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Abstract: The dark energy problem is studied based on the approach associated with the
cosmological term in General Relativity that is considered as a dynamic quantity. It is shown
that a quantum field theory of the Early Universe (Planck scales) and its limiting transition at
low energy play a significant role. Connection of this problem with Verlinde’s new (entropic)
approach to gravity is revealed within the frame of such statement as well as the Generalized
Uncertainty Principle (GUP) and Extended Uncertainty Principle (EUP). The implications
from the obtained results are presented, and a more rigorous statement of the Concordance
Problem in cosmology is treated.
Keywords: dark energy; deformation; entropic force; Planck scale

1. Introduction
At the present time the fact that the Dark Energy problem is basic for the fundamental physics is
no longer a subject of much controversy. This is due to its clear statement with regard to the origin
of the principal components of a modern Universe and the greatest part of its mass. Moreover, as the
interfaces between different branches of theoretical physics (e.g., quantum field theory, gravity, and
thermodynamics) become obliterated contributing to their interpenetration, various research methods
are valuably enriched and supplemented.
Numerous works and review papers on Dark Energy problem have been published in the last 10–15
years [1–8], and a great number of approaches to this problem have been proposed: scalar field
models (quintessence model, K-essence, tachyon field, phantom field, dilatonic, Chaplygin gas) [9–23],
braneworld models [24–28], dynamic approaches to the cosmological constant Λ [29], anthropic
selection of Λ [30].
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It might be well to mention the relevant new works on this subject that are primarily associated with
the modified gravitation theory [31–33], etc. It is not worth considering all the research trends in this
sphere, especially since a very detailed and rather remarkable review has been published recently [34].
It is clear that a dynamic aspect—the Dark energy changing in time—is one of the most important for
this problem. Consequently, physics of the Early Universe, and particularly at Planck’s scales, may be
of great importance for better insight into the Dark Energy problem and for its solution.
In the last decade numerous works devoted to a Quantum Field Theory (QFT) at Planck’s
scale [35–41] have been published (of course, the author has no pretensions of being exhaustive in his
references). This interest stems from the facts that (i) at these scales it is expected to reveal the effects of
a Quantum Gravity (QG), and this still unresolved theory is intriguing all the researchers engaged in the
field of theoretical physics; (ii) modern accelerators, in particular LHC, have the capacity of achieving
the energies at which some QG effects may be exhibited.
Because in essence the Dark Energy is repulsive in nature, this problem is directly associated
with gravity. In the last 15–20 years new very interesting approaches to gravity studies have been
proposed [42–54], which may be divided into “thermodynamical” and “theoretical-informational”
approaches. These approaches, contributing to better understanding of the problem, have a great impact
on some theoretical physics studies including the Dark Energy problem.
As indicated by the title, in this work the above-mentioned three lines of research are interrelated.
2. Dark Energy as Dynamical Vacuum Energy
This section is based on the results obtained by the author in his previous works [55–57], and in
particular [58].
The dark matter problem [59–61], along with the dark energy problem [1], is presently the basic
problem in modern fundamental physics, astrophysics, and cosmology. Whereas for a nature of the
first valid hypotheses have been accepted already [62], the dark energy still remains enigmatic [9–19].
However, it is the opinion of most researchers that dark energy represents the energy of the cosmic
vacuum, its density being associated with the cosmological term.
In the last 15–20 years it has been shown that a density of the vacuum energy and the
cosmological term, distinguished by the factor only, may be considered as dynamic quantities (for
example, [29,63–71]. In the text below, we adhere to this point of view.
As is known, a direct calculation of the vacuum energy density ρvac results in the value that is higher
than the experimental one by a factor of 10122 . According to the typical reasoning that is already
canonical, we have [72–74]:
Z pmax
4πp2 h̄ω
(1)
< ρvac >= 2
dp
(2πh̄)3 2
0
where pmax ∼ Ppl is the momentum cut-off at Planck scales, because the General Relativity is valid right
up to the Planck scales. Proceeding from p = (h̄ω/c), we can obtain [72]
< ρvac >=

h̄Ω4
8π 2 c3

(2)
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And then Ω is given by Ωp , where
h̄Ωp = Ep =

h̄c5
G

!1/2

(3)

But it is known that < ρp > is higher than the observable value ρobs
vac [72,74] approximately by a factor
122
of 10 .
Yet, taking the cosmological term as a dynamic quantity, we can write Equation (1) as
< ρvac (t) >= 2

Z p(t)

dp

0

4πp2 h̄ω
(2πh̄)3 2

(4)

that in the very Early Universe, at the time close to the Planck’s time tp , turns to Equation (1) as follows:
< ρvac (tp ) >= 2

Z Ppl

dp

0

4πp2 h̄ω
(2πh̄)3 2

(5)

However, it is known that the experimental value ρobs
vac is sooner determined by low momenta and
energies (corresponding to large scales) and also by the infrared limit that is given by a radius of the
measurable part of the Universe RU niv ≈ 1028 cm. For such momenta by the uncertainty principle
Equation (1) we have
Z pmin
4πp2 h̄ω
dp
< ρvac (tU niv ) >= 2
(6)
(2πh̄)3 2
0
where tU niv is Universe life-time and pmin is“minimal” momentum.
As RU niv /lp = Ppl /pmin = 1061 , then by analogy Equation (7) and in the infrared limit
h̄Ω4min
< ρvac (tU niv ) >=
8π 2 c3

(7)

h̄Ωmin = Emin

(8)

where
But in this case ρvac (tU niv ) is lower than ρvac calculated from Equation (1) by a factor of 10244 rather
than by a factor of 10122 .
This result is easily obtained using the Uncertainty Principle for the pair of conjugate variables
(Λ, V ) [75–78]:
h̄
∆V ≈
(9)
∆Λ
where Λ is the dynamic cosmological term, and V is the space-time volume that results from the
Einstein–Hilbert action SEH [76]:
Z
√
Λ d4 x −g = ΛV
(10)
where Equation (10) is the term in SEH .
In [55,56] the Uncertainty Principle Equation (9) has been generalized at Planck scales up to the
Generalized Uncertainty Principle
∆V ≈

h̄
2 ∆Λ
+ α0 t2p V
∆Λ
h̄

where V is the spatial part of V that, as is assumed, may be extracted explicitly.

(11)
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Equation (11) is of interest from the viewpoint of two limits [55,56]:
(1) IR - limit: t → ∞
(2) UV - limit: t → tmin .
In the case of IR-limit we have large volumes V and V at low ∆Λ. Because of this, the main
contribution on the right-hand side of Equation (11) is made by the first term, as great V in the second
term is damped by small tp and ∆Λ. Thus, we derive at
lim ∆V ≈

t→∞

h̄
∆Λ

(12)

in accordance with Equation (9) and Λ is a dynamic value fluctuating around zero.
And for the case (2) ∆Λ becomes significant
lim V = V min ∼ V p = lp3 ; lim V = Vmin ∼ Vp = lp3 tp

t→tmin

t→tmin

(13)

As a result, we have
h̄
∆Λ
+ αΛ Vp2
(14)
t→tmin
∆Λ
h̄
where the parameter αΛ absorbs all the above-mentioned proportionality coefficients.
For Equation (14) ∆Λ ∼ Λp ≡ h̄/Vp = Ep /V p .
It is easily seen that in this case Λ ∼ m4p , in agreement with the value obtained using a standard
(i.e., without super-symmetry and the like) quantum field theory [73,74]. Despite the fact that Λ
at Planck’s scales (referred to as ΛU V ) (14) is also a dynamic quantity, it is not directly related to
well-known Λ Equations (9,12) (called ΛIR ) because the latter, as opposed to the first one, is derived
from Einstein’s equations
1
Rµν − gµν R = 8πGN (−Λgµν + Tµν )
(15)
2
However, Einstein’s Equation (15) are not valid at the Planck scales and hence ΛU V may be considered
as some high-energy generalization of the conventional cosmological constant, leading to ΛIR in the
low-energy limit.
As V ∼ tl3 ∼ l4 , where l - characteristic linear dimension V , it is directly inferred that in the infrared
region ΛIR calculated for l = RU niv is lower than ΛU V in ∼ RU4 niv /lp4 = 10244 , that is in a perfect
agreement with the result obtained by the direct calculations at the beginning of this Section.
In other words, a quantum field theory with UV-cutoff in the assumption that Λ is a dynamic quantity
gives no correct value for Λobserv as well.
In this way, similar to [79,80], we obtain
lim ∆V =

ΛDE =

q

ΛU R ΛIR

(16)

where ΛDE = Λobserv is the cosmological term corresponding to the observable value.
As shown in [81], the Holographic Principle [82–86] is helpful in the solution of this problem. In
addition, [55–57] demonstrate that variation of ρvac in time may be expressed adequately in terms of the
deformation parameter α introduced in a quantum field theory at Planck’s scales (Early Universe). This
parameter is considered in greater detail in the following Section.
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In [79,80] a similar expansion was performed for α(t) = αIR :
ρvac

1
1
= 4+ 4
lp lp

lp
lΛ

!2

1
+ 4
lp

lp
lΛ

!4

+ ... =

1
2
+ ...)
(1 + αIR + αIR
lp4

(17)

Here ρvac is understood as the quantity calculated for lΛ = lIR = RU niv and αIR corresponds to lIR .
However, as shown previously, if the holographic principle is valid, this expansion has a more exact
form
< ρ(t) >= a1 α(t) + a2 α2 (t) + ...
(18)
and a1 6= 0.
3. Quantum Theory of Early Universe
In the last twenty years, the researchers have come to the understanding that studies of the
Early Universe physics (extremely high Planck’s energies) necessitate changes in the fundamental
physical theories, specifically quantum mechanics and quantum field theory. Inevitably a fundamental
length should be involved in these theories [87–91]. This idea has been first suggested by a string
theory [92–94]. But it is still considered to be a tentative theory without the experimental status
and merely an attractive model. However, the fundamental length has been involved subsequently in
more simple and natural considerations [95]. The main approach to framing Quantum Mechanics with
fundamental length (QMFL) and Quantum Field Theory with fundamental length (QFTFL) (or with
Ultraviolet (UV) cutoff) is that associated with the Generalized Uncertainty Principle (GUP) [92–99]:
4x ≥

4p
h̄
+ α0 lp2
4p
h̄

(19)

with the corresponding Heisenberg algebra deformation produced by this principle [91,99].
Besides, in the works by the author [100–109] an approach to the construction of QMFL has been
developed with the help of the deformed density matrix, the density matrix deformation in QMFL being
a starting object called the density pro-matrix ρ(α) and deformation parameter (additional parameter)
2
α = lmin
/x2

(20)

where x is the measuring scale, lmin ∼ lp and 0 < α ≤ 1/4 [100,101].
In this way, the deformation parameter mentioned in the end of the preceding Section is defined.
Here the deformation is understood as an extension of a particular theory by inclusion of one or several
additional parameters in such a way that the initial theory appears in the limiting transition [110].
The explicit form of the above-mentioned deformation gives the exponential
ansatz [100–103,108,109]:
X
ρ∗ (α) = exp(−α)
ωi |i >< i|
(21)
i

where all ωi > 0 are independent of α and their sum is equal to 1.
Besides, the deformation parameter α is absolutely naturally represented as a ratio between the
squared UV and IR limits
UV 2
α=(
)
(22)
IR

Entropy 2012, 14

2148

where UV is fixed and IR is varying.
We can show that QFT parameters of deformations associated with GUP (i.e., corresponding
deformed Heisenberg algebra) may be expressed in terms of the parameter α [55,56].
Then
[~x, p~] = ih̄(1 + β 2 p~2 + ...) = ih̄(1 + a1 α + a2 α2 + ...)
(23)
where a1 , a2 , ... are some numerical factors.
The deformation parameter α has very interesting features:
(1) obviously, it is small and dimensionless;
(2) its variation is rapid at high energies and slow at low energies;
(3) it has ambiguous physical meaning, on the one hand being an inverse entropy of the black hole with
a corresponding radius up to a certain numerical factor, and on the other hand being a minimal area
multiplied by the square of the corresponding curvature;
(4) it is useful in solving of some problems of the black hole physics including the Information Paradox
problem [103,104,108] and, as mentioned in the preceding section, it gives an adequate expression for a
density of the vacuum energy in a dynamic approach.
4. New Approaches to Gravity and Possibility for Their High-Energy Generalization
As noted in the introduction section, the recently developed methods [42–54] have contributed to
better insight into gravity and the associated problems. Proceeding from a study of the literature data,
based on the author’s previous results, and assuming the cosmological term to be a dynamic quantity,
we are interested in the generalization, if possible, of the above-mentioned methods to high (Planck)
energies). A possibility of such generalization has been studied by the author in [57,58]. Specifically,
in the works referenced the high-energy α-deformation of Einstein equations has been examined for
horizon spaces based on representation in the form of a thermodynamic identity ([53], formula (119))
1
1 c4 da
4π 3
h̄cf 0 (a) c3
d 4πa2 −
= Pd
a
4
| 4π
{z } |Gh̄
{z
} | 2{z G }
|
{z3
}
kB T
−dE
dS
P dV








(24)

considering a static, spherically symmetric horizon in the space-time described by the metric
ds2 = −f (r)c2 dt2 + f −1 (r)dr2 + r2 dΩ2

(25)

The horizon location is given by a simple zero of the function f (r), at r = a, f (a) = 0 and f 0 (a) 6= 0; T
is the corresponding temperature ([53], eq.(116)); P = Trr is the trace of the momentum-energy tensor
and radial pressure.
First, in [57,58] α-deformation was derived for Equation (24) replacement of a by α) at known
energies: α  1/4. In this case P = Trr in the right-hand side of Equation (24) is also apparently
dependent on α: P = P (α). Then in Equation (24) a limiting transition is made to α → 1/4 but now
by replacement of all the fundamental quantities T (α), S(α), E(α), V (α), ..., in this equation by the
corresponding high-energy ones, with quantum corrections of the deformation due to GUP Equation (19)
TGU P (α), SGU P (α), EGU P (α), VGU P (α), ... (for example [111,112]). In so doing two different cases are
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possible, one of which may be considered within the scope of equilibrium thermodynamics and the other
within non-equilibrium thermodynamics.
(I) Equilibrium case. On going to α → 1/4, the general form of (24) remains invariable, whereas the
high-energy α-deformation of Equation (24) takes the following form ([57], formula (50)):
kB TGU P (α)dSGU P (α) − dEGU P (α) = P (α)dVGU P (α)

(26)

(II) Non-equilibrium case. In this case the equality in Equation (26) is upset by the dynamic
cosmological term Λ = Λ(α). Next we go to the case of non-equilibrium thermodynamics. Assuming
h̄ = c = 1, we can write a non-equilibrium analog for Equation (26) as ([57], formula (53))
kB TGU P (α)dSGU P (α) − dEGU P (α) = P (α)dVGU P (α) − GΛ(α)

(27)

which is in a complete agreement with the results in Section 2 of the present paper: in the Early Universe
(at great α, i.e., for α ≈ 1/4) the cosmological term Λ(α) has a high value, in line with inflation
models [113,114]. At low energies, or for α ≈ 0, Λ(α) is small. In Section 2, it is demonstrated that,
within the scope of the holographic principle, in series expansion of Λ(α) in terms of α the leading term
is to the first power enabling one to account for a factor of 10122 discrepancy between the theoretical
value derived from QFT and the observed value of Λ.
It is clear that the limiting transition to lower energies from Equation (27), i.e., to small values of α,
is given to a high accuracy by Equation (26).
In the foregoing it is not improbable that P (α) = 0. In this case in Equation (27) we get the de Sitter
space, all the previous calculations being valid.
Solutions for both Equations (26) and (27) may be obtained as a series expansion in terms of α.
However, it should be noted that such an expansion at high energies should be close to α ≈ 1/4 and on
going to the low-energy limit to α ≈ 0.
More details may be found in [57]. So, as indicated in [57], the dynamic cosmological term is
a measure of deviation from the thermodynamic identity (the first law of thermodynamics) of the
high-energy deformation of Einstein equations for horizon spaces in their thermodynamic interpretation.
5. Comments and Conclusion
In the previous section the case of the high-energy deformation of gravity has been considered for
horizon spaces based on GUP or QFT with a minimal length, i.e., with the UV-cutoff.
At the same time, to study the region of low energies, we have to consider QFT with a minimal
momentum (or IR-cutoff) [111,112].
As shown in [111], a minimal momentum arises from the Extended Uncertainty Principle (EUP)
as follows:
(∆xi )2
]
(28)
∆xi ∆pj ≥ h̄δij [1 + β 2
l2
where l is the characteristic, large length scale l  lp and β is a dimensionless real constant on the order
of unity [111]. From Equation (28) we get an absolute minimum in the momentum uncertainty
∆pi ≥

2h̄β
l

(29)
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Naturally, QFT with EUP (just as QFT with GUP) is a deformation of well-known QFT. As shown
in [115], this deformation (“EUP-deformation”) of QFT may be also described in terms of the parameter
α, i.e., in fact it is the α-deformation.
Moreover, in [115] it is demonstrated that the General Relativity deformation in the presence of
EUP or EUP-deformation (as well as GUP-deformation) is in essence the α-deformation provided the
corresponding Einstein’s equations (similar to the case of GUP-deformation) have a thermodynamic
interpretation. From this viewpoint, the parameter α is thought to be universal. It seems that some
hints to a nature of such deformation may be found in the works devoted to the infrared modification of
gravity [116–119].
In [54] gravity has been considered as a (non-fundamental) secondary interaction caused by changes
in entropy on the holographic screen, which is called the “Entropic Force”. As shown in [120], within
the scope of GUP, the results from [54] may be extended to the ultraviolet region (Planck’s energies)
and the corresponding quantum corrections to Einstein Equations may be obtained. These results have
been derived in terms of the parameter α, the appropriate UV-modification of the results from [54] with
α being the deformation, at least within the scope of GUP.
The result from [54] has been obtained in the assumption that the cosmological term Λ = 0 is equal to
zero. This is reasonable as in [54] for mass in the asymptotically flat space-time [121,122] the Komar’s
formula initially taken in the assumption of Λ = 0 has been used. However, in [123] this Komar’s
formula for mass (Komar’s integral) was generalized to the case Λ 6= 0.
In ([120], formulas (33),(34)), with the use of the formulae derived in [123], the principal result
from [54] has been generalized to the case of the dynamic cosmological term Λ = Λ[α(t)] 6= 0 in line
with the considerations in Section 2 of the present paper but given from the viewpoint of gravity.
Concordance Problem in Cosmology in the general form is formulated as follows: why in the modern
epoch densities of the Dark Energy and Matter (the Dark Matter including) are approximately the same,
at least on the order of magnitude?
Based on the approach presented in this paper, the answer may be the following: this is possibly due
to the fact that presently in a power series expansion of the corresponding densities ρDE = ρvac and
ρmatter in terms of the small parameter α, the leading terms are of the same power. In this case, further
studies of the problem at hand will be reduced to examination of the corresponding factors of this power.
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