Entropy 2015, 17, 5101-5116; doi:10.3390/e17075101

OPEN ACCESS

entropy

ISSN 1099-4300
www.mdpi.com/journal/entropy

Article

Analytic Exact Upper Bound for the Lyapunov Dimension of the
Shimizu—Morioka System

Gennady A. Leonov !, Tatyana A. Alexeeva 2 and Nikolay V. Kuznetsov 13-

! Mathematics and Mechanics Faculty, St. Petersburg State University, 198504 Peterhof,
Saint-Petersburg, Russia; E-Mail: g.leonov@spbu.ru

2 National Research University Higher School of Economics, Soyusa Pechatnikov ul. 16, 190008
Saint-Petersburg, Russia; E-Mail: tatyanalexeeva@gmail.com

3 Department of Mathematical Information Technology, University of Jyviskyld, 40014 Jyviskyli,
Finland

* Author to whom correspondence should be addressed; E-Mail: nkuznetsov239 @ gmail.com.
Academic Editors: Guanrong Chen, C.K. Michael Tse, Mustak E. Yalcin and Hai Yu

Received: 26 May 2015 / Accepted: 17 July 2015 / Published: 22 July 2015

Abstract: In applied investigations, the invariance of the Lyapunov dimension under a
diffeomorphism is often used. However, in the case of irregular linearization, this fact was
not strictly considered in the classical works. In the present work, the invariance of the
Lyapunov dimension under diffeomorphism is demonstrated in the general case. This fact is
used to obtain the analytic exact upper bound of the Lyapunov dimension of an attractor of
the Shimizu—Morioka system.
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1. Introduction

Two well-known definitions of Lyapunov exponents are the upper bounds of the exponential growth
rate of the norms of linearized system solutions (LCEs) [1] and the upper bounds of the exponential
growth rate of the singular values of the fundamental matrix of a linearized system (LEs) [2]. These
definitions usually give the same values (e.g., for a “typical” regular system that satisfies the conditions
of the Oseledets theorem). For a particular system, the LCEs and LEs may be different. Lyapunov [1]
considered linearizations with bounded coefficients and introduced the class of regular linearizations:

for regular linearization, the sum of LCEs equals the lower bound of the exponential growth rate of the
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normal fundamental matrix determinant (otherwise, the linearization is called irregular). Any regular
linearization has exact LCEs (i.e., upper and lower bounds in the definition coincide), which are equal to
LEs. In general, it can be shown that the ordered LEs are majorized by the ordered LCEs. More detailed
discussions and examples can be found in [3-5]. Various characteristics of chaotic behavior are based
on Lyapunov exponents. The sum of positive Lyapunov exponents is used [6,7] as the characteristic of
the Kolmogorov—Sinai entropy rate [8,9]. Another measure of chaotic behavior is the Kaplan—Yorke or
Lyapunov dimension, which is defined via the singular values or LEs [10-12].

It is well known that a homeomorphism can change dimensions based on the space metric [13]. Thus,
the question arises whether the Lyapunov dimension is invariant under changes (see, e.g., [14], “Is
the Dimension of Chaotic Attractors Invariant under Coordinate Changes?”; and [15-17]). Since the
singular values and LEs are defined via the linearization of a system, the smooth changes of variables
are of interest.

In the applied investigations, the invariance of the Lyapunov dimension under diffeomorphism is
often used. However, in the case of irregular linearization, this fact is not strictly considered (see, e.g.,
the surveys [18,19]). In the present work, it is demonstrated in the general case that while singular values
may not be invariant under changes of coordinates, the Lyapunov dimension of an attractor is invariant
under diffeomorphism. This fact is used to obtain the exact formula of the Lyapunov dimension of an
attractor of the Shimizu—Morioka system.

2. Lyapunov Dimension

Consider a continuously-differentiable mapping F' defined on an open set U C R". Denote by 7, F’
the Jacobian matrix of the mapping F' at the point x. The continuous differentiability of £’ implies that:

F(x+h)— F(x) = (T,F)h + o(h) (1)

By assumption, KX C U is a bounded invariant set: /'K = K.
Denote by «;(A) the singular numbers of (n xn)-matrix A, such that a1 (A) > as(A) > ... > a,(A).
Consider the relation:
wa(A) = ar(A)az(A) ... aj(A)aji(A),

whered =j+s,s€[0,1],5 € N, j € [1,n].
We also write a well-known Horn inequality:

wa(AB) < wa(A)wa(B). ()
Definition 1. We say that a local Lyapunov dimension of the mapping F' at the point x € K is a number:
dimg(F,z) = j + s,
where j is the largest integer number from [0, n], such that:
a1 (T F)as(TLF) ..o (T, F) > 1
and a number value s € |0, 1) is as follows:

a(ToF)oo(ToF) ..o (To F)as (T F) = 1.
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By definition, dimg(F,z) = 0 if a;(T.F) < 1, and dimp(F,z) = n if oy(T.F)oe(T,F)
coan(TLF) > 1.

Definition 2. [20,21] The Lyapunov dimension of the mapping F' on the set K is a number:

dimy (F, K) = supdimy(F, z).
K

Definition 3. A local Lyapunov dimension of a one-parameter group of mappings F* at the point v € K

is a number:

t

dimy, z = lim sup dimy, (F", x).

t—+00

Definition 4. The Lyapunov dimension of mappings F* on the set K is a number:

dim; K = supdimy, x.
K

Consider a differential equation:
d
=@, veRr 3)

with a continuously-differentiable vector-function f(x). Suppose that for any initial value x, there exists
a solution of Equation (3) x(¢, x¢), defined on ¢ € [0, 4+00). Here, (0, z() = (.

Denote by F*(x) = z(t, ) a shift operator along the solutions of Equation (3) and suppose that the
set K C R" is bounded and invariant: [*K = K, Vt € R!. T, F!is the Jacobian matrix of the mapping
F* at the point z.

Consider a differential equation:
dy

;E:gwx yeR" 4)

with a continuously-differentiable vector function ¢(y). Suppose that for any initial value y, there exists
a solution of Equation (4) y(t, yo), defined on ¢t € [0, +00). Here, y(0, yo) = 0.

Denote by F"(yo) = y(t, o) a shift operator along the solutions of Equation (4) and suppose that the
set X' C R is bounded and invariant: F'K = K, Vt € R!. Tyﬁt is the Jacobian matrix of the mapping
F'* at the point y.

Consider a transformation of coordinates of system (3) () : x — y:

y = Q).

Suppose that @ is a diffeomorphism between the set K and the set K, i.e., z € K,y € K.
Hence, for a certain point y, there exists an inverse mapping Q! : y —— x that is continuously
differentiable in the neighborhood of y.

z=Q7(y).

Under the above assumptions, we state the following assertions.

Lemma 1. If for T, F" sup wy, (T F") < 1, then for the Lyapunov dimension of mapping F" of the set
zeK
K, the following estimate:

dimy (F', K) < j+s, (5)
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is satisfied. Here, j + s = d < dy, s = sup Zm 1’|“ 0 < s <1, j is the largest integer: j € [1,n];
zeK
w; = LE;(z), LE;(x) are Lyapunov exponents (LEs), ZZ L >0, g <0
Ez 1 Mi

Proof. Consider an arbitrary number sy: 0 < sup
zeK

T |<80<1

Recall that: ]
(; = limsup n In|oy (T, FY)|

t—o00
k

ZMZ > hmsup—lnwk(T F*).

i=1 t—r00
Here, wi (T, F") = a1 (T, F")ao(TLF") . .. (T, F*).
Using the well-known relation wq (T3, F") = w} (T, F')ws (T, F*), we obtain:

1
lim sup i In(w 7S°(T FYwst (T F'))

t—00
1 1
< limsup — In(w; (T, F")) + lim sup ~ In(w}%, (T, F"))
t—00 too

J+1

(1—s0) ZMZ—FSOZM

Zi: Hi
= p+1(s0 — =) <
—Hj+1

It follows that the inequality:
lim sup — ; lnwdo (T,F") <0

t—o00

is satisfied for:
de(TrFt) < 1, Vo e K.

Thus, the assertion of the lemma sup wy, (7, F"*) < 1 holds true.
zeK
From the definition of the Lyapunov dimension, we obtain that for all d < dy, Relation (5) is

satisfied. [

Theorem 1. The Lyapunov dimension of the mapping F' of the set K is invariant with respect to the
diffeomorphism Q : K — K. Namely,

dim(F!, K) = dim (Ft, K). (6)

Proof. For the mappings F" and Ft (t > 0), Relation (1) is satisfied.
Then, the continuous differentiability of F* and the properties of diffeomorphism @ imply the

following chain of relations:

Ty P (5 —yo) +o(hy) = FL(§) — Ft(yo) = QIF(Q™' ()] — QIF"(Q " (y0))] = Ty Q7 — vo) + o(hy),
(7
where § = yo + hy, T = 20 + he, Q (o) = 20, Q7 1(7) = 7,

Q

on = (8)
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The continuous differentiability of the inverse mapping Q! (property of diffeomorphism) implies
the following relation:

-1
Q™1 0
@ _ (99 ‘ (9)
dy ox
Yo Q™" (yo)=mo
Taking into account (9) and (8) in Relation (7), we obtain:
-1
5 0Q oQ
T, Ft=— T, F' | == 10
Yo aa: 0 ( ax ) ( )
F(xo) Zo
Thus, for the nonsingular matrix g—x (det(%—g) # 0), Relation (10) 151 satisfied.
Denote wy(T,, ") = sup wa(T, F?), Q, = 92, (Q,) ' = (%) . Consider the following relations:
ueK
T,ET = T, F* = (Tag-1): F*) (Tpw-2- F) ... (T, F"), (11)

where 7 = % ke N,

With provision for (10), Relation (11) can be rewritten as:

. -1 —1
TyFkT = (QFkTTF(kl)TFt <QF<1€71)T> ) (QF(/CUTTF(kz)TFt <QF(/972>T> ) . (QF(x)TyFth_1> )
Applying Horn Inequality (2) to the last relation, we obtain the estimate:

wd(TyFkT) S Wq <QFkT>wd <TF(k71)7Ft> Wq <TF(k72)TFt> oWy (TyFt>wd <Qx_1> .

This implies that:
k
0a(Q. ). (12)

CUd(TyZ:ﬂkT) < Wy (QF’W) Wq (Tth>

In the last inequality, the following estimates Wq(Q, ) < my, @q (Q ka) < mg, 0g(T,F') < 1,
where my, mo € R, are satisfied.

Repeating all of the above operations for the inverse transformation z = Q~'(y), we obtain relations
similar to (10):

—1
L[ 0Q = 00
Lot _<8x> - )TyOF ox
and (12): .
_1 =
wa(T, F*™) < CDd((QF’”) ) wa(TyF') | ©a(Qq), (13)

where w;(Q,) < I, (.»Dd((QFkT)_l) < |y, wd(Tyﬁt) < 1, l1,l; € R,. Suppose that M =
max(mq, ma, ly, lo).

Then, Relations (12) and (13) take the form:
k

wa(T, F¥)y < M (14)

0y (Tth)
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and:

wa(Tu F*) < M| wq(T,FY) | (15)

respectively. Taking into account the assertion of the lemma, we obtain:

sup wd(TyFt> — 0, lim sup wd(TyFt) =0,
yeff t—o0 t—o00 yEf(

and:
sup wq(T, F") — 0, lim sup wy(T,F") = 0,
e K t—o0 t—=00 pe K

as k — oo.

Denote dim, (F*, K) = Dy, dimy(Ft, K) = D,.
Suppose that D; < D, and that d is an arbitrary number: Dy < d < D,. Consider the transformation
. Then, from (14) and the definition of the Lyapunov dimension, it follows that Dy, < d, but this

contradicts the initial assumption. Consequently, the inequality must be valid:
Dy < Dy. (16)

Suppose now that for inverse transformation Q~!, Dy < d < D;. Then, from (15), it follows that

D; < d. This is in contrast with the above assumption. Consequently:
Dy < Ds. a7
Relations (16) and (17) imply the assertion of the theorem:
dimy (Ft, K) = dimy (F*, K).
In addition, this implies that:

lim sup wy(T,Ft) = 0 < lim sup wy(T,F*) = 0.

t—)ooyef( t—o0 €K

O

Thus, if @ is a diffeomorphism, then the change of coordinates of dynamical system y = Q(x)
preserves the Lyapunov dimension of mapping F* on compact sets.

3. Lyapunov Dimension of the Shimizu—-Morioka System

Consider the Shimizu—Morioka system [22] of the form:

T =y,
y=x— Ay —x2, (18)
= —az+1?

where «, A are the positive parameters.
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Using the diffeomorphism:
r— 2,
Yy—Y, (19)
z z——
2 Y
System (18) can be reduced to the following system:

T =y,

. z°

y:x—)\y—xz—l—?, (20)

. N 9
z:—az+xy~|—<1+§>a:,

where o, A\ are the positive parameters of System (18). We say that System (20) is a transformed
Shimizu-Morioka system.

The following assertion is valid [23-27].

Theorem 2. Suppose that for the integers j € [1,n] and s € [0,1], there exist a continuously
differentiable function v(x) and a nonsingular matrix S, such that:

)\1($7S)+/\2(J],S)++/\]($7S)+S>\]+1(I,S)+U(£L’) <0, Vz € R”. (21)
Then, dim;, K < j + s.

Here, 0 = L;v, v(x) is a Lyapunov function.
Further, for System (20), the following will be proven.

Theorem 3. Suppose that K is a bounded invariant set of System (20): (0,0,0) € K and that the
following relations:

3 1 8 + 150 — 8a2 — 2403
A—4§,/1o+——13a,A<——a,4—A§\/+ e -
(6]

a 2a(a+ 1) @2)

are satisfied. Then:

dimy K = 3 — 22+ a)

. 23
A+ V4 + N2 (23
Proof. Consider a nonsingular matrix:
% 00
S=|Ax—a 1 0],
0 01
_ 1
where k = Tty
Then:
a— A % 0
SISt =|-k(Ea?—2)-L —a —z

—k(az +y) x
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0 1 0
J = %xz—i-l—z - —z|,
C+a)r+y = —a
where J is the Jacobian matrix of the right-hand side of System (20), a = 2 + 2o — A.

The characteristic polynomial of the matrix:
1 *
3 (SIS~ + (SJS7Y)) (24)

takes the form:
2 2

k 4N\2 &k 1
(OZ‘FA)[AQ‘F)\A—E(?):UZ—QZ-I—@) —Z(CME-H/)Q—I—E].

Here, * denotes a transposition sign. This implies that the eigenvalues of Matrix (24) are the numbers:

1 1
)\2 — _a’>\173 = —5)\ j: §W7

where wy (2,5, 2) = k*(az +y)?* + %(3:62 — 224 )% + (2. — )2 Obviously, A\; > Ay > A,
We choose the Lyapunov function to be of the form:
1-s

v(r,y,2) = —=V(x,y, 2),
(z,y,2) ire (z,y,2)
where:
2 4 2 , 4 o o 2, o T 2
V(z,y,2) = p1(2y° — 22y — 2" +22°2) + piox —az—k,ug(z — z+z+xy)+u4(z +y —y ).

Here, j11, pi2, 143, [14 are running parameters, s € [0, 1).
Inequality (21) takes the form:

2001 + A+ sA3+0) = _(1+5))\—2a+(1—3)\/4+)\2+w(x,y,z)+

where w(x,y, 2) = k*(ax + y)* + 622 + %2(33:2 —22)? — 4z
Using the inequality:

q
< —— Vp >0 >0

Vp+ _\/ﬁ+2\/ﬁ, p>0,p+q>0,

we obtain the estimate:
1—s .
200+ X+ sA3+0)=—(14+s)A—2a+ (1 —s)V4d+ N+ —(w(z,y,2) + V) <0. (25
We have:
w—{—V:le2+B29§y—|—Bgy2+Clx4+02$22+03z2,

where:

By :4—§+k2a2—2m+u3,

By = 2ak* — % +2(2 + Ny + 2p0 — Aus,
Bs = k? — 22\ + 1)y + p3 — 2\,

Oy = TR + (0 Dy — o+ s,

Cy = —3k> +2(1 — )y + (2 + Dz + (2 + ) g,
Cg = k’z — 2@,&3 — 20{”4.
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Condition:
w+V <0 (26)

is satisfied for all x, y, z, if and only if the following inequalities hold true:
B, <0,4B,B; — B3 > 0, (27)
C, <0,40,C5 — C3 > 0. (28)
We represent the second inequality from (27) in the form:
AB\Bs > (Bs + 25)*, (29)

where By = 2ak? — 2 +2(2 4+ A1 — M\,
Inequality (29) is solvable with respect to ps if B1 B3 > 0. This implies that (27) is equivalent to the
system of inequalities:

Bl S 07
(30)
B3 <0.
The second inequality in (30) is valid under certain ju4 > 0 if 21y > 5555 (k* + ps). Then, from (30),
we obtain: 4
20y >4 — — + Kk*a® + s,
“ (31)
24 > 2 :
M1 2> 2>\+1(k + 43)
Now, we represent the second inequality from (28) as:
. N 2
401 (Cy — 2ap1y) — [02 (24 Q)| >0, (32)

where:

Cg = —3/€2 + 2(1 — a)ul + (20& + 1)#3, C’s = k’2 — 20{”3

Inequality (32) is solvable with respect to 4 if the discriminant of its left-hand side is nonnegative.

This implies that:
4, 2« ~ ~
mcl + 2+—@C&C§ + 0103 Z 0.

Since C'; < 0, for the last inequality to be valid, it is sufficient that:

Ado® 200
Cy +

— Co+C5<0
2+a)? S 2+ 03 <

is satisfied. The latter is equivalent to:

k(1 — «a)?

(07

211 < pg — (33)

For the sake of convenience, we assume ji; = 2,%, i3 = 3. Then, from the first inequality in (28)

and Inequalities (31) and (33), we obtain a system of linear inequalities with respect to j; and fi3:

- 4o — 4
1 = o2

+ a® + i, (34)
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- 1 _

>
[ > 2A+1(1+u3), (35)
- 9 ~

< -7 36
M= "5t T (56)
- 1—a)®
p1 < —% + p3. (37)

1 4a—4 _a2

Suppose /i3 = 2FL_ak2___ Then, from (36) and (37), we obtain:

1_2,\+1

-~ 9
< -7
M1 — M3 > 2(a+ 1)
L 1—a)’
Nl_ﬂ3§_u-
«

This implies two cases:

1) — < - f <ac<
) ez ST 4 g o ses—5
1—a)? -
2)—< o9 oca<? v
« 2(a+1) 2

From (34) and (36), it follows that:

4o — 4

2y~ <.
2 TP ey S
Then:
8 + 15 — 8a2 — 24a3 8 + 15 — 8a?2 — 24a3
4 — <)\<A4 . 38
\/ 20(a + 1) - +\/ 20(a+1) (38)
From (34) and (37), it follows that:
_ N2
da 4+a2+—(1 a) <0.
ok? o

Then:

/ 3 / 3
4—\/10+——-13a <A <444/10+ — — 13a.
o «o

This means that (26) is valid if (38) and the inequality:

/ 3
A<4+1/10+ — — 13«
!

are satisfied. Thus, this implies that Inequality (26) is satisfied if and only if System (34)—(37) is solvable
with respect to fi; and fi3 = 13, where 17 > 0, 13 > 0, 17 < f13.
In turn, (25) is satisfied if (26) is valid, i.e., when \ < é — « and:

VIR — (At 20) 39
AHVAFNZ

Thus, under Condition (22), we obtain the matrix S, the function v(z,y,z) and a number s,

satisfying (39), such that (25) is valid.
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Consequently, dim;, K < 2 + s for all s, satisfying (39). This implies that:
20+ «)
A+ VA+ AT

At the same time, considering the linearization of System (20) in a neighborhood of the points
(0,0,0), we obtain:

dim;, K <3 — (40)

20\ + )

dim,(0,0,0) =3 — — 2T
00,0 =3 =

This relation and (40) yield Relation (23). [

0=0.375, 1=0.81

25

1
0 05

(b)

Figure 1. Self-excited local attractors in: (a) System (18) for a = 0.375, A = 0.81; (b)
System (20) for o« = 0.375, A = 0.81.
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For a = 0.375, A = 0.81, classical Shimizu—Morioka System (18) possesses a strange self-excited
local attractor of the Lorenz type (Figure 1a); for & = 0.191450, A = 0.81, it changes to the self-excited
local attractor of the Burke and Shaw type (Figure 2a). Transformed System (20) demonstrates similar
types of local attractors under the same values of parameters o and A (Figure 1b and Figure 2b). Here,
numerical estimations of the Lyapunov dimension by the code from [28] (2.0749, Figure 1b; 2.0059,
Figure 2b) are consistent with the analytic exact upper bound for the Lyapunov dimension given by (40)
(the corresponding values are 2.2014 and 2.3251, respectively).

=0.19145, 1=0.81

25

(a)

0=0.19145, 1=0.81

(b)

Figure 2. Self-excited local attractors in: (a) System (18) for « = 0.191450, A = 0.81,
“Burke and Shaw-like”; (b) System (20) for a« = 0.191450, A = 0.81, “Burke and
Shaw-like”.
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Thus, using the diffeomorphism (19), which saves the Lyapunov dimension of an invariant bounded
set K, it is possible to state that for classical Shimizu—Morioka System (18), the set K has the same

Lyapunov dimension as System (20).

Remark 1. An oscillation can generally be easily numerically localized if the initial data from its open
neighborhood in the phase space lead to a long-term behavior that approaches the oscillation. Therefore,
from a computational perspective, it is natural to suggest the following classification of attractors
[29-32], which is based on the simplicity of finding their basins of attraction in the phase space: an
attractor is called a self-excited attractor if its basin of attraction intersects with any open neighborhood
of an equilibrium; otherwise, it is called a hidden attractor. For a self-excited attractor, its basin of
attraction is connected to an unstable equilibrium, and therefore (standard computational procedure),
self-excited attractors can be localized numerically by the standard computational procedure: by
constructing a solution using initial data from an unstable manifold in a neighborhood of an unstable
equilibrium, observing how it is attracted and visualizing the oscillation. In contrast, the basin of
attraction for a hidden attractor is not connected to any equilibrium. For example, hidden attractors
are attractors in systems with no equilibria or with only one stable equilibrium (a special case of the
multi-stability: the coexistence of attractors in multi-stable systems). Well-known examples of the hidden
oscillations are nested limit cycles in the 16th Hilbert problem (see, e.g., [32,33]) and counterexamples to

the Aizerman and Kalman conjectures on the absolute stability of nonlinear control systems [32,34-36].

4. Conclusion

In the present work, the invariance of the Lyapunov dimension under diffeomorphism is strictly
proven. For the attractor of the Shimizu—Morioka system, a smooth change of coordinates is suggested
and a Lyapunov function constructed, which allow one to obtain the analytic exact upper bound
for the Lyapunov dimension. Similar results for some other Lorenz-like systems can be found,
e.g., in [28,37,38].
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