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Abstract: This article focuses on obtaining analytical solutions for d-dimensional, parabolic Volterra
integro-differential equations with different types of frictional memory kernel. Based on Laplace
transform and Fourier transform theories, the properties of the Fox-H function and convolution
theorem, analytical solutions for the equations in the infinite domain are derived under three
frictional memory kernel functions. The analytical solutions are expressed by infinite series, the
generalized multi-parameter Mittag-Leffler function, the Fox-H function and the convolution form of
the Fourier transform. In addition, graphical representations of the analytical solution under different
parameters are given for one-dimensional parabolic Volterra integro-differential equations with a
power-law memory kernel. It can be seen that the solution curves are subject to Gaussian decay at
any given moment.
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1. Introduction

In this paper, we will consider the following high (d-) dimensional parabolic Volterra
integro-differential equation with memory kernel £C(t) in the infinite domain [1]:

ou(x, )

t
o +/0 K(t—t)u(x t")dt = Au(x,t) + f(x,t), 1)

which satisfies the initial condition and boundary conditions below,

u(x,0) =g(x) , lm u(xt)=0, t>0, x=(x1,x2,--,x4) € R )
[x|—o00
where function f(x,t) and memory kernel function K(t) are assumed to be sufficiently smooth
functions, and A is the d-dimensional Laplacian operator.

Parabolic Volterra integro-differential equations present an important model to simulate the effects
of the “memory” of the system. The model is based on a partial differential equation, combining the
partial differentiation and integral term containing the unknown kernel function that leads to parabolic
Volterra integro-differential equations. In general, the model nonlocal effects of the memory of past
history cannot be described by partial differential equations. Therefore, more and more researchers
have studied the solution of integro-differential equations.

Diffusion is one of the most important and ubiquitous phenomena in nature. The parabolic
Volterra integro-differential equation model Equation (1) can be also describe anomalous diffusion; see
references [2,3]. The reaction diffusion level most depends on the choice of the kernel K(t) present in
the nonlocal reaction diffusion (integral) term.

Entropy 2016, 18, 344; d0i:10.3390/e18100344 www.mdpi.com/journal/entropy


http://www.mdpi.com/journal/entropy
http://www.mdpi.com
http://www.mdpi.com/journal/entropy

Entropy 2016, 18, 344 2of 14

Parabolic Volterra integro-differential equations have many important physical applications
to model dynamical systems, such as in compression of viscoelastic media [4], nuclear reactor
dynamics [5], blow-up problems [6], reaction diffusion problems [7] and heat conduction materials with
memory functional [8], etc. So far, the analysis of numerical solution of Volterra integral-differential
equations has been carried out by many authors. Avazzadeh et al. [9] proposed radial basis
functions through the finite difference method to find a nonlinear Volterra integro-differential
equation’s numerical solution. Aguilar et al. [10] proposed collocation methods to solve second-order
parabolic Volterra integro-differential equations. Dehghan et al. [8] studied numerical solution
of parabolic integro-differential equations using the variational iteration method. Han et al. [1]
proposed the artificial boundary method to solve parabolic Volterra integro differential equations
(one/two-dimensional) in infinite spatial domains. Fakhar-Izadi et al. [11] considered the parabolic
Volterra integro-differential equation in one-dimensional finite and infinite spatial domains using
spectral collocation methods. Vasudeva Murthy et al. [12] investigated parabolic integro-differential
equations through explicit integration and the Runge-Kutta-Chebyshev method.

However, to the authors” knowledge, there are no studies on analytical solutions of parabolic
partial Volterra integro-differential equation in the infinite domain. In this article, our goal is mainly to
discuss analytical solutions of Equation (1) with three different kinds of memory kernel functions in
the infinite domain.

This paper is organized as follows. In Section 2, some definitions and lemmas are introduced. In
Section 3, the analytical solutions of parabolic Volterra integro-differential equation with three different
kinds of memory kernel are demonstrated in the infinite domain. In Section 4, a typical example and
some graphical representations of the solution are presented. Some conclusions are given in Section 5.

2. Preliminaries

In this section, we present some fundamental definitions and lemmas that are used throughout
this paper.

Definition 1. A four-parameter Mittag-Leffler (M-L) function is defined as [13]

[e9)

n
EVX = (’Y)mc . i[ 3
op (2) n;() [(an+p) n! ©)
where z, B, v,k € C, R(a) > max ({0, N(x) — 1}, R(x) > 0), with Pochammer’s symbol (vy),, can be
expressed as

1, ifnk=0

(V) =Ty + 1K) /T(7) = { Yy +1)(y+2)..(y+nk—1), if ik e N,y #0

It is worth noting that when x = 1, the three-parameter Mittag-Leffler function can be expressed
1
as Egﬁ(.) = E}Iﬁ(-) [13,14]:
Zi’l

= (a
EZ,‘B(Z) = ngo m . E, (4)

where o, B,y € C, and (7),, is the Pochhammer symbol.
Note the relation between generalized the Mittag-Leffler function and the Fox-H function:

. 1 ) (1 - ’7!1)
Ezrﬁ(z) o T’)/)Hi; [_ ‘ (0/1)/ (1 - ;BI[X)

where H%; (z) [15] is a Fox-H function, and (R(«), ®(B) , R(y) > 0).
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Note that, when 7 = 1, we can obtain a two-parameter Mittag-Leffler function E! /3() =
Ey5(+) [16], there

; zxn+ﬁ ©)

wherez , € C,R(x) > 0. Note that E, 1 (-) reduces to Mittag-Leffler function E,(-) when § = 1, then

[ee]
Eu1(2) = 2 (an+1)’

wherez € C, R(a) > 0. In particular, we can obtain a regular exponential function when a = 1.

Definition 2. An integral operator 5:;’70; L is defined as [17,18]

(emmms0) ()= (P D)) 2 9() = [ (= 0F EIS (1) )p(0)dr. @

Ja

It is worth noting that, when w = 0 and a = 0, integral operator Ezfakﬁgo would correspond to the
Riemann-Liouville integral operator [13].

In this section, we will introduce some fundamental lemmas for the Laplace transform (£), which
will be help us handle some problems in the next section.

Lemmal. Lets, b, a, A, € RT, and then the following inverse Laplace transform ( L£71) is true [18].

-1 1 v Awin+1,1
N e SO} 0= T (0 (B i a8) ) )
where N b
n

Lemma 2. The Laplace transform of a three-parameter Mittag-Leffler function is given by [18,19]

o —p
B—1r7r o _ —st =117 14 _ s
£ [#F71E] p(Hwt)] (s) = /0 PR ()t = ®)
where |w/s*| < 1.
Lemma 3. The Laplace transform of e*/\ttﬁflEZ/ ﬁ(wt”‘) is given by the following [19]:
e + AP
L e MPIEY (dwt® s:(s—, A>0 9
{ el () = Sy - (420 ©)

where |w/ (s +A)"| < 1.

It is worth noting that in case A = 0, the structure of Lemma 3 is equivalent to Lemma 2.
Lemma 4 gives one important d-dimensional integral formula for the Mittag-Leffler function.

Lemma 4. For arbitrary « > 0, B is an arbitrary complex number, u > 0, and a € R, establishing the following
formula: [20]

[ L) (—a k)i = @) s [T ES) (<0 k) a1 (1] KD K] (10)
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In fact, here J;/5_1(-) is a Bessel function, and Einﬁ) (z) denotes the n-th derivatives of the

two-parameter Mittag-Leffler function. n-th derivatives of the two-parameter Mittag-Leffler function
can be expressed in terms of the Fox-H function as

(—n,1) ]
0,1, (1—(an+pB),a) |’

Furthermore, on the right of Equation (10) is the following:

Eﬂfﬁ) (z) = HH lz

k = (kq,ko, - - -, kg) € R?

2
1-d/2 _ | x| |k
(VH)/hQNMM—fW%$K|ZU

(0,1) (1—d/2,1) } '
where Hé,’g (z) [15] is the Fox-H function.

3. Analytical Solution of a Parabolic Volterra Integro-Differential Equation in the
Infinite Domain

3.1. Analytical Solution with Frictional Memory Kernel of M-L type IC(t) = tﬁ g ﬁ( ﬁ )

In this case, Equation (1) can be written as follows:

ou(x, ) 1

o+ Ot (t— )P p(— M)u(x,t’)dt:Au(x,t)+f(x,t). x€RLE>0 (1)

™

where «, 8,0 > 0, T is the memory time.

Theorem 1. The analytical solution of parabolic Volterra integro-differential Equation (11) with boundary
conditions and initial condition (2) can be expressed as the following analytical form

_ 1 o 1y i K \" (e 8(i-n) ik-x qd
u(x,t) = me ZEO(_W) HEO < " )(W) (50+a(5+1>(1 n)+n+1f) (k, t)e™*dk

+ Jr G(x—x,t)g(x)d%.x , ke R4

(12)

In which G(x, t) is the Green function and reads as

I “ N (IKE ) )i potion) o) | elkxq?
G(x, t) = W/Rd (Z s Z ( > 1/7“5) E (ﬁ+1)(17n)+n+1(*'f t*) | e™*d%k.

In general, this denotes f(k, t) = [rae EXF(x, t)d?x, (x € R) as the Fourier transform of f(x, t)
with respect to the spatial Varlable x. The Laplace transform of a function u(x, t) with regard to the
time variable  is defined as il(k, t) = [;° e *'u(k, t)dt, (t>0).

Proof. This denotes F {u(x, t)} := i(k, t) as the Fourier transform of u(x, t) with respect to variable
x, and £ {u(x,t)} := #i(x,s) as the Laplace transform of u(x, t) with respect to variable t. Taking the
Laplace transform with respect to the time variable ¢t and the Fourier transform with respect to the
spatial variable x to Equation (11), we obtain a nonhomogeneous equation, which can be written as
the following:

1 Stxo"f‘B

Twwquyﬁkw:—mﬁmkw+ﬂkwkekd (13)

sti(k,s) — ii(k,0) +
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Using the initial condition, it yields:

1 2 1 ~

ﬁ(k/S) = s + L Saéfﬁ + |k‘2f(k’s) + s + L Saé—ﬁ + |k‘2g(k) (14)
T (SR+T7A)5 o (SN+T7A)5
Because
1 _ 1 & _L i i Z k2 -1 n Szx&—ﬁfl i—n L —n
s+% éaé—ﬁ JHR‘Z ’ Eo( TM) ngo < n >( | ’ ) ((Sa+T7“)5> (TMS)
T (g r—a) ' ‘ (15)
- T i) guoli-m)—(B+1)(i-m-n-1 |k[> "
-RearE ()
Employing Lemma 2, we can get
gad(i—n)—(B+1)(i—n)—n—1 ) -
= (B+1)(i—n)+n po(i—n) Y
(SlX +T—oc)‘5(i*”) L [t Ea,(ﬁ+l)(i7n)+n+1( Tt )} (S) (16)
Substituting Equations (15) and (16) into the first term of Equation (14), we have
——flls) =
s+ Ly =2
(s¥%+17%) (17)

T B A N (oY

By applying inverse Laplace transform (£~!), the convolution definition of a Laplace transform
and Definition 2, we can obtain the inverse Laplace transform of the first term in Equation (14)

as follows:
< (”1 st (flen) (5)> (5) =

T e (18)
A i K> \" ([ p—T80(i—n) 1 pa
L) D )G (St ) Got)
It follows that the inverse Laplace transform of the second term in Equation (14) is
£ ( : §(k)> () =
1B 2
| " e (19)
S~y [ ) P () i) pSGn) g
5 T“’S)no< n >(1/T“') M E ) iy (ST )8 ().
According to Equations (18) and (19), we can obtain u(k, ) from Equation (14)
- oz 18 ¢ i K2 \" [ o—T%8(i—n),1 =
e =L (~o) ng()( " >(1/r“5) (B st s f) et
B (20)

i ‘k‘z " i—n)4npo(i—n) — 0K\
< . ) Gr) e oy e (5T )8 ().
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Equation (20) can be further manipulated by employing an inverse Fourier transform:

n=0

id i 2 "y
u(xt) = Gha ™% (—)' T ( . )(ﬂ}‘lm (o nsaf) (e Dt
(21)

i1 1 2 i—n _ .
2w e’kxz L) L < >(1/kT ) Bl (FTTR (k) Ak,

sad—p—1
TMS ( « T _,1 Tk —a\0
6(i—n)
a,(B+1)(i—n)+n+1
The second term in Equation (21) can be further manipulated as follows

We need + |k| ~1| < 1, and we presented that the series and integrals (21) are

convergent. And E (+) is generalization of the Mittag-Leffler function.

xS id i K/ 8(i—n) — g\ 5 qd
e €L () nzo< n >(1/rm>) KD E ) i (T )UK
. e o) i1 l 2 _ . i
= ﬁde elkxigo(':MS)ano( " )(UkTM,) (B (i=n)+n ((lﬁ-%—ni)(z n)+rl+l(7T gy (dee lkxg(x/)ddx’)ddk (22)
. " i i 2
:fRd {(Z;M fRd Elk'(XX)iZo(_iﬁ)anO( n >(1/krao) HPTDE ((zﬁﬁ)(l ﬂ)+n+1( Tata)ddk} g(x’)ddx/.

Denote Green function G(x, f) is

1 ik- = 1 i . i Ik[* 1 5(i—n) —apy 3d
Gl = (2n)d./[<d el >;0 ) Z( n > 1/T"‘0) HE D e iy (T )k

Therefore, we complete the proof of Theorem 1. [

3.2. Analytical Solution with a Frictional Memory Kernel of Power-Law Type KC(t) = r(tl;ja)' 0<ax<l1

In this case, Equation (1) can be written as the following;:

u(x, Fi-t)" N34
ug; 2 +/O (15(1 t_)a) u(x, t)dt = Au(x,t) + f(x,t), x €RI, t>0. (23)

Theorem 2. The analytical solution of parabolic Volterra integro-differential Equation (23) with boundary
conditions and initial condition (2) can be expressed as

K3+l 7 ikx
u(x, t) = o L [ 2 <5o+| 1\ é+a . f> (k, t)e**xd7k
+fRd (x —x,t)g(x')dx’.

(24)

The Green function G(x, t) is given as

1+ (2-w)j1/2)
(d/2,1/2), (l+j,1/2)

27'(‘1/2 x|% = 2t2

t ”" X
Glxt) = d 2 ['1

1 x ke R4

Note that F {g(x)} := (k) and F {f(x,t)} := f(k,t) are the Fourier transform of g(x) and
f(x,t), respectively.
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Remark. Employing the properties of the Fox-H functions, Green function G(x,t) can be expressed as a power
series expansion [15]

G ] ik (f (g N
(x 1) = d/2|x‘d2 Zr(1+( Ojk—dm Fo\oT +

& rra-joen) 1 ()Y
L 00 R\ :

2t2

For | =

< 1, therefore, the power-law asymptotics behavior is given by
. R 2(j+1)
Ir(1+j—4d/2) (|x|) n rd/2—j—-1) <x|>
T+ (2-a)j—d/2) \ot3 T((1=a)j) \os

Proof. Employing the Laplace transform with respect to variable t and Fourier transform with respect
to variable x, respectively. We obtain the following nonhomogeneous equation

tz oc)

G(x 1) i 2

7'[‘1/2 x|* =

sii(k, s) — ii(k,0) + s ii(k,s) = — [k|?ii(k,s) + f(k,s). k € R? (25)
O

Taking into account the initial condition, we obtain the following nonhomogeneous differential
equation, and Equation (25) can be rewritten as

A 1 A 1
uk,s) = ——f(k,s) + ——o(k). 26
(ks) s+ sl 4 |k\2f( ) s+sv1 4 |k|2g( ) (26)

Using the technique introduced by [18], we have

1 1 [k[Psle 1 -
S R )
1+ s2-0 41

Expanding the third section on the right of Equation (27) and simplifying, one can easily get

1 0 n g(l—a)(n+1)
=Y MY S @)
s+ 1+ k" o (274 +1)
Employing Lemma 2 in Equation (28), the first term of Equation (26) can be expressed as
1 A © ~
———flks)=L — |x») " Ept] )| ()L | f(k )] (s). 29
el Lgo< k) P (—P7 | ()L [Flo )] (5) (29)
21—
We need |51§|,i1+1 < 1, and showed that series (29) is convergent. Also, E}” ; ap1() is @

generalization of the three-parameter Mittag-Leffler function.
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According to the three-parameter Mittag-Leffler function definition, from Equation (29), we get

i " npn —a x n. & (n+1); 2y
L (= k) EE (87 = B (= k) "L (i R

n=0 n=0
_ 0o o0 —ch (.+1)n 7k2tn
B nEO Eo(_t2 ) F((Zja)j+n+1)( ‘n‘! L, (30)
—anNj 1
B (=Y By (= KD

Applying the convolution property of the Laplace transform and integral operator S;ﬁ;fﬁgo
Definition 2, the inverse Laplace transform of the first term in Equation (26) can be obtained as follows:

1

-1
£ a—1 2
s+ %=1 4+ |K]|

£ [Fin) <s>] = %0 (&) e @)

j=0

Considering the relationship between the generalized Mittag-Leffler function and the Fox-H
function, the inverse Laplace transform of the second term in Equation (26) can be expressed as [15]

- 1 = 2 (=) 2w 2, (=3 1) 5
e 5K = 4= ll k|2t ’ . k). (32
el I B 2 (K 01, (—e—win |
Let
- —i,1)
Rl t) = HY || T , , (33)
(o) = Hi [" 01, (-2-wjl)
and .
_ 0 (_t27a>J~
Gl t) = ) ~———h(kt). (34)
=0 I
Using the inverse Fourier transform (F “1Yin Equation (33), we can obtain
1 (=,1) kex 4d
hx,t) = —— [ H | | eexdi (35)
Ot = ot S T [" 01, (-@-w)1)
Using Lemma 4, we get the following result from Equation (35)
1 1—d/z/°° d/2 11[ 2,| (=) ] d
h(x,t) = ——— k| “Hy, ||k|¢t . _ k)d” |k|. (36
) = o b2 [T (e (T s DAt e

Employing a Hankel transform and the properties of the Fox-H functions [15,21,22], Equation (36)
can be written as

1 20 | x|
hix t) = ——p20 | XL
2md/2 x|t 1 lzt%

(1+(2-a)j,1/2)

(d/2,1/2), (144,1/2) ] ' 57)

Substituting Equation (37) into the inverse Fourier transform of Equation (34), we can obtain

(1+(2-a)j,1/2)
(d/2,1/2), (1+4,1/2) |’

G(x,t) =

1

1 - (—tz_“)]Hz,o x|
2t2

27Id/2|x|d]':0 ]l 12 |1

Then Equation (32) can also be written formally as

= wgﬁk)] — £ 76 (5)] (0(K). @)
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Applying an inverse Laplace transform to Equation (26), we can finally find
~ = K21 7 ~
il ) = 3 (~1) < A f> (k1) + F[G(x, )] (g (k). (39)

Equation (39) can be further manipulated by employing inverse Fourier transform and Fourier
convolution theorem, respectively. Accordingly, the Theorem 2 is clearly demonstrated.

3.3. Analytical Solution with Frictional Memory Kernel of Exponential Factor Type KC(t) = tPe™™, B > —1

In this case, Equation (1) can be written in the following form

X’ +/ NP M=)y (x, #)dt = Au(x t) + f(x, 1), A > 0,x € RY. (40)

Theorem 3. The analytical solution of parabolic Volterra integro-differential Equation (40) with boundary
conditions and initial condition (2) can be expressed as the following analysis formula:

u(ot) = b f { (ﬁ()(l)”wfﬁo < " )(A)’(kﬁ P (- kWZ)) *f(k»)} e
+ fra G(x— X, 1)g(x')d?/, x, k € R%.

Letting kg = T'( + 1), using the asterisk () to denote a Laplace convolution, the Green function
G(x,t) is given by

1 . - 11 — nrn ik-x
Glxt) = — /Rd<2 “Z( ) V(K" R o (- kﬁtﬁ“))ek dk.
n

Proof. Applying the Laplace and Fourier transform with respect to the time variable ¢ and spatial
variable x to Equation (40), and using the initial conditions, Equation (40) can be written as

sti(k,s) — i1(k, 0) + k(s + 1)~ 1*P)ii(k,5) = — [k[2di(k,s) + f(K,s), k € R™. (42)
O

From Equation (42), we have

1 j‘v(k s) + !
s+ kg(s + 1)U 4 |2 s+kg(s+A) P 4

u(k,s) = 3(K). (43)

Applying power series expansion, one obtains

o 2 _ A\ (B+1)n+p+1
M L e (;fz N (44)
s+kp(s+A) +k|°  a=0 ((s+A)""" +kp)
Combining with Lemma 3, Equation (44) can be expressed as
1 o0
= LY (~1) e MK - 0 PERL L (—kptP )| (). 45)
s+ kp(s +A) ") 4 K2 LZO pezneit TP

We need (PP < 1, and showed that series (45) is convergent. In addition, E*11  (z)
(s +)\)ﬁ+2+kﬁ ’ gent. B+2,n+1

is a generalization of the Mittag-Leffler function.



Entropy 2016, 18, 344 10 of 14

Through Equation (45), the first term in Equation (43) can be formally written as

1 e _

stkg(s+A)"1FF

ad n__\t n n r PN —— B+2 ~ (46)
LIL ()" Mg (0 ) A (KP)PER o (—kgtP*2) | ()2 [ )] (5)
Finally, the inverse Laplace transform of the first term in Equation(43) can be rewritten as
-1 1 e _
£ L+k (s+4) ") k2 £ {f(k’ t)} (S)] -
(47)

(E (—1>"e-M§O( ) 3<—A>T<|k|2> B (- kﬁtﬁ+2)> « flic b).

After analogous manipulation, the inverse Laplace transform of the second term of Equation (43)
can be expressed as

-1 1
stkg(s+A)~

(Hﬁ)‘*‘\k\z §(k)} =

(48)
0 _ n n ~
L (-nety ( ’ ) (A (P)" B (—kptF )50,
Performing an inverse Laplace transform in Equation (43), we finally get
- [ee] o n n ~
u&ﬂ—(;&ﬁre{§<r>vmwwﬁ ”%Emﬂkwmg*ﬂkW% |
(49

(E’: “””‘f”ﬁo( ) )(—A>’<|k|2> B (- kﬂﬁ“)) 3(k).

n=0

The solution is now obtained by performing an inverse Fourier transform in Equation (49),
which produces

i i noar o n r n 7
U t) = g fra € < L (—1)e M zo< . )(—/\) (6" P EES L (- kﬁtﬁ‘*'z)) * fk, £)d"k+

n=0

. ! (50)
Jra {(Z}T)df,qd ek (xx) (nzo(l)”eAfrz(]( " )(A)’(k )PE (- kﬁfﬁ*2)> ddk} g(¥)d’x,

r

where the Green function is denoted as

1 ik (x—x' o ‘fl — nen d
G(x—X,t) = - /Rde ( )(2 Atz( ) (\k|) fEﬁEnH( kﬁtﬁﬂ))dk.

Therefore, we complete the proof of Theorem 3.

4. Example

We select one-dimensional parabolic Volterra integro-differential equation with power-law
memory kernel under special initial conditions (Dirac delta function) in the infinite domain. Letting
f(x,t) = 0, the initial boundary value problems in Section 3.2 are

t u(x, t)dt' = Au(x,t), O<a<1l xeR, t>0,
u( )—5() lim u(x,t) =0, t>0 , xeR

|x|—o00

(51)
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According to Theorem 2, the analytical solution can be expressed as the following:

t2— 120 x| | (1+(2—a)j,1/2)
u(x, t) = 7t1/2|X|Z ! 12 g (1/2,1/2), (1+j51/2) | 2

The graphical representation of solution (52) for the different parameters of « and ¢ are plotted in

Figures 1-4, respectively.

u(x,t)

0=0.25 0=0.85
0.7 : ‘ : ‘ ‘ 07 : ‘ ‘
06l S t=0.2 | o6l e t=0.2
==-t=0.25 -=rt=0.25
T om0 ] T — =03

u

s 1 05 0 05 1 15 95 1 05 0 05 1 15
X X
(a) (b)

Figure 1. Graphical representation of the solution at different times with « = 0.25, 0.85. (a) The
analytical solution u(x, t) in (52) for different times when parameter « is fixed, the peak of curves will
decrease gradually with the increasing of the time. (b) The solution in (52) for different times when
parameter « is fixed, the peak of curves distinct decrease gradually and lenitively with the increasing

of time.

t=0.2 t=0.3
07 ' ' ' ' ' 0.5 i i

------ a=0.05 045} o ’__~\'x" e 0=0.05| |
s SN ==-0=0.45

0.4r

0.35¢
= 03

=
> 0.25¢
0.2}
0.15t
0.4
¥

oag

(b)

Figure 2. Graphical representation of the solution with different parameters « at times t = 0.2, 0.3.
(a) Times is fixed, the peak of curves will decrease gradually with the increasing of parameter a.
(b) The peak of curves distinct decrease and get fit with the increasing of parameter « under given time.
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u(x,t)

Figure 4. Graphical representation of the solution with « = 0.85.

5. Conclusions

In practical applications, different types of the frictional memory kernel XC(t) have been used to
describe a wide variety of complex dynamics and physical phenomena with memory effects. In this
paper, by applying the Laplace transform method to the time variable and the Fourier transform
to the spatial variable, we obtained analytical solutions to parabolic Volterra integro-differential
equations with three different kinds of memory kernel in the infinite domain. The analytical solutions
to the parabolic Volterra integro-differential equation consist of some special functions, such as the
multi-parameter Mittag-Leffler function and Fox-H function. It is worth mentioning that the analytical
solution provided in Equation (24) can also be obtained by applying the references method [23-25] to
Equation (23). In the end, some curves of the analytical solution are given, and the curves exhibit a
long tail behavior for a large time. We found that a parabolic Volterra integro-differential equation with
a power-law memory kernel is characterized by anomalous diffusion. The analytic solution of (1) can
be found in some special cases, but in general it is difficult to obtain because of the non-local property
of the integral term. Thus, in many cases, the more reasonable option is to find its numerical solution.
Meanwhile, the analytical solutions we obtained from parabolic Volterra integro-differential equations
with different types of frictional memory kernel provide great convenience for practical applications.
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