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hfoztop1@gmail.com
3 Department of Mechanical Engineering, King Abdulaziz University, 21589 Jeddah, Saudi Arabia;

nabuhamdeh@kau.edu.sa
* Correspondence: fthsel@yahoo.com; Tel.: +90-236-241-21-44
† These authors contributed equally to this work.

Academic Editors: Giulio Lorenzini and Omid Mahian
Received: 19 November 2015; Accepted: 22 January 2016; Published: 28 January 2016

Abstract: In this article, entropy generation due to natural convection in entrapped trapezoidal
cavities filled with nanofluid under the influence of magnetic field was numerically investigated.
The upper (lower) enclosure is filled with CuO-water (Al2O3-water) nanofluid. The top and bottom
horizontal walls of the trapezoidal enclosures are maintained at constant hot temperature while
other inclined walls of the enclosures are at constant cold temperature. Different combinations
of Hartmann numbers are imposed on the upper and lower trapezoidal cavities. Numerical
simulations are conducted for different values of Rayleigh numbers, Hartmann number and solid
volume fraction of the nanofluid by using the finite element method. In the upper and lower
trapezoidal cavities magnetic fields with different combinations of Hartmann numbers are imposed.
It is observed that the averaged heat transfer reduction with magnetic field is more pronounced at
the highest value of the Rayleigh number. When there is no magnetic field in the lower cavity,
the averaged Nusselt number enhances as the value of the Hartmann number of the upper cavity
increases. The heat transfer enhancement rates with nanofluids which are in the range of 10% and
12% are not affected by the presence of the magnetic field. Second law analysis of the system
for various values of Hartmann number and nanoparticle volume fractions of upper and lower
trapezoidal domains is performed.
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1. Introduction

Natural convection in cavities is encountered in various applications including chemical
reactors, heat exchangers, cooling of electronic devices, room ventilation and solar collectors due
to its simplicity and low cost. A comprehensive review was made by Ostrach [1]. Natural
convection in trapezoidal cavities has been studied extensively [2–7]. Silva et al. [8] numerically
investigated the natural convection in trapezoidal cavities with two internal baffles. They studied
the effects of inclination angles of the upper surface as well as the effect of the Rayleigh number,
the Prandtl number, and the baffle height on the fluid flow and heat transfer. Varol [9] performed a
numerical study of natural convection in divided trapezoidal enclosures filled with fluid saturated
porous media. He has noted that that the conduction mode of heat transfer became dominant
for higher thickness of the partition, low thermal conductivity ratio and low Rayleigh numbers.
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Natarajan et al. [10] numerically studied the natural convection in a trapezoidal cavity with uniform
and non-uniform heating of bottom wall for a range of Rayleigh and Prandtl numbers using finite
element method. They showed that non-uniform heating of the bottom wall produces greater heat
transfer rate at the center of the bottom wall than uniform heating. Eyden et al. [11] numerically and
experimentally studied the turbulent double diffusive natural convection in a trapezoidal enclosure
which mimics an idealized situation in underground coal gasification. They reported that the
numerical model can reproduce the essential features of the process.

The magnetic field effect on convective heat transfer were studied extensively recently since it
may found imporatnst applciation areas such as coolers of nuclear reactors, purification of molten
metals, MEMs and many others [12,13]. To control the convective heat transfer characteristics in
various systems external magnetic field may be imposed in various systems[14–18]. Öztop et al. [19]
studied the effect of magnetic field in a top sided lid-driven enclosure with a corner heater. They
observed that Nusset number deteriorates as the strength of the magnetic field increases and magnetic
field can be utilized to control the convection inside the enclosure. Hasanuzzaman et al. [20] studied
the influence of magnetic field on free convection for a trapezoidal cavity with finite element method
and showed that the Nusselt number deteriorates with magnetic field strength. Hossain and Alim [21]
performed two dimensional MHD natural convection within trapezoidal cavity with non-uniformly
heated bottom wall by using the finite element method. They showed that the average Nusselt
number at the non-uniform heating of bottom wall of the cavity depends on the dimensionless
parameters and also tilts angles.

Nanofluids are used in various heat transfer applications. Different nano sized particles such
as Al2O3, Cu, CuO, SO2, TiO2 are added in the base fluid to enhance the thermal characteristics
of the base flow [22–29]. Magnetohydrodynamics studies with added nanoparticles to the base
fluids were received attention during recent years in various heat transfer applications [30–34].
Ghasemi et al. [31] investigated the MHD free convection in a cavity filled with H2O-Al2O3 nanofluid.
They observed that the Nusselt number enhances or deteriorates as the nanoparticle volume fraction
increases depending on the value of Ha and Ra numbers. Mahmoudi et al. [35] numerically studied
the magnetohydrodynamics free convection in a triangular cavity filled with nanofluid.

Second law analysis with entropy generation concept can be utilized to evaluate the system
performance under various operating conditions [36–40]. The available energy destruction can be
quantified by the measurement of irreversibility during a process which is called entropy generation
rate. The fundamentals of entropy generation minimization was presented by Bejan [41]. Öztop
and Al-Salem [42] made a review of entropy generation in natural and mixed convection for
energy systems. MHD convection with nanofluids related to entropy generation and second law
analysis were studied by several researchers [43–46]. Thermal management of free convection within
trapezoidal cavities with distributions of heatlines and entropy generation by using the Galerkin finite
element method was investigated in reference [47]. Optimal tilt angles of the square cavity were found
in a tilted porous cavity with natural convection effect based on minimum entropy generation.

In this study, heat transfer and fluid flow inside two trapezoidal cavities were numerically
investigated. This configuration may be encountered in heat exchanger for the purpose of heat
recovery from hot fluids passing through a bundle of tubes. Varol [48] numerically studied the
heat transfer and fluid flow within two entrapped porous trapezoidal cavities using finite difference
method. The effects of Darcy-modified Rayleigh number, aspect ratio of trapezoidal cavities and
thermal conductivity ratio were studied. It was observed that local Nusselt number exhibits wavy
distribution for the lower trapezoidal cavity. Basak et al. [49] studied the fluid flow and heat transfer
in entrapped porous triangular cavities for a range of Darcy number, Prandtl number, Rayleigh
number using finite element method. Heatline approach was used to visualize the heat flow. They
observed that averaged heat transfer is higher for upper triangular cavity compared to the lower
cavity. Oscillatory behavior of the local Nusselt number was observed for the upper triangular cavity
at low Pr and high Da number.
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Natural convection and entropy generation in entrapped trapezoidal cavities filled with
nanofluids under the influence of magnetic field has never been studied despite its importance in heat
recovery heat exchanger systems. The present numerical investigation aims at studying the effects
of Rayleigh number, Hartmann number, solid volume fraction of the nanofluid on the fluid flow
and heat transfer characteristics in entrapped trapezoidal cavities. Second law analysis for various
system parameters of the upper and lower trapezoidal domains is also performed which can be used
for thermal management and system performance evaluation of the trapezoidal cavity.

2. Physical Model and Mathematical Formulation

The entrapped trapezoidal cavities are shown schematically in Figure 1. The fluid is entrapped
in the trapezoidal enclosures. The top and bottom wall of the cavities are kept at constant temperature
of Th while the inclined side walls are at constant temperature of Tc with Th > Tc. All the walls of
the cavities have no-slip boundary conditions. The upper cavity is filled with CuO-water nanofluid
while Al2O3-water nanofluid is used in the lower trapezoidal cavity. Magnetic fields B0 and B1
with inclination angle of γ1 and γ2 are imposed for the lower and upper trapezoidal domains.
Thermo-physical properties of water, CuO and Al2O3 at the reference temperature are presented
in Table 1. Joule heating, displacement currents and induced magnetic field effects are assumed
to be negligible. The flow is assumed to be 2D, laminar and the density in the buoyancy force is
approximated according to Boussinesq approximation.

Table 1. Thermophysical properties [24,32,35].

Property Water CuO Al2O3
ρ (kg/m3) 997.1 6500 3970
cp (J/kg·K) 4179 540 765

k (W·m−1·K−1) 0.6 18 25
β (1/K) 2.1× 10−4 0.85× 10−5 0.85× 10−5

σ−1 (Ω·m) 0.05 2.7× 10−8 10−10
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1
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2

x

y

L1

L3

L4

L2

Figure 1. Schematic description of the physical model.
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For each of the subdomains, conservation equations and entropy generation equation in a 2D
Cartesian coordinate system can be written as:

∂u
∂x

+
∂v
∂y

= 0 (1)

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

= − 1
ρnf
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∂x

+ νnf

(
∂2u
∂x2 +

∂2u
∂y2

)
+

σn f B2
0

ρn f

(
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) (2)
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(
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(
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(4)

where αnf =
knf

(ρCp)nf
is the thermal diffusivity of the nanofluid.
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(
∂T
∂y

)2
]
+

µn f

T0

[
2

((
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(
∂v
∂y

)2
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(
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+
σn f B2

0
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(u sin γ− v cos γ)2

(5)

Entropy generation due to heat transfer, viscous dissipation and MHD flow are represented by
the first, second and third terms on the right hand side of the above equation.

The effective thermo-physical properties of nanofluids in the numerical simulation were defined
by using the following formulas [32,33]:

ρn f = (1− φ)ρb f + φρp (6)

(ρcp)n f = (1− φ)(ρcp)b f + φ(ρcp)p (7)

σn f = (1− φ)σb f + φσp (8)

(ρβ)n f = (1− φ)(ρβ)b f + φ(ρβ)p (9)

where the subscripts b f , n f and p denote the base fluid, nanofluid and solid particle, respectively.
The effective thermal conductivity of the nanofluid includes the effect of Brownian motion. In

this model, the effects of particle size, particle volume fraction and temperature dependence are taken
into account and it is given by the following formula ([50]):

kn f = kst + kBrownian (10)
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where kst is the static thermal conductivity as given by [51]:

kst = k f

[
(kp + 2k f )− 2φ(k f − kp)

(kp + 2k f ) + φ(k f − kp)

]
(11)

The interaction between the nanoparticles and the effect of temperature are included in the
models as:

kBrownian = 5× 104φρ f cp, f

√
κbT
ρpdp

f ′(T, φ, dp) (12)

where the function f ′ for Cu-water nanofluid is given in [50].
The effective viscosity of the nanofluid due to micro mixing in the suspension was given by [50].

µn f = µst + µBrownian = µ f /(1− φ)0.25 +
kBrownian

k f
×

µ f

Pr f
(13)

where the first terms on the right hand side of equation is the viscosity of the nanofluid given in ([52]).
By using the following dimensionless parameters:

X =
x
H

, Y =
y
H

, U =
uH
α f

, V =
vH
α f

, P =
pH2

ρ f α2
f

θ =
T − Tc

Th − Tc
, Gr =

gβ f (Th − Tc)H3

ν2
f

, Pr =
ν f

α f
,

Ra = GrPr, Ha = B0H

√
σf

µ f

(14)

The non-dimensional form of the Equations (1)–(4) can be written as:

∂U
∂X

+
∂V
∂Y

= 0 (15)
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U
∂V
∂X

+ V
∂V
∂Y

= − ∂P
∂Y

+
νn f

α f

(
∂2V
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∂Y2

)
+
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f
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f
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β f
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ρn f α f

σn f
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+ V
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=
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∂X2 +
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(18)

The appropriate forms of the non-dimensional boundary conditions are:

• For the inclined walls of the trapezoidal enclosures:
U = V = 0, θ = 0

• For the top and bottom horizontal walls:
U = V = 0, θ = 1

• Along the interface of the trapezoidal domains (continuity condition):
a-
(

∂θ
∂n

)
1
=
(

∂θ
∂n

)
2

, θ1 = θ2

b- U1 = U2, V1 = V2
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Local Nusselt number on the walls of the trapezoidal enclosures is calculated as:

NuS = −
kn f

k f

(
∂θ

∂n

)
n=0

(19)

Averaged heat transfer is obtained after integrating the local Nusselt number along the walls:

Num =
∫ 1

0
NuSdS (20)

3. Solution Method and Validation of Code

Galerkin weighted residual finite element method was utilized to solve the governing equations.
The Galerkin procedure was used to establish the weak form the governing equations. Velocity
components, pressure and temperature are approximated using Lagrange finite elements of
different orders. Residuals for each of the conservation equation is obtained by substituting the
approximations into the governing equations. To simplify the nonlinear terms in the momentum
equations, Newton-Raphson iteration algorithm was utilized. The convergence of the solution is
assumed when the relative for each of the variables satisfy the following convergence criteria:

|Γ
n+1 − Γn

Γn+1 | ≤ 10−5 (21)

Grid independence of the solution was assured. Table 2 shows the averaged Nusselt
numbers along the top and bottom walls of the trapezoidal enclosure for various grid sizes
(Ra = 106, (Ha1, Ha2 = 50, 50), φ = 0.04). The validation of the study is made against
the results of Basak et al. [49]. Streamline and isotherm comparisons are shown in Figure 2 for
( Ra = 5× 105, Da = 10−4, Pr = 0.015). Local Nusselt numbers along the top and bottom horizontal
walls of the cavities computed in Basak et al. [49] and computed with present solver are demonstrated
in Figure 3. The results depicted in Figures 2 and 3 provide sufficient confidence for the accuracy of
the present solver.

Table 2. Grid independence test.

Grid Name Grid Size Num (L1) Num (L2)
G1 938 11.92 7.67
G2 2684 12.08 8.63
G3 33182 14.13 11.33
G4 48772 14.56 11.77
G5 64672 14.89 11.82

The sign convention is as follows. The positive sign of w denotes
anti-clockwise circulation and clockwise circulation is represented
by negative sign of w. The no-slip condition is valid at all
boundaries as there is no cross flow, hence w = 0 is used for
boundaries.

The heat flow within the enclosure is displayed using the

heatfunction (H) obtained from conductive heat fluxes ð� @h
@X ;� @h

@YÞ
as well as convective heat fluxes (Uh,Vh). The heatfunction satisfies
the steady energy balance equation Eq. (4) [33] such that

@H
@Y
¼Uh� @h

@X
;

� @H
@X
¼Vh� @h

@Y
; ð19Þ

which yield a single equation

@2H

@X2 þ
@2H

@Y2 ¼
@

@Y
ðUhÞ � @

@X
ðVhÞ: ð20Þ

The sign convention for heatfunction is as follows. The positive
sign of H denotes anti-clockwise heat flow and clockwise heat flow
is represented by negative sign of H. Heatfunctions are obtained via
finite element method similar to the procedure for evaluation of
streamfunctions.

In order to obtain a unique solution of Eq. (20), following
boundary conditions are implemented. Neumann boundary condi-
tions for H are obtained due to isothermal (hot or cold) wall based
on Eq. (19) and the normal derivatives are 0 (n � rH = 0) for all the
isothermal walls of M ABC and M BDE. Following unique non

homogeneous Dirichlet boundary conditions have been derived
based on Eq. (19):

(a) Entrapped lower triangle (M ABC)

H ¼ �
ffiffiffi
2
p

Nul at AðX ¼ 0; Y ¼ 0Þ; ð21Þ
H ¼ 0 at BðX ¼ 1; Y ¼ 1Þ ð22Þ

and

H ¼
ffiffiffi
2
p

Nur at CðX ¼ 2; Y ¼ 0Þ: ð23Þ

(b) Entrapped upper triangle (M BDE)

H ¼
ffiffiffi
2
p

Nul at DðX ¼ 0; Y ¼ 2Þ; ð24Þ
H ¼ 0 at BðX ¼ 1; Y ¼ 1Þ ð25Þ

and

H ¼ �
ffiffiffi
2
p

Nur at EðX ¼ 2; Y ¼ 2Þ: ð26Þ

It may be noted that, Nul and Nur are average Nusselt numbers
at the left and right walls, respectively. The evaluation of
Nul;Nur ;Nul and Nur are discussed next.

The heat transfer coefficient in terms of local Nusselt number
(Nu) is defined by

Nu ¼ � @h
@n

: ð27Þ

Here n denotes the normal direction of the plane. The local Nusselt
numbers for horizontal wall (Nuh), left wall (Nul) and right wall
(Nur) are defined as follows:
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(c) (d)

Figure 2. Code validation study, comparison of streamlines and isotherms with Basak et al. [49],
Ra = 5× 105, Da = 10−4, Pr = 0.015. (a) streamline, Basak et al. [49]; (b) isotherm, Basak et al. [49];
(c) streamline, present solver; (d) isotherm, present solver.

of the plot shows the heat transfer rate of the inverted upper trian-
gle and the lower panel shows the heat transfer rate of the lower
triangle. As expected, for both the triangles, the heat transfer rate
is low at the intersection of hot walls and high at the intersection
of hot and cold walls.

It is observed that for the upper triangle, the local Nusselt num-
ber is 0 at the point of intersection of hot inclined walls and is low
till the distance being around 1. But, heat transfer rate increases
rapidly thereafter and the rate is infinite at the edge due to the di-
rect contact of hot and cold walls. For the lower triangle, the values
of heatfunctions increase monotonically along the inclined wall to-
wards the hot–cold junction irrespective of all Da and Pr at
Ra = 5 � 105. The heat transfer rate (Nul) of both the triangles in-
creases monotonically for Da = 10�5 at Pr = 0.015 and 1000.

It is interesting to observe that, the heat transfer rate from the
inclined wall for the upper triangle at Da = 10�4 is larger than that
of Da = 10�5 especially for Pr = 0.015. The larger heat transfer rate
for Da = 10�4 is due to dense heatlines corresponding to
0.04 6 jHj 6 0.6 till the distance being 0.78 along the inclined wall
(see Fig. 5(c)). On the other hand, the heat transfer rate for the low-
er triangle shows monotonic increasing trend similar to Da = 10�5.

Wavy pattern of local Nusselt number has been observed for the
upper triangle at Pr = 0.015 with Da = 10�3 due to multiple circula-
tion cells leading to oscillations in isotherms along the inclined
wall (see Fig. 6a and b). This oscillatory nature of Nul is also due
to various zones of dense heatlines along the inclined wall. As Pra-
ndtl number increases to Pr = 1000 at Da = 10�3, heat transfer rate
is higher than that with Pr = 0.015 at 0.1 6 X 6 0.4 due to larger

intensity of dense heatlines. The maxima of Nul at the bottom por-
tion and top portion are observed for Pr = 1000. The dense heat-
lines or maxima in Nul are found near the bottom portion
whereas Nul is large due to discontinuous thermal boundary condi-
tion near the horizontal corner points. On the other hand, Nul

shows almost similar monotonic trend for all Prandtl numbers
within the lower triangle at Da = 10�3. This is due to the fact that
the isotherms for lower triangle show similar patterns as convec-
tion has smaller effect. The variation of heatfunction is much smal-
ler in the lower triangle and thus Nul for lower triangle is smaller
than that for upper triangle.

Fig. 11 illustrates the variation of Nusselt number (Nuh) along
the horizontal walls for both the triangular cavities. The general
trend for the upper triangle is observed as follows. The heat trans-
fer rate is infinite at the two edges of the horizontal wall and as we
move along the wall heat transfer rate decreases till the mid point
of the wall and afterwards that increases towards the edges. Sim-
ilar trend has been observed for the lower triangle. For the upper
triangle, as we move right along the wall from X = 0, the heat
transfer rate decreases rapidly till X = 0.3 and heat transfer rate de-
creases slowly thereafter till X = 0.6 at Da = 10�5 and Pr = 0.015.
The heat transfer rate remains almost constant and low till
X = 1.4 and that increases to infinite at the right edge. Similar trend
has been observed for the lower triangle for Da = 10�5 at Pr = 0.015.
As Darcy number increases to 10�4, the local Nusselt number of top
wall for the upper cavity is greater than that of Da = 10�5 near the
edges of the top wall due to dense heatlines whereas, the heat
transfer rate (Nuh) is lowest at the center due to dispersed
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Fig. 11. Variation of local Nusselt number with distance along the horizontal wall
for Pr = 0.015 (�) and Pr = 1000 (– – –) at Ra = 5 � 105 The inset illustrates the
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Figure 3. Code validation study, comparison of local Nusselt numbers along the top and bottom wall
with Basak et al. [49], Ra = 5× 105, Da = 10−4, Pr = 0.015, (a) local Nusselt numbers, Basak et al. [49];
(b) top wall, present solver; (c) bottom wall, present solver.

4. Results and Discussion

The numerical investigation was performed for various values of Rayleigh numbers (between
103 and 106), Hartmann number (between 0 and 50) and solid volume fraction of the nanofluid
(between 0 and 0.04). Different combinations of Hartmann numbers were imposed in the upper (D2)
and lower (D1) trapezoidal cavities. The upper and lower enclosures were filled with CuO-water and
Al2O3-water nanofluid under the influence of horizontally aligned magnetic fields (γ = 0o). Entropy
generation due to natural convection for various values of Hartmann number and nanoparticle
volume fractions of upper and lower trapezoidal domains is investigated.

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Figure 4. Effects of varying Rayleigh number on the streamlines for various Hartmann number
combinations (φ = 0.01), (Ra, Ha1, Ha2), (a) (103, 0, 0); (b) (103, 0, 20) ; (c) (103, 20, 0); (d) (103, 30, 30);
(e) (105, 0, 0); (f) (105, 0, 20); (g) (105, 20, 0); (h) (105, 30, 30); (i) (106, 0, 0); (j) (106, 0, 20); (k) (106, 20, 0);
(l) (106, 30, 30).
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The influence of varying Rayleigh number on the flow patterns and temperature distribution
are demonstrated in Figures 4 and 5 for various Hartmann number combinations of the lower and
upper domains (φ = 0.01). The upper and lower trapezoidal cavities are occupied by two counter
rotating vortcies in the absence of the magnetic field. As the value of the Rayleigh number enhances,
the vortex in the upper domain gets distorted and flow motion increases in the lower domain. The
flow motion is dampened and the strength of the convection decreases with increasing Hartmann
number of the upper domain in the absence of the magnetic field in the lower cavity (Figure 4b–j).
When the magnetic field is imposed only in the lower cavity as in Figure 4c,g,k, the flow motion
enhances and strength of the convection increases for the lower cavity with higher values of Rayleigh
numbers. When imposing magnetic field for the upper trapezoidal domains, the velocity gradient of
the upper cavity is much lower than that of the bottom cavity (Figure 4b,f,j) in all Rayleigh number
condition. While, when imposing magnetic filed for the lower trapezoidal domains, although the
velocity gradient of the bottom cavity is much lower than that of the upper cavity (Figure 4c), the
velocity gradient differences between the two cavities in Figure 4g,k are small due to the natual
convection effect is more pronounced in the lower trapezoidal cavity compared to upper one. The
thermal patterns show the increased effect of natural convection in the absence of magnetic field with
increasing Rayleigh numbers as the isotherms show plume like distributions in the interior cavity and
steep temperate gradients are seen along the walls of the upper and lower cavities. As the magnetic
field is imposed only in the lower (upper) trapezoidal cavity, the isotherm distribution in the upper
(lower) cavity slightly effected. The convection is decreased and isotherms become less clustered
along the walls of the cavities due to the dampening of the flow motion when the magnetic field is
imposed on both domains (Figure 5h,l).

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Figure 5. Isotherms for various Rayleigh numbers and different Hartmann number combinations
(φ = 0.01), (Ra, Ha1, Ha2). (a) (103, 0, 0); (b) (103, 0, 20) ; (c) (103, 20, 0); (d) (103, 30, 30);
(e) (105, 0, 0); (f) (105, 0, 20); (g) (105, 20, 0); (h) (105, 30, 30); (i) (106, 0, 0); (j) (106, 0, 20); (k) (106, 20, 0);
(l) (106, 30, 30).
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The local Nusselt number distributions along the bottom (top) and side wall of the lower (upper)
cavity are demonstrated in Figure 6 (Figure 7) for various Rayleigh numbers (Ha1 = 30, Ha2 = 30,
φ = 0.01). Local heat transfer is locally enhanced with Rayleigh number along the bottom wall and the
increase is significant from Rayleigh number 105 to 106. Along the side wall of the lower trapezoidal
cavity, at the highest Rayleigh number, the local heat transfer is first increased along the first half
of the lower part of the side wall then deteriorates. Along the top wall of the upper domain, heat
transfer is enhanced in the parts of the wall at 0 ≤ X ≤ 0.26 and 0.75 ≤ X ≤ 1. Along the side wall
of the upper domain, the enhancement in the Nusselt number is noticeable only for Rayleigh number
of 106. The averaged Nusselt number along the top and bottom wall of the trapezoidal cavities are
shown in Table 3 for various Rayleigh number and Hartmann number combinations of the domains.
The effect of the magnetic field on the reduction of the natural convection of the upper and lower
cavities is effective for the highest value of the Rayleigh numbers. Averaged heat transfer decreases
by 16.98% and 16.39% for the lower and upper cavities at (Ha1 = 30, Ha2 = 30) compared to case in
the absence of the magnetic field at Rayleigh number of 106.

Table 3. Averaged Nusselt number along the bottom and top wall of the domains for various Rayleigh
numbers and different Hartmann number combinations (φ = 0.01).

Ra Ha1 Ha2 Num (L1) Num (L2)
103 0 0 10.638 10.602
103 0 20 10.635 10.604
103 20 0 10.634 10.605
103 30 30 10.632 10.607
104 0 0 10.737 10.553
104 0 20 10.717 10.564
104 20 0 10.659 10.599
104 30 30 10.639 10.601
105 0 0 13.238 9.999
105 0 20 12.942 10.143
105 20 0 11.177 10.603
105 30 30 10.793 10.554
106 0 0 18.061 10.172
106 0 20 17.753 9.671
106 20 0 16.315 10.188
106 30 30 14.995 9.521
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Figure 6. Cont.
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Figure 6. Local Nusselt number distributions along the bottom and lower side wall for various
Rayleigh numbers (φ = 0.01). (a) L1; (b) L3.
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Figure 7. Local Nusselt number distributions along the top and upper side wall for various Rayleigh
numbers (φ = 0.01). (a) L2; (b) L4.
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The effects of the varying Hartmann number combinations of the upper and lower domains
on the flow and thermal patterns are demonstrated in Figures 8 and 9 at fixed values of (Ra = 105,
φ = 0.015). The first row (column) of Figure 8 shows the effect of Hartmann number in the upper
(lower) cavity on the flow patterns. In the absence of magnetic field for the lower domain, the
flow motion is decreased and convection is strongly dampened in the upper trapezoidal cavity with
increasing Hartmann number (Figure 8b,c) whereas the size and the extent of the two counter rotating
vortices on the lower cavity are slightly effected. When the magnetic field is imposed only in the lower
domain (Figure 8a,d,g), the convection in the lower domain is strongly decreased at the highest value
of Hartmann number and the flow motion accelerates and the strength of convection increases in the
upper domain. Another interesting result is seen in when Figure 8f is compared with Figure 8i. As
the Hartmann number of the first domain is increased from 20 to 50, the upper trapezoidal cavity is
occupied with two counter rotating vortices and the maximum value of the streamfuction is decreased
in the lower cavity. Isotherms show the reduction of the convection inside the cavities with increasing
the magnetic field strength and isotherms are bless clustered along the mid of the bottom wall of the
lower and top wall of the upper cavities. The heat transfer process in the lower cavity is effective when
the magnetic strength of the upper cavity enhances as seen in Figure 9a,b,c. Temperate gradients
become steeper along the top wall of the upper cavity when the Hartmann number of the lower
cavity increases as seen in Figure 9a,d,g. The local Nusselt number plots along the bottom (top)
and side walls of the lower (upper) cavity are demonstrated in Figure 10 (Figure 11). Increasing the
magnetic field strength of the lower cavity deteriorates the local heat transfer along the bottom wall
and enhances it partly for locations at 0 ≤ X ≤ 0.3 and 0.7 ≤ X ≤ 1 along the top wall of the upper
cavity. As the value of the Hartmann number enhances, the local heat transfer along the side wall of
the lower trapezoidal cavity generally decreases. The averaged Nusselt numbers along the bottom
and top walls of the lower and upper cavities are shown in Table 4. As the value of the magnetic
strength of the lower domains decreases, the average heat transfer in that domain is reduced. In the
absence of magnetic field in the lower cavity, the averaged Nusselt number enhances with increasing
magnetic field strength of the upper cavity. The trend of decreasing heat transfer with magnetic field
is seen for the Hartmann number of the first domain which is greater than 10. The averaged Nusselt
number is reduced by 19.09% for the lower domain and enhanced by 8.00% for the upper domain at
Hartmann number pairs of (Ha1 = 50, Ha2 = 0) compared to case in the absence of magnetic field.

Table 4. Averaged Nusselt number distributions along the bottom and top walls of the trapezoidal
domains for various Hartmann numbers of the domains (Ra = 105, φ = 0.015).

Ha1 Ha2 Num (L1) Num (L2)
0 0 13.245 9.996
0 10 13.112 9.976
0 20 12.949 10.137
0 30 12.877 10.242
0 50 12.819 10.329

10 0 12.370 10.172
10 10 12.300 10.124
10 20 12.208 10.217
10 30 12.165 10.292
10 50 12.130 10.363
20 0 11.180 10.606
20 10 11.174 10.521
20 20 11.163 10.464
20 30 11.156 10.457
20 50 11.149 10.471
30 0 10.816 10.748
30 10 10.810 10.667
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Table 4. Cont.

Ha1 Ha2 Num (L1) Num (L2)
30 20 10.801 10.585
30 30 10.794 10.555
30 50 10.787 10.546
50 0 10.716 10.796
50 10 10.708 10.720
50 20 10.696 10.635
50 30 10.686 10.599
50 50 10.675 10.583

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)
Figure 8. Effects of varying Hartmann numbers of the upper and lower domains on the streamline
distributions (Ra = 105, φ = 0.015), (a) (Ha1 = 0, Ha2 = 0) ; (b) (Ha1 = 0, Ha2 = 20);
(c) (Ha1 = 0, Ha2 = 50); (d) (Ha1 = 20, Ha2 = 0); (e) (Ha1 = 20, Ha2 = 20); (f) (Ha1 = 20, Ha2 = 50);
(g) (Ha1 = 50, Ha2 = 0); (h) (Ha1 = 50, Ha2 = 20); (i) (Ha1 = 50, Ha2 = 50).
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 9. Effects of varying Hartmann numbers of the upper and lower domains on the isotherm
distributions (Ra = 105, φ = 0.015), (a) (Ha1 = 0, Ha2 = 0) ; (b) (Ha1 = 0, Ha2 = 20);
(c) (Ha1 = 0, Ha2 = 50); (d) (Ha1 = 20, Ha2 = 0); (e) (Ha1 = 20, Ha2 = 20); (f) (Ha1 = 20, Ha2 = 50);
(g) (Ha1 = 50, Ha2 = 0); (h) (Ha1 = 50, Ha2 = 20); (i) (Ha1 = 50, Ha2 = 50).
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Figure 10. Local Nusselt number distributions along the bottom and lower side wall for various
Hartmann numbers of the upper and lower domains (Ra = 105, φ = 0.015), (a) L1; (b) L3.
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Figure 11. Local Nusselt number distributions along the top and upper side wall for various
Hartmann numbers of the upper and lower domains (Ra = 105, φ = 0.015), (a) L2; (b) L4.

Al2O3 and CuO nanoparticles of different solid volume fractions are added to the base fluids
in the lower and upper cavities by the same amount which is denoted by φ. Nanoparticles enhance
the thermal conductivity of the base fluid which results in better convection characteristics inside the
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cavities. Tables 5 and 6 represent the average Nusselt number distributions along the bottom and top
wall of the triangular cavities for various nanoparticle volume fraction and Hartmann numbers for
fixed value of Ra = 104 and Ra = 5× 105, respectively. The averaged heat transfer enhancements
are in the range of 10% and 12% for the highest nanoparticle volume fraction φ = 0.04 compared to
base fluid at φ = 0. The enhancements in the heat transfer are higher for the bottom wall of the lower
cavity as compared to top wall of the upper cavity where heat transfer process is less effective. Heat
transfer enhancement rate with nanofluids is not affected with the presence of the magnetic field.

Table 5. Effects of nanoparticle volume fraction on the average Nusselt number for various Hartmann
numbers of the upper and lower trapezoidal domains (Ra = 104).

φ Ha1 Ha2 Num (L1) Num (L2)
0 0 0 10.993 9.954

0.01 0 0 11.316 10.213
0.02 0 0 11.644 10.478
0.03 0 0 11.977 10.749
0.04 0 0 12.315 11.025

0 0 20 10.921 10.00
0.01 0 20 11.241 10.263
0.02 0 20 11.565 10.531
0.03 0 20 11.893 10.804
0.04 0 20 12.227 11.082

0 20 0 10.478 10.163
0.01 20 0 10.776 10.438
0.02 20 0 11.079 10.717
0.03 20 0 11.388 11.001
0.04 20 0 11.702 11.292

0 30 30 10.438 10.139
0.01 30 30 10.734 10.409
0.02 30 30 11.035 10.685
0.03 30 30 11.342 10.965
0.04 30 30 11.655 11.251

Table 6. Effects of nanoparticle volume fraction on the average Nusselt number for various Hartmann
numbers of the upper and lower trapezoidal domains (Ra = 5× 105).

φ Ha1 Ha2 Num (L1) Num (L2)
0 0 0 16.283 10.043

0.01 0 16.758 16.299 10.318
0.02 0 0 17.240 10.599
0.03 0 0 17.728 10.885
0.04 0 0 18.222 11.176

0 0 20 15.918 9.739
0.01 0 20 16.394 9.990
0.02 0 20 16.876 10.247
0.03 0 20 17.364 10.510
0.04 0 20 17.857 10.779

0 20 0 14.438 10.180
0.01 20 0 14.863 10.461
0.02 20 0 15.293 10.747
0.03 20 0 15.727 11.038
0.04 20 0 16.166 11.336

0 30 30 13.022 9.992
0.01 30 30 13.411 10.248
0.02 30 30 13.803 10.509
0.03 30 30 14.199 10.777
0.04 30 30 14.599 11.052

The total entropy generation of the upper and lower trapezoidal domains are normalized with
the configurations when there is no magnetic field at Ha = 0 (Sg,Ha/Sg,Ha = 0) or when there is only
base fluid at φ = 0 (Sg,φ/Sg,φ = 0). Figure 12a,b demonstrates the influence of varying Hartmann
number and nanoparticle volume fraction on the variation of the normalized entropy generation of
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the upper and lower domains. Fluid motion is dampened and strength of the convection is reduced
with the increase of the magnetic field strength for both domains. There is slightly change in the
entropy generation for Hartmann number higher than 30 in the lower domain and for Hartmann
number higher than 20 in the upper domain. This is due to the fact that conduction is the dominant
heat transfer mechanism in the cavities for those cases and there is slightly change of convection
in the cavities and there si slightly change of gradients of the velocities and temperature. The
normalized entropy generation enhances as the solid volume fraction of the nanoparticles increases.
Steep temperature gradients are seen adjacent to the hot and cold walls of the cavities as the solid
volume fraction increases. The increment of the effective thermal conductivity and viscosity of the
nanofluid results in heat transfer enhancement and fluid friction irreversibility and therefore the total
entropy generation of the domains increases with φ.
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Figure 12. Normalized entropy generation for the upper and lower trapezoidal domains, (a) for
Ra = 105, φ = 0.015 and various Hartmann numbers; (b) for Ra = 105, Ha1 = Ha2 = 10 and various
nanoparticle volume fractions.

Table 7 shows the normalized entropy generation for various Hartmann number combinations
of the upper and lower domains. The entropy generation ratio decreases with Hartmann number and
this is more pronounced for the lower domain. At the higher values of the Hartmann numbers, the
entropy generation ratio remains relatively constant for both domains.
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Table 7. Normalized entropy generation for lower and upper trapezoidal domains for various
Hartmann numbers of the domains (Ra = 105, φ = 0.015).

Ha1 Ha2 S*g (D1) S*g (D2)
0 0 1.0000 1.0000
0 10 1.0029 0.9811
0 20 1.0087 0.9716
0 30 1.0145 0.9703
0 50 1.0174 0.9685

10 0 0.9449 0.9905
10 10 0.9478 0.9716
10 20 0.9536 0.9653
10 30 0.9594 0.9621
10 50 0.9652 0.9590
20 0 0.8922 0.9685
20 10 0.8928 0.9621
20 20 0.8942 0.9527
20 30 0.8957 0.9495
20 50 0.8971 0.9464
30 0 0.8725 0.9685
30 10 0.8725 0.9590
30 20 0.8725 0.9502
30 30 0.8739 0.9464
30 50 0.8754 0.9432
50 0 0.8693 0.9685
50 10 0.8690 0.9590
50 20 0.8684 0.9495
50 30 0.8681 0.9461
50 50 0.8681 0.9435

Table 8. Effects of nanoparticle volume fraction on the entropy generation ratio for various Hartmann
numbers of the upper and lower trapezoidal domains (Ra = 5× 105).

φ Ha1 Ha2 S*g (D1) S*g (D2)
0 0 0 1.0000 1.0000

0.01 0 0 1.0292 1.0277
0.02 0 0 1.0584 1.0563
0.03 0 0 1.0882 1.0856
0.04 0 0 1.1185 1.1154

0 0 20 1.0022 0.9961
0.01 0 20 1.0308 1.0236
0.02 0 20 1.0639 1.0514
0.03 0 20 1.0904 1.0802
0.04 0 20 1.1185 1.1088

0 20 0 0.9713 0.9956
0.01 20 0 0.9989 1.0235
0.02 20 0 1.0271 1.0518
0.03 20 0 1.0552 1.0806
0.04 20 0 1.0844 1.1099

0 30 30 0.9708 0.9901
0.01 30 30 0.9978 1.0172
0.02 30 30 1.0260 1.0448
0.03 30 30 1.0541 1.0729
0.04 30 30 1.0833 1.1016
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The influence of varying nanoparticle volume fractions on the variation of the normalized
entropy generation for various Hartmann number combinations of both domains is show in Table 8.
The entropy generation ratio increases more in the absence of the magnetic field as the solid
nanoparticle volume fraction increases even though the contribution of the entropy generation due
to the magnetic field decreases. This is due to the contribution of entropy generation due to the heat
transfer is higher compared to other terms in the entropy generation equation (Equation (5)).

5. Conclusions

In this study, MHD natural convection and entropy generation in entrapped trapezoidal cavities
filled with different nanofluids is numerically investigated. Some important conclusions from the
numerical simulation results can be drawn as:

• At the highest value of the Rayleigh number, the magnetic field is more effective on the reduction
of the natural convection of the upper and lower cavities.

• When the Hartmann number of the lower cavity incraeses, the local heat transfer along the bottom
wall is deteriorated and it is enhanced partly for locations at 0 ≤ X ≤ 0.3 and 0.7 ≤ X ≤ 1 along
the top wall of the upper cavity.

• In the absence of magnetic field in the lower cavity, the averaged heat transfer increases with
increasing values of the Hartmann number of the upper cavity. When the Hatmann number of
the lower cavity is greater than 10, convection is reduced for the upper domain.

• The averaged Nusselt number increments are in the range of 10% and 12% for the highest solid
volume fraction of the nanoparticle compared to base fluid. The heat transfer enhancement rates
with nanofluids are not influenced by the presence of the magnetic field.

• The normalized entropy generation increases with increasing values of solid volume fraction of
the nanoparticles and decreasing values of magnetic field strength for both domains. The entropy
generation ratio decreases for the lower trapezoidal domain is more pronounced compared to
upper one with increasing Hartmann number.
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Abbreviations

The following abbreviations are used in this manuscript:
B0 magnetic field strength

Gr Grashof number,
gβ f (Th−Tc)H3

ν2
f

h local heat transfer coefficient, (W/m2·K)

Ha Hartmann number, B0H
√

σn f
ρn f ν f

k thermal conductivity, (W/m·K)
H length of the enclosure, (m)
n unit normal vector
Nu local Nusselt number
p pressure, (Pa)
P non-dimensional pressure
Pr Prandtl number,

ν f
α f

T temperature, (K)
u, v x-y velocity components, (m/s)
x, y Cartesian coordinates, (m)
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X, Y dimensionless coordinates

Greek Characters

α thermal diffusivity, (m2/s)
β expansion coefficient, (1/K)
φ nanoparticle volume fraction
θ non-dimensional temperature, T−Tc

Th−Tc

ν kinematic viscosity, (m2/s)
ρ density of the fluid, (kg/m3)
γ strength of the dipole
σ electrical conductivity, (S/m)

Subscripts

c cold wall
m average
h hot wall
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