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Abstract: In this paper, we introduce a geometry called F'-geometry on a statistical manifold
S using an embedding F' of S into the space Rx of random variables. Amari’s a—geometry
is a special case of F'—geometry. Then using the embedding F' and a positive smooth
function G, we introduce (F, G)—metric and (F, G)—connections that enable one to consider
weighted Fisher information metric and weighted connections. The necessary and sufficient
condition for two (F,G)—connections to be dual with respect to the (F,G)—metric is
obtained. Then we show that Amari’s 0—connection is the only self dual /'—connection with
respect to the Fisher information metric. Invariance properties of the geometric structures are
discussed, which proved that Amari’s a—connections are the only F'—connections that are
invariant under smooth one-to-one transformations of the random variables.
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1. Introduction

Geometric study of statistical estimation has opened up an interesting new area called the Information
Geometry. Information geometry achieved a remarkable progress through the works of Amari [1,2], and
his colleagues [3,4]. In the last few years, many authors have considerably contributed in this area [5-9].
Information geometry has a wide variety of applications in other areas of engineering and science, such
as neural networks, machine learning, biology, mathematical finance, control system theory, quantum
systems, statistical mechanics, efc.
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A statistical manifold of probability distributions is equipped with a Riemannian metric and a pair
of dual affine connections [2,4,9]. It was Rao [10] who introduced the idea of using Fisher information
as a Riemannian metric in the manifold of probability distributions. Chentsov [11] introduced a family
of affine connections on a statistical manifold defined on finite sets. Amari [2] introduced a family of
affine connections called a—connections using a one parameter family of functions, the a—embeddings.
These av—connections are equivalent to those defined by Chentsov. The Fisher information metric and
these affine connections are characterized by invariance with respect to the sufficient statistic [4,12] and
play a vital role in the theory of statistical estimation. Zhang [13] generalized Amari’s a—representation
and using this general representation together with a convex function he defined a family of divergence
functions from the point of view of representational and referential duality. The Riemannian metric and
dual connections are defined using these divergence functions.

In this paper, Amari’s idea of using a—embeddings to define geometric structures is extended to a
general embedding. This paper is organized as follows. In Section 2, we define an affine connection
called F'—connection and a Riemannian metric called F'—metric using a general embedding F' of
a statistical manifold S into the space of random variables. We show that F'—metric is the Fisher
information metric and Amari’s a—geometry is a special case of F'—geometry. Further, we introduce
(F', G)—metric and (F, G)—connections using the embedding F' and a positive smooth function G.

In Section 3, a necessary and sufficient condition for two (F,G)—connections to be dual with
respect to the (F,G)—metric is derived and we prove that Amari’s 0—connection is the only self
dual F'—connection with respect to the Fisher information metric. Then we prove that the set of all
positive finite measures on X, for a finite X, has an F'—affine manifold structure for any embedding F'.
In Section 4, invariance properties of the geometric structures are discussed. We prove that the Fisher
information metric and Amari’s a—connections are invariant under both the transformation of the
parameter and the transformation of the random variable. Further we show that Amari’s a—connections
are the only F'—connections that are invariant under both the transformation of the parameter and the
transformation of the random variable.

Let (X, B) be a measurable space, where X is a non-empty subset of R and B is the o-field of subsets
of X. Let Rx be the space of all real valued measurable functions defined on (X, B). Consider an
n—dimensional statistical manifold S = {p(x;¢) / & = [¢,...,£"] € E C R"}, with coordinates
&= ..., €], defined on X. S is a subset of P(X), the set of all probability measures on X given by

P(X) ::{p:X—>R/p(:B)>O(V:B€X);/p(x)dx:1}. (1)
X
The tangent space to S at a point p; is given by

Te(S) = {; a'9; | o' € R} where 0; = (%Z (2)

Define ((x; &) = logp(z;€) and consider the partial derivatives {g—é = 0/ ;i = 1,....,n} which are
called scores. For the statistical manifold S, 0;¢’s are linearly independent functions in x for a fixed &.

Let T, (S) be the n-dimensional vector space spanned by n functions {0;¢ ; i = 1,....,n} in z. So

THS) ={)_ A0t | A" e R}, 3)
=1
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Then there is a natural isomorphism between these two vector spaces T¢(S) and T/ (S) given by

Obviously, a tangent vector A = >  A9; € T¢(S) corresponds to a random variable A(z) =
iy A0il(x;€) € T¢(S) having the same components A’. Note that T¢(S) is the differentiation
operator representation of the tangent space, while Tg (S) is the random variable representation of the
same tangent space. The space Tfl (S) is called the 1-representation of the tangent space.

Let A and B be two tangent vectors in 7¢(S) and A(z) and B(x) be the 1—representations of A and B

respectively. We can define an inner product on each tangent space 7¢(S) by

9¢(A, B) =< A, B >¢ = E¢[A(x)B(x)] = /A(fv)B(x)p(x; §)dz. (5)
Especially the inner product of the basis vectors 0; and 0; is

95(6) = < 000y >¢ = B0 048] = [ Btla3 038G Opl: €) o ©

Note that g =<, > defines a Riemannian metric on S called the Fisher information metric.
On the Riemannian manifold (S, g =<, >), define n® functions I, by

Liji(§) = Ee[(8:0;6(x; §))(l(w; )] (7)
These functions I';;; uniquely determine an affine connection V on S by
F,jk(f) =< Vaﬁj,ﬁk >e (8)

V is called the 1—connection or the exponential connection.

Amari [2] defined a one parameter family of functions called the «—embeddings given by

2 55 a#£1
La(p) =4 TP 7 o)
logp a=1
Using these, we can define n® functions F% x by
ok = /8iajLa(p(m; )0k L_o(p(x;€))dx (10)

These I';; uniquely determine affine connections V* on the statistical manifold S by

[ = < V5,05, 0 > (11)

which are called o«—connections.
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2. FF'—Geometry of a Statistical Manifold

On a statistical manifold S, the Fisher information metric and exponential connection are defined
using the log embedding. In a similar way, c—connections are defined using a one parameter family of
functions, the a—embeddings. In general, we can give other geometric structures on S using different
embeddings of the manifold & into the space of random variables R x.

Let F' : (0,00) — R be an injective function that is at least twice differentiable. Thus we have
F'(u) # 0, Y u € (0,00). F is an embedding of S into Ry that takes each p(z;&) — F(p(z;£)).
Denote F'(p(x;€)) by F(z;€) and 0;F can be written as

OiF (2;€) = p(a; O F (p(;£))0il(p(x; £)).- (12)
It is clear that 0;F(z;§); ¢ = 1,...,n are linearly independent functions in = for fixed £ since
Oil(p(z;€)); i = 1,..,n are linearly independent. Let T, F'(S) be the n-dimensional vector space
spanned by n functions 0;F; i = 1, ....,n in x for fixed £. So
TropoF(S) ={)_A'0,F | A € R} (13)
i=1

Let the tangent space T p,)(F(S)) to F(S) at the point F(p¢) be denoted by T/ (S). There is a natural
isomorphism between the two vector spaces 7¢(S) and T/ (S) given by

0; € Te(S) +— O, F(x;€) € TL(S). (14)

TgF (S) is called the F'—representation of the tangent space T¢(S).

For any A = Y| A'0; € T¢(S), the corresponding A(x) = Y i) A'O;F € T{(S) is called the
F—representation of the tangent vector A and is denoted by A" (). Note that T/ (S) C Tp,,)(Rx).
Since Ry is a vector space, its tangent space T (,,)(Rx) can be identified with Rx. So TgF (S) € Ry.

Definition 2.1. F'—expectation of a random variable f with respect to the distribution p(x;§) is
defined as

EEU) = [ 1) (15)
We can use this /'—expectation to define an inner product in Rx by
<fo9>¢ = B¢ [f(2)g(x)), (16)
which induces an inner product on 7¢(S) by
< A,B>{ = E[[A"(2)B"(2)] ; A, B € T(S). (17)

Proposition 2.2. The induced metric <,>' on S is the Fisher information metric g =<, > on S.
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Proof. For any basis vectors 0;, 0; € T¢(S)

< ai,aj >5 = Eg[a,F @F]
1

= OF O, F———d

/ pE )R

1

= F'(p) 0;¢ F'(p) 0if) ————=d 18

[0 F®) 00 0 F @) 08) e (18)
= /@ﬂ il p(x;€) dx
= gi;(§)
= < c‘%, aj >

So the metric <, >’ on S induced by the embedding F' of S into Ry is the Fisher information metric
g=<,>onS. ]

We can induce a connection on S using the embedding F'.

Let 7T|1;§ : Ry — TF(S) be the projection map.

Definition 2.3. The connection induced by the embedding F on S, the F'—connection, is defined as
Vgﬁj = 7T'|};§ (@@F)
_ Z ngn < 0;0;F, 0, F >§ 0. (19)
where [g""(£)] is the inverse of the Fisher information matrix G(§) = [gmn(§)]. Note that the
F'—connections are symmetric.

Lemma 2.4. The F'—connection and its components can be written in terms of scores as

VEO =D g E [(aiaje + (14 %)aﬂz aj@(amz)} Oy (20)
and
IEp() = Ee {(aiaje + (1 + %)W ajE)(ake)} (21)
Proof. From Equation (12), we have
8,0, F = pF'(p)9,0;¢ + [pF'(p) + p*F" (p)] 8L 9;¢. (22)

Therefore

<0¢ajF>amF >§F - /aiajF amFmd$

= / (pF' ()0:0;¢ + [pF'(p) + p*F"(p)] 0 0;0) —"—dx (23)

pF/l (p>
F'(p)

~ I {(aiajz +(1+ %)@-e aj@(ame)] .

= / (aiajeamu(u )aieajeam£> pdzx
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Hence we can write
Vgi@j = W@E(O-&F)

_ Zng”E§[88€+( F(g)aeaﬁ)(amz)] O,

Then we have the Christoffel symbols of the F'—connection

F/l( )
F'(p)

Z g B {(a ;0 + (1 + )0l aje)(amé)}

and components of the F'—connection are given by

F
Fz]k

Theorem 2.5. Amari’s a—geometry is a special case of the F'—geometry.

Proof. Let F(p) = Lo(p), Lo(p) is the «—embedding of Amari.
The components 'Y}, of the «—connection are given by

[iw(€) = < V50,0 >§

_ B (00,0 + 22200 0,0)(0,0)

From Equation (26), when F'(p) = L,(p)

we have
_(1lta
Fl(p)=L.(p) = p (F%)
Fp) = L) =~ (%)
Then we get
" " .
L PEN) ) pla(p) _1-a
F'(p) Ly, (p) 2
Hence

_ [(aa (1%, e)(ak@}
- Ff}k(é)

2477

(24)

(25)

(26)

(27)

(28)
(29)

(30)

3D

which are the components of the a—connection. Hence F'—connection reduces to a—connection.

Thus we obtain that «—geometry is a special case of F'—geometry.

]
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Remark 2.6. Burbea [14] introduced the concept of weighted Fisher information metric using a positive
continuous function. We use this idea to define weighted F'—metric and weighted F'—connections. Let
G : (0,00) — R be a positive smooth function and F' be an embedding, define (F, G)—expectation of

a random variable with respect to the distribution p¢ as

EFC(f) = / —— . 32
13 (f) f(x)p(F,(p))g Z ( )
Define (F, G)—metric <, >5’G in T, (S) by
< 0;, 8j >§’G = E?’G[@F @F]
G(p)

= O F 0, F————=d 33
/ P pE )2 39

= /@-E 0;l G(p) p dx

Define (F, G)—connection as
FF’G = < VgGaj, Ok >¢

" " PE"®) o) o

When G(p) = 1, (F,G)—connection reduces to the F—connection and the metric <, >"C reduces to

the Fisher information metric. This is a more general way of defining Riemannian metrics and affine

connections on a statistical manifold.

3. Dual Affine Connections

Definition 3.1. Let M be a Riemannian manifold with a Riemannian metric g. Two affine connections,

V and V* on the tangent bundle are said to be dual connections with respect to the metric g if
holds for any vector fields X,Y, Z on M.

Theorem 3.2. Let F, H be two embeddings of statistical manifold S into the space Rx of random
variables. Let G be a positive smooth function on (0,00). Then the (F,G)—connection VF'% and
the (H, G))—connection V- are dual connections with respect to the (F, G)—metric iff the functions F

and H satisfy
G(p)
H'(p) =

) pF'(p)
We call such an embedding H as a G—dual embedding of F'.

The components of the dual connection V7S can be written as

HG o, PG (P) PF(p). .,
e~ / (alaju( co P ajf) Ol G(p)p da. (37)

: (36)
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Proof. VES and VHC are dual connections with respect to the G—metric means,
O < 0;,0; >1"C=< V90,0, >1"C + < 9,V “0; >I°¢ . (38)
for any basis vectors 0;, 9;, 0 € T¢(S).
Ok < 0,0, >Pe = /8k8j€ 0l pG(p)dx + /8@,@ 0;¢ pG(p)dx

pG'(p)
+ /(1 + W)&-E 0;l Ol pG(p)dz. (39)

< V5C0;,0; > + <9, V90, 10 = / Or0:t 9;¢ pG(p)da

pF//(p) A ‘
+ / 1+ ) 0il 0;0 Ol pG(p)dx

pH//(p>
+ /1 + ) 0il 0;0 Ol pG(p)dx

+ /8k8j€ 0l pG(p)dx (40)

Then the condition (38) holds iff

/[2 L PEIR) P05 0000 900 pGp)d —

F'(p) ~ H'(p)
/ 1+ pg(g)]aie 0, Ol pG(p)da 41)
pF"(p) pH"(p), .  pG'(p)
=Py TEe T e )
pH"(p) _ pG'(p) pF"(p)
T HY T e Fw) )
B G ) L ) )

H(p) G F) »p ~ pF'(p)
Hence V¢ and V¢ are dual connections with respect to the (F, G)—metric iff Equation (36) holds.

From Equation (43), we can rewrite the components of dual connection V¢ as

HG o, PG () PEF'(P)\ ., o
Lk = /(azajfﬂL( G ) )0l ajf) Ol G(p)p dz. (45)

]

Corollary 3.3. Amari’s O—connection is the only self dual F'—connection with respect to the Fisher

information metric.

Proof. From Theorem 3.2, for G(p) = 1 the F'—connection V¥ and the H —connection V¥ are dual
connections with respect to the Fisher information metric iff the functions /' and H satisfy
1

pF'(p)

H'(p) (46)
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Thus the F'—connection V" is self dual iff the embedding F satisfies the condition

F'(p) — F'(p)=p 3 < F(p)=2p* = Lo(p). (47)

~ pF'(p)
That is, Amari’s O—connection is the only self dual F'—connection with respect to the Fisher

information metric. O]

So far, we have considered the statistical manifold S as a subset of P(.X), the set of all probability
measures on X. Now we relax the condition [ p(z)dz = 1, and consider S as a subset of 75(X ), which
is defined by

75(X) = {p:X—>R/p(a:)>0(V9:€X);/p($)d$<oo}. (48)

Definition 3.4. Let M be a Riemannian manifold with a Riemannian metric g. Let V be an affine
connection on M. If there exists a coordinate system [0'] of M such that ¥V ,0; = 0 then we say that V
is flat, or alternatively M is flat with respect to ¥, and we call such a coordinate system [0"] an affine

coordinate system for V.

Definition 3.5. Let S = {p(x;¢) / ¢ = [¢',...,€"] € E C R"} be an n—dimensional statistical

manifold. If for some coordinate system [0']; 1 = 1,....n
0;0;F (p(x;0)) = 0 (49)

then we can see from Equation (19) that [0'] is an F—affine coordinate system and that S = {pg} is
F—flat. We call such S as an F —affine manifold.
The condition (49) is equivalent to the existence of the functions C, I, .., F,, on X such that

F(p(z;0)) = C(z) + Z 0'Fy(z) (50)

Theorem 3.6. For any embedding F, P(X) is an F—affine manifold for finite X.

Proof. Let X = {z1,....,z,,} be a finite set constituted by n elements. Let F; : X — R be the functions
defined by F(x;) = ¢&;; fori,j = 1,..,n. Let us define n coordinates [0°] by

0" = F(p(x:)) (51)
Then we get F(p(z)) = .1 0'Fi(x). Therefore P(X) is an F—affine manifold for any
embedding F'(p). O

Remark 3.7. Zhang [13] introduced p-representation, which is a generalization of a-representation
of Amari. Zhang’s geometry is defined using this p-representation together with a convex function.
Zhang also defined the p-affine family of density functions and discussed its dually flat structure. The
F'—geometry defined using a general F-representation is different from the Zhang’s geometry. The
metric defined in the F'-embedding approach is the Fisher information metric and the Riemannian metric
defined using the p-representation is different from the Fisher information metric. The F'-connections

defined are not in general dually flat and are different from the dual connections defined by Zhang.
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Remark 3.8. On a statistical manifold S, we introduced a dualistic structure (g, V', V), where g is the
Fisher information metric and V¥, N are the dual connections with respect to the Fisher information
metric. Since F-connections are symmetric, the manifold S is flat with respect to V' iff S is flat with
respect to V2. Thus if S is flat with respect to V¥, then (S, g, VT, V) is a dually flat space. The dually

flat spaces are important in statistical estimation [4].

4. Invariance of the Geometric Structures

For the statistical manifold S = {p(x;&) | £ € E C R"}, the parameters are merely labels attached
to each point p € S, hence the intrinsic geometric properties should be independent of these labels.
Consequently, it is natural to consider the invariance properties of the geometric structures under suitable
transformations of the variables in a statistical manifold. Here we can consider two kinds of invariance
of the geometric structures; covariance under re-parametrization of the parameter of the manifold and
invariance under the transformations of the random variable [15]. Now let us investigate the invariance
properties of the F'-geometric structures defined in Section 2.

4.1. Covariance under Re-Parametrization

Let [0'] and [n;] be two coordinate systems on S, which are related by an invertible transformation
n = n(#). Let us denote 0; = 801
by ¢;; =< 9;,0; > and g;; =< 0',0’ >. Let the components of the connection V with respect to the

and 0/ ‘?]_ . Let the coordinate expressions of the metric g be given
J

coordinates 0] and [1;] be given by T';jx, T';;x respectively.
Then the covariance of the metric g and the connection V under the re-parametrization means,

) 90 90"
i U1)j
- 89’” a0" 8(9h oo 9*om
Tk = 53
” g;h Ons Oy O ™ Z < Oy O " ©Y

Lemma 4.1. The Fisher information metric g is covariant under re-parametrization.

Proof. The components of the Fisher information metric with respect to the coordinate system [¢°] are
given by

1
gl](é’) =< 81, 8j >0 = /&p(x, 0)6]p(x, Q)Mdl’ (54)

Let p(x;n) = p(x;0(n)). Then the components of the Fisher information metric with respect to the

coordinate system [r;] are given by

Gij(n) =< o, >, = /8%5(@7})8%(1’;77)25 . dx. (55)

Since

O — aef Op(; 0(n)) (56)
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we can write

dx

1
~i' = 8 X, 8 x;
o) = [ Ot =
B 00™ Op(z; 0) 00" Op(x;6) 1
- /Z an oo™ Zan 207 pla:0)
a&maen/ 1
2.2 Gy oy, | Omrle 000l e

0™ oo™
= gmn
[Z Z Oni O, Le(n)

Lemma 4.2. The F—connection V¥ is covariant under re-parametrization.

2482

(57)

Proof. Let the components of V¥ with respect to the coordinates [#°] and [n;] be given by ',

fijk respectively.

Let j(x;7) = p(x;6(n)). Let us denote log p(z; 8) by (x; 0) and log j(z; 1) by £(z; 7).
The components of the F'—connection V" with respect to the coordinate system [0?] are given by

I N
P = [ (003t6i0) + 1+ 2 E)00(0:0) 03t(050) ) anttas ot

The components of V¥ with respect to the coordinate system [r;] are given by

D — 09 (e PE" ()| iz 70 -
= [ (aaam 0+ B B 0ian) i) i ita

We can write

00™ 9l(x;0(n))
on; ogm
Then 06™ 96" 820 6(n 020™ 9l(x: 0(n))
o m n $ m x
') Z On; On; aemaen  Omidn; 0™
96 00" Oz, 9( ) 0¢(z; 6(n))
7 J
0 E(x n) O f (z;m) 877@ on; oo™ o0n
96" 9l (z; 9 )
k7
O i(x Z o o

Hence we get
/ Z o™ g™ 96" 920(x; 0(n)) L(w; 6(n))
Pijt On; On; O, 06™ 96" oon

%0 00" 90(x;0(n)) 0(x;0(n)) ,
/Zaﬂzam 3% oo™ BYD p(z;0(n))dx +

p(x;6(n))dz +

/ pF" Z 0™ 06" 96" 9L(x; 6(n)) 9¢(x; 0(n)) 9L (x; 6(n))
on; On; O 0O™ oo" o0"

0)dx

;n)dx

p(x;0(n))dx

(58)

(59)

(60)

(61)

(62)

(63)

(64)
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Z 90™ 96" 96" [ (w3 0(n)) 04(; 6(n)) p(: 0(n)da +

an; On; Ony, 00m oo™ o0oh
2™ 86’h/8£(x;9(7]))6€(x;9(7)))

p(x;0(n))dr +

< n;0n; Ony, oo™ 00"
oo™ oo™ Ho" pE"(p), 0(x;0(n)) 0l(z;0(n)) 0l(x;0(n)) ,
Z on; On; 5%/ b F’(p)) oo™ oo" ggn PLrifm)de
0™ 00™ 86’h oo oo™
- > Dy s
on: On; aﬁk Ony, On;On;

O

Hence we showed that F'—connections are covariant under re-parametrization of the parameter. The
covariance under re-parametrization actually means that the metric and connections are coordinate

independent. Hence we obtained that the F'—geometry is coordinate independent.

4.2. Invariance Under the Transformation of the Random Variable

Amari and Nagaoka [4] defined the invariance of Riemannian metric and connections on a statistical
manifold under a transformation of the random variable as follows,

Definition 4.3. Let S = {p(x;¢) | £ € E C R"} be a statistical manifold defined on a sample space
X. Let x,y be random variables defined on sample spaces X,Y respectively and ¢ be a transformation
of x to y. Assume that this transformation induces a model 8' = {q(y;§) | £ € E C R"} on Y.
Let \ : S — 8’ be a diffeomorphism defined as

A(pe) = qe (65)

Let g =<>, g =<>' be two Riemannian metrics defined on S and S’ respectively. Let V,N' be two

affine connections on S and S' respectively. Then the invariance properties are given by

<XV >, = <MX)AY) >\, VXY eT,S) (66)
M(VxY) = Vi nA(Y) (67)

where \, is the push forward map associated with the map )\, which is defined by
A(X)ap) = (dA)p(X) (68)

Now we discuss the invariance properties of the F'—geometry under suitable transformations of the
random variable. Let us restrict ourselves to the case of smooth one-to-one transformations of the random
variable that are in fact statistically interesting. Amari and Nagaoka [4] mentioned a transformation, the
sufficient statistic of the parameter of the statistical model, which is widely used in statistical estimation.
In fact the one-to-one transformations of the random variable are trivial examples of sufficient statistic.

Consider a statistical manifold S = {p(z;¢) | £ € E C R"} defined on a sample space X. Let ¢ be
a smooth one-to-one transformation of the random variable x to y. Then the density function ¢(y; £) of

the induced model S’ takes the form

q(y : §) = p(w(y); Hw'(y) (69)
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where w is a function such that z = w(y) and ¢'(x) =

w'(p(x))
Let us denote log ¢(y; &) by ¢(g,) and log p(x; §) by {(ps).

Lemma 4.4. The Fisher information metric and Amari’s a-connections are invariant under smooth

one-to-one transformations of the random variable.

Proof. Let ¢ be a smooth one-to-one transformation of the random variable x to y.

From Equation (69)
p(;:€) = q(p(2);€)¢ () (70)
ai£(£]y) = aiapw(y)) (71)

The Fisher information metric ¢’ on the induced manifold S’ is given by

9i(qe) = /Y 9il(qy) 0;¢(qy) q(y; §)dy
_ /X l(ds(ey) O8(qotey) 1(6();€) ¢ (x)dx (73)
_ /X Oil(ps) B;0(pa) plz; €)da
ij (pe)

which is the Fisher information metric on S.
The components of Amari’s «—connections on the induced manifold S’ are given by

’

P (g) = /Y 0,0,0(a,) Bul(ay) aly: )y +

/Y ! ; C0:t(ay) 9;¢(ay) Dllay) aly; E)dy

- /X 00;0(qs00)) OellGoey) A(3(2); )¢ (2)dz +

/X 1 ; Oéaiﬁ(qu(x)) ajg(qfﬁ(x)) aké(%ﬁ(x)) Q(gb(lﬂ), f)gb'(gj)dm (74)

= /X 0i0;(pz) Ol(pa) p(x; &)dx +

/X 1 g O‘azg(pm) @E(pm) akf(px) p(x,f)dl’

= Fiajk(pi)

which are the components of Amari’s aw—connections on the manifold S. Thus we obtained that
the Fisher information metric and Amari’s «-connections are invariant under smooth one-to-one
transformations of the random variable. O]

Now we prove that a-connections are the only F'—connections that are invariant under smooth
one-to-one transformations of the random variable.
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Theorem 4.5. Amari’s a-connections are the only F'—connections that are invariant under smooth one-

to-one transformations of the random variable.

Proof. Let ¢ be a smooth one-to-one transformation of the random variable x to y.
The components of the /'—connection of the induced manifold S’ are

() = [ (00tta) + 0+ 5 Dh0sta) 36(a) ) utta) atos )y

_ / 0:0,£(ps) 04l(p2) plz; €)dz + (75)

3
2(6(2): ) F (q(6(a); )
/X(” Flq(0(2): ©))

and the components of the F'—connection of the manifold S are

)0il(pe) 05l(pe) Ol (p2) p(;€)da.

I (pe) = /X 0:0,0(ps) l(py) pla: €)der +

P(6(2); ) F" (p(x;£)) o
/X (L ) )b 0,t(pe) Wl () pla)da (76)

Then by equating the components FU (ge), Fzy i (D) of the F'—connection, we get

¢(¢(2); ) F"(a(o(x);€)) | o O\ —
S R ) ) ) s

p(z; ) F" (p(x;€))
Oil(ps) 0jl(pz) Okl(pe) p(a; §)da (77)
JEEIEE D) 0,04,) 0102) Okt ()l
Then it follows that the condition for F'—connection to be invariant under the transformation ¢ is
given by

pF"(p)

= Fk, (78)
F'(p)

where k is a real constant.
Hence it follows from the Euler’s homogeneous function theorem that the function F” is a positive

homogeneous function in p of degree k. So

F'(\p) = \*F'(p) for A > 0. (79)
Since F” is a positive homogeneous function in the single variable p, without loss of generality
we can take,
F'(p) = p". (80)
Therefore .
F(p) = { f;fp ’;i j (81)
Let
k= M, ac R (82)
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we get
e afl

83
logp a=1 83)

F(p) =
which is nothing but Amari’s a—embeddings L, (p). Hence we obtain that Amari’s a—connections
are the only F'—connections that are invariant under smooth one-to-one transformations of the

random variable. L]

Remark 4.6. In Section 2, we defined (F, G)-connections using a general embedding function F and a
positive smooth function G. We can show that (F, G)-connection is invariant under smooth one-to-one
transformation of the random variable when G(p) = ¢, where c is a real constant and F(p) = L,(p)
(proof is similar to that of Theorem 4.5). The notion of (F, G)—metric and (F, G)—connection provides
a more general way of introducing geometric structures on a manifold. We were able to show that
the Fisher information metric (up to a constant) and Amari’s a—connections are the only metric and
connections belonging to this class that are invariant under both the transformation of the parameter

and the one-to-one transformation of the random variable.

5. Conclusions

The Fisher information metric and Amari’s a—connections are widely used in the theory of
information geometry and have an important role in the theory of statistical estimation. Amari’s
a—connections are defined using a one parameter family of functions, the a—embeddings.
We generalized this idea to introduce geometric structures on a statistical manifold S. We considered
a general embedding function F' of S into Ry and obtained a geometric structure on S called the
F—geometry. Amari’s a—geometry is a special case of F'—geometry. A more general way of
defining Riemannian metrics and affine connections on a statistical manifold S is given using a positive
continuous function G and the embedding F'.

Amari’s a—geometry is the only F'—geometry that is invariant under both the transformation of
the parameter and the random variable or equivalently under the sufficient statistic. We can relax
the condition of invariance under the sufficient statistic and can consider other statistically significant
transformations as well, which then gives an F'—geometry other than a—geometry that is invariant under
these statistically significant transformations. We believe that the idea of /'—geometry can be used in
the further development of the geometric theory of g-exponential families. We look forward to studying
these problems in detail later.

Acknowledgments

We are extremely thankful to Shun-ichi Amari for reading this article and encouraging our learning
process. We would like to thank the reviewer who mentioned the references [13,16] that are of great

importance in our future work.



Entropy 2014, 16 2487

Author Contributions

The authors contributed equally to the presented mathematical framework and the writing of the paper.

Conflicts of Interest

The authors declare no conflicts of interest.

References
1. Amari, S. Differential geometry of curved exponential families-curvature and information loss.
Ann. Statist. 1982, 10, 357-385.
2. Amari, S. Differential-Geometrical Methods in Statistics; Lecture Notes in Statistics, Volume 28;
Springer-Verlag: New York, NY, USA, 1985.
3. Amari, S.; Kumon, M. Differential geometry of Edgeworth expansions in curved exponential
family. Ann. Inst. Statist. Math. 1983, 35, 1-24.
4. Amari, S.; Nagaoka, H. Methods of Information Geometry, Translations of Mathematical
Monographs; Oxford University Press: Oxford, UK, 2000.
5. Barndorff-Nielsen, O.E.; Cox, D.R.; Reid, N. The role of differential geometry in statistical
theory. Internat. Statist. Rev. 1986, 54, 83-96.
6. Dawid, A.P. A Discussion to Efron’s paper. Ann. Statist. 1975, 3, 1231-1234.
7. Efron, B. Defining the curvature of a statistical problem (with applications to second order
efficiency). Ann. Statist. 1975, 3, 1189-1242.
8. Efron, B. The geometry of exponential families. Ann. Statist. 1978, 6, 362-376.
9. Murray, M.K.; Rice, R.-W. Differential Geometry and Statistics; Chapman & Hall: London,
UK, 1995.
10. Rao, C.R. Information and accuracy attainable in the estimation of statistical parameters.
Bull. Calcutta. Math. Soc. 1945, 37, 81-91.
11. Chentsov, N.N. Statistical Decision Rules and Optimal Inference; Transted in English, Translation
of the Mathematical Monographs; American Mathematical Society: Providence, RI, USA, 1982.
12. Corcuera, J.M.; Giummole, F. A characterization of monotone and regular divergences. Ann. Inst.
Statist. Math. 1998, 50, 433-450.
13. Zhang, J. Divergence function, duality and convex analysis. Neur. Comput. 2004, 16, 159-195.
14. Burbea, J. Informative geometry of probability spaces. Expo Math. 1986, 4, 347-378.
15. Wagenaar, D.A. Information Geometry for Neural Networks. Available online:
http://www.danielwagenaar.net/res/papers/98-Wage2.pdf (accessed on 13 December 2013).
16. Amari, S.; Ohara, A.; Matsuzoe, H. Geometry of deformed exponential families: Invariant, dually

flat and conformal geometries. Physica A 2012, 391, 4308—4319.

(© 2014 by the authors; licensee MDPI, Basel, Switzerland. This article is an open access article

distributed under the terms and conditions of the Creative Commons Attribution license

(http://creativecommons.org/licenses/by/3.0/).



	Introduction
	F-Geometry of a Statistical Manifold
	Dual Affine Connections
	Invariance of the Geometric Structures
	Covariance under Re-Parametrization
	Invariance Under the Transformation of the Random Variable

	Conclusions
	Author Contributions

