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Abstract: We consider a system of Brownian particles with long-range interactions. We go
beyond the mean field approximation and take fluctuations into account. We introduce a new
class of stochastic Fokker-Planck equations associated with a generalized thermodynamical
formalism. Generalized thermodynamics arises in the case of complex systems experiencing
small-scale constraints. In the limit of short-range interactions, we obtain a generalized class
of stochastic Cahn-Hilliard equations. Our formalism has application for several systems
of physical interest including self-gravitating Brownian particles, colloid particles at a fluid
interface, superconductors of type II, nucleation, the chemotaxis of bacterial populations, and
two-dimensional turbulence. We also introduce a new type of generalized entropy taking into
account anomalous diffusion and exclusion or inclusion constraints.

Keywords: nonlinear Fokker-Planck equations; generalized entropies; long-range systems

1. Introduction

The theory of Brownian motion initiated by Einstein [1,2], Langevin [3] and Smoluchowski [4] is
one of the greatest scientific achievement of the twentieth century. It culminated with the derivation of
the Fokker-Planck (FP) equation [5,6] which is one of the most important, and most useful, equations
of statistical mechanics and kinetic theory [7]. Indeed, this equation has applications in many area
of physics, biology, chemistry, and economy. In its simplest form, the FP equation reduces to the
Smoluchowski equation for overdamped particles [4] and to the Klein-Kramers equation for inertial
particles [8,9]. These equations describe the diffusive motion of a Brownian particle (or an ensemble
of non-interacting Brownian particles) in an external potential. Since the particles are coupled to a
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thermal bath fixing the temperature, the relevant statistical ensemble is the canonical ensemble. The
diffusion coefficient, the mobility (or the friction coefficient) and the temperature are related to each
other by the celebrated Einstein relation [1,2]. The FP equation is fully consistent with Boltzmann’s
thermodynamics [7]. It satisfies an H-theorem for the Boltzmann free energy and relaxes towards an
equilibrium state that minimizes the Boltzmann free energy under the normalization condition constraint.
This equilibrium state corresponds to the Boltzmann distribution.

In the recent years, two new topics have emerged in statistical mechanics and kinetic theory.

The first one concerns the physics of systems with long-range interactions [10]. We can distinguish
two types of systems with long-range interactions depending whether they are isolated or dissipative.
Hamiltonian systems with long-range interactions are isolated and evolve at fixed energy F£. This
corresponds to the microcanonical ensemble. In the mean field limit (collisionless regime), valid when
the number of particles N — +o0, these systems are described by the Vlasov equation. When finite
N effects are taken into account (collisional regime), their evolution is governed by the Landau or
by the Lenard-Balescu equation [11,12]. These equations satisfy an H-theorem for the Boltzmann
entropy and relax towards the mean field Boltzmann distribution with a temperature 7'(E). Examples
of Hamiltonian systems with long-range interactions include stellar systems, Coulombian plasmas,
two-dimensional vortices, and the Hamiltonian mean field (HMF) model [13]. Brownian systems with
long-range interactions are dissipative and evolve at fixed temperature (they are coupled to a thermal
bath). This corresponds to the canonical ensemble. When N — 400, these systems are described by
mean field FP equations [14]. These equations satisfy an H-theorem for the Boltzmann free energy
and relax towards the mean field Boltzmann distribution with a temperature 7. Contrary to the case of
ordinary Brownian particles that evolve in a fixed external potential, Brownian particles with long-range
interactions move in a mean field potential that they create themselves. When finite /V effects are taken
into account, the deterministic mean field FP equations are replaced by stochastic FP equations that take
fluctuations into account [15]. Examples of Brownian systems with long-range interactions include
self-gravitating Brownian particles [16], the Brownian mean field (BMF) model [17], and bacterial
populations undergoing chemotaxis [18].

Another emerging topic in statistical mechanics and kinetic theory concerns the notion of generalized
thermodynamics pioneered by Tsallis [19]. It has been observed in many occasions that the Boltzmann
entropy does not provide a correct description of the system under consideration and that other forms of
entropies may be more relevant. This is the case for non-ergodic systems having a complex dynamics.
The derivation of the Boltzmann equation assumes that the probability of transition from one site to
the other is proportional to the density of the starting site and independent on the density of the arrival
site. However, one may easily imagine situations in which the transition from one site to the other is
inhibited or, on the contrary, stimulated so that the expression of the probability of transition depends
in a complicated manner on the density of the starting and arrival sites. This leads to a generalized
class of Boltzmann equations [20-25] associated with generalized entropies and having equilibrium
states different from the Boltzmann distribution. Similarly, in the context of Brownian motion, the
Boltzmann distribution emerges naturally from the FP equation when the particles have a constant
diffusion coefficient and a constant mobility. However, one may imagine situations in which the

particles are hampered in their motion by some small-scale constraints so that the diffusion coefficient
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and the mobility depend on the local density. In that case, the motion of the particles is biased,
resulting in anomalous diffusion or anomalous mobility. The corresponding generalized FP equations
are associated with generalized free energies and have equilibrium states different from the Boltzmann
distribution [24,26—44] (see [45,46] for reviews). In the situations described above, generalized entropies
arise because the system experiences small-scale (hidden) constraints so that the a priori accessible
microstates are not equiprobable.

If we combine these two emerging topics, long-range interactions and generalized thermodynamics,
we obtain a rich class of generalized kinetic equations [25,39,46] having a source of nonlinearity arising
from the long-range interaction and a source of nonlinearity arising from the fact that the coefficients
in these equations depend on the density itself (generalized thermodynamics). In the present paper,
we restrict ourselves to Brownian particles in interaction (canonical description) and consider the
generalized mean field FP equations introduced in [46]. These generalized mean field FP equations may
have several stable steady states. In the absence of fluctuations, the system generically relaxes towards
one of these states and stays there permanently. In the presence of fluctuations due, for example, to finite
N effects, these equilibrium states become metastable and the system undergoes random transitions from
one state to the other. Such switches can be described in terms of stochastic FP equations including a
random forcing due to fluctuations (finite /V effects) [15]. This type of stochastic equations has been
studied numerically in [47] for a model of self-gravitating Brownian particles and bacterial populations
presenting two symmetric metastable states. The system experiences random transitions from one state
to the other. The lifetime of the metastable states is related to the Kramers escape rate formula which can
be derived from the theory of instantons. This model is associated with Boltzmann’s thermodynamics
and the stochastic FP equation can be derived from first principles [15]. In the present paper, we
develop a more general theoretical framework to include situations associated with non-Boltzmannian
distributions. In particular, we introduce a new class of stochastic FP equations associated with a
generalized thermodynamical formalism.

The paper is organized as follows. In Section 2, we consider a system of overdamped Brownian
particles with long-range interactions and show from very general arguments how a notion of generalized
thermodynamics emerges in the case of complex systems experiencing small-scale constraints. In
Section 3, we derive a generalized mean field FP equation describing the deterministic dynamics of these
systems. In Section 4, we take fluctuations into account (arising, for example, from finite NV effects) and
derive a generalized stochastic FP equation. In Section 5, we present a new form of generalized entropy
that takes into account anomalous diffusion and exclusion or inclusion constraints in physical space.
In Sections 6 and 7, we consider a limit of short-range interactions and derive a generalized stochastic
Cahn-Hilliard equation. In Section 8, we give physical applications of our formalism for self-gravitating
Brownian particles, colloid particles at a fluid interface, superconductors of type II, nucleation, the
chemotaxis of bacterial populations, and two-dimensional turbulence. In Appendix A, we apply the
Landau-Lifshitz theory of fluctuations. In Appendix B, we recall the stochastic Ginzburg-Landau and
Cahn-Hilliard equations. In Appendix C, we derive the generalized Smoluchowski equation from the

dynamic density functional theory (DDFT) for systems with long and short-range interactions.
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2. Overdamped Brownian Particles with Long-Range Interactions

2.1. The N-body Smoluchowski Equation

We consider a system of /N Brownian particles in interaction in the strong friction limit & — +o0,
where ¢ is the friction coefficient, for which the inertia of the particles can be neglected. This corresponds
to the overdamped Brownian model (we refer to [14] for the description of the inertial Brownian model
from which the overdamped Brownian model can be derived). For the sake of generality, we work in a

space of dimension d. The dynamics of the particles is described by the stochastic Langevin equations

dI'Z‘
dt

= —%ViU(rl,...,rN)—k\/ERi(t), (D

where y = 1/¢ is the mobility (by unit of mass), D is the diffusion coefficient, U(ry, ...,ry) is the
potential of interaction, and R;(¢) is a Gaussian white noise satisfying (R;(¢)) = 0 and (RY (t)Rf () =
0;j0a50(t —t'), where ¢ = 1,..., N labels the particles and o = 1, ..., d labels the coordinates of space.
The coefficients of diffusion and mobility are related to each other by the Einstein relation

xksT

D= , (2)
m

where 7' is the temperature of the bath to which the Brownian particles are coupled. Since D o T, the
temperature measures the strength of the stochastic force acting on the particles. Since the system is
in contact with a thermal bath fixing the temperature 7', the proper statistical ensemble is the canonical
ensemble.

The evolution of the N-body distribution function Py(ry, ...,ry,t) is governed by the N-body FP
equation [14]:

Py o~ 0 [ 0Py x, O
o _;&u ' {D Br; T N0 e TH)| ©

This is the so-called N-body Smoluchowski equation. It can be derived directly from the stochastic
Langevin equations (1).
The stationary solution of the N-body Smoluchowski equation is the canonical distribution [14]:

1 (20 \"™? .,
PN<I'1, ...,I'N) = m <6_m) 6_6 (r1,es I‘N)’ (4)
where
o\ IV/2
Z(B) = <ﬁ_m) /eﬁU(“ """ rN) dry...dry (5)

is the partition function determined by the normalization condition / = f Py dry...dry = 1. In order
to obtain Equation (4), we have used the Einstein relation (2) and we have defined 5 = 1/(kgT'). The
N-body distribution (4) corresponds to the statistical equilibrium state of the Brownian particles in the

canonical ensemble. It gives the probability density of the microstate {ry,...,ry}.
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The proper thermodynamical potential in the canonical ensemble is the free energy
F[Py] = E[Py] — T'S[Py], (6)

where the energy and the entropy of the N-body system are given by [14]:

d
E[PN] = §N/{ZBT+ /PNUdrldrN, (7)
d 2wkpT d
S[Py] = —k:B/PN In Py dry...dry + 5 Nk ln( B ) + 5 Nks. (8)
The free energy is explicitly given by
2rkgT
F[Py] = /PNUdrl...drN +k:BT/PN In Py dry...dry — gNk;BTln( o ) . 9)
m

The N-body Smoluchowski equation satisfies an H-theorem for the free energy (9). Indeed, a simple

calculation gives

N )
= /6 N ( m  or; mj Nari> ry...ary (10)

Therefore, F < (0and F=0 if, and only if, the term in parenthesis vanishes. This leads to the canonical
distribution (4). Because of the H-theorem, the system converges towards the canonical distribution (4)
for t — +oo (provided that Z < +o00). The canonical distribution (4) is the (unique) minimum of
F[Py] satisfying the normalization condition constraint. Indeed, the cancelation of the first variations
OF — nudl = 0, where 1 is a Lagrange multiplier, returns Equation (4), and the second variations §2F =
% i % dry...dry > 0 are positive. At equilibrium, substituting Equation (4) in Equation (9), we get
F[Py] = F(T) where F(T) = —kgT In Z(T).

Remark 1. We have derived the canonical distribution (4) from the N-body stochastic dynamics (1).
For systems with short-range interactions, one usually proceeds the other way round. We first derive the
canonical distribution from the microcanonical distribution by considering a subsystem of a large system.
Then, we introduce a Langevin dynamics that reproduces the canonical distribution at equilibrium.
However, for systems with long-range interactions, we cannot proceed in this manner because the
canonical distribution cannot be derived from the microcanonical distribution since the energy is
non-additive [48]. Still, the canonical distribution is perfectly well-defined for systems with long-range

interactions described at the start by a Langevin dynamics instead of a Hamiltonian dynamics.

2.2. Long-Range Interactions

The preceding results are completely general. From now on, we assume that the particles interact via

2

a binary potential so that U(ry,...,ry) = Y ._. m°u;; where u;; = u(|r; —r;|). We assume furthermore

i<j
that the potential of interaction is long-ranged which means that it decays at large distances as r~7 with
v < d [48]. For systems with long-range interactions, it can be shown that the correlations between the

particles can be neglected in a proper thermodynamic limit N — +o0 [48]. Therefore, the mean field
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approximation becomes exact in this limit and the N-body distribution function can be factorized in a
product of N one-body distribution functions

N
PN(I'l,...,I'N,t) :le(ri,t). (11)

=1

Substituting Equation (11) in Equation (7), we find that the mean field energy is given by

E:gNkBT—i-%/p(I)dr, (12)

where p(r,t) = NmP;(r,t) is the mean density,

O(r,t) = /u(\r—r’])p(r’,t) dr’ (13)

is the mean potential, and
1
W / o dr (14)

is the mean field energy of interaction. The mass can be expressed in terms of the density as
M:Nm:/pdr. (15)

Remark 2. In Equation (13) the mean field potential appears as a convolution product (& = u * p)
and the factor 1/2 in the energy of interaction (14) is introduced in order to avoid double counting. The
particles may also experience an external potential @ (r). The energy of the particles in the external
potential is Wy = f PPyt dr.

2.3. Complex Systems: Generalized Thermodynamics

If the particles only interact via a long-range potential, we shall say that the system is “simple” (which
does not mean of course that it is trivial!). In that case, it is possible to develop the thermodynamics and
the kinetic theory of these systems rigorously in the limit N — 400 and show that the entropy S[p]
of the macrostate p(r) is the Boltzmann entropy. In this paper, we consider the case of “complex”
systems for which small-scale constraints act on the particles (in addition to the long-range interaction)
and modify their simple dynamics. We shall not try to model these constraints because they would lead
to very complicated equations of motion that, most of the time, cannot be written explicitly. Therefore,
these small-scale constraints appear as “hidden constraints”. We shall take them into account indirectly
by using a form of “generalized entropy”. The fact that complex systems exhibit non-Boltzmannian

distributions and non-Boltzmannian entropies has been observed in a wide variety of situations [19].

2.4. The Free Energy Fp)

For a simple Brownian system at statistical equilibrium, the /N-body distribution is given by the
canonical distribution (4) and (5). This distribution says that the probability density of a microstate
{ry,...,ry} (any) with energy U(ry,...,ry) is proportional to e #U(ri--r~)  For complex systems,
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we assume that some microstates are forbidden in physical space because of microscopic constraints
that we shall not try to describe (in a future contribution [49], we shall consider the case where some
microstates are forbidden in phase space). We denote by (2 the set of physically accessible microstates
in physical space. We assume that the probability of an accessible microstate {ry,...,rx} €  is given
by Equation (4). On the other hand, Py (ry,...,ry) = 0 for a forbidden microstate {ry,...,ry} ¢ .

Therefore, we replace the partition function (5) by

o\ N2
Z(B) = (—> /eﬁU(” """ ™) dry...dry. (16)
pm 0

We now introduce the smooth density p(r) in position space and denote by 2[p] the number of
microstates {r;} corresponding to the macrostate p(r). The smooth density p(r) corresponds to the
coarse-grained density of Section 4.1 denoted p(r) but, to simplify the notations, we do not write
the bar on p. The unconditional entropy of the macrostate p(r) is defined by Sp[p] = kplnQ[p].
In principle, the number of complexions €2[p] can be obtained by a combinatorial analysis. If there
is no microscopic constraint (simple systems) then, for N > 1, we obtain the Boltzmann entropy
Solp] = —kp [(p/m)In(p/Nm)dr. However, if some microstates are forbidden (complex systems),
we will have instead So[p] = —kp [ C(p) dr where Sy[p] is a generalized entropy that can be different
from the Boltzmann entropy. The function C'(p) can take various forms. For future purposes, we assume

that C'(p) is convex (C” > 0).
Instead of integrating on the microstates {rj,...,ry} in Equation (16), we can integrate on the
macrostates {p(r)}. If we consider a system with long-range interactions, so that a mean field

approximation applies at the thermodynamic limit N — 400, we obtain for N > 1:

2(8) ~ En(E) / e WVIQ[p] 5(M]p] — M) Dp
Y
~ /G—BF[p] §(M([p] — M) Dp, {1n

where the §-function accounts for the mass constraint. The free energy F'[p] is given by
Flp] = Elp] = TS[p], (18)

where the mean field energy F is given by Equation (12) and the generalized entropy S is given by

d 2rkgT d
S[p]:—kB/C(p)dr+§NkBln( B >+§Nk3 (19)
The free energy explicitly writes
1 dN 2rkgT
F[p]:—/p@dr+kBT/C’(p)dr——kBTln< s ) (20)
2 2 m
The canonical probability density of the distribution p is
1
Plp] = ——=e "s(M[p] — M). 1)

Z(B)
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2.5. Variational Principle

For systems with long-range interactions, for which the mean field approximation is exact in the

proper thermodynamic limit N — 400, we can make the saddle point approximation
Z(B) = e PFB) ~ g=BFlp:] (22)
ie.,

F(B) = Flp.], (23)

where p, is the global minimum of free energy at fixed mass. This corresponds to the most probable
macrostate in the canonical ensemble. We therefore have to solve the minimization problem

F(T) = min{Flp] | Mlp] = M}. (24)

Remark 3. The variational principle (24) where p, is the global minimum of free energy at fixed mass
determines the strict statistical equilibrium state of the system. For systems with long-range interactions,
it is very relevant to consider also local minima of free energy at fixed mass. They correspond to
metastable states. For systems with long-range interactions, these metastable states have tremendously

N

long lifetimes, scaling as e”, so they can be considered as fully stable states in practice [50].

2.6. Equilibrium States

According to the results of Section 2.5, the equilibrium state of the system in the canonical ensemble,
corresponding to the most probable macrostate, is obtained by solving the minimization problem (24)
where F'[p] is given by Equation (20).

The critical points of free energy at fixed mass are determined by the condition

OF — poM =0, (25)

where p is a Lagrange multiplier (chemical potential) associated with the conservation of mass.
This yields

N

Using the expression (20) of the free energy, we obtain
C'(p) = —B2 — a, 27)

where we have defined « = —p/kgT. Substituting Equation (13) in Equation (27), we find that the

density is determined by the integro-differential equation

C'(p) = —ﬁ/u(|r —)p(r) dr — a (28)
Since C'is convex, Equation (27) can be reversed to give

p(r) = F[fO(r) + al, (29)
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where F(z) = (C")"!(—xz). We note that, at equilibrium, the density is a function of the potential:
p = p(®P). Taking the derivative of Equation (27) with respect to p, we get

B

p(P) = o) (30)

Since C” > 0, the relation p = p(®P) is monotonic. It is decreasing at positive temperatures (which is the
normal case) and increasing at negative temperatures.
A critical point of free energy at fixed mass is a (local) minimum if, and only if,

2 1
§*F = k;BT/C’”(p)@ dr + 5/5p(5<1>dr > 0, (31)

or equivalently if, and only if,

2
5°F = —%{/ S(pqz) dr — /5,05<1>dr} >0 (32)

for all perturbations dp that conserve mass: 6M = [ dpdr = 0.

Remark 4. if the system is only subjected to an external potential o (r), the equilibrium state is given

by p(r) = F[8Pex(r) + «]. The second variations of free energy are always positive

(0p)?
2

§2F = kyT / " (p) dr > 0, (33)

so that a critical point of F' at fixed mass is necessarily a minimum. Therefore, the system has only one

(global) minimum of free energy at fixed mass.

Remark 5. Equation (29) determines the equilibrium state from the knowledge of the generalized
entropy. Inversely, in certain cases, we know the equilibrium state and we want to determine the
corresponding entropy. If we prescribe the equilibrium state in the form p = F(f® + «), we have
C'(p) = —F~Y(p) so the generalized entropy is given by Equation (19) with [46]:

C(p) = — /p F~(x)dx. (34)

Equation (34) determines the generalized entropy from the knowledge of the equilibrium state.
3. Generalized Mean Field Fokker-Planck Equations

3.1. Simple Systems: The Mean Field Smoluchowski Equation

For simple systems with long-range interactions, the equation governing the dynamical evolution
of the density of Brownian particles p(r,t) = NmPi(r,t) can be obtained as follows [14].
One starts from the N-body Smoluchowski Equation (3) and writes down the equivalent of the
Bogoliubov-Born-Green-Kirkwood-Yvon (BBGKY) hierarchy for the reduced probability distributions
P;(ry,...,r;,t). The equation for the one-body distribution function is

dp

5= V- {Dijtx/pg(r, v’ )Vu(|r —1']) dr’| , (35)
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where po(r,1/,t) = N(N — 1)m?Py(r,1’, t) is the two-body distribution function. One then closes the
hierarchy of equations in the limit N — 400 by using the mean field approximation (11). In that limit,
pa(r,r’' ) = p(r,t)p(r’, t). This leads to the mean field Smoluchowski equation
dp
5
where ®(r, t) is given by Equation (13). Using the Einstein relation (2), the mean field Smoluchowski

V- (DVp+ xpVP), (36)

equation can be rewritten as

0 kgT
ot m

Introducing the Boltzmann free energy

1 dN 2rkgT
FB[p]=§/p<bdr+kBT ﬁlngdr—TkBTln( — ) (38)

we can write Equation (37) in the form

8p oF B
— =V (pV— ). 39
$5; (p 5p ) (39)
This equation decreases the Boltzmann free energy (38) at fixed mass (H-theorem) and relaxes towards

the mean field Boltzmann distribution
p(r) = Ae=Pme® (40)

which is the minimum of Fjz[p] at fixed mass. Therefore, the mean field Smoluchowski equation is fully
consistent with Boltzmann’s thermodynamics.

3.2. Complex Systems: The Generalized Mean Field Smoluchowski Equation

For complex systems, the diffusion and the mobility coefficients depend on the density [45,46]. This
is because the transition probabilities from one site to the other depend on the occupation number of
the initial and arrival sites [24]. This is due to the effect of small-scale constraints acting on the
system. As a result, the mean field Smoluchowski equation (36) is replaced by the generalized mean

field Smoluchowski equation

9]

a—? =V [V(D(p)p) + x(p)pVP]. S
We can rewrite this equation in the form

dp

where D and x = 1/ are constants. The generalized mean field Smoluchowski equation (42) is a
generalized mean field Fokker-Planck (GFP) equation [45,46]. It can be derived from a kinetic theory
(see [24] and Section 2.11 of [46]) in which the transition probabilities from one site to the other can

be inhibited or, inversely, stimulated. In that case, the functions h(p) and g(p) can be related to the
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functions a(p) and b(p) appearing in the transition probabilities (see [24] and Section 2.11 of [46]). The
case of simple systems is recovered for a(p) = p and b(p) = 1, leading to h(p) = 1 and g(p) = p.
We assume that the coefficients of diffusion D and mobility y are related to each other by the
generalized Einstein relation
D =Ty, (43)

where T plays the role of a generalized temperature (it has not, in general, the dimension of a
temperature). Actually, this relation can be regarded as a definition of the generalized temperature 7'
for given D and x. We note that the form of the Einstein relation (2) is preserved in the generalized
thermodynamics framework.

Using Equation (43), and setting 8 = 1/T, we can write the GFP equation (42) in the equivalent forms

0

o=V (Th(p)Vp + g(p) V), (44)
and P

o =DV - (h(p)Vp+ Bg(p)V ). (45)

3.3. Gradient Flow

The GFP equation (44) can be rewritten as

p { { h(p) ] }
— =V T'—=Vp+Vo|,. (46)
5 9(p) a0’
For the generalized free energy
1
Flol = Elp) = 78l = 5 [ p0dr+ T [ Co)ar 7)
we have the identities
oF
— =T ) 4
5, — ¢ (p) + @, (48)
oF y
vé_,o =TC"(p)Vp+ V. (49)

Comparing Equations (46) and (49), we see that the GFP equation (44) can be written as a gradient flow

of the form
dp oF
L _v. - 50
= a7 ] (50)
provided that we make the identification
h(p)
C"(p) = ——=. (51
(®) 9(p)
This is a very important relation that connects the generalized entropy S = — [ C(p) dr obtained by

general arguments in Section 2.4 to the functions h(p) and g(p) occurring in the GFP equation (44)

and, correspondingly, to the functions a(p) and b(p) determining the microscopic process underlying the



Entropy 2015, 17 3216

dynamics (see [24] and Section 2.11 of [46]). Since h and g are positive in general, the function C' is
convex. We note that there exists an infinity of FP equations with the same entropy C(p) but different
functions g(p) and h(p), namely all the equations with the same ratio h(p)/g(p) [46].

The GFP equation (50) can be put in the conservative form

dp v
ot . Y
with the current 1 SF
5g(/)) 5

Since the right hand side of Equation (52) is the divergence of a current J, the mass M = [ pdr is
conserved provided that the current vanishes at infinity or that the normal component of the current
vanishes on the boundary of the system.

Explicating the expression of the current (53) using Equation (49), we get

j- —§g<p> (TC"(p)Vp + VD). (54)

Therefore, the GFP equation (50) can be rewritten as

)
3 a_f =V -[g(p) (TC"(p)Vp+ V)]. )
AtT =0, we get
dp
§5 =V (9(p)V). (0

3.4. Generalized H-Theorem

The form of Equation (50) ensures that the generalized free energy (47) decreases monotonically.
Indeed, the time derivative of the generalized free energy is given by

: 6F dp oF §F 1 SF\?
/ 5, 01 dr (5pv J dr /J V(Sp dr ¢ g(p) (V 5p) dr (57)
We note that
. J?
F = —§/ ——dr. (58)
9(p)
Using Equation (54), we explicitly obtain
; 1 "
F=—z [ 9 (@C"(0)Vp+ Vo)* dr. (59)

From these expressions, we conclude that F < 0. This is the generalized version of the H-theorem in
the canonical ensemble.

A steady state of Equation (50) satisfies F =0, implying J = 0, i.e., V(0F/dp) = 0. Therefore,
a steady state is determined by the condition (26), where p is a constant of integration which plays the
role of a chemical potential. This condition is equivalent to Equations (27)—(29). Therefore, a steady

state of the GFP equation (50) is a critical point of free energy F' at fixed mass. Using Lyapunov’s
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direct method [45], one can show that a steady state of the GFP equation (50) is dynamically stable if,
and only if, it is a (local) minimum of F' at fixed mass (maxima or saddle points of /' are dynamically
unstable). In this sense, dynamical and generalized thermodynamical stability in the canonical ensemble
coincide. In general, the GFP equation relaxes towards a stable steady state for ¢ — +oco and stays
there permanently. If several stable steady states exist, the choice of equilibrium is determined by a
complicated notion of basin of attraction. Of course, there exist situations where the system has an
even more complex dynamics. This is the case, for example, of self-gravitating Brownian particles
(or bacterial populations) that can experience gravitational collapse (or chemotactic collapse) and never
reach a steady state [16].

3.5. Onsager’s Linear Thermodynamics

If we define an out-of-equilibrium chemical potential by

oF
p(r,t) = 7 TC (p) + @, (60)
we can write the current (53) as
1
J= —Eg(p)V/L (61)
Accordingly, the GFP equation (50) becomes
0
==V (9(p)Vn). (62)

This corresponds to Onsager’s linear thermodynamics where the current is proportional to the gradient
of the chemical potential that is uniform at equilibrium [see Equation (26)]. In the present case, the
coefficient of proportionality depends on the density through the function g(p). Even for simple systems

we have a density dependence since g(p) = p.

Remark 6. The GFP equation (50) can also be obtained from a variational principle called the
principle of maximum dissipation of free energy (see Section 2.10.3 of [46]). Indeed, the current
J. = —(1/&)g(p)V(6F/6p) minimizes the functional F + E; where F[J] = [J -V (5F/ép)dr and
Eq3) =€ [ 32/ (29(p)) dr. We have §(F + Ey) = 0 and 8*(F + E;) = € [(63)?/(29(p)) dr > O (there
is a misprint in [46])). Furthermore, E4[J,] = —(1/2)F[J,).

3.6. Particular Form: Normal Mobility and Generalized Diffusion

If we assume that g(p) = p and h(p) = pC”(p), the GFP equation (50) becomes

f% =V- (pv‘;—‘z) . (63)
It can be explicitly written in the equivalent forms
3 % =V - (TpC"(p)Vp+ pV ), (64)
X (D" )V 1), (65)
% DV (pC"(p) Vi + V). (66)

ot
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In that case, we have a constant mobility x(p) = x and a density-dependent diffusion coefficient D(p) =
Dp|C(p)/p]’ (see Equation (41)). We note that the condition D(p) > 0 requires that [C'(p)/p]’ > 0. This

gives a constraint on the possible forms of C'(p).

3.7. Particular Form: Normal Diffusion and Generalized Mobility

If we assume that h(p) = 1 and g(p) = 1/C"(p), the GFP equation (50) becomes

o=V [owv5) °
It can be explicitly written in the equivalent forms
o =V [19+ v o
o=V [Por+ o). .
2 055 ]

In that case, we have a constant diffusion coefficient D(p) = D and a density-dependent mobility

x(p) = x/(pC"(p))-

3.8. Generalized Smoluchowski Equation

The GFP equation (64) corresponding to a normal mobility and a generalized diffusion can be written

in the form of a generalized mean field Smoluchowski equation [39]:

0
a_i — V- (VP +pVd), (71)
where P is a pressure given by a barotropic equation of state P(p) determined by
P'(p) = TpC"(p). (72)

Since C(p) is convex, we find that P’(p) > 0. The steady states of Equation (71) satisfy the condition of
hydrostatic equilibrium

VP 4 pV® = 0. (73)
Integrating Equation (72) once, we get
Cp)
Pip) =15 | “P] ~1iC ()0 - €L 74)
A second integration leads to the identity
PPy
TC(p) = p / p(’i Ly, (75)

Using Equation (75), the free energy (47) can be rewritten as

p /
Flp] = %/pq) dr+/p/ Pp(g)dp'dr. (76)




Entropy 2015, 17 3219

3.9. Expression in Terms of the Enthalpy

Introducing the pressure defined by Equation (72), the GFP equation (55) can be rewritten as

9p _ . [9l0)
o =V T2 P v (77)

We define the enthalpy through the relation dh = dP/p implying
P'(p)

(p) = - TC(p). (78)
Integrating Equation (78) once, we get
h(p) =TC'(p). (79)
A second integration leads to
TC(p) = H(p), (80)

where H is a primitive of h. Using Equation (80), the free energy (47) can be rewritten as

1
F[p]—§/pcbdr+/H(p)dr. (81)
On the other hand, since VP/p = Vh, Equation (77) can be rewritten as
9p
3¢ =V l9lp) (Vh+ V). (82)

Comparing Equation (82) with Equation (62), we see that the chemical potential is related to the enthalpy
by

p(r,t) = h(r,t) + O(r, 7). (83)

At equilibrium, we have
h(r) + @(r) = p, (84)

where p is a constant.

4. Theory of Fluctuations

The GFP equations of the previous section ignore fluctuations. They are valid in the N — 400
limit where the mean field approximation is exact. Fluctuations become important when the number of
particles is small and/or when the system is close to a critical point. In order to take fluctuations into
account, we need to replace the deterministic GFP equations by stochastic GFP equations. This can
be achieved by using the theory of fluctuating hydrodynamics developed by Landau and Lifshitz [51].
In [15], we have applied their procedure to the case of simple systems described by the Boltzmann
entropy, and we have derived a stochastic Smoluchowski equation. Here, we generalize their procedure
to complex systems described by generalized entropic functionals, and derive a generalized stochastic

Smoluchowski equation.
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4.1. Simple Systems: The Stochastic Smoluchowski Equation

In the case of simple systems described by the N-body stochastic equations (1), Dean [52] has shown
that the discrete density pq(r,t) = ). 0(r — 1r;(¢)) of particles satisfies a stochastic partial differential

equation

B kT
g —V. <%Vpd + pdV@d> v [\/2£k:BTpd R(r,t)} , (85)

where ®,4(r,t) is given by Equation (13) in which p(r,t) is replaced by p4(r,t). On the other hand,
R(r, t) is a Gaussian white noise satisfying (R(r, t)) = 0 and (R*(r,t) R°(r,t')) = a0 (t—t')d(r —1'),
where o = 1, ..., d labels the coordinates of space. This equation is exact and bears the same information
as the N-body Langevin equations (1), or as the N-body Smoluchowski equation (3). In this sense, it
contains too much information to be of practical use. Furthermore, p,(r, t) is a sum of Dirac d-functions,
which is not easy to handle. If we take the ensemble, or noise, average of Equation (85), and make a
mean field approximation, we recover the mean field Smoluchowski equation (37). However, in that
case, we have lost the effect of fluctuations.
In [15], we have argued that, for simple systems with long-range interactions, the evolution of the
smooth (coarse-grained) density p(r, t) is governed by the stochastic Smoluchowski equation
g% ~v. (ICBWTVM pv@) + V- |V2RTAR(x,1)] (86)
where ®(r,t) is given by Equation (13) in which p(r, ) is replaced by 5(r,¢). This equation can be
obtained from the theory of fluctuating hydrodynamics (see Appendix B of [15]). Although it has a
mathematical form similar to Equation (85), this equation is fundamentally different from Equation (85)
since it applies to a smooth density p(r,t), not to a sum of d-functions. In a sense, it describes the
evolution of the system at a mesoscopic level, intermediate between Equations (85) and (37).

Introducing the Boltzmann free energy (38), we can rewrite Equation (86) in the form
Jp OoF
58—’; —V. (ﬁva_;) v [\/2£kBT,5R(r,t)] . 87)
The stochastic Smoluchowski equation can be interpreted as a stochastic Langevin equation for the

density field p(r,t). The corresponding FP equation for the probability density P[p,t| of the density
field p(r, t) at time ¢ is
oP ) d OFp
—ptl=— | ————< V-0V |kgT— + —| Plp,t] ¢ dr'. 88
Cor ! /6ﬁ(r',t){ g {Béféﬁ} [p’]} ' &

Its stationary solution returns the canonical distribution (21) with the Boltzmann free energy (38).

4.2. Complex Systems: The Generalized Stochastic Smoluchowski Equation

If we apply the theory of fluctuations to the generalized Smoluchowski equation (44), we obtain the
stochastic partial differential equation (see Appendix A):

dp

==V (Th(p)Vp+g(p)V®) + V - | V2Tg(pR(x.1)| (89)
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This equation applies to the coarse-grained density p(r,t) as explained above but, to simplify the
notations, we have not written the bar on p. Introducing the generalized free energy functional (47),
the generalized stochastic Smoluchowski equation can be rewritten as

% =V- [g(p)Vi—];} +V- [@R(r, t)] : (90)

We note that, in general, the noise term is multiplicative since it depends on the density through the
function g(p). That the noise term depends on the density is also true for simple systems for which
g(p) = p. The noise term is independent on p when g(p) = 1. For h(p) = p, corresponding to a normal
diffusion, we get C'(p) = p?/2, i.e., S = —1 [ p?dr. This is a Tsallis entropy of index ¢ = 2 (see
Section 5). We note that the function h(p) does not appear in the noise term.

Equation (89) is the main equation of this paper. It will be called the generalized stochastic
Smoluchowski equation, or the generalized stochastic Fokker-Planck equation. It can be interpreted
as a stochastic Langevin equation for the density field p(r,t). The corresponding FP equation for the
probability density P[p, t| of the density field p(r, t) at time ¢ is

g%—f[p, = — / ﬁ {v Cg(p)V [T% + ‘;—ﬂ Plp, t]} dr'. ©1)
Its stationary solution returns the canonical distribution (21) with the generalized free energy (47), which
shows the consistency of our approach. Actually, the form of the noise can be determined precisely
in order to recover this distribution at equilibrium. Considering the form of the deterministic term in
Equation (90), we see that the noise term must be multiplicative with a factor \/g(p).

For N — +o00, we can neglect the noise in Equation (90). In that case, we recover the deterministic
GFP equation (50). In the absence of noise, the deterministic GFP equation (50) relaxes towards a stable
steady state which is a (local) minimum of generalized free energy at fixed mass. If the free energy F'[p]
has several (local) minima, the choice of equilibrium depends on a notion of basin of attraction. Once
a stable steady state is reached, the system stays there permanently. This is because Equation (50) is
valid in the N — oo limit. In that limit, the lifetime of a metastable state is infinite [50]. For finite N
systems, there are fluctuations. Because of the fluctuations, the system switches from one minimum of
free energy to another and explores the whole free energy landscape [47]. The equilibrium distribution
of the smooth density is given by the canonical distribution (21). The lifetime of the metastable states is
given by the Kramers formula [47].

4.3. Particular Form: Normal Mobility and Generalized Diffusion

If we assume that g(p) = p and h(p) = pC"”(p), the stochastic GFP equation (90) becomes

dp oF
W _v. (pvg) + 9 (VETOR). (92)
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It can be written explicitly in the equivalent forms

W (TpC" )Vt V) + V- (VETSR) ©93)

% (D" (0)Vp+ 1oV ) + V- (VIDPR) %)

% _ DV (oC"(0)Vp + V%) + V- (V2D R) (95)

Introducing the pressure defined by Equation (72), we obtain the generalized stochastic Smoluchowski
equation

%:v (VP + pV®) + V- (\/2§+TR) (96)

4.4. Particular Form: Normal Diffusion and Generalized Mobility

If we assume that h(p) = 1 and g(p) = 1/C"(p), the stochastic GFP equation (90) becomes

=V |GV |+ 7 ( %R) . ©7)
It can be written explicitly in the equivalent forms

R ] ©9

% - V. [DVp—i— O”X(p)V(I)} +V. ( C%,I(DP)R) , (99)

% - pv. {Vp—i— C#(qu)} Ly ( C?,Z)R) . (100)

4.5. Equivalent Forms of the Generalized Stochastic Fokker-Planck Equation

We list below different explicit expressions of the stochastic GFP equation:

gf V- (Dh(p)Vp+ xg(p)V®) + V - ( 2Dg(p) R) : (101)
%~ DV (h(0)Vp + B9(p)V®) + V- (V2D R) . (102)
W 5 1ol0) (TC"()Vp+ V) + V- (VHTg()R). (103)
% =V (9(p)Vi) + V- (VATg(pIR) (104)

% v. |9 wpy V(I))} +V - (VRT9()R) (105)

% =V [g(p) (Vh+ V) + V- ( 2£Tg(p)R> : (106)
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5. A New Form of Generalized Entropy

In [46], we have introduced a GFP equation of the form

9p _
ot

It corresponds to Equation (44) with h(p) = vp?~! and g(p) = p(1 — Kp/ay). For v # 1 and 0y <

V- [TV + p(1 — Kp/oog)VP). (107)

400, we get a GFP equation with a power law diffusion and a density-dependent mobility taking into
account exclusion (/K > 0) or inclusion (K < 0) constraints in position space. It is associated with the
generalized entropy S = — [ C(p) dr with [see equation (51)]:

CKp)::VUg]CM/O¢W2@)dL (108)
where -
D, (t) = /0 T Teq dzx. (109)
The generalized entropy can be expressed in terms of hypergeometric functions. Indeed, one has
gm+1
Cbm(t):m+12F1(1,1—|—m,2—|—m,Kt) (110)
and
o)=L,k (1,7—1,7+1,@). (111)
v—1 00

The pressure P = T'p” is that of a polytrope of index ~y. The generalized Smoluchowski equation (71)
with the same entropy as Equation (107) has an equation of state given by (see Equation (72)):

Pas = T0]®,_, (Gﬁ> . (112)
0

Equation (107) generalizes many GFP equations introduced in the literature [45,46].
(1) For v = 1 and 0y — +00, we recover the Smoluchowski equation which is a FP equation with a

normal diffusion and a normal mobility [4]. It is associated with the Boltzmann entropy

S:—/plnpdr. (113)
The steady state of the Smoluchowski equation is the Boltzmann distribution
p=e PPl (114)

(ii) For v # 1 and 0y — 400, we get a GFP equation with an anomalous diffusion and a constant
mobility [30,31]. It is associated with the Tsallis entropy

1
S = e /(P7 — p) dr, (115)

where the polytropic index ~ plays the role of the usual Tsallis index gq. The steady state of the
Smoluchowski equation with an anomalous diffusion is the Tsallis distribution

1/(v=1)

p= F - 7—_1</3<1>+oz>} (116)
vy N
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with the notation [z], = = when z > 0 and [z]; = 0 when = < 0.

(iii) For v = 1 and 0y < 400, we get the fermionic (K = +1) or bosonic (K = —1) Smoluchowski
equation, which is a GFP equation with a normal diffusion and a variable mobility taking into account
exclusion or inclusion constraints in position space [20,27-29,32,36,37,39,42,43,46,53]. It is associated
with the Fermi-Dirac (/' = +1) or Bose-Einstein (/{ = —1) entropy in position space

S:—aO/{ﬁlnﬁJri(1—@)111(1—@)}dr. 117)
oo 09 K 0o 0o

The steady state of the fermionic/bosonic Smoluchowski equation is the Fermi-Dirac/Bose-Einstein

distribution
0o

P= chvta + K
For K # 41, the distribution (118) describes intermediate statistics [24,46]. The generalized
Smoluchowski equation (71) with the same entropy has an equation of state [46]:

(118)

Pus = —T% In(1 — Kp/oy). (119)
(iv) For v = 2, Equation (107) reduces to [46]:
5% =V [TVp*+ p(1— Kp/og)VP]. (120)
In that case, the generalized entropy (108)-(109) has a simple explicit expression [46]:

2
S:—%/<1—§—5> In <1—l§—f> dr. (121)

It can be viewed as the difference between a Fermi-Dirac/Bose-Einstein-type entropy and the Boltzmann
entropy. The steady state of Equation (120) is given by

o= % [1 _ e%w*a)] R (122)
The generalized Smoluchowski equation (71) with the same entropy as Equation (120) has an equation
of state
Pus = —QT% [p n % In(1 — Kp/ao)} . (123)
(v) Forv — 0 and T" — 400 in such a way that 77" is finite, and noted 7" again, Equation (107)
becomes op
i V- [TVInp+p(l—Kp/og)V]. (124)

It corresponds to Equation (44) with h(p) = 1/p and g(p) = p(1 — Kp/oy). It is associated with the
generalized entropy

Kp p/oo
S=- —1 —In{———F—n— In(1 - K dr. 125
[ o S (22 ) it - Koo | dn (125)
The pressure P = T'In p is that of a logotrope [54]. The steady state of Equation (124) is given by
K
p= 70/ (126)

W [Lest@ora]’
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where W (z) is the Lambert function defined implicitly by the equation We"' = z. The generalized
Smoluchowski equation (71) with the same entropy as Equation (124) has an equation of state

p
Pos=Th| ——— | . 127
“ n<1—KP/<70> (127
For 0y — +o00, the generalized entropy (125) reduces to the log-entropy [54]:
S = /lnpdr, (128)
and the steady state of Equation (124) is given by the Lorentzian-type distribution
= ! (129)
P= BP+a
If we account for fluctuations, Equation (107) is replaced by the stochastic GFP equation
0
a_f — V[TV + p(1 — Kplog) V] + V - [\/2§Tp(1 “ Kpjoo)R(r,1)| . (130)

For systems with long-range interactions, the potential ®(r, ) is given by Equation (13). Depending on
the form of the potential of interaction, the steady states of Equation (107) exhibit a rich variety of phase
transitions, as studied in [53] for self-gravitating systems and bacterial populations. When fluctuations
are taken into account, the system exhibits random transitions from one phase to the other similarly to
the study of [47].

6. Generalized Stochastic Cahn-Hilliard Equations

6.1. Short-Range Interactions

We assume that u(|r — r’|) is a short-range potential of interaction but that the stochastic GFP
equation (90) remains valid. This is the case for a potential u(|r — r'|) that is screened on a distance
that is short with respect to the system size but large with respect to the characteristic microscopic scale.
Setting q = r’ — r and writing

B(r,1) = / w(@)p(r + q t)da, (131)

we can Taylor expand p(r + q, t) to second order in q so that
op 1 9?p
t) = t —q; + = —q,q;- 132
p(r +q,t) = p(r, )+§i:axiq +2;8xiaquqj (132)
Substituting this expansion in Equation (131), we obtain
b
O(r,t) = —ap(r,t) — §Ap(r,t) (133)

with a = —Sy f0+°° u(q)g**dg and b = —15, 0+°° u(q)q®ldq (the coefficients a and b are positive
in the case of attractive interactions and negative in the case of repulsive interactions). We note that

I = (b/a)"/? has the dimension of a length corresponding to the range of the interaction. For the sake of
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generality, we assume that the particles are submitted, in addition to the self-interaction, to an external
potential ®..(r). In that case, the previously derived GFP equations remain valid provided that ® is
replaced by ® 4 . On the other hand, the energy is &/ = % [ p®dr + [ pPex; dr so that the free

energy (47) becomes

1
Flp] = 5 /pq) dr + /pq)ext dr+T/C(p) dr. (134)
Substituting Equation (133) in Equations (90) and (134), we obtain the stochastic partial differential
equation
8p 6FC
5=V v Y V2ATg(p)R(x,1)| (135)
where the free energy is given by
b 1
Felp] = 5 / HW)Z +V (p)] dr (136)
with the potential
2T a 2
Vip) = 5-Clp) = 30"+ 79 Pexs: (137)
At T = 0, the potential reduces to
a 2
Volp) = =37" + 59 Pext, (138)
which is purely quadratic. Equation (135) can be explicitly written as
ap b
o= =3V [9(0)V (Bp = V()] + V- [VETg(p) Rix. )] (139)
Without the noise term, the steady state of Equation (135) is given by
OF
— =y, (140)
op
where 1 is a constant. This equilibrium condition can be explicitly written as
2
Ap—V'(p) = =, (141)
or, equivalently, as
2T 2a 2 21
Ap — —C' —p— =Py = ——. 142
p= 5P+ P =7 Pex 7 (142)
At T = 0, we obtain an inhomogeneous Helmholtz equation
2a 2 20
Ap+ —p=—-Peyy — —. 143
p+ p P Pt Ty (143)

For a quadratic potential @ (r) = Po(r? — r2), this equation takes the form Ap + k*p = Ar? + B,
where we have defined k% = 2a/b, A = 2®,/b, and B = —(2/b)®org — 241/b. The solution of this

equation is
A B 2dA
p(I‘) = ETQ + (ﬁ — ?> —+ ps(r), (144)

where p,(r) is the solution of the homogeneous Helmholtz equation Ap, + k?p, = 0. In the spherically
symmetric case, ps(r) = K cos(kr)ind = 1, ps(r) = KJo(kr) ind = 2, and ps(r) = K sin(kr)/r in
d=3.
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6.2. Analogy with Cahn-Hilliard Equations

Morphologically, the stochastic equation (135)-(136), or equivalently Equation (139), obtained in the
previous section is similar to the stochastic Cahn-Hilliard equation for model B (conserved dynamics)
[55] recalled in Appendix B. There are, however, crucial differences between these two equations. First,
the density p(r,t) appears explicitly in the deterministic current and in the noise term of Equations
(135) and (139) through the function g(p) while it is absent in the stochastic Cahn-Hilliard equation
(270). Secondly, in the Cahn-Hilliard equation, the potential V' (p) has a double-well shape of the typical
form V(p) = A(c? — p?)? leading to a phase separation while, in the present case, the potential (137)
is more general. It is only in the particular case g(p) = 1 and C(p) = p?, implying h(p) = 1202,
that Equation (135)-(136), or Equation (139), reduces to a form that is formally equivalent to the
Cahn-Hilliard equation with V'(p) = %(% — p*)?. Finally, we note that the Cahn-Hilliard equation is a
heuristic equation (to our knowledge it has not been derived from first principles or from a microscopic
dynamics) while Equation (135)-(136), or Equation (139), is derived as a particular limit of the GFP
equation (90). As a result, the potential V' (p) in Equation (137) is entirely determined by the function

C'(p) entering in the generalized free energy defined by Equation (134).

6.3. Expanded Form of the Generalized Stochastic Cahn-Hilliard Equation

The generalized stochastic Cahn-Hilliard equation may be derived directly from the GFP equation

% 9 [Th() V0 + 9(0)V (@ + @) + V- (VETG(IR) .

by substituting Equation (133). This yields

5% V- [Th(p)Vp —ag(p)Vp — gg(p)V(Ap) + g(P)V‘I’ext} V- (‘/mR> (140

or, equivalently,

g% _v. {g(p) |:TC’”(p)Vp —aVp— gV(Ap) + V(bext} } +V- (\/ 2£T9(P)R> - (14

The free energy associated with Equation (146) is

Felp] = //@ext olr—g/p2 dr+§/(Vp)2 dr+T/C’(p) dr. (148)

Without the noise term, the steady state of Equation (147) is given by Equation (142). At T = 0,
Equation (147) reduces to

% =V {g(p) {—Wp - gV(Ap) + V@ext] } (149)

In that case, the noise term disappears. The steady state of Equation (149) is determined by the
inhomogeneous Helmholtz equation (143).
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6.4. Particular Form: Anomalous Diffusion and Normal Mobility

If we assume g(p) = p and h(p) = pC”(p), the generalized stochastic Cahn-Hilliard equation (146)

becomes
dp " b
o=V | TpC" (0)Vp = apVp = pV(Ap) + Ve | + V- <\/2§T,0R> . (150)
At T = 0, it reduces to
0 b
a—f =V [—apvp — 5PV(Ap) + pv%t] (151)
or, equivalently, to
ap a, 5 b
a1 = 52 =5V (pV(Ap) + V- (pVleu). (152)
Introducing the pressure defined by Equation (72), we can rewrite Equation (150) as
ap b
o=V | VP —apVp— SpV(Ap) + pV e | + V- <\/2§TpR) . (153)

Without the noise term, the steady state of Equation (153) is given by
b
VP —apVp — §pV(Ap) +pVd, =0 (154)
which can be viewed as a condition of hydrostatic equilibrium.

6.5. Particular Form: Normal Diffusion and Anomalous Mobility

If we assume h(p) = 1 and g(p) = 1/C"(p), the generalized stochastic Cahn-Hilliard equation (146)

becomes
op [ a 1 } 26T
— =V |TVp— Vp— V(Ap) + ———VDy | + V- R|. (155
o e N e M e R ( C(p)
At T = 0, it reduces to
dp { a b 1 1
LoV | ————Vp— ——V(Ap) + ——— VD, |. (156)
“or ) P ae(p) Y B Gy ¥ e

6.6. Equivalent Forms of the Generalized Stochastic Cahn-Hilliard Equation

We list below different explicit forms of the generalized stochastic Cahn-Hilliard equation.

Introducing the pressure defined by Equation (72), we can rewrite Equation (147) as

5% =V {@ [vp —apVp — ng(Ap) + pv%(t} } +V- (\/2£Tg(p)R) : (157)

Using Equations (75) and (148), the free energy associated with Equation (157) is

b PPy
Felp] =/p<1>ext dr — g/p2 dr+1/(Vp)2 dr+/p/ %dp/dr. (158)
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Without the noise term, the steady state of Equation (157) is given by Equation (154).
Introducing the enthalpy defined by Equation (78), we can rewrite Equation (147) as

0 b

5 =V- {g(p) {Vh —aVp— SV(Ap) + V@ext] } +V - (V2Tg()R). (159)

Using Equations (80) and (148), the free energy associated with Equation (159) is

b
Felp] = /,O‘I)ext dr — g /p2 dr + 1 /(Vp)2 dr + /H(p) dr. (160)
Without the noise term, the steady state of Equation (159) is given by
2a 2 2 21

Ap+ 3P Eh(P) = E(I)oxt - (161)

6.7. Simple Systems: Normal Diffusion and Normal Mobility

For simple systems with a normal diffusion and a normal mobility, corresponding to h(p) = 1 and

g(p) = p, Equation (145) reduces to the stochastic Smoluchowski equation

5% =V -[TVp+ pV(® + Ppy)] + V - <\/2§'TpR), (162)

discussed in Section 4.1. Substituting Equation (133) in Equation (162), we get the generalized stochastic
Cahn-Hilliard equation

0 b
é’a—f =V |TVp—apVp— §pV(Ap) + pVCDext] +V- (\/QfT,OR) (163)

or, equivalently,
ap a, o b
§5r = TAp— S0 = 2V - (pV(Ap) + V- (0Vert) + V - (M%BT@) R) . (164)

Without the noise term, the steady state of Equation (163) is given by

2a 2T 2 2u 2T
A —p——np=-Dyy — — + —. 165

Pt p— 7 0p= o — 5o+ (165)
7. Analogy with An Effective Generalized Thermodynamics

We still consider short-range interactions, as in the previous section, but we assume here that the
second term in Equation (133) can be neglected, so that

O(r,t) = —ap(r, t). (166)

This amounts to taking b = 0 in the previous equations. In that case, we can develop an analogy with
an effective generalized thermodynamics even for simple systems described by the ordinary Boltzmann
thermodynamics (see Sections 7.2 and 7.3).
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7.1. General Results

Substituting Equation (166) in Equation (145), we obtain

0
8—5 =V [Th(p)Vp —ag(p)Vp + g(p)VﬂDext} +V- (\/2€Tg(p) R) : (167)
The free energy associated with Equation (167) is
a 2
Fo = [ pOey dr — 5[ dr+T | C(p)dr. (168)
Without the noise term, the steady state of Equation (167) is determined by the condition
TC' (p) — ap + Peyy = pu. (169)
If we define
T
Teff = —a, h’eff(p) = Tﬁh(p) + g(ﬂ)a (170)
we can rewrite Equation (167) as
0
€58 =9 - Tahan(p) Vo + 9() Vb + V- (VETGTIIR) (1)

The deterministic term can be viewed as a GFP equation of the form of Equation (44) with a nonlinear
mobility g(p), a nonlinear diffusion h.g(p), an external potential ®,(r), and an effective temperature
T.x. We note that the effective temperature T,g is positive when a < 0 (repulsive interactions) and
negative when a > 0 (attractive interactions). The complete equation can be interpreted as a stochastic
GFP equation. However, we note that the temperature appearing in the noise term is the thermodynamic
temperature 7', not the effective temperature 7.¢. The effective generalized entropy associated with
Equation (171) is determined by the relation

het(p) T h(p) T

1! "
o) = = —+1= C"(p) + 1. (172)
)= "5 ~ Tur (o) T )
After integration, we obtain
T 1
Cet(p) = —C —p? 173
() =7 Clo)+ 577 (173)
hence
T 1
Set = =S5 — = [ p°dr. 174
=T 5 / p-dr (174)
The effective free energy is
Feff = Eext - TeffSeﬂa (175)

where

Eext = /)Oq)ext dr (176)
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is the energy of the particles in the external potential. Introducing the pressure defined by Equation (72),
we can rewrite Equation (167) as

0
a—i - V : g$> (Vpeff + qu)ext)] + v . ( 2£Tg(p)R') ) (177)
with an effective pressure
1
Pei(p) = P(p) = 5ap". (178)

We see therefore the analogy with an effective generalized thermodynamics. The effective entropy (174)
is the sum of the generalized entropy S plus a Tsallis entropy (115) of index v = 2. The effective

pressure is the sum of the pressure P(p) plus the pressure of a polytrope of index v = 2.

Remark 7. When b # 0, we can rewrite Equation (157) as

0] b
W_v. {@ {vpeﬁ 2 V(Ag) + pwm] } +V- (VET4R) (179)
The free energy associated with Equation (179) is
b P P(p) .,
Felp) = /pq)ext dr + 1 /(Vp)2 dr + /p/ 2/(2'0) dp dr. (180)

Without the noise term, the steady state of Equation (179) is given by
b
VPg — épV(Ap) + pVP = 0. (181)

7.2. Simple Systems

We consider a simple system with a normal diffusion and a normal mobility described by the
stochastic Smoluchowski equation (162). We stress that this system is described by standard
thermodynamics associated with the Boltzmann entropy (113).

Substituting Equation (166) in Equation (162), we obtain

% ~ V. (Tvp - %sz + chDext) +V- (\/@R) : (182)

The corresponding free energy is
F—/pq)extdr—i-T/plnpdr—g/der. (183)
Without the noise term, the steady state of Equation (182) is determined by the equation
—Thp+ap=Po —pu+1T. (184)

The solution of Equation (184) can be written as

T |CL’ 13 B
_ Ly lad e poemrs| 185
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In the case of repulsive interactions (¢ < 0), W(z) is the Lambert function defined implicitly by the
equation We" = z. In the case of attractive interactions (a > 0), W (z) is a new function defined
implicitly by the equation W ~e"V' = 2.

If we define
T
Teg = —a, hest (p) = 7T (186)
eff
we can rewrite Equation (182) as
0
5=V {Teﬁheﬁ(p)w + pwm} + V- (V2TR) . (187)

This equation can be interpreted as a GFP equation of the form of Equation (44) with a normal mobility,
a nonlinear diffusion h.g(p), an external potential, and an effective temperature T.g. The effective
generalized entropy associated with Equation (187) is

Seg:—gﬁ/plnpdr—%/ﬁdr. (188)

This is the sum of the Boltzmann entropy (113) and Tsallis entropy (115) with v = 2. The effective
free energy is given by Equation (175) with Equation (188). On the other hand, Equation (182) can be

rewritten as

0
a—’t) =V - (VP + pVPeri) + V - <\/2§TpR> (189)
with an effective pressure
1
Px(p) = pT — §ap2. (190)

This is the sum of an isothermal (Boltzmann) equation of state and a polytropic (Tsallis) equation of
state of index v = 2.

We emphasize that, because of the relation (166), a notion of generalized thermodynamics has
emerged although the system is intrinsically described by ordinary thermodynamics based on the
Boltzmann entropy. This shows that the relation with generalized thermodynamics in the present context

is purely effective or coincidental.

7.3. Simple Systems at'T' = 0

At T = 0, Equation (182) reduces to

op a_ o
Loy (- Do) 191
o v(va+pv . (191)
The corresponding free energy is
a 2
F= [ p®ey dr — R4 dr. (192)

The steady state of Equation (191) is given by

p(r) = 5<I>ext(r) - = (193)
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If we define T = —a and heg(p) = p, we can rewrite Equation (191) as
dp
5 Vo | Teghes(p)Vp + pV eyt |- (194)

This can be interpreted as a GFP equation of the form of Equation (44) with a normal mobility, a
nonlinear diffusion h.z(p) = p, an external potential @, (r), and an effective temperature T,z. The
effective generalized entropy associated with Equation (194) is

1
S = —§/p2 dr. (195)

This corresponds to a Tsallis entropy (115) with v = 2. The effective free energy is given by Equation
(175) with Equation (195). On the other hand, Equation (191) can be rewritten as

0
5 =V (VP + pV%e) (196)
with an effective pressure
1
Pg(p) = —iapQ. (197)

This is the equation of state of a polytrope of index v = 2. We again emphasize that, in the
present context, the notion of generalized thermodynamics is purely effective since the system is
intrinsically described by ordinary thermodynamics. Furthermore, at 7' = 0, the microscopic evolution
is deterministic, not stochastic, so there is not even a notion of thermodynamics in a strict sense.

Remark 8. The situation is very similar to the one encountered in the case of the Gross-Pitaevskii (GP)
equation (see [56] and Section Il of [57]). Indeed, the GP equation can be derived from the mean field
Schrédinger equation with a potential ®(r,t) = [u(|r—1’'|)p(x’, t) dr’ by using Equation (166) valid for
systems with short-range interactions. Actually, Equation (166) corresponds to a pair contact potential
of the form uw = —ad(r — r’). The coefficient a is related to the scattering length as of the bosons by
the relation a = —4ma,hi/m3. We have a < 0 for repulsive self-interactions (a; > 0) and a > 0
for attractive self-interactions (a; < 0). Using the Madelung transformation, the GP equation can be
written in the form of hydrodynamic equations involving a quantum potential and a pressure associated

with a polytropic equation of state of index v = 2 equivalent to Equation (197).

8. Application to Systems of Physical Interest

In this section, we discuss different systems of physical interest to which our general formalism
applies.

8.1. Self-Gravitating Brownian Particles

Chavanis and Sire [58,59] have studied a system of overdamped Brownian particles in gravitational
interaction in a space of dimension d. Their evolution is described by the N-body Langevin equations

dr; i — T
—r:—XGmZ—j Y \VaDR(b), (198)
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where G is the gravitational constant. In the mean field approximation, we obtain the
Smoluchowski-Poisson system

Wy (’“B—Tvp ' pvq>> (199)

A® = S,Gp, (200)
where S, is the surface of a d-dimensional hypersphere. If we take fluctuations into account, the
evolution of the smooth density field is described by the stochastic Smoluchowski equation

%y (EVM pvcb) [VagksToR(r.1)]. (201)

Related models have been introduced in the literature by slightly changing the potential of interaction in
order to have a homogeneous phase. For example, we can consider a screened gravitational interaction
with a screening length ~ k~!. In that case, the Poisson equation (200) is replaced by the screened
Poisson equation

AP — k*® = S,Gp. (202)

We can also introduce a sort of “neutralizing” background with a constant density —p like in the Jellium
model of plasma physics. In that case, the Poisson equation (200) is replaced by the modified Poisson
equation

AD = S,G(p — 7). (203)

The Smoluchowski-Poisson system has been studied in [16,58-62]. The screened
Smoluchowski-Poisson system and the modified Smoluchowski-Poisson system have been studied
in [63,64]. Finally, the stochastic modified Smoluchowski-Poisson system (which takes fluctuations into
account) has been studied in [47].

The various generalizations introduced in the present paper can be applied to this system of
self-gravitating Brownian particles. For example, the generalized stochastic Smoluchowski equation
writes

%_v (VP + pVd) + V- [\/ngR } (204)
where P(p) is an arbitrary barotropic equation of state. The generalized Smoluchowski-Poisson system
has been studied in [65] for a polytropic equation of state. More generally, we can propose a model of

self-gravitating Brownian particles of the form

P -9 (2 wp s V(@ + 00| + V- [VETGI R ) (205)

In the case of short-range interactions (or in the limit of strong screening k* — +00), we can make the
approximation ® = —(S;G/k?)p — (S4G/k*)Ap as in Section 6, and we get the generalized stochastic
Cahn-Hilliard equation

2 _v. { (p 0) <VP 0 00— 2 () + pv<1>ext)] +V - [ VTG R(r.1)] . 206)
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Remark 9. The Smoluchowski-Poisson system (199)-(200) describes the evolution of Brownian particles
that interact through the attractive gravitational force (G > 0). The case of Brownian charges that
interact through the repulsive electric force leads to the Debye-Hiickel [66], or Nernst-Planck [67-69],
model. It corresponds to Equations (199)-(200) with G < 0. Similar Fokker-Planck equations have
been introduced by Chavanis [70,71] for two-dimensional point vortices. The interaction between point
vortices is “repulsive” at positive temperatures and “attractive” at negative temperatures [12]. We refer

to [70,71] for more details about these systems and their analogies.

8.2. Colloid Particles at a Fluid Interface

Dominguez et al. [73] have investigated the dynamics of colloids at a fluid interface driven by
attractive capillary interactions. They showed that the capillary attraction is formally analogous to
two-dimensional gravity. The evolution of the areal number density profile p(r, t) of colloids is governed
by the system of equations

W 1V [VP() - VU], o)
v_ g
AU = 5= =2p, (208)

where I' is a mobility coefficient of the particles at the interface, P is a pressure taking short-range
interactions into account, f is the capillary monopole associated with a single particle, U(r,t) is the
ensemble-averaged interfacial deformation, -y is the surface tension, and ) is the capillary length.

Apart from a redefinition of the parameters, these equations are equivalent to the generalized screened
Smoluchowski-Poisson system (see Section 8.1). We have the correspondences § = 1/T', & = —fU,
k* = 1/)%, and 2rG = f?/~. Using the formalism developed in the present paper, we can propose a
generalized model of colloid particles at a fluid interface of the form

5 =17 {22 wpG) - v+ Ul 4 V- VT RID]. Q09

In the case of short-range interactions (or in the limit of strong screening A — 0), we can make the
approximation U = (fA?/v)p + (fA'/7)Ap as in Section 6, and we get the generalized stochastic
Cahn-Hilliard equation

op {g<p) RS S

Rl o VAP -AUCAR v & L2 —
5 — LV P [V (p) S pVp

PV (Ap) — fpVUext} } +V- [m R(r, t)} . (210)

8.3. Superconductor of Type-I11

Zapperi et al. [74] have introduced a model of disordered superconductors of type II. In an infinitely
long cylinder, flux lines can be modeled as a set of interacting particles performing an overdamped
motion in a random pinning landscape. The equation of motion for each flux line 7 can be written as

dI'i
r—-= Zj:J(ri ;) + Zp: G (R, — 1;)/1] + V/2TkpTR; (1), (211)
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where the effective viscosity can be expressed in terms of material parameters as [' = ®qH o /p,c?.
Here, @, is the magnetic quantum flux, c is the speed of light, p,, is the resistivity of the normal phase,
and H., is the upper critical field. The first term on the right hand side of Equation (211) represents
the vortex-vortex interaction. It is given by J(r) = [®2/(87\%)| K (|r|/\)t, where the function K is
a Bessel function decaying exponentially for |r| > A, and ) is the London penetration length. The
interaction is repulsive. The second term on the right hand side of Equation (211) accounts for the
interaction between pinning centers, modeled as localized traps, and flux lines. Here G is the force due
to a pinning center located at R, [ is the range of the wells (typically [ < A\),and p = 1, ..., N, (N, is
the total number of pinning centers). We shall regard this term as a (given) external force deriving from
a potential U,,;. Finally, the last term in Equation (211) is an uncorrelated thermal noise.
The mean field Smoluchowski equation associated with Equation (211) is

0
8—? =V - (kgTVp + pVU + pVUax), 212)
1 P2
AU — —U=——L9, 21

Vol e @13
Apart from a redefinition of the parameters, these equations are equivalent to the screened
Smoluchowski-Poisson system (see Section 8.1). We have the correspondences £ = I', & = U,
k* = 1/)%, and 217G = —®3/(4\?). Using the formalism developed in the present paper, we can

propose a generalized model of superconductors of type II of the form

Op _ 9(p)

ro;=V- S [VP(p) + pV(U + Uex) ¢ + V- |/ 2T Tg(p) R(r, 1) | . (214)

In the case of short-range interactions (or in the limit of strong screening A — (), we can make the
approximation U = (®3/4)p + (A\*®3/4)Ap as in Section 6, and we get the generalized stochastic
Cahn-Hilliard equation

9 _y. {@ [VP(/)) + 1c1>3pvp + ;l)\%)ng(Ap) + pVUext] } +V- [\/Wg(p)R(r,t)] .

ot 4
(215)

For simple systems where P = pkgT and g(p) = p, and when the term (A\2®2/4)Ap is neglected in the
expansion of U (see Section 7), as well as the noise term, we recover the equation
dp

1
Fa =V (Z—l@gpvﬂ + pVUext) + kBTAp (216)

considered by Zapperi et al. [74]. Andrade et al. [75] discussed this equation in the framework of
Tsallis generalized thermodynamics. However, as clarified in Section 7.2, the relation with generalized
thermodynamics is here purely effective, or coincidental, since the system is fundamentally described by
Boltzmann’s thermodynamics.
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8.4. Dynamical Theory of Nucleation

Lutsko [76] has developed a dynamical theory of nucleation based on fluctuating hydrodynamics
appropriate to colloids and macro-molecules in solution. The starting point of his theory is the stochastic
Smoluchowski equation for Brownian particles in interaction derived in [15,52]. It can be written as

8p 0B
= =DV ( VV) v [\/2DpR(r,t)] , 217)

where p(r,t) is the local density field, D is the tracer diffusion constant for the large molecules in
solution, F'[p] is the free energy which is a functional of the local density (see Appendix C), 5 = 1/kgT
where T is the temperature, and R(r, ¢) is a delta-correlated white noise. Equation (217) is equivalent
to the generalized stochastic Smoluchowski equation (92) with a normal mobility. Using the theory
developed in the present paper, we can propose a generalized model of nucleation of the form

dp

=DV (g() 5§p) [WR ] (218)

involving a density-dependent mobility. For short-range interactions, we obtain the generalized
stochastic Cahn-Hilliard equation of Section 6.

8.5. Chemotaxis of Bacterial Populations

Keller and Segel [77] have introduced a simple mathematical model to describe the chemotaxis of
bacterial populations. It consists in two coupled differential equations

0
o = V- (DVp—xpVo), (219)
O~ Dae—kethp, (220)

that govern the evolution of the density of bacteria p(r,¢) and the evolution of the secreted chemical
c¢(r,t). The bacteria diffuse with a diffusion coefficient D and they also move along the gradient of
the chemical (chemotactic drift). The coefficient y is a measure of the strength of the influence of the
chemical gradient on the flow of bacteria. The interaction can be attractive (x > 0) or repulsive (xy < 0).
On the other hand, the chemical is produced by the bacteria with a rate h and is degraded with a rate
k. Tt also diffuses with a diffusion coefficient D.. Equations (219)—(220) can be derived from N-body
stochastic Langevin equations in a mean field approximation (see [78] and Appendix A of [79]). If we
take fluctuations into account, we obtain the stochastic KS model

dp

ot
introduced by Chavanis [18]. When the diffusivity of the chemical D, is large, the term Oc/Jt in
Equation (220) can be neglected. In the case where there is no degradation of the chemical (k = 0),

— V- (DVp— xpVe) + V- [\/21) R(r ] 221)

writing h = AD, and taking the limit D, — +oo with A = O(1), we get the modified Poisson equation
(see Appendix C of [79]):

Ac=—=Xp—7)- (222)



Entropy 2015, 17 3238

The concentration of the chemical is given by a Poisson equation which incorporates a sort of
“neutralizing background” played by the term —p. We now consider the case of a finite degradation
rate (k # 0). Writing h = AD, and k = k3 D,, and taking the limit D, — +o00 with A\ = O(1) and
ko = O(1), we get the screened Poisson equation (see Appendix C of [79]):

Ac — k‘gc = —\p. (223)

The interaction is shielded on a typical distance k; 1 [42]. The Keller-Segel equations (219)-(223)
are isomorphic to the Smoluchowski-Poisson equations (199)-(203) governing the evolution of
self-gravitating Brownian particles. In this analogy, the concentration c(r,t) of the chemical plays
the same role as the gravitational potential ®(r,¢). We note that the field equation (220) in the KS
model is more complicated than the Poisson equation (200) in the original SP system. When the term
dc/0t is taken into account in Equation (220), the proper expressions of the free energy and of the
H-theorem are given in [46] and in Appendix E of [79]. On the other hand, in the framework of the KS
model, it is possible to rigorously justify the modified Poisson equation (222) and the screened Poisson
equation (223) that were introduced heuristically in the SP system (see Section 8.1). As a result, the KS
model admits spatially homogeneous distributions while the original SP system does not. As emphasized
in [63], this removes the so-called Jeans swindle [80] appearing in astrophysics.

Using the formalism developed in the present paper, we can propose a generalized model of
chemotaxis of the form

0
a_§ — V- [Dh(p)Vp — xg(p)Ve] + V - [\/2Dg JR(r ] (224)

In the case of short-range interactions (i.e., for a strong degradation of the chemical k2 — +00), we can
make the approximation ¢ = (A\/k2)p + (\/kj)Ap as in Section 6, and we get the generalized stochastic
Cahn-Hilliard equation

W_v. Dh(pw,o—z—gg@)w—;—fg( >v<Ap>] +v- [VIDgRE0].  @29)

Remark 10. As emphasized in [46], the chemotaxis of bacterial population is an important physical
model described by generalized stochastic FP equations. It is associated with a notion of generalized
thermodynamics because, in the case of complex systems (like those occurring in biology), the
coefficients of diffusion and drift depend on the density. This is an heuristic approach to take into
account microscopic constraints that affect the dynamics of particles at small scales and lead to
non-Boltzmannian equilibrium distributions. Indeed, it is not surprising that the mobility or the diffusive
properties of a bacterium depend on its environment. For example, in a dense medium, its motion can be

hampered by the presence of the other bacteria so that its mobility is reduced.

8.6. Application to 2D Turbulence

Two-dimensional turbulence has the striking property of organizing spontaneously into long-lived
coherent structures (vortices or jets) [81]. A statistical theory of 2D turbulence has been developed by
Miller [82] and Robert and Sommeria [83] for isolated systems. We consider here the case where the



Entropy 2015, 17 3239

system is forced at small scales and follow the heuristic approach of Ellis ef al. [84] complemented by
Chavanis [85-88]. We assume that the small-scale forcing is encoded in a prior vorticity distribution
X (o). This prior vorticity distribution determines a generalized entropy of the form [87]:

i@ = — / C(@)dr, (226)

with B
c@) =~ [ )] (o) @27
where y(E) = f_Jr;o x(c)e 7P do. Explicit examples of prior vorticity distributions, and of the

corresponding generalized entropies, are given in [85-88]. For example, when the prior vorticity
distribution is a Gaussian, x(c) = (2m€)~/2exp(—c?/2Q,), the generalized entropy is proportional to
minus the enstrophy S = —(1/2%) [@? dr (see [87] and Section 5 of [88]). The functional S[w] has
the status of an entropy in the sense of the theory of large deviations [84]. Indeed, the probability of the
coarse-grained vorticity field w(r) at statistical equilibrium is given by

Pw] « e"Fl§(E[w] — E)§(T[w] - T), (228)
where E[w] = 5 [Wy dr and I'[w] = [ @dr are the energy and the circulation that are approximately
conserved by the flow (robust constraints), v is the stream function that is related to the vorticity @
by the screened Poisson equation Ay — )/ R?* = — where R is the Rossby length, and ¢ = 1/n is
a small number that measures the importance of fluctuations. According to Equation (228), the most
probable vorticity field (r) at statistical equilibrium is the one that maximizes the generalized entropy
(226)—(227) at fixed energy and circulation. Writing the variational problem in the form 6S — S0 F —
adl' = 0 where [ (inverse temperature) and « (chemical potential) are Lagrange multipliers, we find
that the coarse-grained flow at statistical equilibrium is given by

A =T = () (56— a). (229)
This is the fundamental mean field equation of the statistical theory of 2D turbulence. This equation
must be solved for a given C, and the Lagrange multipliers « and 5 must be related to the constraints
[ and E. One must select only stable states (entropy maxima, not minima or saddle points). If several
stable states exist for the same values of the constraints, one must compare their entropy to distinguish
fully stable states (global entropy maxima) from metastable states (local entropy maxima). One can then
study phase transition from one state to the other by changing the values of the robust constraints (I", F).
The previous treatment corresponds to the microcanonical ensemble (MCE) where the energy and the
circulation are fixed. We can also consider the canonical ensemble (CE) where the temperature and the
circulation are fixed. In the canonical ensemble, the probability of the coarse-grained vorticity field w(r)
at statistical equilibrium is given by

P[] o< e"’Bl§(T@] — T), (230)

where J[w] = S[w] — SE[w] is the generalized free energy. According to Equation (230), the most
probable vorticity field (r) at statistical equilibrium in the canonical ensemble is the one that maximizes
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the generalized free energy at fixed circulation. We note that the free energy J differs from the usual
free energy F' = E — T'S by a factor —(3. The inverse temperature 3 can be positive or negative in
2D turbulence [72]. As a result, the equilibrium state always corresponds to a maximum of .J while it
corresponds to a minimum of F' when > 0 and to a maximum of F' when 5 < 0.

We can finally consider the grand canonical ensemble (GCE) where the temperature and the chemical
potential are fixed. In the grand canonical ensemble, the probability of the coarse-grained vorticity field

w(r) at statistical equilibrium is given by
P[] o "¢, (231)

where G[w] = S[w] — fE[w] — al'[w] is the generalized grand potential. According to Equation (231),
the most probable vorticity field w(r) at statistical equilibrium in the grand canonical ensemble is the
one that maximizes the generalized grand potential (without constraint).

We note that the critical points of these different maximization problems (microcanonical, canonical,
and grand canonical) are all given by Equation (229). However, the stability of the solutions (whether
they are true maxima or saddle points of the thermodynamical potential) may differ because the
ensembles can be inequivalent [84,89]. In [89], we have introduced different types of relaxation
equations associated with these maximization problems. Although being phenomenological, these
equations may describe the dynamical evolution of the system towards equilibrium. In any case, they
can be used as numerical algorithms to compute the statistical equilibrium state and guarantee that we
have selected a stable solution among all the solutions of Equation (229). When the system possesses
several stable equilibrium states, the choice of equilibrium depends on a notion of basin of attraction.

In MCE, where the energy and the circulation are fixed, we have proposed to describe the relaxation
of the system towards statistical equilibrium by an equation of the form

0w - _ B
utad . =VvV-<¢D 232
© uwve=v { [vw+C,,<w)va, (232)
with
DVw -V dr
Blt) = — / L o (233)
f DCT(E) dr
We have also proposed the alternative equation
o
S +u- Ve = —[C'@) + B(t) + alt)], (234)
where the coefficients «(t) and 3(t) are determined by the system of linear equations
(C'@) + pOW*) +at) () = 0, (235)

(C'@)) + B(1)() +a(t)A = 0, (236)

where (X) = [ X dr and A is the domain area. By construction, these equations conserve the energy and
the circulation and increase the generalized entropy until the equilibrium state is reached (H-theorem).
In CE, where the temperature and the circulation are fixed, we have proposed the relaxation equation

owm P
E—ku-Vw—V-{D{VowFC”—(w_)V@D}}. (237)
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This equation is similar to the generalized Smoluchowski equation. It can be rewritten as

ow D 0J
- Vo=-V- — 238
gr TUVE=TV {O"(w) 5@} ’ (238)
where J = S — S F is the generalized free energy. We have also proposed the alternative equation
ow _ /i
E+U~Vw: —[C'(@) + By + aft)], (239)

where the coefficient () is determined by
(C'(@)) + B{Y) +a(t)A =0, (240)

These equations conserve the circulation and increase the generalized free energy until the equilibrium
state is reached (H-theorem).

In GCE, where the temperature and the chemical potential are fixed, we have proposed the relaxation

equation
0
S +u- Vo= —[0'@) + B +al. (241)
It can be rewritten as % 5C
w0
U — 242
T +u-Vw D (242)

where G = S— [ FE—al is the generalized grand potential. This equation increases the generalized grand
potential until the equilibrium state is reached (H-theorem). Equation (241) or (242), first introduced
in [89], has been recently considered by other authors [90]. It is based on the maximization of a
functional G[w], interpreted as an energy-Casimir functional [89], with no constraint (GCE). However,
it may be important to take into account the conservation of energy and circulation, so the relaxation
equations (232)—(240) in CE and MCE are also useful.

We now propose to take fluctuations into account by applying the general results of this paper. In
MCE, Equation (232) is replaced by

ow _ _ B 2D
- . =VvV-<D . R(r,t)| . 243
5 +u- Vo=V { {Vw + @) Viﬁ} } +V W) (r, )] (243)
On the other hand, Equation (234) is replaced by
ow _ S 2
En +u-Vw=—[C'w)+ B(t)Y+ at)] + EC(r,t). (244)
We explicitly see on these expressions that ¢ = 1/n is a measure of the strength of the noise
(fluctuations). In CE, Equation (237) is replaced by
ow 6] 2D
— -Vwo=V.-¢D |Vw . R(r,t)| . 245
5 +u-Vw { [Vw+ C"(w)wb] } +V nC (@) (r, )] (245)

This equation is similar to the generalized stochastic Smoluchowski equation. It can be rewritten as

2D g, t)] | (246)

ow _ D _dJ
—+u~Vw——V-{—V }—FV- O (@)

ot C"(@)  bw
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On the other hand, Equation (239) is replaced by

ow 2
a—j +u-Vw=—[C'"w) + Y+ at) + \/;C(r, t) (247)
Finally, in GCE, Equation (241) is replaced by
ow _ o 2
E—l-u-Vw:—[C (w)+ﬁw+a]+\/;((r,t). (248)

It can be rewritten as

0w _sGq 2
% vz \/;qr,t). (249)

In the limit of short-range interactions (i.e., for a small Rossby radius & — 0), we can replace ¢
by ¢ = R?» + R*Aw in the foregoing equations (see also [85]) and obtain generalized stochastic
Cahn-Hilliard and Ginzburg-Landau equations similar to those described in Section 6 and in Appendix B.

We note that for a Gaussian prior vorticity distribution, leading to a generalized entropy proportional
to minus the enstrophy (C(w) = w?/2),) [88], the noise term in Equations (243), (245) and (246) is
independent on the vorticity since C”(w) = 1/, is a constant.

When the system possesses different stable equilibrium states for a given entropy S, these stochastic
equations describe random transition from one state to the other, similarly to the study of [47]. For a
recent application of this type of stochastic equations in 2D geophysical flows, see [90]. However, the
real problem of forced 2D turbulence is more complicated [91] because, in general, we do not know the
entropy S a priori. This is due to the fact that the 2D Euler equation admits an infinity of conserved

quantities (Casimirs) .

9. Conclusion

We have introduced a new class of generalized stochastic Fokker-Planck equations associated with
a notion of generalized thermodynamics. These equations take into account small-scale constraints,
long-range interactions, and fluctuations. In the case of short-range interactions, they reduce to
generalized stochastic Cahn-Hilliard equations. While these equations are very rich, they have not
been studied in great detail until now. In the absence of forcing, they reduce to generalized mean
field Fokker-Planck equations. They display a rich variety of phase transitions between different types
of solutions as we change the control parameter (e.g. the temperature). Furthermore, they can relax
towards metastable states with very long lifetimes that are as much, or even more, relevant than fully
stable states. The selection between a metastable or a fully stable state depends on a complicated notion
of basin of attraction. In the presence of forcing, these generalized stochastic Fokker-Planck equations
exhibit random transitions from one state to another, as illustrated in [47]. The applications of these
equations are huge, including self-gravitating Brownian particles, colloid particles at a fluid interface,
superconductors of type II, nucleation, the chemotaxis of bacterial populations, and two-dimensional
turbulence.

Until now, systems with long-range interactions and generalized thermodynamics have been studied

by different communities (see, for example, the references in the books [10] and [19]) with, sometimes,
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violent polemics between them. The present contribution tries to make the link between these two
topics by showing how a class of generalized Fokker-Planck equations can describe complex systems
experiencing both small-scale constraints (generalized thermodynamics) and long-range interactions.

A. Application of the Landau-Lifshitz Theory of Fluctuations

In this Appendix, we derive the generalized stochastic Smoluchowski equation (90) from the theory
of fluctuations developed by Landau and Lifshitz (see Chapter XVII in [51]).

We write the equation for the density in the conservative form

dp
F__v. 2
5 V-J, (250)
where J is the current
1 oF
J=—- V— — t (251)
F()V —ale1)

The first term in Equation (251) is the deterministic Smoluchowski current (see Equation (50)) and the
second term is a stochastic term that takes fluctuations into account. The problem at hand consists in
characterizing the stochastic term q(r,¢). In order to use the general theory of fluctuations [51], we
divide the fluid volume in small elements AV and take the average of each quantity in each element.
The continuum limit AV — 0 will be performed in the final expressions. Equations (250) and (251)

correspond to the equations

ta=— ) Y Xo + Yo (252)

b
of the general theory [51] provided that we make the identifications =, — —.J, and y, — q.. The X, can
be obtained from the expression of the rate of production of entropy. In fact, since we are working in the
canonical ensemble, the proper thermodynamical potential is the free energy F' = E' — T'S. Taking the

time derivative of the free energy functional, using Equation (250), and integrating by parts, we obtain

oF
/ V— - Jdr. (253)

op
Note that for g = 0 (no noise) we recover the appropriate form of the H-theorem valid in the canonical

ensemble
: 1 SF\?
F=—1{g4(p) (V—> dr <0. (254)
3 op

If we replace the integral in Equation (253) by a summation on AV, we obtain
F=>" V— JAV. (255)
According to the general theory [51], we must also have

F =kgT Z X, iy (256)
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Comparing Equation (255) with Equation (256), we find that the X, are given by

0F\ AV
Xo = =V (6_p> T (257)

It is now easy to find the expression of the coefficients ~,;, that appear in Equation (252). Comparing
Equations (251), (252) and (257), we find that

_ ksTg(p)

ab — 0 f b 7 aa — = A xr * 258
Vab (if az0); 7 NG (258)
Now, the general theory of fluctuations [51] gives
(Wa(t1)ys(t2)) = (Vab + Yoa)O(t1 — t2). (259)
Therefore, the correlation function of the stochastic field ¢(r, t) satisfies
(4alr. g5, 1)) =0 (if T#1), (260)
2kgTg(p)
o, t)) = — L0050 (t — t'). 261
(aalr as(x, 1)) = =g 0usd (0~ 1) Q61)
Taking the limit AV — 0, we can condense the above formulae under the form
2kpT
(qa(r, t)gs(r', 1)) = %Maaﬁa(t —")o(r —1'). (262)

This leads to the expression of the stochastic term appearing in Equation (90).

B. Stochastic Ginzburg-Landau and Cahn-Hilliard Equations

In this Appendix, we recall the stochastic Ginzburg-Landau equation and the stochastic Cahn-Hilliard
equation in order to emphasize the analogies and the differences with the stochastic equation (135)—(137)
introduced in this paper.

The stochastic Ginzburg-Landau equation for model A (non-conserved dynamics) [55] writes

6% = —(;—1: + V/28kpT((r, 1), (263)

where ((r,t) is a one-dimensional Gaussian white noise. F'[p| can be an arbitrary functional of p, but it

is usually written in the form

Flp] = / B(vpmwp)} dr. (264)

The potential V' (p) can also be arbitrary, but it is oftentimes replaced by its normal form close to a critical
point according to the Landau theory of phase transitions. For a functional of the form of Equation (264),

the stochastic Ginzburg-Landau equation can be rewritten as

dp

5 Ap —=V'(p) + /26kpT((r,1). (265)
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In the absence of noise, this equation satisfies an H-theorem:

0F dp oF
dr dr < 0. 2
- [ 5= ( ) =0 (260)
The equilibrium state is given by
oF

In the presence of noise, the FP equation for the probability density P[p, t] of the density field p(r, ) at

§ OF ,
825 [p,t] /6 1) {[ %—F%} P[p,t]} dr’. (268)

Its stationary solution is

time ¢ is

Plp] = %Q_EFM. (269)

The stochastic Cahn-Hilliard equation for model B (conserved dynamics) [55] writes

g;’ +\/26ksTV - R, (270)

where R(r, ) is a d-dimensional Gaussian white noise. We note that M = [ pdr is conserved. For a
functional of the form of Equation (264), Equation (270) can be rewritten as

5—: A(Ap—V'(p)) + /26kpTV - R. 271)
In the absence of noise, this equation satisfies an H-theorem:
6F dp 1 SF\?
dr = —— V— | dr <O0. 272
=[5 = ( ) re ¢

The equilibrium state is given by

5F ,
5=V = 73)

where 1 is a constant. In the presence of noise, the FP equation for the probability density P|p, t| of the
density field p(r, t) at time ¢ is

5 OF ,

Its stationary solution is

Plp| = ——e PEVIs(M[p] — M). (275)
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C. Long and Short-Range Interactions

The generalized FP equation (42) can be introduced phenomenologically by allowing the diffusion
coefficient and the mobility of the particles in the usual FP equation to depend on the local density
[45,46]. It can also be derived from a kinetic theory in which the transition probability from one site to
another depends on the occupancy of these sites (see [24] and Section 2.11 of [46]). In this Appendix,
we show that the generalized Smoluchowski equation (71) can also be derived from the dynamic density
functional theory (DDFT) used in the theory of simple liquids when the particles experience short-range
interactions [92]. In that case, the nonlinear pressure is due to the correlations induced by the short-range
interactions, and the drift is due to the long-range interactions. We expose here only the main arguments
and refer to [93] and to Appendix C of [62] for a more detailed discussion.

We consider a system of N Brownian particles in interaction described by the coupled stochastic
equations (1). The evolution of the N-body distribution function is governed by the N-body
Smoluchowski equation (3) and the evolution of the one-body distribution function is given by
Equation (35). This equation is exact but it is not closed. For a system with purely long-range
interactions, we can make the mean field approximation and obtain the mean field Smoluchowski
equation (36). More generally, we assume that the potential of interaction « is the sum of a long-range
potential uyz and a short-range potential ugsg, so that u = upr + usg. Concerning the long-range
potential, we make the mean field approximation ps(r,r’,t) = p(r,t)p(r’, t) leading to

/pg(r, v’ ) Vurg(|r — 1'|) dr’ = p(r, t)VO(r, t), (276)

where ®(r, t) is the mean field potential defined by Equation (13) with u replaced by uy . To evaluate
the integral corresponding to the short-range interactions, we use an approximation that has become
standard in the DDFT of fluids [92] and take

§F.,
dp

/ o1, ) Vugn(lr — ) dr’ = p(r, )V L [p(r, 1)), @77

where I [p] is the excess free energy calculated at equilibrium. Equation (277) is exact at equilibrium
(see, e.g., [93]), and the approximation consists in extending it out-of-equilibrium with the actual density
p(r,t) calculated at each time. This closure is equivalent to assuming that the two-body dynamic
correlations are the same as those in an equilibrium fluid with the same one-body density profile. With
the approximations (276) and (277), Equation (35) becomes

8p_ k’BT 5Fex

+pV®), 278)

where we have used the Einstein relation (2).
If we assume that the excess free energy F, depends only on the density (and on the temperature 7'
that is fixed in the canonical ensemble), we can write

kgT OF oy
b Vp+ pV
op

= VPy+ VP = VP(p), (279)

m
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where Pq4(r,t) = p(r,t)kgT/m is the ideal gas law, P,, = P (p) is the excess pressure due to
short-range interactions, and P = P4 + P,y is the total pressure given by a barotropic equation of state
P = P(p). Substituting Equation (279) in Equation (278), we obtain the generalized Smoluchowski
equation

o
ot

In this approach, the long-range interactions generate a mean field term pV® and the short-range

V. (VP +pVd). (280)

interactions generate a nonlinear pressure term V P. For ideal systems without short-range interactions
(Fex = 0), the pressure reduces to the perfect gas law P = pkgT'/m, and we recover the mean field
Smoluchowski equation (37).

We conclude on a subtle issue (see [93] for more details). The generalized Smoluchowski equation
can be obtained from the generalized Kramers equation in a strong friction limit [46,94]. The generalized
Kramers equation arises from the existence of small-scale constraints in velocity space. In that case, the
velocity distribution of the particles is non-Boltzmannian and gives rise to a nonlinear pressure in the
Smoluchowski equation. In the DDFT theory presented in this Appendix, the velocity distribution of the
particles is Boltzmannian and the nonlinear pressure arises from the correlations due to the short-range
interactions. Finally, in the approach developed in the main part of this paper, the velocity distribution
of the particles is Boltzmannian and the pressure comes from small-scale constraints in position space.
These remarks, that will be developed elsewhere [49], show that the generalized Smoluchowski equation

can have different physical justifications and interpretations and can be derived in different manners.
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