition 2.2, we show that P € P4 and the vector q defined by (13) is its associated stationary
probability vector. Hence the Kolmogorov-Sinai entropy hp 4(0a) is well-defined. Now we give the
relationship between the quantities hp 4(04) and hp o o defined in Equation (3).
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Proposition 2.3.

1

hp4(0a) = §hP,q7A

Proof. We note that by (12b), logﬁi—j}(k) i = 0 if a;; > 0. Using the definition of P and q in (12)
and (13), as well as the entropy formula (1), we have

(2]
hea(0a) == Y D @b, 7w 1085, 7w
ij,aij >0 k=1
aij
== 3 >t og b
1j,a;;>0 k=1
1 pi
- Z 2q’pw10g —
ig,a;;>0 dij
1
=5Paa

The proof is complete. [

Using Proposition 2.3, 2.1, and Parry’s Theorem 1.1, it follows that

1

§hP,q,A = hp4(0a)

< logAv(A) = 3 log Ax(A) (15)

Step 2: Inequality (3) is true for all irreducible nonnegative matrices with rational entries.

Any N x N nonnegative matrix with all entries that are rational can be written as A /n where A
is a nonnegative matrix with integer entries and n is an positive integer. Suppose A is irreducible and
P € Pajn. Note that Pp,, = Pa. Letting q be a stationary probability vector associated with P,
inequality (3) for A /n follows from the following proposition.

Proposition 2.4.
hP,q,A/n < IOg /\N(A/n)

Proof. From the definition of /1p g A /n, We see that

pijn
hP,q,A/n = Z qiDij IOg = Z qiDij IOg - = Z aiDij IOg n
17,045 >0 17,045 >0
=hpga — Z qiPij logn (16)

On the other hand, since q' P = q' and > q; = 1, we have

Z%Pz‘j logn =logn (17)

ij
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Substituting (17) into (16) and using the result (15) in Step 1, we have
hp.ga/m = hpga —logn <log An(A) —logn = log An(A/n)
O

Step 3: Inequality (3) is true for all irreducible nonnegative matrices.

It remains to show (3) holds for all nonnegative A with irrational entries. The assertion follows from
Step 2 and the continuous dependence of eigenvalues with respect to the matrix.
Now, we give the proof of the second assertion of Theorem 1.2.

Proposition 2.5. The equality in (3) holds when one chooses

P = )\NEA) diag(x) " Adiag(x)
and
yYoXx
4=

wherex > 0 andy > 0 are, respectively, the right and left eigenvectors of A corresponding to eigenvalue

Av(A).

Proof. By setting y ' x = 1, we may write

aijxj

i = 3N (A)g, T

To ease the notation, set Ay = Ax(A). Hence, we have

aijxj Ij
hP,q,A = — E xiyz‘)\ log o
pr NZ; N

Yi L
= %: E(aiﬂj) log(Anw;) — %: ﬁ(yi%) log

= Zyzxz log(Ayx;) — Z x;y; log x; (Use the facts Z a;;x; = Anx; and Z Yiti; = )\Nyj>
; j j i
= Z Ty log Ay

= log A\
The proof of Theorem 1.2 is complete. [J

In the following, we give the proof of Corollary 1.3. We first prove the following useful proposition.

It will be used in Section 3 as well.

Proposition 2.6. Let A € RY*YN be an irreducible nonnegative matrix. Suppose A is symmetric and
x € RY be positive. If P = diag(Ax) *Adiag(x) and q = % where'y = AX, then

N
hpga = _XTy E x;y; log ;
i=1 v



Entropy 2011, 13 2045

From Proposition 2.5, we see that the matrix P in Proposition 2.5 is a stochastic matrix compatible
with A and q is its associated stationary probability vector. Hence, the entropy hp q a is well defined.
Now, we give the proof of this Proposition.

Proof. Since A > 0 is irreducible and x > 0, it follows Ax > 0, and hence, diag(Ax)~?! is
well-defined. It is easily seen that p;; = 0 if and only if a;; = 0. However, Pe = diag(Ax) '(Ax) = e.
This shows that P € P, . On the other hand, since A is symmetric, we see that y' =x'"A. Hence

q'P = (x o (Ax)) " diag(Ax) 'Adiag(x)/x ' Ax =q "'

We have proved the first assertion of this proposition. By the definition of ip 4 A in (3), we have

N N
hpga=—Y —2=Llog~ = —— |y “zyilogy: — » _ x;y;log
’ 7 Xy Cw Xy S Zzl e

1 X T
= ﬁ ; z;y; log E
This completes the proof. []

Now, we are in a proposition to give the proof of Corollary 1.3.

. Xoy ;T )
Proof of Corollary 1.3. For convenience, we let y = Ax. Hence q = Xy and p;; = —. Using
Proposition 2.6, we have '
b -1 al | T 18
PaA = (7 ;xzyz og v (18)
> _log XX (19)
Xy
~ log XT;AX
x'x
Here inequality (19) follows from Jensen’s inequality (see e.g., [12] (Theorem 7.35)) for — log and the
fact that Zf;l ﬁxiyi = 1. Similarly, using Proposition 2.6 and the monotonicity of log, we also
see that

N
1 .

hpga = —— E zy; log =
! x'y 5 Yi

N
1 Z Y
> - Y. -
~ x'y 4 Ty log (121& xl) 20)

This proves the first assertion of Corollary 1.3. It is easily seen that if x is an eigenvector corresponding
to Ay (A), then both equalities in (19) and (20) hold. From the assumption that A > 0 is irreducible
and x > 0, it follows that y > 0 also. This implies there are /V terms in (18). Hence equality in (19)
or in (20) holds only if ;— forall = 1,..., N, are constant. Thatis, y = Ax = Ax. Here ) is some
eigenvalue of A. However, x > 0. From Perron-Frobenius Theorem it follows A = Ay (A). The proof

is complete. [J
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3. Proof of Theorem 1.4

In this section, we shall give the proof of Theorem 1.4. We first prove (5).

Proposition 3.1. Let A, V and x be as defined in Theorem 1.4. Then we have

f(1/An(A)) -1
ANA+V) = Ay(A) > 21
N(A+V)—Ay(A) > 1w (A) 1)
where
N (1+'U,Lz)z
£(2) = [T+ wiz) =R
i=1
The equality holds in (21) if and only if vy = - - - = vy.
Proof. To ease the notation, we shall denote A = Ay(A). Lety = (A + V)x = Ax + Vx, q = 3%,
and P = diag(y) ' (A + V)diag(x) € Pav. From Theorem 1.2 and Proposition 2.6, we have
log AN(A + V) > hp g a+v
N
= 1 22
A+VX;)\+U‘QE 0g(A + v;) (22)
We note that
) N
1 A —_— N2l 2
08 A (A) = F gy 2 (A F watlog (23)

I
—

i

Subtracting (23) from (22), we have

AN(A+V) <
An(A) TN (1+vz//\

N
22 1+ v/ N)a?log(1 + vi/N)

’L =1

log

and hence,

Av(A + V) — An(A)
An(A)

> f(1/An(A)) =1

This proves (21). Now we prove the second assertion of this proposition. It is easily seen thatv; = --- =
vy implies the equality in (21) holds. Conversely, suppose the equality in (21) holds. It is equivalent to

the equality in (22) holds. Now, we write (22) in an alternative form

N N
1 1
—_ A+ v;) i log( A+ v;) <1 —_— A+ v;)%? 24
XT(A+V)X;( + i)z} log(A + v;) < log (XT(A+V)X;( +v)xz> (24)
x'(A+V)%x
=log——2—
x"(A+V)x

<logAn(A +V) (25)
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Here (24) follows from the convexity of log and Jensen’s inequality. Hence, if the equality in (22) holds,
then the equality in (25) also holds. This means x is also an eigenvector of A + V. However, since x > 0
is the eigenvector of A corresponding to Ay (A), we conclude that v; = --- = vy. This completes the
proof. []

The following proposition can be obtained from a standard calculation.

Proposition 3.2. Let f be the real-valued function in Proposition 3.1. Then we have

b

&) = (1 T T (1%2)2) 1) (262)
vy _ [ 9() 9(2)*
(2 = ((1+bz)2 R +bz)4) 1) (266)
where b =S~ | #2v; and

N N
g9(z) = Z z? Z xf(vl — ;) log(1 4 v;2), (27a)

-1 =1
iy L SEE 2 1 27b
/(2) =3 2 il = o Sy 27

In the following, we show that the lower bound estimate (5) for Ay (A + V) — Ay (A) is greater than

x'Vx.

Proposition 3.3. Let f be the real-valued function in Proposition 3.1. Then we have

f(1/An(A)) -1
1/An(A)

> x'Vx

Proof. Tt is easily seen from the definition of f(z) that f(0) = 1. Hence, using the Mean Value
Theorem follows that there exists a ¢ € (0,1/Ax(A)) such that

SO/ An(A) -1,
1w (A) = 1(0) (28)

From (26a) and (27a), we see that f'(0) = b = x ' Vx. From (26b), (27a) and (27b), we also see that
f"(z) > 0 for all z > 0. This implies

F1(¢Q) = f(0)=x"Vx (29)
The assertion of this proposition follows from (28) and (29) directly. [J
4. Conclusions

In this paper, we first generalize Parry’s Theorem to general nonnegative matrices. This can be treated
as an estimation for the lower bound for a nonnegative matrix. Second, we use the generalized Parry’s
Theorem to estimate a nontrivial lower bound of Ay (A+V)—Ay(A), provided that A > 0 is symmetric
and V > 0 is a diagonal matrix. The bound is optimal but implicit that can be applied when A (A) and
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its corresponding eigenvector are known. As an interesting topic to be explored in the future, rather than

a nonnegative matrix eigenvalue problem, one may wish to derive a similar inequality to (3) for a general

square matrix or for a generalized eigenvalue problem Ax = ABx.
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