Entropy 2014, 16, 675-698; doi:10.3390/e16020675

entropy

ISSN 1099-4300
www.mdpi.com/journal/entropy

Article

New Methods of Entropy-Robust Estimation for Randomized
Models under Limited Data

1,2,3

Yuri Popkov 1:2:3:* and Alexey Popkov !

! Institute for Systems Analysis of Russian Academy of Sciences, 9 prospect 60-let Octyabrya,
Moscow 117312, Russia; E-Mail: apopkov@isa.ru

2 Moscow Institute of Physics and Technology, 9 Institutskiy pereulok, g. Dolgoprudny, Moskovskaya
oblast 141700, Russia

3 Higher School of Economics, 20 Myasnitskaya, Moscow 101000, Russia

* Author to whom correspondence should be addressed; E-Mail: popkov@isa.ru.

Received: 17 October 2013; in revised form: 17 December 2013 / Accepted: 14 January 2014 /
Published: 23 January 2014

Abstract: The paper presents a new approach to restoration characteristics randomized
models under small amounts of input and output data. This approach proceeds from
involving randomized static and dynamic models and estimating the probabilistic
characteristics of their parameters. We consider static and dynamic models described by
Volterra polynomials. The procedures of robust parametric and non-parametric estimation
are constructed by exploiting the entropy concept based on the generalized informational
Boltzmann’s and Fermi’s entropies.

Keywords: randomized data models; robustness; entropy function and entropy functional;
entropy functional variation; likelihood function and likelihood functional; Volterra

polynomials; multiplicative algorithms; symbolic computing

1. Introduction

The problem of useful information retrieval (we comprehend it as parametric and nonparametric
estimation based on real data) is a major one in modern science. Different scientific disciplines suggest
numerous methods of solving this problem. Each method stems from certain hypotheses regarding
the properties of data accumulated during the normal functioning of their source. Among advanced
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scientific disciplines in this field, we mention mathematical statistics [1-4], econometrics [5—7], financial
mathematics [8,9], control theory [10,11] and others.

Methods developed within their frameworks rest upon two groups of fundamental hypotheses.
The first one relates to models, whereas the other concerns data. Notably, models are supposed to
have well-defined parameters (we call them deterministic). Parameter values appear unknown and
unmeasurable directly.

The second group of hypotheses applies to data and plays an essential role. In fact, these hypotheses
are stated in terms of the statistical properties of data arrays (e.g., a sufficient number of data arrays, a
property of a sample from a universal set, normal probability density). In practice, it seems impossible
to check such properties and assumptions in concrete problems.

The described situation happens in a class of problems, where the sizes of real data arrays are limited
and data incorporate errors [5,6,12].

Consequently, the characteristics (parameters) of a model are estimated by a small amount of
incompletely reliable data. We can treat them as random objects. In this case, the estimated
characteristics of a model acquire the properties of random variables.

Therefore, one naturally arrives at the idea of considering model parameters as random quantities.
This idea transforms the model with deterministic parameters to the model with random parameters.
In the sequel, we adopt the term of a randomized model (RM). The characteristics of an RM include
the probability density functions (pdfs) of the model parameters. Thus, one should estimate the pdfs of
model parameters (not the estimates of their values) based on available data. Having such estimates at
one’s disposal, one can apply an RM for:

e constructing = moment models (MMs), where appropriate moments of random parameters serve
as the model parameters;

e generating an ensemble of random vectors (ERV) of RM “output” with a pdf estimate (by the
Monte Carlo method) and performing the statistical processing of the ensemble to form the desired

numerical characteristics (including moment ones).

Both directions of RM usage enlarge appreciably the application domains of such models (especially,
the ones with a high level of uncertainties). However, a researcher still faces a certain problem. How
could the probability density functions of parameters be estimated in randomized models?

This paper proposes involving the informational entropy maximization principle on sets defined by
the “input-output” measurements of an RM. The proposal originates from a couple of considerations
discussed and formalized below.

The first consideration is connected with the generalized notion of likelihood, viz., with
transition from likelihood functions to likelihood functionals and, subsequently, to informational
entropy functionals.

The second consideration 1s based on methodological interpretations of the notion of informational
entropy as a measure of uncertainty. Entropy maximization guarantees the best solutions under the
maximal uncertainty. This line of reasoning was pioneered in [13]. Informational entropy characterizes
uncertainty caused by random parameters of an RM and by measurement noises. The last property of
informational entropy ensures the best estimates for maximally uncertain noises (in units of entropy).
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Hence, the pdf estimates resulting from informational entropy maximization can be viewed as robust.
This interpretation varies from the classic conception of robustness suggested in [14].

2. Randomized Models

2.1. Static Objects

Consider a static parameterized object with a measurable “input” described by a matrix, X, of sizes
(s x n) and a measurable “output” characterized by a vector, y, of length s. Here, s indicates the amount
of input observations, and 7 stands for the number of the object’s parameters.
The relationship between the “input” and “output” (including measurement errors) is defined by the
randomized static model (RSM):
v=F[X +na+¢ (1)

We adopt the following notation: Fis a given s-dimensional vector-function; adesignates a random 7-
dimensional vector of some parameters with independent components a;, © = 1, n, possessing values in
the ranges A; = [a; ,a]], i = 1,n.

1)

The linear modification of the RSM acquires the form:
v=(X+na+¢ (2)

Measurements incorporate errors modeled by a matrix, 7, of sizes (s x m) (“input” errors) and
by a vector, &, of length s (“output” errors). The elements 7;;(j = 1,s,7% = 1,n) and the
components &; (j = 1, s) represent independent random variables. Their values lie within the intervals
Eii = [nj_i,n;;] and =; = [fj_,f'j], J € [1, s], respectively.

2.2. Dynamic Objects

Consider a discrete dynamic object with a finite “memory”, m. The object’s input, x[k], is measured
precisely, while the output, y[k], is measured with an additive noise, {|k]. Here, k € T = [m, m + s,
and s corresponds to the number of measurements. Suppose that the process, {[k], is random with
independent values.

The connection between the observed input and output (including output measurement errors) is
defined by a randomized dynamic model (RDM). This model is described by the discrete functional
Volterra polynomial of degree, R [15]:

v[k] :Z Z (w(h)[nl,...,nh]Hx[k—nT]> + [k 3)

Equality Equation (3) employs the weight functions (actually, impulse responses) w™[ni, ..., n].

These functions are random with independent ordinates belonging to the intervals:

Wi = [ﬁ(_h) exp (—a(h) (n+ - +ny)), 5@ exp (_a(h) (n1+ -+ np))] )

where Bih), oz$ ) correspond to given constants.
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The discrete dynamic model has the nonlinear expression Equation (3). Nevertheless, it can be
linearized by the lexicographic ordering of the variables {ni,...,n,}. Renumber the resulting sets
from zero to ¢, = (m + 1)" — 1 according to a lexicographic rule. Introduce a local index, i € [0, ],
and a set, such that:

{ng,...npy — i i g0, 1,] (5)

According to the accepted numbering, adopt the following indexing of random parameters that
correspond to the values of weight functions in Equation (3):

a’g(};)) — w(h) [nh s 7nh]7 Z(h) € [07 th] (6)

Construct the random vector:
]’L h
al = {a(() ), o ,agh)}

Components of the vector, alh, belong to the ranges:
AW ) = [ (1), @) )

By virtue of Equation (4), we have:

a(_h)(i(h)) = 5(_h) exp[—i(h)oz@]
af? (i) = B expl—i"all’] (8)
Similarly to Equation (5), introduce the lexicographic ordering of the variables {k —n1, ...,k —ny},
where k indicates a fixed parameter and indexes ny, ..., n, possess values in the interval [0, m]. For

each fixed k, renumber the resulting sets according to Equation (5):
{k—nu,....k—np} — (k,i™) 9)

Consequently, for fixed k£ in formula Equation (3), the lexicographically ordered products of the

variables, x[k — n,], form the vector:

xM[k] = {zfly, .. )} (10)
where:
XMk =xPm+k],  kelo,s]

Therefore, equality Equation (3) can be rewritten as:

k] =) @, xW[k]) + ¢[k], olk] = v[m+ K], EK] =&m+ k], keo,s] (D)

h=1

Consider the interval 7 = [m, m + s|, which corresponds to the measurements of the RDM input and

output at instants m + k, k € [0, s]. The observed output and noise are characterized by the vectors:

v={v[0],...,v[s]},  &={[0],....¢[s]} (12)
Define the input measurement matrices, whose rows are formed from vector Equation (10):

X" = [xM[k], k€ [0,5]], h € [1,R]
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Build the block matrix, X, of sizes [(s + 1) x u], where u = S1-_, (t, + 1):
X=[xW . . x®]
Finally, construct the block random vector of model parameters (of length u):
a={al .. al®} (13)

Thus, dynamic model Equation (3) belongs to the class of randomized models with the random
parameters, a, and the output noise, £. It can be reduced to the linear form:

v=Xa+¢ (14)

Structurally, this expression is analogous to linear static data model Equation (2). However, the input
matrix embraces the nonlinearity and dynamics of model Equation (14).

3. Probabilistic Characteristics of RMs

Numerical characteristics of RMs are understood as the probability density functions (alternatively,
probability functions) of model parameters and noise components.

In the sequel, we believe that RMs whose random components are described by probability density
functions belong to the class RM-PWQ. By analogy, RMs described by the probabilities of lying within

appropriate intervals will form the class RM-pwq.

3.1. RM-PWQ

The parameters of an RDM from this class and the measurement noises represent continuous random
variables. They take values in intervals, where there exist probability density functions (pdfs):
-for the random parameters of an RSM:

P@)=]]pia), aicA (15)
=1

- for the random parameters of an RDM:

R tp
P(a) =] [I»" @") (16)

h=1 i=1
- for the “input” measurement noises:

W(n) = H ijz'(ﬁj& Nji € Eji (17)

j=11i=1

- for the “output” measurement noises:

Q¥ =1]u&). &<z (18)
j=1
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The above-mentioned pdfs of the random parameters and noises should be estimated using
measurements of the RM “input” and “output” and a priori information on the pdfs. Formalization
of such information involves the a priori pdfs of the parameters and noises, (P°(a), W°(n) and Q°(¢)),
as well as the classes of pdfs.

An RM generates an ensemble, V), of the random vectors, v, Equations (2) and (14). Measurements
make up the vector, y, with measured components. Therefore, the estimation of pdfs lies in the forming
of the vectors of the appropriate numerical characteristics of this ensemble. We employ moments of

random components of the vector v:
m® = (M), ..., M@Y)} (19)

where k denotes the order of the moment,
M) = | (BX .8l + )" Pa)W ()Q(dadnde, j=T5  (0)
acA,nel, EeE;

This paper utilizes the first moments, viz., the average values of components from the vector, v. For
static model RSM-PWQ Equation (1), we obtain:

M) =v— [ (X 4,0 + ) P()W (1) Q(€)dade an
(acAne€ LeE)
For the dynamic model RM-PQ Equation (14), we similarly have:

M(v):vzx/ aP@)da+ | €Q(&)de 22)

ac A £e=

3.2. RM-pwq

The parameters of an RM from this class and the measurement noises turn
out continuous random variables. Their belonging to an appropriate interval is characterized by
some probability.

The parameters ay,...,a, possess values within the intervals Ay, ..., A, with the probabilities
D1, .., Dn, Tespectively. Actually, the probabilities p; € [0,1], i = 1,n. By analogy, the elements,
nji, of the “input” measurement noise matrix take values from the intervals, £;;, with the probabilities,
wj; € [0, 1], respectively. Finally, the components, ;, of the “output” measurement noises lie inside the
intervals, =;, with the probabilities, ¢; € [0, 1], respectively. Denote by p, w;, qf the a priori values of
the listed probabilities (7 = 1,s, ¢ = 1, n).

Just like models from the class RM-PWQ, RMs belonging to the class considered to reproduce an
ensemble, ), of the random vectors, v. This is done by generating the random parameters with the
probabilities, p, the elements of the “input” measurement noise matrix with the probabilities, IV, and the
components of the “output” measurement noises with the probabilities, (.

As a numerical characteristic for the ensemble generated by an RM of this class, select the vector of

the first quasi-moments (see [5]):

a=a +L,p, n=n +L,0W, {=¢& +Lgq (23)
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In the previous formula, & stands for element-wise multiplication,

Lo = diag[(af —a7)li = Tnl; Le = diag[(€7 —&)]j = T,5]

!

L, = [ —m)li=Tn,j=1s (24)

The transform Equation (23) can be interpreted as a substitution of the random parameters and noises by
their “quasi-average” values.
By applying Equation (23) to Equation (1), we obtain the following expression for the first quasi-

moment of the random vector, v, for RSM Equation (1):
V=F[X+(n +L,@W).a" +Lp| +£ + Leq (25)

In the case of RDMs, the first quasi-moment formula of the random vector, v, Equation (10), acquires
the form:
v=Xa+ Lyp+& + Leq (26)

Concluding this section, we emphasize a relevant aspect. For the class RM-PWQ, it is necessary to
estimate probability density functions. For the class RM-pwq, one has to estimate vectors characterizing
probability distributions.

4. Principles of Entropy-Robust Estimation

We propose to introduce a likelihood functional for the estimation of probability density functions for
RM-PWQ (RM-PQ). So long as the model parameters and measurement noises are independent, their

joint distribution function takes the form:

®(a,n, &) = P(a)W(n)Q(E) 27)
Suppose that we know the a priori density functions, P°(a), W°(n), Q°(&).
Following [4], specify the log-likelihood ratio (LLR) by:

P W) Q)
pla,m.6) =In g5 +In g s + I g

Hence, the LLR represents a nonrandom function of random arguments.

(28)

The probabilities, p, W, q, of certain events (e.g., entering appropriate intervals by the parameters,
“input” and “output” noises) being estimated, one should define the LLR by:

P w q
where p°, W9 and q° are a priori probabilities.
Now, introduce the likelihood functional (the generalized informational Boltzmann entropy func-

tional), £ (see Equation (29)), in the form:

LIP(a, W (n), Q(€)] = —H[P(a), W (), Q(€)] =
_ L Pla) L W)
= [ g [ Wi s
Q)
n /5 QU In e (30)
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Obviously (see Equation (28)), the likelihood functional with the minus mark represents the
generalized Boltzmann entropy functional. This function has numerous interpretations. In particular,
it is treated as the “distance” between pdfs [16], as an uncertainty measure [12,13,17] or as a robustness
measure [6] (the degree of invariance of the pdfs P(a), W (n), Q(£), with respect to observations). In
this paper, we involve the last interpretation of the entropy functional to construct estimates of the pdfs.

Define the likelihood function (the generalized informational Boltzmann entropy function) by
(see [18]):

S

H(p,W,q) Z—;piln%—zzwﬁln%_

j=1 i=1 Ji
ILE (1)
j=1 4

The estimation quality for pdfs or probability vector components is characterized by the maximal
value of the generalized informational Boltzmann entropy functional (or function). In the sequel, we
distinguish between two types of estimates.

1. The S ]’EWQ—robust entropy estimate (the S ]@Q -robust entropy estimate)of the pdfs of the parameters

and measurement noises results from solving the problem:
H[P(a,W(n), Q(£)] = max (32)
provided that:

e the probability density functions belong to the class:
s=Pjwl]Je (33)

where P, W and Q denote the classes of the pdfs of the parameters, “input” and “output” noises,
respectively;

e the balance condition holds true for the degree (1/k) of the k-th moment, v, and the measured
vector, y. For RSM-PWQ, this condition becomes:

1/k
(M{FO[(X +).a] + €01 =y (34)
For RDM-PQ, the balance condition takes the form:
(M{Xa+eH"M =y (35)

2. The Sgwq—robust entropy estimate
of the probability distributions (pds) of the model parameters and measurement noise components
follow from solving the problem:

H(p,W,q) = max (36)

provided that:
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e the probability distributions belong to the class:

S:]P’UWUQ (37)

where P, W and QQ designate the classes of the pds of the parameters, “input” and “output”
noises, respectively;

o the balance condition holds true for the quasi-average vector, v, and the measured vector, y:

F[X+(n +L,W),(a + L.p)] +
+§ + Leq =y (38)

5. Structural Properties of S};Q-Estimates

5.1. Power-Type RSM-PQ

Consider the subclass of power-type RSM-PQ with the following nonlinearities:

R n
o(t) =D a2 () +£) (39)
h=1 i=1
The vector of parameters, a, turns out to be random with independent components (ai,...,a,)
possessing values in the intervals A; = [a; , a; |, (i = 1,n) with the pdfs p;(a1), . .., pn(an).
The “input” and “output” are observed at instants ¢4, ... ,t;. The measured “input” is characterized
by the set of R matrices:
n(h) e () my ol
xh) — = , he[1,R] (40)
Igh) (ts) -+ xglh) (ts) $gL1) T xg’?n

Additionally, the observed ‘“output” of the RM is characterized by the random vector v =

{v(t1),...,v(ts)}

Therefore, using observation results, we rewrite the RSM-PQ as:
R
v=> XWalh 4 ¢ (41)
h=1

Here, aV = {a?,... al}, &€ = {&(t1), ..., €(t)} = {&1,...,&) denotes the “output” measurement
noise vector. It has independent components belonging to the intervals =; = [¢, 5;-“], (j =1, s) with the
pdfs ¢1(&1), . - ., qs(&s). Suppose that a priori information is absent, i.e., P°(a) = Q°(£) = const.

To proceed, we analyze the Sp,-robust entropy estimate of the pdfs P(a) = {pi(a1),...,pn(an)}
and Q(&) = {q1(&), - - ., qs(&) }- Moreover, we study some structural properties of the estimate.

Revert to problem Equations (32)—(34). Reexpress these as:

HIP@.QE) = =3 [ pla) e, -
i=1 v ai€Ai

s

-y q5(&5) In q;(§;)d;. = max 42)

j=1 §EE;
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subject to the constraints:

Tilg;(&)] = 1-— /g _ q;(&)d&; =0, j=1,s (43)

R
o)) = Yol [ aln(edu+

+ /E §gi(&5)dE —y; =0, =15 (44)
i€=)

The structural properties of the S}_—,Q—estimate are understood as a certain class of the robust
family of probability density functions of the model parameters and noise. The procedure of
S}DQ—estimation consists in solving problem Equations (32)—(34) for RSM-PWQ (alternatively, problem
Equations (32), (33) and (35) for RDM-PQ). Both problems belong to the class of functional
entropy-linear programming problems with equality constraints. The standard approach to such
variational problems (see [19]) naturally brings the following result. The entropy-optimal pdfs
(in the class of continuously differentiable functions) of the parameters and noise components are
defined by:

R
p; (a;) ~ m exp(— Zoéiha?), i €[1,n]
h=1
q4; (&) ~ rjexp(=0;&;),  j=1[1,5]) (45)
where: .
j=1

In the last formulas, the Lagrange multipliers, 7;, w;, correspond to constraint Equation (43), while the
ones of 0; correspond to constraint Equation (44).

Figures 1-4 demonstrate some examples of estimating the pdfs of the parameters. For a linear RM,
the S}DQ—estimate always represents an exponential function (see Figure 1). The “input” and “output”
measurements do not affect the structure of the estimate (yet, they change the shape of the functions).

For nonlinear RMs, the structure of the S}:,Q—estimates varies depending on the “input” and “output”
measurements. For instance, Figures 2—4 show the estimates of the pdfs for a quadratic, quadratic-linear
and cubic RM-PQ.
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Figure 3. p(a;, ay) = exp(da; — a} + 6ay — a3).
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5.2. Power-Type RM-PQ

Address the linear form of RM-PQ Equation (26). In this case, the problem of S}DQ—estimation of the

pdfs for parameter Equation (16) and noise Equation (18) acquires the form:

HIP@).QE)) =~ | P@)inPa)da— [ Q@M = max 7)
subject to the constraints:
D|P = 1- P(a)da=0
P(@) | P
TQE) = 1- | _Qde=0 (48)

®P®@@]=X/Mw@@+

+ §Q(§)ds —y =0 (49)
¢e=
The vector, ®[P(a), Q(£)], has the length of (s + 1) (the number of measurements).
Problem Equations (47)—(49) represent a modification of functional entropy-linear
programming problem Equations (42)—(44), which involves the linear data model. To obtain the
solution, again, adopt the standard technique for such variational problems [19]. This yields the

following entropy-optimal pdfs of the parameters and noises:

P(a)=exp(~1—v—(0,Xa), Q) =exp(-1-w-0x¢ (50)

Here, v,w designate the Lagrange multipliers associated with constraint Equation (48). In addition,
the vector, ¢ (whose length equals (s + 1)), comprises the Lagrange multipliers for constraint
Equation (49).

Formula (50) indicates that the entropy-optimal pdfs of the parameters and noises belong to the
exponential class, with the parameters representing the Lagrange multipliers. The latter quantities meet

a system of equations generated by constraint Equations (48),(49).

6. Normalized and Interval qu-Estimates for Linear RSM-pq
Consider the subclass of linear RSM-pq with accurate “input” measurements:
Vv=XLp+Lq+K@a¢) (51)

where:
Ka &)= Xa +& (52)

Denote by p” and q° the a priori probabilities of the parameters and noises, respectively.

Let us study the qu—estimates for some classes of the vectors, p, q.
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Problem 1. Normalized probabilities: the qu—estimate results from solving the problem:

i=1 ¢

n i S q;
H(p,qZ—ZPilnE——Z%lnq—é;‘max ©3)
i=1 J

subject to the probability normalization conditions:

s

dpi=1 > g=1 (54)
=1

j=1
and the balance conditions for the real observations, y;, with the first quasi-moment of the output of
RSM-pq:

Y wilipi+ L+ Kj=y;,  jells]s<n (55)
i=1

This problem belongs to the class of entropy-linear programming problems [20]. Its solution employs
the necessary conditions of optimality in terms of the Lagrange function:

L(p.q,\e.0) = Hp,q) + A1 - _p;)

i=1
+ e(1=>a)+ > Oily — > wilepi — Lig; — K] (56)

j=1 j=1 i=1
Consequently, we derive a system of equations determining the entropy-optimal probabilities, p*, q*:

pY exp (— > ijjiL;> o
0=pi6) = ~ <=L i=Ln (57)
S pexp (= X0 Ol
q) exp (0, L) <1 -
> i1 i exp (=0,L;) ~

and the corresponding Lagrange multipliers 61, . . ., 0,:

0 < q;(0)

®;(6)

1 = , ,
sz;pje +L]q*9 :L j: ) S (58)
TG 2 e 0) + L ©)

Problem 2. The interval probabilities: the qu-estimate satisfies the following maximization problem
for the generalized informational Fermi—Dirac entropy. The application of the generalized informational

Fermi—Dirac entropy provides estimates lying in appropriate intervals [18]:

H(p,q) = —; <pi1n%]+(1—pi)ln(1—p¢)) -

_ Z (qj ln% + (1 —¢;)In(1 — qj)) = max (59)
j

j=1

subject to the interval probability constraints:
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and the balance conditions for the real observations, y;, with the first quasi-moment of the output of
RM-pq:

S wplipi+ Ll + Kj=y;,  j=T17s 61)
i=1

where: . .
1—pY’ Tl -q)

@) = (62)

Lagrange’s method of multipliers gives the following system of equations for the estimates of the
probabilities, p, q:

0 -
0<pi(h) = : <lLi=Tn

PO+ (1= pi)exp (Z;ll QﬂfﬁLé)
¢
0<qi(0) = ! ~<1j=T1s (63)
’ ¢ + (1= g exp (=6, L¢)

and the Lagrange multipliers 64, . . ., 0,:

1
Yj —

;(0) = IQEZ@wﬁWMJ@ﬂm=1J=IE (64)
i=1

So long as the estimates of p and q are expressed analytically through the Lagrange multipliers, , one

should only solve the system of Equation (64). For this, it is possible to use the following multiplicative

algorithm [20] for the exponential Lagrange multipliers z; = exp(—0;), j € [1, s]:

AT =2D(2Y), 2> 0, jel,s (65)

Under certain conditions, the estimates generated by Problems 1-2 differ in the values of some

entropy (e.g., generalized Boltzmann entropy Equation (53)). Let us introduce the following notation:

e the entropy:
H(p,q)=H(g), g=(p,q) € " (66)

o the estimate, g}, obtained for normalized probabilities (Problem 1), and the estimate, g3, obtained
for interval probabilities (Problem 2);
e the absolute maximum of the entropy g = arg max H (g);

e the set:

IT={g:0<g<1} D I={g:(p,1), (g, 1)} (67)
Theorem Assume that g € (R \ TI).
Then:

H(gy) < H(g5)

and the equality takes place iff g; = 8.
Proof. Entropy Equation (53) represents a strictly concave function with a unique absolute maximum
at the point, g. The value of the entropy at an arbitrary point, g, depends on the distance to the absolute

maximum point. Denote by o(g, g7) and o(g, g5) the distances between the absolute maximum point, g,
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and the points corresponding to the optimal estimates in Problems (53)—(55) and (59)—(62), respectively.
By virtue of the premise above, expression Equation (67) and strict concavity, we have:

o(g,g7) > o(g,8) (68)

These distances coincide only if g} = g.
7. Examples

7.1. Entropy Estimation of the Parameters of Linear RSM-pq under a Small Amount of Data

Consider a linear RM with five random parameter Equations (51) belonging to the same intervals
A = [0,10] and with the noise vector £ = {;, &>}, whose components lie within the intervals =; =
[—3, 3] and =5 = [—6, 6]. There are two “output” measurements, y = {y1, ¥ }.

The reference model has fixed parameters a° = {1,2,2,4,1}. The deviation from these values is

described by the relative square error:
a’—a
o —al
[a%]] + [[al]

The “input” measurement matrix makes up:
v ( 18 21 33 20 15 )
4.1 3.8 3.0 2.8 1.9
The “output” measurement vector (distorted by noises from appropriate intervals) takes the form:
y = {21.1;32.8}
The first quasi-moments for the parameters and noise are defined by:
a; = 10p;, i =1,5; §1 =—3+6q1, & =—-6+12¢
Substituting the last equalities into Equation (51) yields the following RM-pq:
Tp+Lq=1

with the matrix:

X1 - ( 0.75 0.87 1.37 0.83 0.62 )

1.06 0.98 0.77 0.72 0.45

2
L= L= 025 0
0 031
and the vector 1 = {1, 1}.

As a priori information, we have selected three scenarios for the a priori probabilities (see
Tables 1 and 2).

the matrix:
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Table 1. The a priori probabilities, p?, i € [1, 5].

Scenario/z 1 2 3 4 5

A 1.0 1.0 1.0 10 1.0
B 01 02 03 03 0.1
C 03 04 0.1 0.05 0.15

Table 2. The a priori probabilities, ¢°, ¢9.

Scenario/z 1 2

D 02 038
E 1.0 1.0

Scenario AE corresponds to uniform a priori distributions of the parameters and noise. Next,
Scenario B D reflects nonuniform a priori distributions of the parameters and noise. Finally, C'E is
the combined scenario (the parameters possess nonidentical a priori distributions, whereas the noise has
uniform a priori distributions).

We study the qu-estimates corresponding to Problems 1-2.

Problem 1. Normalized probabilities.

H(p,q)z—i(pzln ) i(qjln ):max

=1 j=1

5

2
Zpizl, pi >0, quzl, ¢ >0
j=1

=1

0.75p1 + 0.87pg + 1.37p3 + 0.83p4 + 0.62p5 + 0.25¢; =1
1.06p1 4+ 0.98ps 4+ 0.77ps 4+ 0.72p4 + 0.45p5 + 0.31g; = 1
Problem 2. Interval probabilities.
5 2
H(p,q) = —Z (pilnp—(a) - Z <qjlnq—é> = max
i1 D; = q;
0<p<l, 0<q<1
0.75p1 + 0.87pg + 1.37p3 + 0.83ps + 0.62ps + 0.25¢; =1
1.06p1 + 0.98py 4+ 0.77p3 + 0.72p4 + 0.45p5 + 0.31q; = 1

The entropy, H, attains the absolute maximum at the point p; = 0.36p); ¢; = O.36q;-); i € [1,5],
J € [1,2]. Tables 3 and 4 present the coordinates of the absolute maximum point for the above scenarios
of the a priori probabilities (see Tables 1 and 2).
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Table 3. The components, p;, i € [1,5].

Scenario/z 1 2 3 4 5
A 036 036 036 036 0.36
B 0.036 0.072 0.108 0.108 0.036
C 0.108 0.144 0.036 0.018 0.054

Table 4. The components, §;, Go.

Scenario/z 1 2
D 0.072 0.288
E 036 0.36

Solutions to Problem 1 can be found in Tables 5 and 6.

Table 5. The qu—estimates of the probabilities, p, ¢, in Problem 1.

Scenario  pj D5 p; P, Ds q; q, H*
AD 0.14 0.17 028 020 021 028 0.72 1.56
BD 0.08 0.16 0.26 034 0.16 025 0.75 -0.03
CD 0.17 031 0.22 006 024 040 0.60 —0.23
AFE 023 022 0.19 019 0.16 045 055 2.29
BE 0.14 024 0.18 032 0.12 039 0.61 0.63
CE 0.26 0.0.38 0.13 0.05 0.18 058 042 0.67

Table 6. The first quasi-moments of the parameters and noises in Problem 1.

*
1

a, a3 a; a; & & €

AD 143 166 278 201 213 —-133 265 0.13
BD 0.78 1.64 262 337 158 —152 3.04 0.03
CD 1.67 3.08 225 063 237 -0.62 123 0.30
AFE 235 222 191 188 1.64 —-031 062 0.15
BE 141 236 1.84 321 1.18 —-0.65 130 0.02
CE 256 376 130 056 182 046 —091 0.36

Scenario a

Solutions to Problem 2 are shown by Tables 7 and 8.
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Table 7. The qu—estimates of the probabilities, p, ¢, in Problem 2.

* *

Scenmario p; p; p; D} Ps q, 95 H*

AD 024 022 0.18 023 0.26 0.0.07 0.0.29 2.05
BD 0.15 026 0.27 027 0.07 0.07 046 0.27
CD 023 039 024 0.05 0.12 0.11 026 0.23
AE 025 022 0.15 022 025 030 039 237
BE 0.15 026 023 026 0.06 034 0.60 0.67
CE 026 040 0.17 005 0.11 048 037 0.71

The comparative analysis of these computations draws the following conclusions:

e the estimates of the parameters derived for interval probabilities have a larger constrained
maximum of the entropy than the ones derived for normalized probabilities (see Theorem 2);

e the reference parameters and a priori probabilities appear interconnected: their “successful” choice
(Scenario B D) leads to “better” approximation of the reference parameters in terms of the relative
squared error than in the case of an “unsuccessful” choice (Scenario C'D).

Table 8. The 1-quasi-moments of the parameters and noise in Problem 2.

3 * * * * * * *
Scenario a] a; ai; a; af & & €

AD 237 226 183 235 264 -261 =257 0.14
BD 1.50 2.64 271 274 068 —-258 —-047 0.06
CD 234 395 244 052 123 -234 -292 0.33
AE 250 224 150 221 250 —-1.17 —-135 0.16
BE 1.52 258 235 260 066 —-097 121 0.06
CE 262 398 1.68 047 1.11 -0.12 -1.51 0.36

7.2. The Entropy Estimation of the pdfof Second-Order RDM-PQ Characteristics

Consider the following RDM-PQ:

+ Z Dny, nozlk — m)z[k — no] + E[K], k > 2

ni,n2=0

with the random impulse response:

wM[ng] = w®[ny,ny] =0, if any of indexes (ny,7n,) > 2

Wan1, Na) = wa[ng, n4]
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Therefore, the dynamic RM-PQ in question incorporates nine parameters:

ap = ag ) — wM[0], a; = agl) =wW[1], ay = agl) = w2
as = a(()Q) = w®10,0], as = a{¥ = w?]0,1] + w?[1,0]
as = a% = w®[0,2] + w?[2,0], ag = a:(f) = w?[1,1]
ar = a) = w?[1,2] + w?[2,1], a5 = o) = w?[2,2]

The values of constants in Equation (8) are combined in Table 9.

Table 9. The values of 553’2), p2)- a(j’z) and oM.

2 1 2 1 2 1 2
Y BY BY BY & o) o o

1.0 20 05 1.0 0.08 0.08 0.08 0.08

Table 10 demonstrates interval Equation (6) covering the components of the vector, a.

Table 10. The intervals for the parameters.

J 1 2 3 4 5 6 7 8 9

a; 050 046 042 1.00 092 085 0.85 0.79 0.72
a;“ 1.00 092 085 2.00 184 1.70 1.70 1.58 1.44

We have two measurements of the “input” and “output”  Construct the blocks X X2

Equation (11):
X(l): l’[?] [L’[l] JT[O] _ Too Lo1 o2
z[3] z[2] (1] Tio T11 T12
2?[1] x[lz[0] 2?[0] | _
22[2) a2z 2*1] )
_ LToo ZLo1 To2 Loz Toa Los
T10 T11 Ti12 T13 Tia Tip
The matrix X = [X(), X®)] has the form:

3.9 19 28 09 16 52 36 19 4.2
93 39 19 38 85 49 09 16 26

The noise components become £[0] = &, € =g = [3,3]; £[1] = & € E1 = [—6,6]. Additionally,
the measured values of the “output” are given by y[2] = yo = 18.51, y[3] = y; = 43.36.
The Sp,-estimate of the pdf of the parameters, pi(a;), j € [0,8], and the pdfs of the noise,

4 (&), ¢; (&), is defined by:

pi(a;) = exp[—1 —v; — 3 byay], 5 €1[0,8)
q; (&) = exp[—1 —w; — 6;§], 1 €[0,1]
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The Lagrange multipliers, «;, 3; and 6;, meet the following equations:

at .
Fj(77 9) = fajz eXp[_l — 7~ 211:0 elxljaj]daj =1, J € [07 8]
Qu(w,0) = [ expl—1 — w; — ,6]de; =1, i€ [0,1]

at
Oi(v,w,0) = 35w [,2 ajexp[—1 —; = 3, Oaja;]da;+
4 J
+ & Gexp[—1 — wi — 0igldg = i, i €[0,1], j€[0,8]

To solve these equations, we have used MATLAB for symbolic transformations and the numerical
solution of nonlinear equations, known as the “trust-region dogleg” technique. The computed Lagrange
multipliers form Tables 11-13.

Table 11. The Lagrange multipliers, ;.

j 0 1 2 3 4 5

v —10.0475 —6.8421 —13.7688 1.5448 11.2746 —37.2191

Table 12. The Lagrange multipliers, 7; (continued).

j 6 7 8

v —32.9907 —15.0797 —29.7189

Table 13. The Lagrange multipliers, w; and 6;.

() 0 1

w; 26.6458 14.7240
0; 99822 —2.7918

Figure 5 shows the curves of the probability density functions of the parameters, pj(a(l)j), j €10,2]
(curves 0,1,2) and p;(a®s), j € [3,8] (curves 3-8). Finally, Figure 6 presents the curves of the
probability density functions of the noise, qo(&o), ¢1(&1)-
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Figure 5. PDFs of the parameters.
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8. Conclusions

New methods of parametric (probabilities) and non-parametric (probability density functions)
estimation of the randomized model characteristics are proposed. These methods are based on entropy
functions or entropy functionals maximized under certain constraints. We can interpret the obtained
estimate as a robust one, as the entropy function was used for its calculation. These methods are focused
on the problems where data is limited and distorted by noises. It is shown that the entropy-robust
estimation of the probabilities and probability density functions belong to the exponential class.

Conflicts of Interest
The authors declare no conflict of interest.
References

1. Cox, D.R.; Donnelly, C.A. Principles of Applied Statistics; Cambridge University Press:
New York, NY, USA, 2011.

2. Kendall, M.G.; Stuart, A. The Advanced Theory of Statistics: Inference and Relationship;
Griffin & Co.: London, UK, 1961; Volume 2.

3. Harrell, EF, Jr. Regression Modeling Strategies: With Application to Linear Models, Logistic
Regrassion, and Survival Analysis; Springer Series; Springer-Verlag Inc.: New York, NY,
USA, 2001.

4. Cramer, H. Mathematical Methods of Statistics (PMS-9); Vol. 9. Princeton University Press:
Princeton, NJ, USA, 1999.

5. Golan, A.; Judge, G.; Miller, D. Maximum Entropy Econometrics: Robust Estimation with Limited
Data; John Wiley & Sons: New York, NY, USA, 1996.

6. Golan, A. Information and entropy econometrics—A review and synthesis. Found. Trends
Econometr. 2006, 2, 1-145.

7. Racine, J.; Maasoumi, E. A versatile and robust metric entropy test of time-reversibility, and other
hypotheses. J. Econometr. 2007, 138, 547-567.

8. Shiryaev, A.N. Essentials of Stochastic Finance: Facts, Models, Theory; World Scientific
Publishing Co. Pte. Ltd.: River Edge, NJ, USA, 2000.

9. Del Ruiz, M.C. A new approach to measure volatility in energy markets. Entropy 2012, 14,74-91.

10. Polyak, B.T. Robustness Analysis and Multilinear Perturbations. In Robustness of Dynamic
Systems with Parameter Uncertainties; Mansur, M., Balemi, S., Trueol, W., Eds.; Birkhauser:
Basel, Switzerland, 1992; pp. 93-104.

11. Lebiedz, D. Entropy-related extremum principles for model reduction of dissipative dynamical
systems. Entropy 2010, 12, 706-719.

12. Gupta, M.; Srivastava, S. Parametricbayesian estimation of differential entropy and relative
entropy. Entropy 2010, 12, 818-843.

13. Jaynes, E.T. Information theory and statistical mechanics. Phys. Rev. 1957, 106, 620-630.

14. Huber, PJ. Robust Statistics; John Willey & Sons: New York, NY, USA, 1984.



Entropy 2014, 16 698

15.

16.

17.

18.

19.

20.

Tsypkin, Y.Z.; Popkov, Y.S. Theory of Nonlinear Discrete Systems (in Russian); “Nauka”
Publisher: Moscow, Russia, 1973.

Kullback, S.; Leibler, R.A. On information and sufficiency. Ann. Math. Stat. 1951, 22, 79-86.
Shannon, C. Communication theory of secrecy systems. Bell Syst. Tech. J. 1949, 28, 656-715.
Popkov, Y.S. Macrosystems Theory and its Applications: Equilibrium Models, Lecture Notes in
Control and Information Sciences; Springer: London, UK, 1995; Volume 203.

Gelfand, I.M.; Fomin, S.V. Calculus of Variations; Courier Dover Publications, Inc.: New York,
NY, USA, 2000.

Popkov, Y.S. New class of multiplicative algorithms for solving of entropy-linear programmes.
Eur. J. Oper. Res. 2006, 174, 1368—1379.

(© 2014 by the authors; licensee MDPI, Basel, Switzerland. This article is an open access article

distributed under the terms and conditions of the Creative Commons Attribution license

(http://creativecommons.org/licenses/by/3.0/).



	Introduction
	Randomized Models
	Static Objects
	Dynamic Objects

	Probabilistic Characteristics of RMs
	RM-PWQ
	RM-pwq

	Principles of Entropy-Robust Estimation
	Structural Properties of S1PQ-Estimates
	Power-Type RSM-PQ
	Power-Type RM-PQ

	Normalized and Interval Spq-Estimates for Linear RSM-pq
	Examples
	Entropy Estimation of the Parameters of Linear RSM-pq under a Small Amount of Data
	The Entropy Estimation of the pdfof Second-Order RDM-PQ Characteristics

	Conclusions
	Conflicts of Interest

