Entropy 2014, 16, 1819-1841; doi:10.3390/e16031819

entropy

ISSN 1099-4300
www.mdpi.com/journal/entropy

Article

A Hybrid Cooperative Coding Scheme for
the Relay-Eavesdropper Channel

Peng Xu !*, Zhiguo Ding ? and Xuchu Dai !

! Department of Electronic Engineering and Information Science, University of Science and
Technology of China, P.O.Box No.4, 230027, Hefei, Anhui, China; E-Mail: daixc@ustc.edu.cn

2 School of Electrical, Electronic, and Computer Engineering, Newcastle University, Newcastle,
NE1 7RU, UK; E-Mail: Zhiguo.Ding @newcastle.ac.uk

* Author to whom correspondence should be addressed; E-Mail: mxp484 @mail.ustc.edu.cn;
Tel.: +86-15056955356.

Received: 16 December 2013; in revised form: 18 March 2014 / Accepted: 19 March 2014 /
Published: 24 March 2014

Abstract: This paper considers the four-node relay-eavesdropper channel, where a relay
node helps the source to send secret messages to the destination in the presence of a passive
eavesdropper. For the discrete memoryless case, we propose a hybrid cooperative coding
scheme, which is based on the combination of the partial decode-forward scheme, the
noise-forward scheme and the random binning scheme. The key feature of the proposed
hybrid cooperative scheme is that the relay integrates the explicit cooperation strategy and
the implicit cooperation strategy by forwarding source messages and additional interference
at the same time. The derived achievable secrecy rate shows that some existing works can
be viewed as special cases of the proposed scheme. Then, the achievable secrecy rate is
extended to the Gaussian channel based on Gaussian codebooks, and the optimal power
policy is also identified in the high power region. Both the analysis and numerical results are
provided to demonstrate that the proposed hybrid cooperative coding scheme outperforms
the comparable ones, especially in the high power region.
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1. Introduction

The concept of information theoretic secrecy was first introduced by Shannon in [1], where a key
is used to protect confidential messages over noiseless transmissions. When considering the noisy
transmission, Wyner introduced the wiretap channel in [2], where the received signal at the eavesdropper
was assumed to be a degraded version of the signal at the legitimate receiver. Csiszar and Korner
extended this degraded wiretap channel to a more general broadcast channel with confidential messages
and found the secrecy capacity in [3]. Wyner’s channel has also been extended to the wiretap channel
with side information, where the side information was assumed to be non-casually known to the
transmitter [4,5]. Recently, secrecy problems have been considered in various multi-user setups. For
example, multiple access channels (MACs) were studied in [6-9], where an external eavesdropper was
introduced in [6,7], while each legitimate user in [8,9] acted as an eavesdropper for the messages intended
to the other users. Broadcast channels (BCs) were considered in [10,11], where each user is also an
eavesdropper for the messages intended to the others. Relay channels were studied in [12—17], where
an external eavesdropper was introduced in [12—-15], while the relay node in [16,17] was an untrusted
helper, i.e., this untrusted helper also acted as an eavesdropper to the main receiver.

Since user cooperation can potentially enhance the security, many existing works have designed
cooperative secure transmission schemes for multi-user networks. These existing cooperation schemes
can be divided into two different types: the explicit cooperation strategy and the implicit cooperation
strategy. The explicit cooperation strategy means that the helper nodes send messages that are correlated
to the intended messages, such as the decode-forward (DF) scheme [12] or the partial DF [13]
for relay-eavesdropper channels. The implicit cooperation strategy requires helper nodes to send
interference messages that are independent of the intended messages, such as cooperative jamming
(C)) [6], noise-forward (NF) [12] and the interference-assisted scheme [14].

Different from these works in [6,12-14] that consider these two types of cooperation strategies
separately, this paper aims to design a hybrid cooperative coding scheme that integrates the explicit
cooperation strategy and the implicit cooperation strategy together. Most recently, hybrid cooperative
coding schemes have been considered in [7,15] for the MAC channel with conference and secrecy
constraints. Compared to the works in [7,15], which are based on an assumption that there exist secret
communication links between a source and its helper partner, the proposed hybrid cooperative coding
scheme 1s applicable to a more practical relay-eavesdropper channel in which the transmissions from the
source to the relay can be overheard by the eavesdropper.

The contributions of the this paper can be summarized as follows. Firstly, we propose a hybrid
cooperative coding scheme for the four-node relay-eavesdropper channel, where a relay node helps
the source to send secret messages to the destination in the presence of a passive eavesdropper. The
basic idea is to combine the partial DF scheme [18] for relay channels, the NF [12] scheme for
relay-eavesdropper channels and random binning [2] for wiretap channels. Note that the NF and random
binning schemes can provide useful randomness to protect the secret messages. The key feature of the
proposed hybrid cooperative scheme is that the relay integrates the explicit cooperation strategy and
the implicit cooperation strategy by forwarding source messages and additional interference at the same
time. The derived achievable secrecy rate shows that the proposed scheme generalizes some existing
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works, such as the DF [12], partial DF [13] and NF [12] schemes for relay-eavesdropper channels.
Secondly, the achievable rate result is extended to the memoryless Gaussian channel based on Gaussian
codebooks. Then, the optimal power policy is developed for the proposed scheme in the high power
region, and the result shows that the secrecy rate achieved by the proposed scheme can be sufficiently
large in the high power region, even if the source-relay link is weak. This is benefited from the fact
that the interference generated at the relay can protect the transmissions from the source to the relay by
confusing the eavesdropper. Finally, we illustrate the proposed scheme through some examples of the
Gaussian network topologies. The numerical results show that our scheme outperforms the comparable
ones, especially when the transmit power is large.

In the following, the details about the differences between the proposed scheme and the existing ones
are provided in order to further highlight the contribution of this paper.

e The channel model and the coding scheme developed in [19] are fundamentally different from
those in this paper. First, the work in [19] considers the relay-eavesdropper channel model with
parallel subchannels, whereas this paper considers the relay-eavesdropper channel model with only
a single communication channel. Second, the coding scheme in [19] uses a subset of channels to
perform the DF scheme and the remaining ones to perform the NF scheme, and the interaction
between these two relaying schemes exists only across different subchannels. In contrary, by
using the superposition coding scheme, the partial DF and NF schemes in the proposed coding

scheme are strongly connected to each other in the same channel.

e The work in [20] combined partial DF, NF and compress-and-forward (CF) schemes for the
discrete memoryless relay-eavesdropper channel. In Section 3.4, we will show that the use of
the CF scheme does not offer any performance gains in terms of the secrecy rate. Compared
to the scheme in [20] that is based on the successive decoding strategy for separately decoding
different messages, the proposed scheme utilizes the backward decoding strategy to jointly decode
the common part (known by both the source and relay) of the source messages. Moreover, the
proposed scheme decodes the interference messages from the relay after decoding the common
part of the source messages, whereas the scheme in [20] decodes these two types of messages in a
reversed order. This results in different secrecy rates achieved by these two coding schemes, and
their performances will be compared in detail in Section 3.4.

The rest of this paper is organized as follows. In Section 2, the notations, the channel model and the
main result are given for the discrete memoryless relay-eavesdropper. Section 3 extends the main result
to the Gaussian case, for which an achievable secrecy rate, a power policy in the high power region and
some numerical results are provided. The achievable secrecy rate associated with the proposed hybrid
coding scheme for the discrete memoryless relay-eavesdropper channel is established in Section 4.

Finally, conclusions are provided in Section 5.
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2. System Model and Achievable Secrecy Rate

2.1. Notations

Throughout this paper, a random variable, its realization and its finite alphabet are denoted with an
upper case letter (e.g., X), the corresponding lower case letter (e.g., ) and the corresponding calligraphic
letter (e.g., &X'), respectively. The probability distribution of the random variable, X, is denoted as
p(z) = px(x) for simplicity, where x € X. Furthermore, we use X" to denote a random n-vector
(X1,--+,X,) and use X" = (z1,--- ,x,) to denote a specific n-vector value in X™, which is the n-th
Cartesian power of X.

Moreover, let X’ and X (]i[) denote the set {X (j),1 < j < i} and the set {X(j),1 < j <iori <
j < n}, respectively. In addition, [1 : B] = {1,2,---, B}, [¢]" = max{z,0}, C(z) = 3 log(1 + z),
and ¢, is arbitrarily small positive number for Vk. Finally, A (X1, X5) denotes the set of jointly typical

n-sequences with respect to p(x1, z2) (more details can be seen in [21]).

2.2. Discrete Memoryless Relay-Eavesdropper Channel

Figure 1. Relay-eavesdropper channel.

Y » Relay
W, X ‘ L = Y W,
—L» Encoder > p(0, Y., lx,x,) » Decoder — >
Y,
Eavesdropper

As shown in Figure 1, this paper considers a four-node discrete memoryless channel, where the source
(X1) wishes to send a message W, € W; = {1,--- , M} to the destination (Y"), while keeping it secret
from an external eavesdropper (Y>), with the help of a full duplex relay node, (X5, Y7). This channel
is first introduced in [12], termed as the relay-eavesdropper channel, which consists of a transition
probability distribution (X; X Xa, p(y, y1, y2|T1, 22), Y X Y1 X Vs). Here, the finite sets, X;, Xs, denote
the input alphabets at the source and the relay, respectively, while the finite sets, ), Vi, Vs, denote the
output alphabets at the destination, the relay and the eavesdropper, respectively. The (M, n, P") code of
this system consists of a stochastic encoder, f1, at the source that maps the message, /1, into a codeword,
X7 € AT, a stochastic encoder, fo, at the relay that maps its received signals (Y7 1,---, Y7 ;1) before

time 7 into a channel input, X ;, and a decoding function ¢ : Y — W;. The average error probability is:
1
P! = i ;\) Pr(¢(Y™) # wq|w; was sent). (1)
w1 1

The secrecy level is measured by the equivocation rate (1/n)H (W;|Y?5). A prefect secrecy rate, Ry,

is said to be achievable if for any € > 0, there exists a sequence of codes (M, n, P), such that:
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M > 2" pr < e

1
R, —e < —H(Wi[Y}). @)

2.3. Achievable Secrecy Rate

Before the presentation of our main result, we first define some parameters as follows.

Definition 1. Let P denote the set of all the joint distributions of the random variables
(U, V1, X1, X5, Y1,Y3) that factor as:

p(u, v1, 21, T2, Y, Y1, Y2) = plu)p(x1, v1|u)p(x2|w)p(y, Y1, y2|T1, 2). 3)

In this definition, one can observe that (V;, X;) — U — X, is a Markov chain, where U represents
the common message known by the source and the relay. Conditioned on U, (7, X;) and X5 can be

generated at the source and the relay, respectively.
Definition 2. For a given p € P, define two rates, Ry1(p) and Ry2(p), as:

RU(P) éI(Xl;Y\Xm U, Vl) + min{[(XQ; Y|U, Vl)yl(X2;Y2|U> X1>}
— min{/(Xo; YU, Vi), [(Xo; Ya|U, V1) } — I(X1; Ya|U, Vi, Xo), (4)
Raz(p) £ min{I(U,V1;Y), 1(Vi; Y1| X2, U)} — I(U, V1; Ya). (5)
Note that R;1(p) is the rate of the private secret message at the source that is not known by the relay,
while Rj5(p) is the rate of the common secret message that is known by the source and the relay.

Based on the above definitions, the following theorem gives an achievable secrecy rate for the discrete
memoryless relay-eavesdropper channel.

Theorem 1. For the considered relay-eavesdropper channel, the following secrecy rate is achievable.

R, = ngc Ri1(p) + Ria(p). (6)

pe

Figure 2. The encoder structure in Block b, 2 < b < B, where the common message
wop = (Wy2p—1, Wiy ), Which is transmitted by the source in the previous block, and “SP”

is the abbreviation of the word “superposition”.
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Proof. The proposed achievable scheme is based on the careful combination of the partial DF [18]
scheme for relay channels, the NF scheme [12] for relay-eavesdropper channels and random binning for
wiretap channels [2]. Specifically, the proposed coding scheme integrates some essential techniques,
such as rate splitting, superposition Markov block encoding [18] (Theorem 7), random binning [2],
backward decoding and interference injecting [12], efc. In the following, we will outline the proposed
hybrid cooperative coding scheme, and the details of the complete proof will be provided in Section 4.
(Note that in the next paragraph, a message is said to be a common message if it has been known by both
the source and the relay in a certain block, such as wq, in Block b. Otherwise, it is said to be a private
message, such as w1, and wyy,, which are only known by the source and the relay, respectively.)

Briefly speaking, for a given joint distribution, p € P, the whole transmission duration is formed by B
Markov blocks, in which B — 1 secret messages will be sent. At Block b, the new secret message, wy, is
first split into two parts: one part needs to be transmitted directly from the source to the destination (wy15);
and the other part needs to be decoded by the relay (w;9,). Here w1, and w9, are mixed with dummy
messages w{;, and wiy,, respectively. In the encoding process, the random variable, U, in Theorem 1
represents the common message wo, = (wWi2p—1, Wisy, ;). Note that wg, was decoded by the relay at the
end of the previous block, i.e., Block b— 1, and becomes the common message in this block. The random
variable, V], represents the superposition code in which the new message (w25, w,,) is superimposed
on the common message, wo,, where (w2, wi,,) needs to be decoded by the relay at the end of Block b
and will become the common message, w41, in Block b 4 1. In this sense, V; also carries the common
part of the source message, but for the next block. The channel input, X, represents the superposition
code in which the private message (w15, wY,) is superimposed on wg, and (wyop, wiy,). At the same
block, noise injection is realized at the relay via sending the so-called “interference message”, way, i.e.,
the relay randomly generates a private interference message, wsyy, in order to confuse the eavesdropper.
The channel input, X, represents the superposition code in which the interference message, wayp, is
superimposed on the common message, w,, where w, has been decoded by the relay at the end of the
previous block. The encoder structure of the proposed cooperative coding scheme is briefly illustrated
in Figure 2.

[

Remark 1. Since the relay simultaneously forwards the common part of the source messages and private
interference, the proposed scheme can be viewed as a hybrid cooperative scheme that combines the
explicit and implicit cooperation strategies. The key feature of such a hybrid cooperative scheme is that
it can improve the signal strength through the main channel and suppress the eavesdropping capability

at the same time.

Remark 2. The use of the channel prefixing technique (e.g., Appendices B and C in [12]) may further
increase the secrecy rate. However, we do not consider this technique in this paper to avoid the
intractability of its evaluation, which simplifies the achievable result in Theorem 1.

The achievable secrecy rate in Theorem 1 generalizes some existing coding schemes for the relay
eavesdropper channels.

Remark 3. If we set X1 = Vi and Xy = U in Equations (4) and (5), Theorem I reduces to:
Ry = max min{/ (X, Xo;Y), I(X1; V1| Xo)} — (X4, Xo; Y3), (7)

p(z1,22)
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which is consistent with the secrecy rate achieved by the DF scheme in [12] (Theorem 2).

Remark 4. If we set U = V| = () in Equations (4) and (5), Theorem 1 reduces to:

Rs = max [(Xl,Y’XQ) +m1n{[(X2,Y>,[<X2,}/2‘X1)}

p(z1)p(z2)

— min{/(Xo; V), [(X2;Ya)} — I(X3; V5| Xo), (8)
which is consistent with the secrecy rate achieved by the NF scheme in [12] (Theorem 3).

Remark 5. Ifwe set and U = X5, Theorem 1 reduces to:

R, = max min{I(X1>X2; Y)7[<X1;Y‘X2, VI) + I(Vl; 5/1|X2>} - I(X17X2;Y2)7 )

p(vlleva)

which is consistent with the secrecy rate achieved by the partial DF scheme in [13] (Theorem 8).

3. Gaussian Relay-Eavesdropper Channel

In this section, the memoryless Gaussian relay-eavesdropper channel is considered, where the
received symbols at the relay (Y;), the destination (Y) and the eavesdropper (Y>) are:

Yi = hser + Nb
Y = hstl + hrdX2 + Na
}/2 - hseXl + h'reXQ + NQ- (10)

Here, N1, N, Ny ~ N (0, 1), which are the Gaussian adaptive noises; h,5 denotes the channel coefficient
between node « € {s,r} and node § € {r,d, e}, @ # [3. The average power constraints at the source
and the relay are P, and P, respectively.

3.1. Achievable Secrecy Rate

In this subsection, we use a joint Gaussian distribution to get an achievable secrecy rate.
We let U, Vi, X10, X290 ~ N (0, 1), and they are independent of each other. Then ,the variables, V;,
X, and X5, are set to be:

Vi=VPrU+ /P*Viy, (11)
X =Vi+ VP X, (12)

Xy = r/PRU + /PP X5, (13)

where r € {—1, 1}, which is used to determine the covariance of the channel inputs, X; and X5, to
be positive or negative. In these relationships, U represents the common message shared by both the
source and the relay in a certain block; V; o represents the new source message that needs to be decoded
by the relay and will become the common message in the next block; X o represents the private source
message; X, o represents the private interference message at the relay.
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To satisfy the power constraints, we require the power tuple A = (P, P/°, P/°, Py P;y°) in
Equations (11)—(13) to lie in A, where A denotes the power allocation set that is given by:

A = {(Plu7P],.UO7P]fCO7P2u7 P2IO>|P1U’7 PfO,P]:-EO’ P2u7 szo Z 0
P+ P+ PP < Py, PY+ P¥ < P}, (14)

Now, based on Theorem 1 and the above definitions, an achievable secrecy rate is given in the
following lemma.

Lemma 1. For the Gaussian relay-eavesdropper channel, the following secrecy rate is achievable:

Rf = max ARlGl(r, A)+ R%(r, A), (15)

r=+1,A€e

where R, (r, A) and R$(r, A) are defined as:

1+ |hsq|?2 Py

: |hrd|2P210 |hT6|2P2wO 2
— e —— T 17 19 In - hse Pxov 16
mln{c (1+|hsd|2pir0 ’C 1+|hse|2P1xO C(l | 1) ( )
haar/PE + Thea /By + [hs|* P hop |2 P
Rg<r,A>=mm{c<' 1/ P¥ + rhea/PF 4 |had )C( i [P} )}

L+ |hsal* Py + |hra| 2 Py° L+ |he|> Py

L <|h JPE + rhyer/PY|? + |hse]2P1“°> a7

Ut [Re PPy + [ e[ Py

h 2P930
Rﬁ(r, A) =C(|hgg|* P°) + min {C (M) ,C (]hre|2P2‘r°) }

Proof. We calculate each piece of mutual information in Equations (4) and (5) using the variables defined
in Equations (11)—(13), and this lemma can be proven. [

3.2. Power Policy in the High Power Region

According to the achievable secrecy rate in Lemma 1, the following lemma takes an example to
illustrate how to allocate the transmit powers at the source and the relay in the high power region.

— ‘hse|2 b — ‘hrd|2 — ‘hsrP
|hsd|2’ |hre‘2’ |hsd|2,

c¢c>0andb # %, the optimal power allocation for Equation (15) satisfies:

Lemma 2. Let a

and assume P, = Py = P for simplicity. When P — oo,

1

(Py, P, PP, Py, Pyo) = (P, Pz, P°, P!, P2), (18)

where f(x) = x¥ denotes that f(x) is exponentially equal to x¥, i.e., lim,_,, loig(;) =y (< and > are
defined similarly).

Proof. Refer to Appendix A. [

According to this power policy and the derivations in Appendix A, the achievable secrecy rate in
Lemma 1 satisfies:

RS 1
li = 19
Prac logP 4 (19)

The above relationship reflects that the achievable secrecy rate, RY, is arbitrarily large as P — oo.
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Remark 6. Since we have only required the source-relay channel gain to be positive (i.e., ¢ > 0) in
Lemma 2, it shows that the proposed hybrid cooperative scheme can achieve a sufficiently large secrecy
rate even for a weak source-relay channel (i.e., c is small). This is because the interference at the
relay with the power, Py°, can protect the transmissions from the source to the relay by confusing the
eavesdropper. In this case, the bottleneck of the source-relay channel (i.e., hg,.) suffered by the DF
scheme ([12]) and partial DF scheme ([13]) can be greatly mitigated by introducing the interference at
the relay node, and the proposed hybrid cooperative scheme can efficiently overcome the bottleneck of
the source-relay channel.

Figure 3. The considered Gaussian network topology.
Relay [1 2, ﬁ z]
. 272

EaVeSd Oppe /I
RE a £ z l z

0, 1)
\

xe

Source | /30°
0,0) |2 ~30

(1,0
Destination

3.3. Numerical Results

In this subsection, we will provide some numerical results to demonstrate the performance of the
proposed hybrid cooperative scheme. Specifically, in the Gaussian relay-eavesdropper channel (10), the
channel gain between node o € {s,7} and node 5 € {r,d,e} (o # B)is hop = d;g/Q. Here, d,zs
is the distance between « and [ and 7 is the path loss exponent, which is set as v = 2. Based on
these definitions, we use the network geometry shown in Figure 3, where the source, the destination and
the eavesdropper are located at (0,0), (1,0) and (0,1), respectively. In addition, the relay is located at
(‘/732, $2) in Track 1 and (52, ‘/752) in Track 2, where z > 0. When the relay is in Track 1, it is nearer
to the destination than to the eavesdropper; when the relay is in Track 2, it is nearer to the eavesdropper
than to the destination. To show the performance of the proposed coding scheme, the DF scheme in [12],
the partial DF scheme in [13], the NF scheme in [12] and the CJ scheme in [6] are taken to be the
comparable ones. Note that when considering the network geometry in Figure 3, one will see that
the DF scheme [12] achieves exactly the same secrecy rate as that of the partial DF scheme [13]. In
computing the upper bound, following the same parameter setting in [12], we have used the upper bound
in [12] (Theorem 1) using Gaussian inputs for the ease of computation. As discussed in [12], Gaussian
inputs are not necessarily optimal for the upper bound.
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Figure 4. Achievable secrecy rates of various coding schemes versus the location of the

relay (i.e., the value of 2), where the relay is in Track 1.
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Figure 5. Achievable secrecy rates of various coding schemes versus the location of the

relay (i.e., the value of 2), where the relay is in Track 2.
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Figure 4 shows that achievable secrecy rates achieved the proposed scheme and the comparable ones
for the case that the relay is in Track 1. In the first sub-figure, i.e., Figure 4a, we consider the moderate
transmit power pair (P, P,) = (10, 20). From this sub-figure, one can see that the DF scheme [12] (or
the partial DF scheme [13]) can only perform well when the relay is very near to the source (i.e., z is
small). However, the proposed hybrid cooperative scheme with artificial interference can still perform
well when the relay is not near the source (i.e., z is large). When 0 < z < 1.3, the proposed scheme
can achieve an exactly larger secrecy rate in comparison with the NF scheme [12]. Interestingly, the

proposed scheme can still outperform the NF scheme when 1 < z < 1.3, which means that partially
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decoding the source message at the relay is useful, even if hy,. < hg.. This is because the interference at
the relay can protect the transmissions from the source to the relay by confusing the eavesdropper. When
z > 1.3, the proposed scheme reduces to the NF scheme, and the relay should not decode any source
message in this case. In the second sub-figure, i.e., Figure 4b, we consider the high transmit power
pair (P, P,) = (100,200). From this sub-figure, one can see that the performance gain between the
proposed scheme and each comparable one is enlarged. This is because the performance of the proposed
scheme can be greatly enhanced when the transmit powers at the source and the relay increase, as shown
in Lemma 2 and Remark 6.

Figure 5 shows the achievable secrecy rates achieved by the proposed scheme and the comparable
ones for the case that the relay is in Track 2. Figure 5a,b also considers the moderate power pair
(P, P,) = (10,20) and the high power pair (P, P») = (100,200), respectively. Since the relay is
nearer the eavesdropper in Track 2, the NF scheme is invalid. In this case, the CJ scheme [6] can
achieve a positive secrecy rate, since the artificial noise at the relay harms the eavesdropper more than it
harms the destination. However, the achievable secrecy rate of the CJ scheme is bounded even at high
transmit power, as shown in [14]. To the contrary, the achievable secrecy rate of the proposed scheme
is unbounded at high transmit power, as shown in Equation (19) and Remark 6. This is mainly because
the interference at the relay can protect the transmissions from the source to the relay by confusing the
eavesdropper, as discussed in Remark 6. As a result, the proposed scheme outperforms the CJ scheme

and the comparable ones, especially in the high power region, as shown in Figure 5a,b.

3.4. Comparison with the Secrecy Rate in [20]

Since it is intractable to compare the two secrecy rates achieved by the proposed scheme and the one
in [20] in theory, in this subsection, some numerical examples will be illustrated to compare these two
achievable secrecy rates. We will first prove that the CF relaying strategy is useless when considering the
perfect secrecy rate. Since the random variables (V, U) in [20] have the same meaning as that of (U, V})
in this paper, (V, U) in [20] are replaced by (U, V), respectively, for coherence. When considering the
perfect secrecy rate, R; = R, in Equation (17) in [20] and R. can be upper bounded as:

(a) A .
Re <min{l(Xo; Y|U), [(Xo; Yo|U, X1)} — I(Y1; V1| X, V1) + [(X;; V1]Y, Xo, V1)
+I(X1;Y|X2,V1)+min{](v1;Y1|U,X2),](U;Y)—i—](Vl;Y|U,X2)}—](X1,X2;Y2)
(b)
<min{l(Xo; Y|U), I(X2; Yo|U, X1) } +1(X1; Y| X5, V1)
for some distribution p(u,vi, 21,22, 91,4, y1,%2) = plw)p(viu)p(wi|vr)p(@a|u)p(Gilys, v1, v2)

(Y, Y1, Y2|x1, x2), where (a) is due to Equation (18) in [20]; (b) is due to the Markov chain (Y, X;) —
(Y1, X5, V1) — Y7, which leads to the fact that:
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(XY, Xy, Vi) = HYA|Y, X, Vi) — HY[Y, X1, Xo, V1)

S H(}A/l’X% ‘/1) - H(Y/l’}/la}/aXlaX% ‘/1)
= H(Y1| X2, Vi) — HYA|Y1, X, VA1)
= I(Y1; Y| X0, V2). Q1)

From Equation (20), obviously we should set Y; = 0, and the CF relaying strategy is useless. Now,
the network geometry of Track 1 in Figure 3 is taken as an example to compare the proposed scheme and
the one in [20]. To be fair, the random variables (U, V;, X1, X5) in Equation (20) are also set according to
Equations (11)—(13).

As shown in Figure 6a,b, the scheme in [20] outperforms the proposed scheme when the source-relay
channel is strong (i.e., z is small), but the proposed scheme outperforms the scheme in [20] when the
source-relay channel is weak (i.e., z is large). In other words, each of the two coding schemes has its
own advantages, depending on the choices of z. This is mainly because different decoding strategies are
utilized in this paper and [20]. Specifically, the scheme in [20] decodes the common part of the source
messages (V) after decoding the interference messages (X5) from the relay, which is beneficial for the
receiver to decode the common part of the source message. When the source-relay channel is strong,
such a scheme performs well, since most source messages should be allocated to the common part. To
the contrary, the proposed scheme decodes these two messages in a reversed order, which is beneficial
for the receiver to decode the the interference message. This implies that the proposed scheme can set
the rate of the interference message larger to confuse the eavesdropper and, hence, performs better than
the comparable one for a weak source-relay channel.

Figure 6. Achievable secrecy rates of two coding schemes versus the location of the relay
(i.e., the value of 2), where the relay is in Track 1 in Figure 3.
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4. Proof of Theorem 1

4.1. Preliminary Results

In the following, we first give a useful lemma with respect to the equivalency of two mutual
information.

Lemma 3. For a given joint distribution, p € P, 1(Xs; Y5|U, X1) = [(Xy; Y5|U, V1, X1).

Proof. Refer to Appendix B 0

Moreover, we define some parameters as follows:

RY, £ I(U,V1;Ya) — €, (22)
R2 émln{](XQaY|Ua‘/l)aI(XQa}/Q|UaX1>}_617 (23)
Ry, & min{I(X1, Xo; Y2|U, V1) — Ry, [(X1; Ya|U, Vi, Xo) + €1} — 2€;. (24)

Based on Lemma 3, 1?{; in Equation (24) can be rewritten as:

—min{I(Xa; YU, Vi), I(Xs; Ya|U, X1)} — 1. (25)

The proof of the above equality will be provided in Appendix C.

4.2. Proof of Theorem 1

The proposed achievable scheme is based on the careful combination of the partial DF [18] scheme
for the relay channel, the NF scheme [12] for the relay-eavesdropper channel and the random binning
for the wiretap channel [2]. We first consider the random code generation as follows.

Codebook Generation:

e For a given distribution, p € 7P, generate at random 2™(712+£%:) independent and identically
distributed (i.i.d.) n-sequences, each according to p(u") = []'_, p(u;). Then, randomly group
these codewords into 2"%12 bins, each with 2"#f> codewords, and index them as u” (w1, w?,),
where wey € {1,---, 2"} w? € {1, 2"}, For simplicity, let

wo = (We,1, W,y)-

e For each u™(wy), the relay generates at random 2"%2 ii.d. n-sequences, each according to

p(xylu™) = [T, p(z2,|u;). Index them as x} (wo, wo), where wy € {1,--- ,2nf2},

e For each u"(w), generate at random 2"(F12+F%) jjid.  n-sequences, each according to
p(vi|u™) = [[i, p(vii|u;). Then, randomly group these codewords into 2"f12 bins, each with
2"tz codewords, and index them as v7(wy, wia, w?,), where wyy € {1,---2nf2} %, €
{1, - ’QnRgfz}_
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e For each tuple (u™(wy), v} (wo, wia, w¥,)), generate at random 2711+ j j d. n-sequences each

according to p(x}|v},u") = [, p(z1|v1:, u;). Then, randomly group these codewords into

2" bins, each with 2711 codewords, and index them as X7 (wg, w2, W, w11, wY, ), where wy; €
nR x nRY
{1,---,2mf} wt e {1, 2"},

Encoding: The encoder structure of the proposed scheme is roughly illustrated in Figure 2.

At Block 1, the source sends X7 (wo1, w121, Wiy, w111, wi;;) and the relay sends x5 (wq1, wo; ), where
wor = (1, 1).

At Block b (2 < b < B — 1), the source wishes to send the new confidential message wy, € W, =
{1,--- ,2"31}. It first splits this message into two independent sub-messages, i.e., wi, = (Wy2p, W11p),
where wio, € {1,---,2"%2} € {1,---,2"%u} and Ry = Ryy + Ry;. Then, randomly
choose some dummy messages, wi,, € {1,---,2"%2} and wy, € {1,---,2"%1}, to be mixed
with them, respectively, and the source sends the codeword, X} (wop, Wiz, Wiy, Wi1p, WT},), Where
wop = (Wi2p—1, Wy, ). For the relay node, it is assumed to already have a correct estimation of
Wop = (W12p—1, Wisy,_;) at the end of Block b — 1 (refer to the decoding part), then it randomly selects a
dummy message, wy, € {1, , 2"} and sends x3 (wop, wap).

At Block B, the source sends X} (wop,1,1,1,1), and the relay sends x5 (wop, 1), where wop =
(Wi2p-1, Wiop_1)-

Decoding: At the end of Block b, assume that the relay has already decoded wo, = (wi2p—1, Wisy 1),
which was transmitted at Block b — 1. Then, it will find a unique pair (w9, W}y, ), such that

(U™ (wop), Vi (wop, r12m, Wy, ), Xa (wop, wap), ¥ (D)) € A™(U, Vi, X, Y7).

If there exist more than one or none such pairs, an error occurs. It is not difficult to prove that the error

probability goes to zero, if the rates, [?15 and RY,, satisfy:
Riz + Ry, < I(Vi; Y1|U, Xa). (26)

The destination performs backward decoding. At the end of Block b (2 < b < B — 1), assume that
the destination has already correctly decoded wop 11 = (w12, Wiy, ) at the end of Block b + 1. Then, the
destination will perform separated decoding to decode wy, wop, and (wq1p, Wy, ), respectively. First, it

finds a unique Wy, such that
(0" (Wop), V7 (Wop, Wian, Wiy ), ¥y (b)) € A™ (U, V4, Y).
The error probability goes to zeros if:
Ris + Ry, < I(U,V3;Y) (27)
Second, knowing wy,, the destination finds a unique sy, such that
(u" (wo), V1 (won, wian, Wiy ), X5 (wop, o), y" (b)) € A (U, V1, X5, Y).

The error probability goes to zero, since we have fixed Ry to satisfy Ry, < [(Xy;Y|U,Vp) in
Equation (23).
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Third, knowing wy, and way, the destination finds a unique pair (y1p, W7;,), such that:
(0™ (wop), Vi (Wob w12, Wy ), X7 (Woby 112, Wy D11, 0714), X5 (wop,wan), ¥ (b)) € AM (U V1,X1,X5,Y).
The error probability goes to zeros if:
Ry + Ry, < I(X; YU, Vi, Xo). (28)

Equivocation Computation: We let X" denote the set, {X"(1),X"(2),---,X"(B)}. X" and
X"™(]b[) denote the set, {X"(i),1 < i < b}, and the set, {X"(i),1 < i < borb < i < B}, respectively.

The equivocation over the total B Markov blocks can be bounded as:

HWPTHYP™) = HWP™ YY) — H(YS™)
= HOVP ™, Y9, U VP X X
— H(UP", VP X7 X WP YY) — H(Y™)
= H(UP" VP XPXE) + HOVP YU Ve XD XE)
— H(UP", V" X7 X WP YR — H(Y,™)
= H(UP", VP XP% X9 — (U VP X XD v g
— H(UB" B XBn XBriwE— vy B, (29)

The first term in Equation (29) is:
H(UP" VP XP" X5") = n(B = 1)(Riz + Rf, + Ru + Rf, + Ry). (30)

The second term can be bounded as:

B
1(UBn VX XE YR = 301 (U v X XE Yy )Y ")
b=1

—
S
N

M=

(1 (v30) — 1 (Y30, Vo X X Y]

i
I

[H (Y5(b)) = H (Y3(0)[U"(b), V1(b), X7 (b), X5(b))]

Iz
[]=

o
Il

1

L(U"(b), V1(b), X7(b), X5(b); Y5 (b)) 31

I
M=

o
I

1

where (a) follows by the fact that conditioning does not increase entropy. (b) follows from the
fact that Y5(b) — (U (b), V3(b). X5(6), X5(0)) — (U"(bD), Vi (6D, X7 (8. X5 6D, Y& ") is
Markov chain. Such a Markov chain is due to the memoryless channel and can be observed
from encoding process in which Y% (b) depends on <U”(]b[), Vo), Xt (o)), X5(]b]), Yébil)”> only
through (U™(b), VI(b), X7 (b), X5 (b)).
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Furthermore, for Vb € [1 : B], we have:

(U™ (b), V1(b), X7(0), X5(b); Y5 (b))

—~

[

< n[l(U, V1, X1, X2; Y2) + €]

= n[l(U, V1;Ys) + 1(X1, X2; Ya|U, V1) + €2, (32)
and: I (U"(b), V{(b), X7 (b), X5 (b); Y3(b))

=1 (U"(b), Vi(b); Y3(b)) + I (XF(b), X5(b); Y3 (b)[U"(b), Vi (b))

~

C nlI(U Vi Ya) + ] + T(X3(0); Y3 (0)[U(b), VI(b), X3(0))

+1(X3(b); Y5 (0)[U"(b), Vi(0))

(e)
< n[I(U,Vi;Ya) + I(X1; Ya|U, Vi, Xo) + €1 + €] + H(X3(5)|U" (b))

:n[I(U7‘/1a}/2>+[<X17}/2|U7‘/17X2)+R2+€1+€2]7 (33)

where (c), (d) and (e) can be obtained using the same approach in [10] (Lemma 3). According to the
above two inequalities, /(UB", VB XBn X Bn.yBn) in Equation (31) can be bounded as:

I(UBr vBr XBn XBn vy By < nBI(U, Vi; Ya)+
min{](Xla X27 }/Q‘U7 ‘/1)7 I(X17 }/2‘U7 ‘/17 XQ) + R2 + 61} + 62]' (34)

To bound the third term, H(UP? VIr XBr XBn|)WB~1 Y5") we will prove that the eaves-
dropper can correctly decode (UB", VIn XBn X5} with the side information, W™, Note that
(UBr vEr XBn X D) is determined by the message tuple (wy2p, Wiy, W11y, Wy, wap) for Vb € [1: B.
Thus, with the knowledge of W7 (b) = wy, = (wias, w11p) for Vo € [1 : B, the eavesdropper only needs
to utilize backward decoding to decode (w{,,_;, wap, w{;,) at the end of Block b. Then, the eavesdropper
can determine the message tuple (wyz, Wy, W11y, Wy, way) for ¥o € [1 : B]. Let A(w”™') denote
the average error probability of decoding (wf,, ;, wap, w;,) for Vb € [1 : B] at the eavesdropper. The
following lemma shows that A(w?” ") is arbitrarily small.

Lemma 4. \(w?™!) < ¢, for sufficiently large n.

Proof. Refer to Appendix D. 0

Then, based on Fano’s inequality, it can be easily obtained that:

1
—SH(U", VP X2 XEE WP = wf ™ YR
1
< [T Mw!™) log (VR x V77 x (W71

1
Sn_B [1 +n(B — 1)eo(RY, + Ry, + R2)]

A
—€3.
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Hence, the third term in Equation (29) can be bounded as:

1
_BH(UTLB’ VTllB7 X?Bv X3B|W13717 YSB)

n
— 1 n n n n — - n
=D plw™)— H(U", V% X2 XEF WP = wi™ Y3
wf’*l
§63. (35)

Now, according to the definitions in Equations (22)—(24) and by combining Equation (29) with
Equations (30), (34) and (35), we have:

1 I 1
n—BH(W1B "NY5P) > 5 (R12+R11)—E

Let B — oo; the secret constraint is satisfied. Furthermore, according to Equations (26), (27) and (28),

(RYy + R}, + Rs) — 3€; — €2 — €. (36)

one can verify that the secrecy rate, Rq1(p) + Ri2(p) (defined in Equations (4) and (5)), is achievable by
using the conversion of R2{; in Equation (25).

5. Conclusions

In this paper, we have proposed a hybrid cooperative coding scheme, which enables the relay to
integrate the explicit cooperation strategy and the implicit cooperation strategy by forwarding source
messages and additional interference at the same time. The basic idea is to combine the partial DF
scheme [18], the NF [12] scheme and random binning [2]. The derived achievable secrecy rate shows
that the proposed scheme outperforms some existing works. Then, the achievable secrecy rate is extended
to the memoryless Gaussian channel using Gaussian codebooks, and a power policy is developed in the
high power region. The result shows that the secrecy rate achieved by the proposed scheme is sufficiently
large in the high power region, even if the source-relay link is weak. This is benefited from the fact that
the transmissions from the source to the relay can be protected by the interference generated at the
relay. Finally, some numerical results have been carried out to demonstrate that the proposed scheme
outperforms the comparable ones, especially in the high power region.

Due to the advantages of the hybrid cooperative coding schemes, a future direction of interest is
to study the hybrid cooperative coding schemes for more complicated scenarios with more than one
confidential message. One can also design more excellent coding schemes, such as combing the channel
prefixing techniques [3] and utilizing a more general joint decoding approaches. For simplicity, the
proposed scheme uses a separated decoding approach to decode the interference messages, as shown in
Section 4, but it is worth pointing out that coding schemes associated with joint decoding may further
enhance the security level.
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Appendix

A. Proof of Lemma 2

A.1. Simplified Expression of the Secrecy Rate

Here, we will simplify the expression of the secrecy rate in Equation (15). Specifically, let: P, =
\hsa|* Py, PP = |hea|> P, P° = |he|?P°, P = |he|*Pf° and Py = |hpe|®Pa, P = |hyo|?PS,
Py = |h,.|?Py°. Then, the power allocation set in Equation (14) becomes:

“AI:{(Plu7Plvo’plxo7pQu’p;0)|P1u7P1007PIIOvP2u7P2mO >0
P+ P* + P* < Py, Py + Py* < Py} 37)

Using the above conversions and the definitions of a, b, ¢ in Lemma 2, fora A € A, R{; and R, in
Equations (16) and (17) can be rewritten as:
1+ Py

. bP; Py :
_ 2. 2 . pro
mm{c(l—i—PfO)7C(1+an°)} C(aP}™), (38)

RE(r,A) Zmin{C (l P+ /bR +P1UO> ,C (—Cplvo ) }

RS (r. A) =C(P™) + min {o( bry ) () }

1+ Pf° + bPyo 1+ cPyo

pu qu pvo
_C<\\/a1+r\/ 2 —|—a1). (39)

1+ aPy° + P5°
A.2. Proof of Lemma 2

From Equation (39), obviously, we have:

Du /1, Du|2 DV0 U0 U0
R%(T,A) < min{C <‘ P +ryoPy |+ Py > Ne (i> } - C (L) (40)

1+ Py +bPyo 1+ cPye 14+aPf 4+ Py°
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When P, = P, = P — oo, let P° = PP, Py° = P and P/ = P" with 0 < 3,7, < 1. Then, the
three terms at the right-hand of Equation (40) can be upper bounded as:

Du Du |2 U0
P C<| Pr+r\/bPy |+ P! ) 1 an

IN

(1 — max{v,n})

P—oo log P 1+ P 4 pPyo 2
1 cPY 1

I c ) =5 42

Pl_I)I;O log P <1+CP1IO) 2{5 77] 42)
1 a P 1

li C 1 — 2[5 + 43

Pl log P (1+an°+P§ 0) o1 = max{y,n}] (43)

where Equation (41) holds, since it is maximized by P} = P! and Py = P*.
Now, for r = 41 and VA € A, combining Equation (40) with the above three relationships, we have:

1
Jim =2 <5 (nin {1 = max{y,nh 5 — )} =[5 = max{y.m}]") (9
1

= —min {1 — max{vy,n} — [B—max{y,n}", [ —n]" — [8—max{y, 77}]+} (45)

9
1

< gmin{l -7 - B=B-18-1]"} (46)
1

< T (47)

where Equation (46) holds, since 7 = 0 maximizes Equation (45); Equation (47) holds, since § = v = %
maximizes Equation (46). This can be seen from the following proof steps.
If0 <~ <p <1, wehave:

min{l -~ —[6—~]",8 = [8 — 9|7} = min{1 - 3,7}

—~
S
N2

< min{l — 3, 8}
(2) 1 (48)
-~ 27
where “<” in both (a) and (b) can be replaced by “=" by choosing # = v = 5 in this case.
On the other hand, if 0 < 8 < v < 1, we have:

min{l — v —[8 —1]", 8 — [8 —~]"} = min{l — v, B}
()
< mln{l -7 7}
@ L (49)
= 57

where “<” in both (c) and (d) can be replaced by “=" by choosing § = v = ; in this case.

In addition, according to Equation (38) and [14] (Lemma 2), maxz Rfl becomes a constant when
maxg Rf _

P — o0, ie, limp_, 0. Therefore, the achievable secrecy rate in Equation (15) satisfies

log P
lim RY _ max, 5 RS, - 1
P—oo log P log P 4
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On the other hand, one can verify that limp_, % = i can be achieved by setting r = —1, Py = aP}*
and (P, P, P® Py P¥) = (P!, P2, P° P! Pz). Thus, the power policy in Lemma 2 is optimal,

and this lemma has been proven.

B. Proof of Lemma 3

Before the proof of the equivalency, we first prove that V; — (U, X;) — Y, forms a Markov chain for
a joint distribution, p € P (defined in Definition 1). Specifically,
p(y2|vr, u, z1) = Z p(x2, y2|u, vi, 1)

ToEXo

= Z p(xalu, vi, 21)p(y2|u, v1, x1, T2)

ToEX>

(@)
= Z p(x2|u)p(y2|z1, 2)

T2EX>

(
DS plwslu, w)p(yslu, 21, w2)

T2€XL
:p(y2|uaxl)7 (50)

where (a) is due to the two Markov chains: (V}, X;) — U — X, and (U, V) — (X3, X2) — Y5, as shown
in Definition 1; (b) is due to the two Markov chains: X; — U — Xy and U — (X1, X3) — Ya.
Based on such a Markov chain, we have:

I<X27}/2|U7 ‘/17X1> = H(§/2|U7 ‘/laXl) - H(}/Z’U7 ‘/17X17X2)

= H(Y2|U, X1) — H(Y2| X1, X2)
— H(§/2|U7 Xl) - H(}/2|U7 X17X2)
= I(Xa; Ya|U, Xy). (51

C. Proof of Equation (25)

Before the proof steps, for a given p € P, we first show that I(Xy; Y2|U, X1) > [(Xo; Ya|U, V1)
as follows:

[(Xo: Ya|U, X1) @ 1(Xo: Ya|U, Vi, X))

b
O H(X,|U) — H(X,|Ys, U, Vi, X1)

9 H(X|U, Vi) — H(X,[Ya, U, Vi, X1)

> H(Xo|U, Vi) — H(X5|Ys, U, V4)

= I(X2; Ya|U, V1), (52)
where (a) is due to Lemma 3; (b) is due to the Markov chain: (V;, X;) — U — X»; (c) is due to the

Markov chain: V; — U — X,.
Now, from Equation (24), we can rewrite 7, as:

RY, = I(X1; Ys|U, Vi, Xo) + min{I(Xo; Y2|U, V1) — Ry — €1,0} — €. (53)
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According to the definition of Ry in Equation (23) and the relationship [(Xy;Y5|U, X;) >
I(X3;Ys|U, V1) in Equation (52), R, can be further expressed as:

R _ ) IX5YalU A, Xo) — e, if I(Xo; Ya|U, Vi) > I(Xo; Y|U, 1)
U I(X0; Ya U, Vi, Xo) + I(Xo; Ya|U, Vi) — Ry — 261, if I(Xo; Ya|U, Vi) < I(Xo; Y |U, V1)
=1 Xla}/2|U ‘/laXQ) +m1n{I(X27Y|U ‘/1) <X27Y2|U7‘/1)}
—min{l(Xy; YU, W), [(X2; Y2|U, X1)} — €1. (54)

D. Proof of Lemma 4

With the knowledge of W1 (b) = wy, = (w9, w11p) for Vb € [1 : B — 1], the eavesdropper utilizes
backward decoding to decode (wf,, ;,wap, wi,,) at the end of Block b. Assume that the eavesdropper
has correctly decoded wop11 = (wia, wiy,) at the end of Block b + 1; then, it first finds a unique

Wop = ('wlgb_l, @Z;f%_l), such that:
(U™ (op), Vi (o, wop1 ), Y3 (b)) € A™(U, V4, Ya). (55)

Since the eavesdropper knows w21, it only needs to find a unique wy,, ;.

After decoding wyy, the eavesdropper finds a unique pair (wsy, w7, ), such that:

(u" (wop), V1 (Wob, Wop+1),X7 (Wob, Wobt1, Wik, Wip), Xg (Wop, Wap), Y5 (b))

c AU Vi, X1, Xo, Ys). (56)

Analysis of error probability: With out loss of generality, assume that the transmitted message
tuple is (w{y, 1, wap, wi,) = (1,1,1) at Block b. The decoding process discussed above contains the
following error events:

Ey: wiy,_, = 1 does not satisfy Equation (55) or w{,,_; # 1 satisfies Equation (55);

Esy: (wa, wiy,) = (1, 1) does not satisfy Equation (56);

Esy: (wap, wiy,) = (i, 1) satisfies Equation (56), where i # 1.

Ess: (wap, wiy,) = (1, ) satisfies Equation (56), where j # 1.

Ess: (wap, wiy,) = (i, j) satisfies Equation (56), where 4, j # 1.

Then, the average error probability at Block b can be upper bounded as:

Py = P{EyU B, U (UL, Ex)}
= P{E;} + P{E{N (B, U (U;_ E3)) }
= P{E\} + P{(E{NEy) U (Ui (E{N Ex)) }

3
< P{E\} + P{E{ N Ex} + Y P{E{N Ey}
k=1
3
< P{E\} + P{Exn|E} + Y P{Es|Ef}

k=1

(57)
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Now, we will calculate each term in the Equation (57). According to Equation (22), since R{, <
I(U, V13 Ys), it is not difficult to prove that P{F;} < ¢; for sufficiently large n. When EY occurs,
the eavesdropper can correctly decode w{,, ; = 1. In this case, it is obvious that P{FEsy |Ef} < e,
according to the asymptotic equipartition property (AEP) [21]. Next, we will calculate P{FEj3;|F¢} for
k = 1,2, 3 according to the properties of the joint typicality [21].

P{E31\Ef} = P{(un(WOb)7V?(w0b>w0b+1)ax?(w0ba Wob+1, W11b, 1),X§(w06,i),y§(b))
c A" Vi # 1}

< onhe > p(a)p(ve, X2 u™)p (2 u™)p(y 2%, v, u”)
(u",vi, x}, x5, y5) € A"
< 2"R22”(H(U7V1»X17X2’Y2)+€)Q*H(H(U)*E)an(H(Vl,Xl\U)fe)
w 9~ H (X2|U)—€)g—n(H (Y2|U,V1,X1)—¢)
— 9 n(I(X2:Y2,V1, X3 |U)— Ra —5e)
— 2_n(](X2§Y2|U,V1,X1)—R2—5e)
— 9

n(I(X2;Y2|U,X1)—R2—5¢) 58)

where the last relationship is due to Lemma 3. Similarly, we have:
P{E32|Ef} S 2—TL(I(X1;Y2|U,V1,X2)—R:fl—5€) (59)
and:
P{EgglEf} < 27H(I(X1,XQ;Yz‘U,V1)7R2*R‘f1*5E) (60)
Since we have set the rate pair (R2, R{,) in Equations (23) and (24) to satisfy:

Ry < I(X2; Y5|U, X7)
Rfl < I(Xla}/Q’UamaXQ) )
Ry + R}, < I(X1, Xo; Y5|U, V1)

the probability of P(FEj3;|EY) is arbitrarily small for V& € {1, 2,3}, as long as n is sufficiently large.
Thus, Pg‘) in Equation (57) satisfies P](S”) < ¢, for sufficiently large n. Consequently, A(w?”™!) in

Lemma 4 can be arbitrarily small, and this lemma has been proven.
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