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Abstract:

 Suppose we allow a system to fall freely from infinity to a point near (but not beyond) the horizon of a black hole. We note that in a sense the information in the system is already lost to an observer at infinity. Once the system is too close to the horizon it does not have enough energy to send its information back because the information carrying quanta would get redshifted to a point where they get confused with Hawking radiation. If one attempts to turn the infalling system around and bring it back to infinity for observation then it will experience Unruh radiation from the required acceleration. This radiation can excite the bits in the system carrying the information, thus reducing the fidelity of this information. We find the radius where the information is essentially lost in this way, noting that this radius depends on the energy gap (and coupling) of the system. We look for some universality by using the highly degenerate BPS ground states of a quantum gravity theory (string theory) as our information storage device. For such systems one finds that the critical distance to the horizon set by Unruh radiation is the geometric mean of the black hole radius and the radius of the extremal hole with quantum numbers of the BPS bound state. Overall, the results suggest that information in gravity theories should be regarded not as a quantity contained in a system, but in terms of how much of this information is accessible to another observer.
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1. Introduction

If an object falls through the horizon of a black hole then one seems to lose its information, at least from the viewpoint of an observer at infinity. But in some considerations of black hole physics, one argues that the physics outside the horizon is complete by itself, and one need never think about the interior of the hole. The idea of black hole complementarity is one such situation, where one assumes that the infalling observer would get destroyed at the horizon (and have his information re-radiated to infinity); it is only in a second complementary description that he falls through the horizon [1–7]. Some have argued that matter never falls into black holes because of its ever increasing redshift [8], or that the backreaction of Hawking radiation may be severe enough to prevent a shell from falling through its horizon [9,10]. In string theory one finds that black hole microstates do not have regular horizons; instead they are “fuzzballs” [11–19]. In such situations, one may think that the information in an infalling bit would be preserved until the infalling object reaches the horizon (or the surface of the fuzzball). However, as we will note below, the information in the bit is essentially lost to the observer at infinity before the system reaches the horizon. We perform the following computations to support this observation:


	Suppose the infalling observer tries to send his information out to infinity before he crosses the horizon. If he has fallen to a point [image: there is no content] that is close to the horizon, then he is travelling very fast inwards, and will thus need to emit a very energetic photon backwards in order to carry the needed information to infinity. This photon will be redshifted as it climbs out of the potential well at [image: there is no content], and reaches infinity with a low energy [image: there is no content]. If [image: there is no content], where T is the temperature of the hole, then we cannot decode the data in the photon because it cannot be distinguished from the bath of Hawking radiation [20,21] being emitted by the hole. This requirement gives us a minimum mass m that the infalling observer must possess in order to send reliable information out to infinity. Equivalently, for a given mass m available to the observer, there is a critical value of the radius [image: there is no content] beyond which he cannot reliably send his information out to infinity, even though he has not crossed the horizon.


	The above was a very simple observation, and an immediate objection to this line of thought would be the following. Instead of having the infalling observer send his information out, we could just have the observer turn back (or be pulled back with a rope), and then we could observe the data in his bit back at infinity. However, if the infalling observer has reached a position [image: there is no content] then there is a minimum acceleration which he needs to maintain (for a certain time) if he is to avoid falling into the hole. This acceleration creates Unruh radiation [22], which will interact with his information carrying bit and (with some probability) change its pure state to a state entangled with the radiation field. Thus we again fail to recover the information in the bit for the purposes of the observer at infinity. We find the critical distance [image: there is no content] from the horizon where the information is effectively lost this way; the result is



[image: there is no content]



(1)




where [image: there is no content] is the radius of the hole and [image: there is no content] is the energy gap in the 2-level system that we use to model our infalling observer. If we set the mass m in the estimate discussed in (a) to be [image: there is no content], then we find that the critical distances in the two cases are of the same order.


	In the above computation the probability that we flip the bit by Unruh radiation depends on the energy gap [image: there is no content] between the states of the 2-level system. (In principle we also have a dependence on the coupling [image: there is no content] between the system and the radiation field, but in writing (1) we have fixed [image: there is no content] and then taken the limit of close approach to the horizon; in this case the result becomes insensitive to [image: there is no content].) Such a dependence on the parameters of the system is of course a feature of all computations with accelerated detectors, but we would like to see if there are situations where one might obtain some universal results. To do this we should make our system from objects present in a full theory of quantum gravity, which we take to be string theory. One way to store a large amount of information with a low cost in energy is to use BPS brane bound states, which have a large degeneracy N for a given value of charges. If we put the system in one of these states then (in the absence of any disturbance) it would continue to be in that state, storing ln N bits of information.




To find the effect of acceleration on such a system, we first find the probability of excitation for a system with a dense set of excitation levels, relating the result to the absorption cross section [image: there is no content] for the system. Next, we note that for extremal brane bound states in string theory we get [image: there is no content], where [image: there is no content] is the horizon area of the extremal black hole that would have the mass and charges carried by the brane bound state. We then use these results in the computation of (b) above, to find the closest distance that our system can approach a large neutral hole and still be pulled back without creating an excitation on the system. We find that this critical distance from the horizon is



[image: there is no content]



(2)




where [image: there is no content] is again the radius of the black hole and [image: there is no content] is the radius of the extremal hole that carries the quantum numbers of the brane system.
In short, one finds that there are limitations on how well information can be preserved once a system falls into a strong gravitational potential. The computations of this paper indicate a few of the possible constraints; more exploration would be needed to see if there are universal expressions relating the energy available for encoding information, the information stored, and the depth of the gravitational potential well.

Many related directions have been explored in relating gravity and information. In [23–25] an accelerated bit was studied, and its state was seen to entangle with the field by an amount depending on the acceleration a. This computation is thus in the same spirit as the ones we are interested in, but our interest is in how close to a black hole a system can fall before the its information becomes hard to recover. Accelerated detectors and detectors falling into black holes have limits on what they can observe [26–28]. If we accelerate one member of an entangled pair then the entanglement is altered [29–33]. Hawking radiation effects affect entanglement as well [34]. The recoil of an accelerated detector emitting emitting radiation decoheres the emitted fluxes [35]. There has been considerable work on the validity of the second law in the context of black holes [36–40]. General reviews of entropy, black holes and information flow can be found in [41,42]. A good review of the Unruh effect is given in [43]. Acceleration radiation has also been studied in the holographic context [44–47].



2. Emitting Information Back to Infinity

Let us begin by examining the situation (a) listed in the introduction. Figure 1a shows a system falling from rest at infinity to a point [image: there is no content] near the horizon. We assume that this system carries some information, which it would like to send back out to infinity. Thus at the point [image: there is no content] the system emits an outgoing photon, as shown in Figure 1b. By momentum conservation, the rest of the system will get an inward kick. The total energy of the system is m, its rest mass. A simple computation shows that the energy of the outgoing photon is maximized when the ingoing part is also massless; in this case each of the two halves gets an energy [image: there is no content] in the local Lorentz frame moving with the infalling system.

Figure 1. (a) A system of mass m falls from rest at infinity to a point [image: there is no content] close to the horizon rH; (b) The system breaks into two parts so that it can send information back using a high energy photon, but this photon must have more energy at infinity than Hawking quanta in order to be distinguished from them.



[image: Entropy 17 04083f1 1024]





The outgoing photon will get redshifted by the time it reaches infinity, reaching infinity with some energy [image: there is no content]. If the information in this photon is to be useful, then we must be able to differentiate this photon from the photons emitted by the hole as Hawking radiation. Thus we need [image: there is no content], where T is the temperature of the hole.

This requirement sets a limit on how close to the hole the system can fall before it attempts to send its information back out. Let us compute this location in more detail.

We will consider black holes in D spacetime dimensions with metric



ds2=−fdt2+dr2f+r2dΩ2D−2



(3)




where


f=1−([image: there is no content]r)D−3



(4)




Consider a particle of mass m that falls in radially, starting from rest at infinity. Let [image: there is no content] be the proper velocity of the infalling particle; the nonzero components are [image: there is no content]. These components can be determined by the normalization condition



[image: there is no content]



(5)




and the conservation of energy


[image: there is no content]



(6)




Since we have taken the particle to fall from rest at infinity, we have [image: there is no content]. From Equation (5) and Equation (6) we get



Ut=1f,Ur=−1−f



(7)




When this particle falls to a radius [image: there is no content] we assume that it splits into two parts, with one part being a radially outgoing photon with energy [image: there is no content]. Let [image: there is no content] denote the energy of this photon in the local Lorentz frame moving with the infalling system at [image: there is no content]. Using energy and momentum conservation, we find that the largest [image: there is no content] is attained when the infalling part is also massless; in this case we get



[image: there is no content]



(8)




In the coordinates (3), the condition [image: there is no content] for the massless outgoing quantum gives



[image: there is no content]



(9)




We have



E^[image: there is no content]=−p[image: there is no content]aUa=p[image: there is no content]t[1+1−f([image: there is no content])]



(10)




where we have used Equations (7) and (9). Setting [image: there is no content] to [image: there is no content], we find for the conserved energy of the outgoing massless quantum


E[image: there is no content]=−p[image: there is no content]t=f([image: there is no content])p[image: there is no content]t=mf([image: there is no content])2[1+1−f([image: there is no content])]≈m4f([image: there is no content])



(11)




where the approximation in the last step holds for [image: there is no content] close to [image: there is no content]. Let us require that [image: there is no content] equal T, where T is the temperature of the hole. Then we get m4f([image: there is no content])≈T, which gives


[image: there is no content]−rH[image: there is no content]≈4T(D−3)m



(12)




Noting that [image: there is no content], we see that



[image: there is no content]−rH∼1m



(13)




As an example, consider the Schwarzschild hole in 3+1 dimensions with mass M. If we take [image: there is no content], then (12) gives [image: there is no content]. With a little more effort we could investigate the fidelity of the returned information sent as a function of m; we hope to return to such an investigation elsewhere.



3. Unruh Radiation Felt by a Returning System

Now we consider the process (b) discussed in the introduction. We saw above that once a system falls too close to the horizon, it does not have enough energy to send out information reliably. However, since the observer at infinity has an arbitrary amount of energy at his disposal, it would seem that he can use an external device to pull the infalling system back to infinity, and then decode the state of the system at leisure.

But this method of retrieving information also meets with a difficulty. The infalling system gathers a large inward velocity by the time it falls close to the horizon. To turn it back and bring it to infinity we have to provide an acceleration, and thus any information carrying bits in the system will interact with the Unruh radiation resulting from this acceleration. The near horizon region of the black hole is just Rindler space, so we can study the kinematics of accelerating observers in the simpler setting of Rindler space. We observe that if we provide too low an acceleration, the system will just continue with its large inward velocity and fall past the horizon. If we provide a very large acceleration, then we will be able to extract the system back to infinity, but the large acceleration will very likely change the state of the information carrying bit due to the interaction with Unruh radiation.

We should therefore proceed in the following steps. In Equation (7) we have already found the radial velocity attained by the system as it falls to a position [image: there is no content], starting from rest at infinity. Suppose at this point we decide to start bringing the system back. We switch to local Rindler coordinates for the near horizon geometry to make the computation simpler. There are an infinite number of possible paths that we could use, and in principle we should investigate all of them and find which one leads to the smallest probability P for excitation of the system. While this could be done in principle (perhaps numerically), here we will content ourselves with looking at a 1-parameter family of paths, which maintain a constant acceleration a from the time the particle is at the radius [image: there is no content] (with proper velocity [image: there is no content]), to the time when we bring it back to [image: there is no content] with the opposite velocity [image: there is no content]. We then let the system escape back to infinity, in a reverse of the initial free fall motion. The free parameter is the acceleration a. The value of a determines the proper time [image: there is no content] for which we will have to maintain the acceleration. The probability of excitation is [image: there is no content] where the probability of excitation per unit time Γ is given in terms of a by the standard computation of the excitation rate for accelerating detectors.

The limit [image: there is no content] describes a sudden reflection of the radial velocity; in this limit [image: there is no content] will go to zero but the net effect of the large acceleration may disturb the system significantly. If a is chosen too small, the system will just fall through the horizon. If we choose a to be just large enough that the system does not fall in, then the system will stand near the horizon with constant acceleration for a diverging amount of time, and again the system will be significantly affected. Thus we have to find the optimal acceleration a (and the corresponding time [image: there is no content]), which gives the minimal probability of excitation for the system.

We let the infalling system be a 2-level system, where the two states are separated by an energy gap [image: there is no content]. We can store one bit on information in this system, by choosing it to be in one of the two states. We assume that this system is coupled (with a coupling constant g) to a massless scalar field. We start with the system in the lower energy state, and compute the probability that the system gets excited to the upper state; if this happens then we have lost the information we had tried to keep in the system.

For [image: there is no content] the metric (3) describes Rindler spacetime



[image: there is no content]



(14)




where we have defined


tR=D−32rHt,rR=4rH(r−rH)D−3



(15)




and [image: there is no content] are the directions along the horizon surface.
Notation: We have used coordinates t, r etc for the original D dimensional metric (3). In the near horizon Rindler frame (14) we will let all variables carry a subscript R. The accelerated path segment begins and ends at [image: there is no content], and we will add a bar to all variables to denote their values at these endpoints. Thus U¯Rr=drRd[image: there is no content]([image: there is no content]R) is the proper velocity in the Rindler frame at the point [image: there is no content]R (we will pass through the point [image: there is no content]R twice, once when falling in and once returning, so we have to be careful to also specify the sign of [image: there is no content]). Finally, the acceleration in Rindler space will be written as



[image: there is no content]



(16)




since the variable [image: there is no content] will be more convenient than a.

3.1. The Path of the System in Rindler Space

We should first find the kinematics of the paths we consider. The system will be in free fall until the radius [image: there is no content]. This will be a point [image: there is no content]R in the Rindler coordinates (15). The radial velocity [image: there is no content] at [image: there is no content] will take a value [image: there is no content] in Rindler coordinates. The path of our system is described as follows (Figure 2):

Figure 2. The trajectory of the system in the [image: there is no content] plane. We have free infall until the position [image: there is no content], then a period [image: there is no content] of constant acceleration a, then free motion again out to infinity (along the reverse of the infall trajectory).
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	We have free fall to the point [image: there is no content]R (as mentioned above). At this point the radial velocity is URr([image: there is no content]R)=−|URr([image: there is no content]R)|


	We have a period of constant acceleration, with proper acceleration a, for a period of proper time [image: there is no content]. This brings the system back to the location [image: there is no content]R, with a velocity URr([image: there is no content]R)=|URr([image: there is no content]R)|


	The system flies (with no acceleration) along the reverse of the path in (i), reaching infinity with no velocity.




We now need to find the path with these properties in the Rindler coordinates (14).


3.1.1. Paths of Constant Acceleration

We first write down the paths with constant acceleration in Rindler space. (We will not write down the transverse directions [image: there is no content] in (14) in the following discussion.) Rindler spacetime is one quadrant of Minkowski spacetime; the latter is described by coordinates T, X with



T=rRsinhtR,X=rRcoshtR



(17)




A path at constant [image: there is no content] has a constant acceleration



[image: there is no content]



(18)




Such a path will be described by



T=rR1sinh[image: there is no content][image: there is no content],X=rR1cosh[image: there is no content][image: there is no content]



(19)




where τ is the proper time along the path (The proper time τ does not need a subscript R since it is the same in all frames). But constant [image: there is no content] paths are not the only trajectories with constant acceleration. The most general constant acceleration trajectory is given by shifting the constant [image: there is no content] path by a constant change in the Minkowski coordinate X


T=rR1sinh[image: there is no content][image: there is no content],X=rR1cosh[image: there is no content][image: there is no content]+b



(20)




(We will always shift T so that the point of minimum [image: there is no content] occurs at [image: there is no content].) The acceleration is still [image: there is no content]. The minimum value of [image: there is no content] along the path is



[image: there is no content]



(21)






3.1.2. Finding the Constant b

We wish to find a path of the form (20) that will pass through [image: there is no content]R with radial velocities ±|[image: there is no content]|. The acceleration [image: there is no content] is also chosen by us. Given these constraints, we wish to find b and thus determine the path followed by our system.

We have



rR2=X2−T2=rR12+b2+2brR1cosh[image: there is no content][image: there is no content]



(22)




Differentiating this gives [image: there is no content] sinh [image: there is no content]. Thus we find



URr([image: there is no content]R)=±b[image: there is no content]Rsinh[image: there is no content][image: there is no content]≡±U¯Rr



(23)




where [image: there is no content] is the value of the proper time at the initial and final points of the accelerating path segment.
Equation (23) gives one relation that relates b to the constraints on the path. Next, we write (20) by expressing T, R in Rindler coordinates



rR1sinh[image: there is no content][image: there is no content]=rRsinhtRrR1cosh[image: there is no content][image: there is no content]+b=rRcoshtR



(24)




The first of these equations gives



sinht¯R=[image: there is no content][image: there is no content]Rsinh[image: there is no content][image: there is no content]=rR1U¯Rrb



(25)




The second then gives



[image: there is no content]Rcosht¯R=[image: there is no content]R1+(rR1U¯Rrb)2=rR1cosh[image: there is no content][image: there is no content]+b=rR11+([image: there is no content]RU¯Rrb)2+b



(26)




which is


[image: there is no content]Rb2+(rR1U¯Rr)2=rR1b2+([image: there is no content]RU¯Rr)2+b2



(27)




This has the solutions (note that the squareroots in Equation (27) can take either sign)



b=0,b=[rR12+rR−2+2rR1[image: there is no content]R1+(U¯Rr)2]12,b=[rR12+rR−2−2rR1[image: there is no content]R1+(U¯Rr)2]12



(28)




The first solution gives a divergent [image: there is no content] from (23), so we discard it. The second solution gives b>rR1+[image: there is no content]R. However, we need to have the minimum value of [image: there is no content] to satisfy 0<rR,min<[image: there is no content]R (since [image: there is no content] is the horizon, and [image: there is no content]R is the point from which we started the accelerating segment of the path.) From Equation (21) we find



0<rR1+b<[image: there is no content]R⇒−rR1<b<[image: there is no content]R−rR1



(29)




Thus we cannot have the second solution, and we take



b=[rR12+rR−2−2rR1[image: there is no content]1+(U¯Rr)2]12



(30)




This determines the path, with acceleration [image: there is no content], passing through the point [image: there is no content]R, with proper velocities [image: there is no content].



3.1.3. The Proper Time of Acceleration [image: there is no content]

Finally, from (23) we find that the proper time along the accelerating segment is



Δ[image: there is no content]=2[image: there is no content]=2rR1sinh−1[[image: there is no content]RU¯Rr[rR12+rR−2−2rR1[image: there is no content]R1+(U¯Rr)2]12]



(31)




In this expression we should substitute the value of [image: there is no content], which is determined by the fact that we have free fall from rest at infinity to the point [image: there is no content]R. In the coordinates (3) we had |[image: there is no content]|=1−fEquation (7)). Converting to the Rindler frame using (15) we find



U¯Rr=[image: there is no content](D−3)([image: there is no content]−rH)1−f≈[image: there is no content](D−3)([image: there is no content]−rH)≈2rH(D−3)[image: there is no content]R



(32)




where we have used the approximations valid for [image: there is no content] close to [image: there is no content].



3.2. The Probability of Excitation

The probability of exciting the system from the lower level to the upper level is given by



[image: there is no content]



(33)




where [image: there is no content] is the probability for excitation per unit proper time along the accelerated path and [image: there is no content] is the time for which the system accelerates. In the usual computations of accelerated detectors one assumes that the acceleration persists for infinite time, and the rate [image: there is no content] is computed under this assumption. We on the other hand have acceleration only for a time [image: there is no content], and for the relation (33) to make sense we should have


[image: there is no content]



(34)




i.e., the acceleration should persist for a time much longer than the time scale set by the acceleration itself. However, we can see that (34) does hold in our physical problem, by performing a rough estimate of scales. Consider flat Minkowski space, and a particle which reverses its trajectory from [image: there is no content] to [image: there is no content]. Since [image: there is no content], we have [image: there is no content], and [image: there is no content]. However, [image: there is no content], so we get [image: there is no content]. Thus if the boost factor [image: there is no content] is much larger than unity (i.e., we reflect a fast moving particle) then (34) will be satisfied.
In our problem we can compute [image: there is no content] as follows. We write f([image: there is no content])≡f¯. From (7) we see that at the start of the acceleration we have [image: there is no content]. At the end of the acceleration we have [image: there is no content]. Then



[image: there is no content]



(35)




When we fall near the horizon [image: there is no content] then [image: there is no content], and we see that [image: there is no content]. So we see that particles that fall close to the horizon and then accelerate to escape will have an acceleration that satisfies (34). We can thus use the traditional computation of the excitation rate [image: there is no content] and multiply by [image: there is no content] to get P.

3.2.1. Rate of Excitation for an Accelerated Detector

Let us now compute [image: there is no content], the probability of excitation per unit time for an accelerated detector. This is a standard computation, but we outline the steps here so that we get the result in the notation that we have used.

The paths (20) are shifted versions of the basic path (19), and thus have the same acceleration. Thus to find the rate of excitation we can just focus on the constant [image: there is no content] paths (19) and find the excitation rate as a function of the location [image: there is no content] of the detector.

Let the lower energy state of the 2-level system be [image: there is no content] and the upper energy state be [image: there is no content]. The system interacts with a massless scalar field [image: there is no content] through the interaction Hamiltonian Hint=g[image: there is no content][image: there is no content]^, where the operator [image: there is no content] acts on the 2-level system. We write



g⟨Ψf|[image: there is no content]|Ψi⟩≡[image: there is no content]



(36)




The scalar field can be expanded in Rindler modes as



[image: there is no content]^=∑ω,k⊥[12ωe−iωtReik⊥⋅zRFω,[image: there is no content](rR)a^ω,k⊥+12ωeiωtRe−ik⊥⋅zRFω,∗[image: there is no content](rR)a^ω†,k⊥]



(37)




where [image: there is no content] are the transverse coordinates in (14). The functions F satisfy the equation


∂2F∂rR2+1[image: there is no content]∂F∂rR+[ω2rR2−k⊥2]F=0



(38)




and are thus given by [48,49]


Fω,[image: there is no content](rR)=2ωπsinh[πω]Kiω(k⊥rR)



(39)




where K is the modified Bessel function. The thermal state in each Rindler mode is given by a density matrix of the form


[image: there is no content]



(40)




where we have used the Rindler temperature given by [image: there is no content] from the metric (14).
Let the system be in the lower energy state [image: there is no content] before the acceleration. Consider the interaction with the mode [image: there is no content] which leads to the system getting excited to the state [image: there is no content]. The 2-level system moves along the path



[image: there is no content]



(41)




The proper time along the path is [image: there is no content]. The state [image: there is no content] evolves as [image: there is no content] from proper time −[image: there is no content] until [image: there is no content], at which point the system is excited to the state [image: there is no content] which evolves as e−iE2[image: there is no content] until the time [image: there is no content]. If the scalar mode is in the state [image: there is no content] before the acceleration, then after the acceleration we get



[image: there is no content]



(42)




where


A1=e−i(Ei+Ef)[image: there is no content]∫[image: there is no content]=−[image: there is no content][image: there is no content]d[image: there is no content](−i[image: there is no content])12ωneiΔE[image: there is no content]e−iω[image: there is no content][image: there is no content]Fω,k⊥(rR1)A2=e−i(Ei+Ef)[image: there is no content]∫[image: there is no content]=−[image: there is no content][image: there is no content]d[image: there is no content](−i[image: there is no content])12ωn+1eiΔE[image: there is no content]eiω[image: there is no content][image: there is no content]Fω,k⊥(rR1)



(43)




where [image: there is no content]. The probability of excitation is given by squaring the amplitudes. We have


|A1|2=|[image: there is no content]|2nπ2sinh(πω)[Kiω(k⊥rR1)]2[4sin2[(ΔE−ω[image: there is no content])[image: there is no content]](ΔE−ω[image: there is no content])2]



(44)




For large [image: there is no content] we have



[4sin2[(ΔE−ω[image: there is no content])[image: there is no content]](ΔE−ω[image: there is no content])2]→4π[image: there is no content]δ(ΔE−ω[image: there is no content])



(45)




The corresponding factor in A2 does not give a delta function since it describes a process where energy is not conserved; thus we ignore A2.
From Equation (40) we see that the sum over occupation numbers n is weighted by [image: there is no content], where [image: there is no content] normalizes the sum over weights to unity. Thus the factor n in Equation (44) leads to the sum



[image: there is no content]



(46)




The sum over [image: there is no content] gives



∫dD−2k⊥(2π)D−2→∫ΩD−3k⊥D−3dk⊥(2π)D−2



(47)




Thus we find that the probability of excitation under the acceleration in the interval [image: there is no content]=(−[image: there is no content],[image: there is no content]) is



P=∫dω∫ΩD−3k⊥D−3dk⊥(2π)D−2|[image: there is no content]|2π2sinh(πω)[Kiω(k⊥rR1)]24π[image: there is no content]δ(ΔE−ω[image: there is no content])1e2πω−1=4|[image: there is no content]|2ΩD−3[image: there is no content](2π)D−1rR1D−3e−πrR1ΔE∫0∞xD−3dx[KirR1[image: there is no content](x)|2



(48)




Since the total proper time of acceleration was 2[image: there is no content] we have for the probability of excitation per unit proper time



[image: there is no content]=P2[image: there is no content]=2|[image: there is no content]|2ΩD−3(2π)D−1rR1D−3e−πrR1ΔE∫0∞xD−3dx[KirR1ΔE(x)]2



(49)




We have



∫0∞xD−3dx[KirR1[image: there is no content](x)|2=π[image: there is no content][D2−1][image: there is no content][D2−1−irR1ΔE][image: there is no content][D2−1+irR1ΔE]4[image: there is no content][D2−12]



(50)




and


ΩD−3=2πD2−1[image: there is no content][D2−1]



(51)




We can simplify the expression for P for any given D by using the relations



[image: there is no content][1+ix][image: there is no content][1−ix]=πxsinh(πr),[image: there is no content][12+ix][image: there is no content][12−ix]=πcosh(πr)



(52)




We find in particular



[image: there is no content]D=4=|[image: there is no content]|2ΔE2π1e2πrR1ΔE−1[image: there is no content]D=5=|[image: there is no content]|2[14+(rR1ΔE)2]8πr2R11e2πrR1ΔE+1



(53)




where we see the alternation of Bose and Fermi factors [image: there is no content] as we change D [50–52].


3.2.2. Putting the Factors together

We can now collect together all the factors which give the probability of exciting our 2-level system when it is turned around in an accelerating trajectory. The probability of excitation is given by P = Γ∆τ, where Γ is the probability of excitation per unit proper time along the path of the system and ∆τ is the proper time for which the acceleration is maintained. Γ is given by Equation (49), where rR1 = 1/a sets the acceleration (Equation (18)). The factor ∆τ is given by Equation (31), where we need to put in the value of [image: there is no content] from Equation (32). Putting all this together, we get for the probability of excitation



p=|[image: there is no content]|22D−2πD−12[image: there is no content][D2−12]e−πrR1ΔE|[image: there is no content][D2−1+irR1ΔE]|2rR1D−4sinh−12rH/(D−3)rR12+[image: there is no content]R2−4(D−3)rR1rH



(54)




Here we have used [image: there is no content] in simplifying the expression for ∆τ; this inequality follows from (32) on noting that we are working for [image: there is no content]−rH[image: there is no content]≪1. Recall that rH is the radius of the black hole, ∆E is the energy gap in the system, and α measure the coupling of the system to the radiated scalar. These quantities are thus fixed for our problem. [image: there is no content]R is the position (in the Rindler frame) upto which we agree to let the system have free fall. At [image: there is no content]R the trajectory is changed to one with an acceleration [image: there is no content]=1/rR1. We now have to vary rR1 in Equation (54) till we find the value for which P, the excitation probability, is a minimum.

To perform the minimization, we note a few other simplifications that follow from our limits.


	Consider the square root rR12+[image: there is no content]R2−4(D−3)rR1rH that occurs in the argument of the sinh−1 function. The last two terms in the square root cancel when



rR1=(D−3)4[image: there is no content]R[image: there is no content][image: there is no content]R=(D−3)([image: there is no content]−rH)4rH[image: there is no content]R≪[image: there is no content]R



(55)




where we have used (15) to write the Rindler frame position



[image: there is no content]R=4rH([image: there is no content]−rH)(D−3)



(56)




in terms of the original black hole coordinate [image: there is no content], and in the last step we have used the fact that the point [image: there is no content] is close to the horizon. Thus we see that in the square root rR12+[image: there is no content]R2−4(D−3)rR1rH we can ignore [image: there is no content] Using Equation (56) in the argument of the sinh−1 function we write all quantities in terms of the original variables ( [image: there is no content]in the metric (3) rather than Rindler frame variables (rR1 may look like a Rindler quantity, but it is a parameter (equal to 1/a) that we are varying over, so there is no point in rescaling this variable).



P=|[image: there is no content]|22D−2πD−12[image: there is no content][D2−12]e−πrR1ΔE|[image: there is no content][D2−1+irR1ΔE]|2rR1D−4sinh−12rH/(D−3)([image: there is no content]−rH)−rR1



(57)





	Note that the argument of the sinh−1 function satisfies



rH/(D−3)([image: there is no content]−rH)−rR1≥1(D−3)[image: there is no content][image: there is no content]−rH≫1



(58)




where we have used the fact that we are looking at infall close to the horizon ([image: there is no content]−rH≪rH). However, for large x we can write



[image: there is no content]



(59)




and so we get



P=|[image: there is no content]|22D−1πD−12[image: there is no content]⌈D2−12⌉e−πrR1ΔE|[image: there is no content][D2−1+irR1ΔE]|rR1D−41n[4rH/(D−3)([image: there is no content]−rH)−rR1]



(60)





	Below we will encounter the minimization of a function of the form



∫=1xp1nQ1−x,Q≫1



(61)




where p is a positive number of order unity. It is easy to see that such a function is minimized for x=1−δ, with δ ≪ 1. We can expand f in terms of ln Q, ln ln Q,… etc. Working to order ln Q, we find that the minimum is at [image: there is no content]. This gives



[image: there is no content]



(62)




upto terms of order ln ln Q.







3.3. Minimizing P

Finally, we can turn to the task of choosing rR1 with the goal of minimizing the excitation probability P. It is helpful to consider two opposite limits of the variable [image: there is no content]−rH which determines how close to the horizon we allow the system to fall before starting the turnaround. These limits are (i) [image: there is no content]−rH≪(ΔE)−1 and (ii) [image: there is no content]−rH≫(ΔE)−1.


3.3.1. The case [image: there is no content]−rH≪(ΔE)−1

We imagine keeping all other parameters like α, ∆E, rH fixed while we take [image: there is no content]−rH→0. Note that from the argument of the log in Equation (60) we have rR1<([image: there is no content]−rH), so we also have [image: there is no content]. (In other words, if we fall close to the hole then we need a large acceleration a = 1/rR1 to escape.) Thus we set all factors [image: there is no content] in the expression (60) for P. We get



[image: there is no content]



(63)




where


C′=|α|([image: there is no content][D2−1])22D−1πD−12[image: there is no content][D2−12]1([image: there is no content]−rH)D−4,Q=4rH(D−3)([image: there is no content]−rH),x=[image: there is no content]([image: there is no content]−rH)



(64)




Since [image: there is no content]−rHrH≪1, we have Q ≫ 1. We can thus use (61) and (62) for the case D > 4 (since p = D − 4 > 0). This gives



P≈|a|2([image: there is no content][D2−1])22D−1πD−12[image: there is no content][D2−12]1([image: there is no content]−rH)(D−4)1n[4rH(D−3)([image: there is no content]−rH)]



(65)




As [image: there is no content]−rH→0 with other parameters fixed, we see that P grows large, and so will formally exceed unity. Thus we will not be able to recover the information in the system in case we have fallen to a radius where [image: there is no content]−rH≪(ΔE)−1.

The case D = 4 leads to the same conclusion. In the limit [image: there is no content] we have from Equation (60)



P=|[image: there is no content]|24π21n[4rH([image: there is no content]−rH)−rR1]



(66)




We see that this expression is minimized for rR1 = 0, which leads to



P=|α|24π21n[4rH([image: there is no content]−rH)]≫1



(67)




It is interesting that in the large acceleration limit [image: there is no content] the excitation probability given by P = Γ∆τ in D = 4 goes to a constant independent of the acceleration. See however the comment (c) in Section 3.4 below: the low energy modes (ω ≪ (∆τ)−1) can give an additional diverging contribution in D = 4, which must be regularized by the finite size of the accelerating system [53].


3.3.2. The Case [image: there is no content]−rH≫(ΔE)−1

From the argument of the log in Equation (60) we see that we can let ∼[image: there is no content]−rH≫(ΔE)−1. In this case we have



[image: there is no content]



(68)




where we have ignored all other factors since an exponential dominates above powers and logs. (Recall that we are holding parameters like α fixed while looking at the limit [image: there is no content]−rH→0; one can easily redo the analysis with the full expression for P if desired.) In (68) one factor [image: there is no content] is explicitly present in Equation (60), and another similar factor appears from |[image: there is no content][D2−1+irR1ΔE]|2 on using (52).
Thus in the case [image: there is no content]−rH≫(ΔE)−1 we can choose an acceleration [image: there is no content] low enough that [image: there is no content]; i.e., the system can be returned to infinity without its information being disturbed. Since we have from the argument of the log in Equation (60) that rR1<[image: there is no content]−rH, we see that we cannot make the exponential (68) small when we reach



[image: there is no content]−rH∼1[image: there is no content]



(69)




Putting this together with the discussion of Section 3.3.1 above, we see that (69) gives the point beyond which we have a probability P ~ 1 for the accelerated system to get excited by Unruh radiation.




3.4. Analysis and Comments

Let us make a few observations about what we have found.


	First, let us compare the condition (69) with the condition (13) that we found for the process where the infalling system tries to send information back by radiating a photon. In the computation leading to (13) we did not assume any particular structure for the infalling system, which was just characterized by it total mass m. However, let us assume for the moment that this system is also a 2-level system, with ∆E ~ m. Then we see that the conditions (69) and (13) give [image: there is no content]−rH of the same order. This in interesting, and something that need not have been true just on dimensional grounds – we could have had any power of the dimensionless small number [image: there is no content]−rH[image: there is no content] relating the two values of [image: there is no content]−rH.


	The quantity [image: there is no content]−rH gives the coordinate distance to the horizon. To find the corresponding physical distance (along a constant t slice) we can look at the near horizon metric in the form (14). We see that the physical distance to the horizon is just [image: there is no content]R, so the condition (69) is



dcr~[image: there is no content]R~rH([image: there is no content]−rH)~RH[image: there is no content]



(70)




where we have written dcr for the critical distance from the horizon beyond which we cannot retrieve the system without an order unity probability of disturbing it by acceleration radiation. Let us compare dcr to the size L of the system; after all, if dcr turns out to be much smaller than L, then the system would be essentially inside the hole at the distance dcr, and our failure to retrieve information could be attributed to the system having crossed the horizon in some sense. However, we see that dcr will typically be much larger than L. Suppose the size of 2-level system was set by the uncertainty principle limit L~1[image: there is no content]. Then



[image: there is no content]



(71)




since the hole is much bigger than the infalling system (rH ≫ L).

More generally, the system size can be even smaller than 1[image: there is no content]. Consider two energy levels of an atom. The energy gap can give (∆E)−1 ~ 6000 A°, but the size of the atom is just ~ 1 A°. The difference between the two scales arises because the information carrying system is made of heavy objects (the electron in the atom) with strong couplings (the strength of the electric attraction), and this system size can be therefore much smaller than 1[image: there is no content]. Thus (71) says that a large variety of systems will suffer “effective information loss” to Unruh radiation before they touch the horizon.


	The case D = 4 is a little special because of the well known infra-red divergences in the computation of radiation from accelerated particles. In the computation of bremsstrahlung, one finds that if we take a sudden change in the path of a charged particle, then there is a divergent probability of exciting the radiation field by the low energy modes. In that computation we redefine our goal: we compute the probability of exciting no radiation quanta and add it to the probability of exciting low energy quanta; this sum is well behaved in perturbation theory when we lift the infra-red cutoff. In the present problem we are interested in the probability of entangling with the radiation field, and so we want just the probability of exciting the field. This time the cutoff arises from the finite size of the accelerating system, something we have not taken into account. In the next section we will work with a 4+1 dimensional system where this infra-red issue does not arise.







4. BPS Brane Bound States as Information Carrying Systems

The probability of exciting a 2-level system accelerating along a given path depends on the energy gap ∆E between the levels and the coupling between the system and the radiation field (given through α (Equation (36)). If we wish to look for estimates that might have some universal behavior, then we should make our systems out of the degrees of freedom present in a complete theory of gravity, which we will take to be string theory. In such a theory the couplings of the system to the radiation fields might be related to the gravitational coupling itself, and the level spacings might be related to the density of states in gravity. Thus we can hope for some universal behavior to emerge.

Let us consider a black hole in type IIB string theory, which we take with the compactification



[image: there is no content]



(72)




The black hole we are falling into will be a Schwarzschild hole in 4+1 noncompact dimensions, with horizon radius rH (i.e., Equation (3) with D = 5). The S1 is parametrized by a coordinate y and has length 2πRy. The T4 has coordinates wi, i = 1,… 4, and volume (2π)4V4.

Now we consider how to make a system that can carry information. Consider a string wound around the S1 (the fundamental string is also termed the NS1 brane). This string can cary vibration modes along its length; these vibrations carry momentum and energy along the S1. By selecting a particular vibrational excitation of the string, we choose a particular state for our system.

Let us now see what will happen if such a string falls close to the horizon of our black hole. We will have to accelerate the string if we wish to extract it back to infinity, and it will then interact with the fields present in our theory. The components of the graviton along the compact T4 directions give scalars in M4,1; let us focus on



gw1w2≡[image: there is no content]



(73)




The scalar φ couples to the vibrations on the string. The transverse vibrations of the string in the directions w1,w2 are given by functions w1(t,y),w2(t,y) along the string worldsheet. The interaction Lagrangian is



Sint=C˜∫dtdy[image: there is no content][∂+w1∂−w2+∂+w2∂−w1]



(74)




where ∂± = ∂t±y. Thus the string can change its excitation state by picking up a pair of excitations-one left moving and one right moving-while absorbing a quantum of the ϕ field from the Rindler bath near the black hole horizon. This process would destroy the information that we had encoded into the string state.
With this string theory model we do know the energy levels and couplings involved in the interaction, and can put these into our computation of the last section. However, first let us analyze the nature of information storage a little further. Suppose we store infromaton on the string by creating a left and a right moving vibration. Then, even in the absence of any acceleration, these vibrations can collide and exit their energy as a ϕ quantum through the interaction (74). Of course any 2-level system with an energy gap ∆E suffers form the possibility that its state could spontaneously change, but if we wish to have a reliable information storage device we should make this transition rate as small as possible. With our present system we can achieve this by letting all the vibrations be in only one direction on the string; say purely left moving. This gives a BPS state of the string, which does not decay to any other state since it has the lowest allowed energy for the given winding number of the string and the given momentum on the string.

Thus let the string have winding number n1 around the S1, and let the momentum carried by the vibrations be [image: there is no content]. Then the different ways of partitioning this momentum among different harmonics gives Exp[S2−charge] states where



[image: there is no content]



(75)




But at this point we realize that this system of string winding and momentum is the same system that describes the 2-charge extremal black hole of string theory, and Equation (75) is the entropy of this hole. We can get an even larger number of states by also taking n5 NS5 branes wrapped on S1 × T4. The bound state of the NS5 and the strings (NS1 branes) gives an “effective string” wrapped on the S1, and adding the left moving momentum gives Exp[S3−charge] BPS states, with



[image: there is no content]



(76)




Thus we can take such a set of NS1-NS5-P charges and store information by choosing one of the allowed degenerate ground states of the system. Now consider the effect of accelerating such a system. The interaction of this system with the scalar ϕ is again known, and is in fact given by the same expression as Equation (74), since ϕ couples to the NS1NS5 effective string in the same way that it coupled to the elementary string. The value of the coupling [image: there is no content] was computed in [54].
Thus using such a NS1-NS5-P system as our information storage device, we find that the acceleration can excite the BPS ground state of the system to one of the excited states where a pair of vibrations is created, one left moving and one right moving. There are many such excitations possible, and we must sum the probabilities of creating each of them.

At this point we find an interesting simplification: the sum of excitation probabilities we need is just the sum one computes to find the absorption cross section σ of ϕ into the NS1-NS5-P system. This cross section, in turn, has a simple form: it is just the horizon area Aex of the extremal black hole that has the mass and charges of the NS1-NS5-P brane system.

Let us summarize the above discussion. We wanted to make our information carrying system out of the objects present in a full theory of quantum gravity, in the hope of uncovering any universal features in the information loss estimates we have done. As we will discuss below, there are many different ways to store information, with different goals; one may want a large information capacity for a given energy, or one may be willing to sacrifice energy in return for stability against disturbance. Focusing on the former, it appears that a large amount of information can be stored by using the highly degenerate BPS states of string theory. The interaction rates of these systems with the scalars in the theory are known and particularly simple; after summing over levels one gets absorption/emission rates given in terms of the surface area of the extremal hole with charges n1,n5, np. We will use this fact to find the critical value of the approach distance [image: there is no content]−rH after which our system will not be able to return to infinity without excitation; the result will be writable in terms of the radius rex of the extremal hole.


4.1. The Absorption Cross Section for the NS1-NS5-P System

In this section we write the absorption cross section of the scalar ϕ into the 3-charge extremal system, in terms of the couplings α between the levels of the system and the radiation field, and the density of excited levels ρ(E) that we can reach. Since the absorption cross section is known (in terms of the horizon area Aex of an extremal hole), we find that a certain function of α and ρ(E) can be expressed in terms of Aex. In the next subsection we will see that this same function of α, ρ(E) appears in the excitation probability when the system is accelerated.

Let us start with a state [image: there is no content] for the 3-charge system. We put the system in a box of volume V, where it interacts with the scalar field ϕ through the interaction Hamiltonian g[image: there is no content][image: there is no content]^. (This is a computation in flat space, there is no black hole here.) We write



[image: there is no content]=∑k→[1V12ωei[image: there is no content]⋅x→−iwta^[image: there is no content]+1V12ωe−ei[image: there is no content]⋅x→−iwta^[image: there is no content]†



(77)




In the box we place one quantum of the field ϕ in the momentum mode [image: there is no content]; thus the energy of this mode is ω=|[image: there is no content]|. The goal is to compute the probability of absorption of this ϕ quantum into the 3-charge system per unit time.
Let us compute the amplitude [image: there is no content] for starting with the state [image: there is no content]t = -T and ending with the excited state [image: there is no content] at time t = T. Writing



g⟨ψf|[image: there is no content]|ψi⟩≡[image: there is no content][image: there is no content]



(78)




we find


A[image: there is no content]=(−i[image: there is no content]i→f)V2ω∫−TTdte−iEi(t+T)e−iEf(T−t)e−iwt=(−i[image: there is no content]i→f)V2ωe−i(Ei+Ef)T2sin[(Ef−Ei−ω)T](Ef−Ei−ω)



(79)




Thus


[image: there is no content]



(80)




where in the second step we have taken the limit of large T.
Let us now sum over the final states [image: there is no content]. We write



∑f|[image: there is no content][image: there is no content]|2→∫dEfρ(Ef)|[image: there is no content][image: there is no content]|2≡∫dEfβi(Ef)



(81)




where ρ(Ef) is the density of states around Ef and we have defined


βi(Ef)≡ρ(Ef)|[image: there is no content][image: there is no content]|2



(82)




The above expressions have been written as if the value of [image: there is no content][image: there is no content] was the same for all final states with energy around Ef, but in fact the density ρ(Ef) should be regarded as a “weighted density” which makes (81) true even when the [image: there is no content][image: there is no content] are different for different final states around Ef. Putting all this together we find for the probability of absorption



P=∑f|A[image: there is no content]|2→∫dEfρ(Ef)|[image: there is no content][image: there is no content]|22ωV4πTδ(Ef−Ei−ω)=2πTωVβ(Ei+ω)



(83)




Noting that the total time of interaction was 2T, we get for the rate of absorption



[image: there is no content]=P2T=πωVβi(Ei+ω)



(84)




Since we have just one quantum in the box, the density of quanta is [image: there is no content], and since the quantum is massless (and thus moves with the speed of light) the flux is [image: there is no content]. The absorption cross section for the massless scalar into the NS1-NS5-P system is then


[image: there is no content]=[image: there is no content]ℱ=πωβi(Ei+ω)=πβi(Ef)(Ef−Ei)



(85)




where we have Ef = Ei + ω from the δ-function in (83). Finally, we note that the value of this cross section has been computed (by putting in the correct couplings and density of levels) in [54]. One finds that


[image: there is no content]



(86)




where Aex is the horizon area of an extremal black hole in string theory with NS1-NS5-P charges equal to n1,n5,np. This fact will allow us to express the information degradation of our system in terms of the geometric quantity Aex.


4.2. The Critical Distance [image: there is no content]−rH for the NS1-NS5-P System

Let us now allow our NS1-NS5-P system to fall in the metric (3), where now we have taken the noncompact spacetime to have dimension D = 5. (We will however continue to write the symbol D for the dimension, since the result we obtain is completely general: any brane system in any dimension whose properties agrees with the physics of black holes would give the result (99) that we find below.)

As before we start the infall from rest, allow the system fall to a position [image: there is no content], suffer constant acceleration α until it returns to [image: there is no content]with its velocity reversed, and then coast back to infinity in a time reverse of the free fall part of the trajectory.

Let the system start in the state [image: there is no content] and consider the probability for it to get excited to a state [image: there is no content]. Taking Γ from (49), substituting rR = rR1 as before, and taking the time of flight 2[image: there is no content], we have for this probability



P[image: there is no content]=4|[image: there is no content][image: there is no content]|2ΩD−3[image: there is no content](2π)D−1rR1D−3e−πrR1(Ef−Ei)∫0∞xD−3dr[KirR1(Ef−Ei)(x)]2



(87)




where we have added the subscript [image: there is no content] f to note explicitly the initial and final states. Since the initial state can transition to any final state, we must sum over final states to get the total probability


P=∫dEfρ(Ef)P[image: there is no content]=∫dEfρ(Ef)4|[image: there is no content][image: there is no content]|2ΩD−3[image: there is no content](2π)D−1rR1D−3e−πrR1(Ef−Ei)∫0∞xD−3dr[KirR1(Ef−Ei)(x)]2=∫dEf4βi(Ef)ΩD−3[image: there is no content](2π)D−1rR1D−3e−πrR1(Ef−Ei)∫0∞xD−3dr[KirR1(Ef−Ei)(x)]2=∫dEf(Ef−Ei)σπ4ΩD−3[image: there is no content](2π)D−1rR1D−3e−πrR1(Ef−Ei)∫0∞xD−3dr[KirR1(Ef−Ei)(x)]2



(88)




where in the third step we have used (82) and in the last step we have used (85).
We now set σ = Aex (Equation (86)). We also choose to measure the energy in our the system starting from the BPS ground state; thus we set Ei = 0. We then get



P=4ΩD−3Aex[image: there is no content]π(2π)D−11rR1D−3∫0∞dEfEfe−πrR1Ef∫0∞xD−3dx[KirR1Ef(x)]2=4ΩD−3Aex[image: there is no content]π(2π)D−11rR1D−3∫0∞dyye−πy∫0∞xD−3dx[Kiy(x)]2



(89)




Let us examine the nature of this result. Since the proper time of acceleration is 2[image: there is no content] we find the probability of excitation per unit time is



[image: there is no content]=P2[image: there is no content]=CDAexrR1D−1



(90)




where


CD=4(4π)D+12[image: there is no content][D2−12]∫0∞dyye−πy|[image: there is no content][D2−1+iy]|2



(91)




is a constant that depends only on the dimension D. (We have used (50) and (51) to simplify CD.)
The probability of excitation is given by Γ∆τ, with γ given by Equation (90) and ∆τ given through (31). Using the approximations (32) and (55), we find



P=2CDAexrR1D−2sinh−1[image: there is no content](D−3)[([image: there is no content]−rH)−rR1]



(92)




Using [image: there is no content][image: there is no content]−rH≪1 we can use the approximation (59) to write



P=CDAexrR1D−21n[4rH(D−3)[([image: there is no content]−rH)−rR1]]



(93)




We have to minimize P by varying rRl. P is a function of the form



P=C′xD−21nQ1−r,Q≫1



(94)




where we have set


C′=CDAex([image: there is no content]−rH)D−2,x=[image: there is no content][image: there is no content]−rH,Q=4rH(D−3)([image: there is no content]−rH)



(95)




Since Q » 1, we can use (61) and (62) to get



P≈C′1nQ=CDAex([image: there is no content]−rH)D−21n4rH(D−3)([image: there is no content]−rH)



(96)




where we have dropped double log terms ln ln Q. Keeping only powers of ([image: there is no content]−rH) and dropping the slower log dependence, we have


P~([image: there is no content]([image: there is no content]−rH))D−2



(97)




where [image: there is no content] is the radius of the extremal hole with charges n1,n5, np. The critical radius where we will effectively lose information is given by setting P ~ 1, which gives


[image: there is no content]−rH~rex



(98)




The quantity [image: there is no content]−rH is the coordinate distance to the horizon. To get the physical distance (along a constant t slice) we consider again the value of [image: there is no content]R as in (70), getting



dcr~[image: there is no content]R~rH([image: there is no content]−rH)~rHrex



(99)




Thus we see that the critical distance from the horizon where we get effective information loss to acceleration radiation is given by the geometric mean of the radius rH of the large black hole and the radius rex of the extremal hole that would have the quantum numbers of the infalling system. As an example, if the black hole has rH ~ 106cm (i.e., mass of order solar mass) and the infalling system has rex ~ 1 cm, then dcr ~ 103cm.



4.3. Comments


	One may think that since the NS1-NS5-P system describes black holes in string theory (it is S-dual to the D1-D5-P hole studied in [54–56]), we cannot retrieve any information we put in it, even in the absence of difficulties caused by acceleration. Such is not the case, however. First, one may consider the NS1-NS5-P system at weak coupling, where it is just a collection of strings and branes. Then we can regard the fact that its entropy (76) and absorption cross section (86) agree with that of a black hole as just an observation that helps us estimate the excitation probabilities in a convenient way; the brane bound state is a normal physical system like any other detector. Second, we have learnt that even if we increase the coupling to the point where the n1,n5, np charges should give a black hole, we actually get a “fuzzball” rather than a traditional black hole with horizon [11–19]. A fuzzball is again just like a normal physical system, and while the information is densely packaged into its detailed structure, it is certainly extractable in principle, given that we have an arbitrary amount of time at our disposal to extract this information when we bring the system back to infinity.


	In (71) we had observed that dcr was typically much larger than the system size L, so the distance where we get effective information loss due to acceleration radiation cannot be confused with the distance where the system begins to physically overlap with the horizon. We can make a similar observation here, since with the system size much smaller than the black hole radius (rex ≪ rH) we get from (99)



[image: there is no content]



(100)




Thus the critical radius where we effectively get excited by acceleration radiation is much larger than the distance at which the extremal hole representing the system would merge with the large black hole.


	Let us comment briefly on the NS1-NS5-P BPS bound states as an information storage device. Conventional models of information storage bits have two degenerate energy levels, with a potential barrier in between. However, for any given height of this barrier, there is still some amplitude per unit time for the state on one side to tunnel to the other side, since the actual energy eigenstates of the system are not the states on the two sides of the barrier but their symmetric and antisymmetric combinations. So if the height of the barrier is limited in some way (for example by the total energy available to make the system) then we cannot get a storage device that is accurate for all time (See [57–60] for some discussions on information issues in the context of quantum computation). If we make the two levels differ in energy by some amount, then tunneling is suppressed but the state in the higher level can spontaneously decay to the lower level by its coupling to the radiation field. On the other hand BPS states of string theory are stable in the sense that the set of such states for a system is exactly degenerate; thus there is no tunneling between states. By letting the system be in any one of N degenerate states, we store an information In N in the system.




When we are forced to accelerate the system, the BPS ground state gets excited, and we had computed dcr by requiring that such excitation becomes likely. By the principle of detailed balance, the excited state can transition back to one of the BPS ground states in the same order of proper time as it took for the excitation to occur, so we have a jump from one ground state to another and have lost the information we stored. However, the probability of transition is not the same from any one ground state to any other; for example when we model the states of the system by the vibrations of an effective string then likely transitions are those where only a few vibration modes have their energy altered. Thus we can increase the reliability of the information storage by grouping states into sets, with states in each set differing significantly from states in another set. Such grouping would decrease dcr (by making it harder to confuse states), but this improvement in stability comes at a cost: now we can store less information because we have fewer “sets of states” than the number N of BPS ground states. It would be interesting to develop a more detailed relation between the stability of the state, information storage capacity, and the value of dcr.




5. Discussion

We investigated the question of when information gets effectively lost as a system falls towards the horizon. We found some interesting estimates, though many more would be needed before it becomes clear if a general notion of “effective information loss” makes sense in the black hole context. We looked for the critical distance from the horizon dcr beyond which the system cannot be extracted to infinity without its state being disturbed by Unruh radiation. We found that dcr~[image: there is no content][image: there is no content] where rH is the radius of the hole and ΔE is the energy gap between the levels of the infalling system. We also computed the critical distance by asking if the system could send its information back by a photon, and if we allow an energy budget m ~ ΔE for this system, then this critical distance agrees with the one found by the Unruh radiation condition.

We used a 2-level system with energy gap ΔE to see the effects of acceleration. It is more conventional to make information storage bits out of systems with two degenerate levels, with a potential barrier in between; the larger the barrier height ΔE, the more stable the stored information is to temperature disturbances. We expect however that the results with such systems would be similar to results we obtained, if ΔE is of the same order in the two cases.

It has been noted that one could shield a bit carrying information from Unruh radiation by placing it in a cavity which does not allow penetration of the scalar field modes [61]. One might therefore wonder if any limit set by acceleration radiation could be bypassed by using such a cavity to shield the system. However, a cavity that can provide good shielding would need to have a large mass; a perfect shielding would presumably need infinite mass. We would need to factor in this fact into a more detailed analysis, since in our approach we are juggling three quantities: how much information is reliably stored, the energy required to store this information, and how close to the hole we are allowed to fall.

One issue we face when trying to develop general rules in our problem is that there are many ways to store information, with different goals. One does not usually think of an information storage device as having a total energy budget E, but this is what we must do when we think of the system in the context of gravity. If we store information by selecting one of a given number of energy levels, then we get more information storage by having closer spaced levels. However, if ΔE between levels is small, then a lower temperature (and thus a lower acceleration) is needed to make the system jump between levels, destroying the fidelity of the information. (When ΔE ≪ T excitations are enhanced because of a large number of ϕ quanta in the needed ϕ mode, de-excitations are also enhanced because of the stimulated emission into highly populated modes.)

The BPS bound states string theory possess a large number of degenerate energy levels. In the absence of acceleration, the levels have no transitions among each other. Thus if we are not concerned about thermal stability, then they would be good ways to store large amounts of information. It is plausible that these brane systems are “optimal information storage devices” in some sense. For these systems we found the critical distance set by acceleration radiation to be given by a geometric expression [image: there is no content], where all details about the choice of brane bound state are encoded in rex, the radius of the extremal black hole with the charges of the bound state. It was not a priori obvious that we should get such a universality in dcr, so it would be interesting to study this problem further.

The results of our estimates suggest a change in our perspective on information in theories of gravity. First, we should think in terms of how much information we can store for given energy. Second, we should measure information not as a quantity contained in a given system, but in terms of how much of that information can be reliably accessed by another observer. If the system and the observer are separated by a gravitational potential, then there is a reduction in the fidelity of the information of the system from the viewpoint of the observer, even though the system has not crossed a horizon. This degradation of information becomes infinitely strong as a horizon is approached, so we should not think of the information as lost “suddenly” when the horizon is crossed, but as a gradual loss when the horizon is approached. In fact we do not need a horizon to have information degradation, which ties up well with the discovery in string theory that energy eigenstates do not form horizons, but rather form horizon sized quantum “fuzzballs”.






Acknowledgments

I would like to thank James Clemens and Perry Rice for discussions. This work was supported in part by DOE grant DE-FG02-91ER-40690.



Conflicts of Interest

The authors declare no conflict of interest.



References


	1. 
Hooft, G. ’t The black hole interpretation of string theory. Nucl. Phys. B 1990, 335, 138–154. [Google Scholar]

	2. 
Hooft, G. ’t Dimensional reduction in quantum gravity 2009. arXiv:gr-qc/9310026.

	3. 
Hooft, G. ’t The scattering matrix approach for the quantum black hole: An overview. Int. J. Mod. Phys. A 1996, 11, 4623–4688. [Google Scholar]

	4. 
Susskind, L. The World As A Hologram. J. Math. Phys. 1995, 36, 6377. [Google Scholar]

	5. 
Susskind, L.; Thorlacius, L.; Uglum, J. The Stretched horizon and black hole complementarity. Phys. Rev. D 1993, 48, 3743–3761. [Google Scholar]

	6. 
Susskind, L. String theory and the principles of black hole complementarity. Phys. Rev. Lett. 1993, 71, 2367–2368. [Google Scholar]

	7. 
Lowe, D.A.; Polchinski, J.; Susskind, L.; Thorlacius, L.; Uglum, J. Black hole complementarity versus locality. Phys. Rev. D 1995, 52, 6997–7010. [Google Scholar]

	8. 
Sonego, S.; Almergren, J.; Abramowicz, M.A. Optical geometry for gravitational collapse and Hawking radiation. Phys. Rev. D 2000, 62, 064010. [Google Scholar]

	9. 
Vachaspati, T.; Stojkovic, D.; Krauss, L.M. Observation of Incipient Black Holes and the Information Loss Problem. Phys. Rev. D 2007, 76, 024005. [Google Scholar]

	10. 
Vachaspati, T.; Stojkovic, D. Quantum Radiation from Quantum Gravitational Collapse. Phys. Lett. B 2008, 663, 107–110. [Google Scholar]

	11. 
Mathur, S.D. The fuzzball proposal for black holes: An elementary review. Fortsch. Phys. 2005, 53, 793–827. [Google Scholar]

	12. 
Bena, I.; Warner, N.P. Black holes, black rings and their microstates. In Supersymmetric Mechanics; Volume 3, Springer-Verlag: Berlin, Germany, 2008. [Google Scholar]

	13. 
Balasubramanian, V.; Gimon, E.G.; Levi, T.S. Four Dimensional Black Hole Microstates: From D-branes to Spacetime Foam. J. High Energ. Phys. 2008, 0801, 056. [Google Scholar]

	14. 
Skenderis, K.; Taylor, M. The fuzzball proposal for black holes. Phys. Rep. 2008, 467, 117–171. [Google Scholar]

	15. 
Lunin, O.; Mathur, S.D. AdS/CFT duality and the black hole information paradox. Nucl. Phys. B 2002, 623, 342–394. [Google Scholar]

	16. 
Lunin, O. Adding momentum to D1-D5 system. J. High Energ. Phys. 2004, 2004, 054. [Google Scholar]

	17. 
Giusto, S.; Mathur, S.D.; Saxena, A. Dual geometries for a set of 3-charge microstates. Nucl. Phys. B 2004, 701, 357–379. [Google Scholar]

	18. 
Giusto, S.; Mathur, S.D.; Saxena, A. 3-charge geometries and their CFT duals. Nucl. Phys. B 2005, 710, 425–463. [Google Scholar]

	19. 
Giusto, S.; Ross, S.F.; Saxena, A. Non-supersymmetric microstates of the D1-D5-KK system. J. High Energ. Phys. 2007, 0712, 065. [Google Scholar]

	20. 
Hawking, S.W. Particle Creation By Black Holes. Commun. Math. Phys. 1975, 43, 199–220. [Google Scholar]

	21. 
Hawking, S.W. Erratum: Particle Creation By Black Holes. Commun. Math. Phys. 1976, 46, 206. [Google Scholar]

	22. 
Unruh, W.G. Notes on black hole evaporation. Phys. Rev. D 1976, 14, 870. [Google Scholar]

	23. 
Audretsch, J.; Mensky, M.; Muller, R. Continuous measurement and localization in the Unruh effect. Phys. Rev. D 1995, 51, 1716. [Google Scholar]

	24. 
Kok, P.; Yurtsever, U. Gravitational decoherence. Phys. Rev. D 2003, 68, 085006. [Google Scholar]

	25. 
Landulfo, A.G.S.; Matsas, G.E.A. Sudden death of entanglement and teleportation fidelity loss via the Unruh effect. Phys. Rev. A 2009, 80, 032315. [Google Scholar]

	26. 
Bradler, K.; Hayden, P.; Panangaden, P. Private information via the Unruh effect. J. High Energ. Phys. 2009, 2009, 074. [Google Scholar]

	27. 
Hayden, P.; Preskill, J. Black holes as mirrors: quantum information in random subsystems. J. High Energ. Phys. 2007, 2007, 120. [Google Scholar]

	28. 
Sekino, Y.; Susskind, L. Fast Scramblers. J. High Energ. Phys. 2008, 2008, 065. [Google Scholar]

	29. 
Bruschi, D.E.; Louko, J.; Martin-Martinez, E.; Dragan, A.; Fuentes, I. The Unruh effect in quantum information beyond the single-mode approximation. Phys. Rev. A 2010, 82, 042332. [Google Scholar]

	30. 
Alsing, P.M.; Milburn, G.J. Teleportation with a uniformly accelerated partner. Phys. Rev. Lett. 2003, 91, 180404. [Google Scholar]

	31. 
Schützhold, R.; Unruh, W.G. Comment on “Teleportation with a uniformly accelerated partner” 2005. arXiv:quant-ph/0506028v1.

	32. 
Benatti, F.; Floreanini, R. Entanglement generation in the Unruh effect 2004. arXiv:quant-ph/0403157.

	33. 
Fuentes-Schuller, I.; Mann, R.B. Alice falls into a black hole: Entanglement in non-inertial frames. Phys. Rev. Lett. 2005, 95, 120404. [Google Scholar]

	34. 
Ahn, D. Hawking effects on the entanglement near the Schwarzschild black hole. J. Korean Phys. Soc. 2007, 50, 368–372. [Google Scholar]

	35. 
Parentani, R. The Recoils of the accelerated detector and the decoherence of its fluxes. Nucl. Phys. B 1995, 454, 227–249. [Google Scholar]

	36. 
Unruh, W.G.; Wald, R.M. Acceleration Radiation And Generalized Second Law of Thermodynamics. Phys. Rev. D 1982, 25, 942. [Google Scholar]

	37. 
Unruh, W.G.; Wald, R.M. Entropy Bounds, Acceleration Radiation, And The Generalized Second Law. Phys. Rev. D 1983, 27, 2271. [Google Scholar]

	38. 
Hosoya, A.; Carlini, A.; Shimomura, T. Generalized second law of black hole thermodynamics and quantum information theory. Phys. Rev. D 2001, 63, 104008. [Google Scholar]

	39. 
Marolf, D.; Sorkin, R. Perfect mirrors and the selfaccelerating box paradox. Phys. Rev. D 2002, 66, 104004. [Google Scholar]

	40. 
Marolf, D.; Sorkin, R.D. On the status of highly entropic objects. Phys. Rev. D 2004, 69, 024014. [Google Scholar]

	41. 
Bekenstein, J.D. Quantum information and quantum black holes 2001. arXiv:gr-qc/0107049.

	42. 
Peres, A.; Terno, D.R. Quantum information and relativity theory. Rev. Mod. Phys. 2004, 76, 93. [Google Scholar]

	43. 
Crispino, L.C.B.; Higuchi, A.; Matsas, G.E.A. The Unruh effect and its applications. Rev. Mod. Phys. 2008, 80, 787. [Google Scholar]

	44. 
Das, S.R.; Zelnikov, A. Unruh radiation, holography and boundary cosmology. Phys. Rev. D 2001, 64, 104001. [Google Scholar]

	45. 
Paredes, A.; Peeters, K.; Zamaklar, M. Temperature versus acceleration: The Unruh effect for holographic models. J. High Energ. Phys. 2009, 2009, 015. [Google Scholar]

	46. 
Hirayama, T.; Kao, P.W.; Kawamoto, S.; Lin, F.L. Unruh effect and Holography. Nucl. Phys. B 2011, 844, 1–25. [Google Scholar]

	47. 
Caceres, E.; Chernicoff, M.; Guijosa, A.; Pedraza, J.F. Quantum Fluctuations and the Unruh Effect in Strongly-Coupled Conformal Field Theories. J. High Energ. Phys. 2010, 2010, 078. [Google Scholar]

	48. 
Fulling, S.A. Nonuniqueness of canonical field quantization in Riemannian space-time. Phys. Rev. 1973, D7, 2850–2862. [Google Scholar]

	49. 
Longhi, P.; Soldati, R. The Unruh effect revisited 2011. arXiv:1101.5976 [hep-th].

	50. 
Takagi, S. On the Response of a Rindler-Particle Detector. Prog. Theor. Phys. 1984, 72, 505–512. [Google Scholar]

	51. 
Takagi, S. On the Response of a Rindler-Particle Detector. 2. Prog. Theor. Phys. 1985, 74, 142–151. [Google Scholar]

	52. 
Unruh, W.G. Accelerated Monopole Detector in Odd Spacetime Dimensions. Phys. Rev. D 1986, 34, 1222. [Google Scholar]

	53. 
Louko, J.; Satz, A. How often does the Unruh-DeWitt detector click? Regularisation by a spatial profile. Class. Quantum Gravity 2006, 23, 6321. [Google Scholar]

	54. 
Das, S.R.; Mathur, S.D. Comparing decay rates for black holes and D-branes. Nucl. Phys. B 1996, 478, 561–576. [Google Scholar]

	55. 
Strominger, A.; Vafa, C. Microscopic origin of the Bekenstein-Hawking entropy. Phys. Lett. B 1996, 379, 99–104. [Google Scholar]

	56. 
Callan, C.G.; Maldacena, J.M. D-brane Approach to Black Hole Quantum Mechanics. Nucl. Phys. B 1996, 472, 591–608. [Google Scholar]

	57. 
Nielsen, M.A.; Chuang, I.L. Quantum Computation and Information; Cambridge University Press: Cambridge, UK, 2000. [Google Scholar]

	58. 
Unruh, W.G. Maintaining coherence in quantum computers 1994. arXiv:hep-th/9406058.

	59. 
Gea-Banacloche, J. Minimum Energy Requirements for Quantum Computation. Phys. Rev. Lett. 2002, 89, 217901. [Google Scholar]

	60. 
Gea-Banacloche, J.; Kish, L.B. Comparison of Energy requirements for Classical and Quantum Information Processing. Fluct. Noise Lett. 2003, 3, C3–C6. [Google Scholar]

	61. 
Levin, O.; Peleg, Y; Peres, A. Quantum detector in an accelerated cavity. J. Phys. A 1992, 25, 6471. [Google Scholar]











© 2015 by the authors; licensee MDPI, Basel, Switzerland This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution license (http://creativecommons.org/licenses/by/4.0/).







nav.xhtml


  entropy-17-04083


  
    		
      entropy-17-04083
    


  




  





media/file0.png
(a)

W\ W

(b)





media/file1.png
Horizon





