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Abstract: The entropy generation due to heat transfer and fluid friction in mixed convective peristaltic
flow of methanol-Al2O3 nano fluid is examined. Maxwell’s thermal conductivity model is used in
analysis. Velocity and temperature profiles are utilized in the computation of the entropy generation
number. The effects of involved physical parameters on velocity, temperature, entropy generation
number, and Bejan number are discussed and explained graphically.
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1. Introduction

In the past, much attention has been given to peristalsis caused by sinusoidal waves
in channels/tubes. Prominent processes involving peristalsis include chyme movement in the
gastrointestinal tract, blood circulation in small blood vessels, urine transport from the kidney to
bladder, spermatozoa transport in the ductus efferent of the male reproductive tract, sanitary and
corrosive fluids transport, blood pumps in a heart-lung machine, and many others. Numerous
experimental and theoretical studies have been performed after the seminal experimental work on
peristalsis of viscous fluid by Latham [1]. The theoretical attempt by Shapiro [2] showed excellent
agreement with the experimental study [1]. Afterwards, extensive attempts have been made on the
topic. Some recent studies in this direction can be consulted in References [3–10].

The study of nanofluids has received much attention from researchers in the past. The study
of heat transfer in the presence of nanofluids is of great practical significance in many branches
of engineering and medical sciences. Nanofluid is a liquid in which nanometer-sized particles
(called nanoparticles) made up of metals, carbides, oxides, or carbon nanotubes are suspended
in the conventional fluid, such as oils, water, ethylene glycol, etc. Choi [11] experimentally found
that the addition of these nanoparticles in the traditional fluid significantly enhances the thermal
conductivity of the fluid. Literature concerning the flow of nanofluids may be found in the recent book
by Minkowycz et al. [12]. The peristaltic transport of nanoparticles has applications in the treatment
of malignant tumors, magnetic resonance imaging to diagnose bleeding reduction during diseases,
in cancer therapy, and in the transport of drugs. In view of this, important contributions of peristaltic
transport of nanofluids have been studied [13–22].

Entropy generation is a measure of irreversibility associated with heat transfer processes.
The study of entropy generation within the system is significant, as it helps to trace the sources
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which destroys available energy. Therefore, by knowing these factors or sources, one can minimize the
entropy to preserve the quality of energy for the optimal design of any thermal system. At present,
the research topic of entropy generation minimization has acquired special status amongst scientists
worldwide. They are re-examining all energy consuming, converting, and producing systems and
developing new techniques in order to remove all sources that destroy the available work. Improved
economics are being proposed around the world to more accurately preserve the present energy
supply shortage [23–34]. Soudi et al. [35] investigated the entropy generation rate in a peristaltic
pump. They analyzed that peristalsis is a great entropy generator process, due essentially to dynamic
irreversibility. Some more interesting studies in this direction can be consulted in References [36–39].
Existing literature witnesses that no attention is focused so far on the study of entropy generation on
mixed convection [9,40–44] peristaltic flow in the presence of nanoparticles. In this study, the entropy
generation due to heat transfer and fluid friction in peristaltic flow of methanol-Al2O3 nano fluid is
examined. Analysis is performed under long wavelength and low Reynold’s number approximations.
Maxwell’s thermal conductivity model is used in analysis. The effects of involved physical parameters
are discussed and explained graphically.

2. Problem Formulation

Consider the flow of a nanofluid in an asymmetric channel of width d1 + d2. The flow within
the channel is induced due to the propagation of sinusoidal waves of wavelength λ travelling at the
channel walls with constant speed c. Cartesian coordinates

(
X, Y

)
system is taken in such a way that

the X-axis lies along the length of channel and the Y−axis lies normal to it (see Figure 1). The geometry
of the peristaltic walls can be expressed in the form:

h1(X, t) = d1 + a1 cos
( 2π

λ

(
X − ct

))
,

h2(X, t) = −d2 − a2 cos
( 2π

λ

(
X − ct

)
+ γ

)
,

(1)

where h1(X, t) and h2(X, t) are the walls in the regions Y > 0 and Y < 0, respectively. a1, a2 are the
wave amplitudes travelling along h1(X, t) and h2(X, t), respectively. γ is the phase difference, λ is the

wavelength and t is the time. Further, a1, a2 , d1, d2 and γ satisfy a2
1 + a2

2 + 2 a1a2 cos γ ≤
(

d1 + d2

)2
.

For the velocity components U along the X and V along the Y− directions in the fixed frame, one can
write V as:

V = [U(X, Y, t), V(X, Y, t), 0], (2)Entropy 2017, 19, 490  3 of 11 
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In the above equations, the effective density effρ , effective viscosity effμ , effective heat 
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the nanofluid for a two-phase model are taken in the form [12]: 

( )

2.5

(1 ) , ( ) (1 )( ) ( ) ,

(1 )( ) ( ) ,

2 2 ( )
, ,

2 ( ) (1 )

eff f p eff f p

f peff

eff p f f p f
eff

f p f f p

C C C

K K k K K

K K k K K

ρ φ ρ φρ ρ φ ρ φ ρ
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The law of conservation of mass, momentum, and energy can be written as [16,37,43,44]:

∂U
∂X

+
∂V
∂Y

= 0, (3)

ρe f f

(
∂U
∂t

+ U
∂U
∂X

+ V
∂U
∂Y

)
= − ∂P

∂X
+ µe f f

(
∂2U

∂X2 +
∂2U

∂Y2

)
+ g(ρβ)e f f (T1 − T0), (4)

ρe f f

(
∂V
∂t

+ U
∂V
∂X

+ V
∂V
∂Y

)
= − ∂P

∂Y
+ µe f f

(
∂2V

∂X2 +
∂2V

∂Y2

)
, (5)

(ρC)e f f

[
∂T
∂t + U ∂T

∂X
+ V ∂T

∂Y

]
= Ke f f

(
∂2T
∂X2 +

∂2T
∂Y2

)
+ µe f f

[
2
(

∂U
∂X

)2
+ 2
(

∂V
∂Y

)2
+
(

∂U
∂Y

+ ∂V
∂X

)2
]

.
(6)

In the above equations, the effective density ρe f f , effective viscosity µe f f , effective heat capacity
Ce f f , thermal conductivity Ke f f , and effective thermal expansion coefficient (ρβ)e f f of the nanofluid
for a two-phase model are taken in the form [12]:

ρe f f = (1 − φ)ρ f + φρp, (ρC)e f f = (1 − φ)(ρC) f + φ(ρC)p,

(ρβ)e f f = (1 − φ)(ρβ) f + φ(ρβ)p,
Ke f f
K f

=
Kp+2k f +2φ(K f −Kp)

Kp+2k f −φ(K f −Kp)
, µe f f =

µ f

(1−φ)2.5 ,

(7)

Introducing the transformations between fixed
(
X , Y

)
and wave frames (x, y):

x = X − ct, y = Y, u(x, y) = U − c, v(x, y) = V, p(x, y) = P(X, Y, t), (8)

the fundamental Equations (3)–(6) in wave frame become:

∂u
∂x

+
∂v
∂y

= 0, (9)

(
(1 − φ)ρ f + φρp

) (
(u + c) ∂u

∂x + v ∂u
∂y

)
= − ∂p

∂x +
µ f

(1−φ)2.5

(
∂2u
∂x2 +

∂2u
∂y2

)
+g
(
(1 − φ)(ρβ) f + ϕ(ρβ)p

)
(T − T0)

(10)

(
(1 − φ)ρ f + φρp

)(
(u + c)

∂v
∂x

+ v
∂v
∂y

)
= −∂p

∂y
+

µ f

(1 − φ)2.5

(
∂2v
∂x2 +

∂2v
∂y2

)
(11)

(1 − φ)(ρC) f + φ(ρC)p

[
(u + c) ∂T

∂x + v ∂T
∂y

]
= Ke f f

[
∂2T
∂x2 + ∂2T

∂y2

]
+

µ f

(1−φ)2.5

[
2
(

∂u
∂x

)2
+ 2
(

∂v
∂y

)2
+
(

∂u
∂y + ∂v

∂x

)2
] (12)

Defining the following dimensionless quantities:

x = x
λ , u = u

c , y = y
d1

, v = v
cδ , δ = d1

λ , p =
d2

1 p
µcλ , h1 = h1

d1
, h2 = h2

d1
,

a = a1
d1

, d = d2
d1

, b = b1
d1

, Re =
ρ f cd1

µ f
, Ψ = Ψ

cd1
, θ = T−T0

T1−T0
,

Pr =
µ f C f

K f
, Ec = c2

C f (T1−T0)
, Br = PrEc, Gr =

ρ f β f gd2
1(T1−T0)

µ f c

u = ∂Ψ
∂y , v = −δ ∂Ψ

∂x ,

(13)

where Ψ, Re, Pr, Ec, Br, Gr respectively, are the stream function, the Reynolds number, the Prandtl
number, the Eckert number, the Brinkman number, and the Grashof number. In terms of these
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dimensionless quantities and in view of long wavelength and low Reynolds number approximations,
Equations (10)–(12) are reduced in the following forms:

∂p
∂x

=
1

(1 − φ)2.5
∂3Ψ
∂y3 +

[
1 − φ + φ

(ρβ)p

(ρβ) f

]
Grθ, (14)

∂p
∂y

= 0, (15)

From (14) and (15) we have:

1

(1 − φ)2.5
∂4Ψ
∂y4 +

[
1 − φ + φ

(ρβ)p

(ρβ) f

]
Gr

∂θ

∂y
= 0, (16)

[
Kp + 2K f + 2φ(K f − Kp)

Kp + 2K f − φ(K f − Kp)

]
∂2θ

∂y2 +
Br

(1 − φ)2.5

(
∂2Ψ
∂y2

)2

= 0. (17)

The dimensionless boundary conditions are defined by:

Ψ = F
2 , ∂Ψ

∂y = −1, θ = 0, at y = h1,

Ψ = − F
2 , ∂Ψ

∂y = −1, θ = 1, at y = h2.
(18)

where the dimensionless walls surfaces are given by:

y = h1 = 1 + a cos(2πx), y = h2 = −d − b cos(2πx + γ). (19)

Time mean flow rate F in the wave frame is related to the dimensionless time mean flow rate Q in
the laboratory frame by:

Q = F + 1 + d, F =
∫ h1

h2

∂Ψ
∂y

dy, (20)

The pressure rise ∆Pλ is defined as:

∆Pλ =
∫ 1

0

dp
dx

dx, (21)

Heat transfer coefficients at the walls are given by:

Z1 = h1x
∂θ

∂y

∣∣∣∣
y=h1

, Z2 = h2x
∂θ

∂y

∣∣∣∣
y=h2

. (22)

3. Entropy Generation Analysis

The entropy generation number NS in dimensionless form [36–39] is given by:

NS =

[
Kp + 2K f + 2φ(K f − Kp)

Kp + 2K f − φ(K f − Kp)

](
∂θ

∂y

)2
+

Br

Ω(1 − φ)2.5

(
∂2Ψ
∂y2

)2

, (23)

where Ω = ∆T/T0 is the dimensionless temperature difference and the product of the Brickman
number Br, and the inverse of the dimensionless temperature difference Ω−1 is the viscous dissipation
parameter

(
BrΩ−1

)
. The expression in Equation (23) can be written as the sum of entropy generation

due to heat transfer (NH) and local entropy generation due to fluid friction irreversibility (NF).

NS = NH + NF (24)
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In order to determine whether heat transfer irreversibility dominates over fluid friction or vice
versa, the irreversibility distribution ratio Φ is defined as [26–30]:

Φ =
Fluid friction irreversibility

Irreversibility due to heat transfer
=

NF
NH

(25)

In the range 0 < Φ < 1, the heat transfer irreversibility dominates, whereas Φ > 1 indicates
that irreversibility is only due to fluid friction. Both the heat transfer and fluid friction have the same
contribution to entropy generation when Φ = 1. An alternative irreversibility ratio, known as the
Bejan number, is the ratio of heat transfer irreversibility to the total irreversibility due to heat transfer
and fluid friction. It is given as [26–30]:

Be =
NH
NS

=
1

1 + Φ
(26)

The Bejan number takes the values from 0 to 1. Here, Be = 0 is the limit at which irreversibility is
dominated by fluid friction effects, and Be = 1 is the opposite limit at which heat transfer irreversibility
dominates. Be = 0.5 is the case where fluid flow irreversibility and heat transfer irreversibility are of
equal importance.

4. Results and Discussion

The resulting coupled nonlinear differential Equations (16) and (17) subject to the boundary
conditions (18) were solved numerically using Mathematica built-in numerical solve NDSolve.
The step-size is taken as 0.01, and the accuracy to the fifth decimal place is regarded as the criterion
of convergence.

This section seeks the influence of various physical parameters on axial velocity distribution
u, axial pressure gradient dp/dx, pressure rise per wavelength ∆Pλ, and temperature θ. Further,
the silent characteristics of the dimensionless entropy generation number Ns and the Bejan number
Be are explored explicitly. These pumping, heating, trapping, and entropy generation characteristics
are explained through Figures 2–8. The thermophysical properties of the base fluid and considered
nanoparticle are listed in Table 1.

The effect of the nanoparticle volume fraction φ and the Grashof number Gr on axial velocity is
shown in Figure 2 for Al2O3− Methanol nanofluid. It is observed that the maximum velocity decreases
by increasing the nanoparticle volume fraction. A significant increase in the velocity is also noticed for
large values of the Grashof number Gr. This is due to the fact that increasing values of the Grashof
number Gr make the buoyancy force stronger, thus increasing the velocity. Figure 2b shows that the
axial velocity distribution also increases by increasing the Brinkman number. Figure 3a,b depict the
effects of the Grashof number Gr and Brinkman number Br, respectively, on pressure rise versus flow
rate. An increase in the Brinkman number causes an increase in the pressure rise in the pumping
region, however, in the co-pumping region, the pumping rate decreases by increasing the Brinkman
number. The addition of nanoparticles increases the pressure rise in the peristaltic pumping region.
The Grashof number has similar effects on the pressure rise when compared with the Brinkman
number. From Figure 4, it is noted that adding nanoparticles causes an increase in the resistance
to fluid motion as a result of the increasing values of the pressure gradient. Further, it is observed
that the magnitude of dp/dx increases when the value of the Grashof number is increased. Further,
these figures illustrate that in the wider part of channel, the pressure gradient is small and flow can
easily pass through without the application of a large pressure gradient. On the other hand, in the
narrow part of the channel, a large pressure gradient is required to maintain the same flux to pass
through it. Trapping is another motivating sensation of peristalsis which is the formulation of an
internally circulating bolus of fluid which moves along with the wave. Trapping fails to occur if a
significant volume of the fluid is not flowing per unit time. The trapping phenomenon is shown in
Figure 5a–c for different values of the Grashof number. From these figures, it is observed that the
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trapped bolus size decreases when the Grashof number increases. The effects of the nanoparticle
volume fraction, Grashof number, and Brinkman number on the temperature are analyzed through
Figure 6a,b. The addition of nanoparticles and an increasing nanoparticle volume fraction reduces the
temperature. An increase in the fluid temperature is observed when the Grashof number is increased.
The Brinkman number has similar effects on the temperature of the nanofluid as compared to the
Grashof number. Entropy generation attains high values near the channel walls and minimum values
near the centerline of the channel (See Figure 7). By increasing the Grashof number, the total entropy
generation increases near the walls (Figure 7a). Physically, this is due to the fact that by increasing
the Grashof number, heat transfer due to convection facilitates the flow velocity and therefore the
entropy generation. Figure 7b illustrates the effect of the viscous dissipation number and the entropy
generation number. As the viscous dissipation number BrΩ−1 increases, the entropy generation
number increases. This is due to the fact that an increase in BrΩ−1 increases the entropy generation
due to fluid friction. From Figure 8, as expected, the Bejan number has maximum values near the
centerline of the channel and minimum values near the channel walls. The addition of nanoparticles
and with an increase of nanoparticle volume fraction causes the Bejan number to increase. Table 2
shows that the heat transfer coefficient at both walls increases by increasing the Brinkman number.
Heat transfer coefficient at right wall decreases by increasing the Grashof number, whereas an opposite
behavior is noticed for left wall of the channel.

Table 1. Thermophysical properties of methanol and Al2O3.

Physical Properties
Base Fluid Nanoparticles

Methanol Al2O3

ρ (kg/m 3
)

792 3970

cp (J/kg K) 2545 765

k (W/m K) 0.2035 40

Table 2. Heat transfer coefficients at both walls when x = 0.1, φ = 0.2.

Br
Z1 Z2

Gr = 0.0 Gr = 0.5 Gr = 1.0 Gr = 0.0 Gr = 0.5 Gr = 1.0

0.5 0.69963 0.69366 0.68781 0.54627 0.55576 0.56547

1 1.22518 1.21324 1.20158 1.36309 1.38209 1.40161

2 2.27628 2.25248 2.22945 2.99672 3.03494 3.07455

Entropy 2017, 19, 490  7 of 11 

 

and the entropy generation number. As the viscous dissipation number 1Br −Ω  increases, the 
entropy generation number increases. This is due to the fact that an increase in 1Br −Ω  increases the 
entropy generation due to fluid friction. From Figure 8, as expected, the Bejan number has maximum 
values near the centerline of the channel and minimum values near the channel walls. The addition 
of nanoparticles and with an increase of nanoparticle volume fraction causes the Bejan number to 
increase. Table 2 shows that the heat transfer coefficient at both walls increases by increasing the 
Brinkman number. Heat transfer coefficient at right wall decreases by increasing the Grashof number, 
whereas an opposite behavior is noticed for left wall of the channel. 

Table 1. Thermophysical properties of methanol and Al2O3. 

Physical Properties 
Base Fluid Nanoparticles
Methanol Al2O3 

3 (kg/m )ρ  792 3970 

 (J/kg K)
p
c  2545 765 

 (W/m K)k  0.2035 40 

Table 2. Heat transfer coefficients at both walls when 0.1,  0.2.x φ= =  

Br  1Z  2Z  

0.0Gr=  0.5Gr =  1.0Gr=  0.0Gr=  0.5Gr=  1.0Gr=  
0.5 0.69963 0.69366 0.68781 0.54627 0.55576 0.56547 
1 1.22518 1.21324 1.20158 1.36309 1.38209 1.40161 
2 2.27628 2.25248 2.22945 2.99672 3.03494 3.07455 

 
Figure 2. The axial velocity u versus y for different values of (a) the Grashof number G r ; (b) the 
Brinkman number Br . 

y

u(
x=
1,
y)

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

Gr = 2

Gr = 6

φ = 0, 0.1, 0.2

(a)

Br = 1, a = b = 0.1, d = 1, Q=2, γ = π/6

Methanol/Al2O3

y

u(
x=
1,
y)

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

Br = 0

Br = 3

φ = 0, 0.1, 0.2

(b)

Methanol/Al2O3

Gr = 3, a = b = 0.1, d = 1, Q=2, γ = π/6

Figure 2. The axial velocity u versus y for different values of (a) the Grashof number Gr; (b) the
Brinkman number Br .



Entropy 2017, 19, 490 7 of 10

Entropy 2017, 19, 490  8 of 11 

 

 
Figure 3. The pressure rise ΔP versus the flow rate Q  for different values of (a) the Grashof number 

G r ; (b) the Brinkman number B r . 

 
Figure 4. The pressure gradient dp/dx versus x for different values of (a) the Grashof number G r ; 
(b) the Brinkman number Br . 

 

Figure 5. The stream lines for different values of the Grashof number (a) 0Gr = ; (b) 2Gr = ; (c) 
4.0Gr = . 

Q

ΔP

-1 -0.5 0 0.5 1

-2

-1

0

1

2 φ = 0

φ = 0.2

(a)

Methanol/Al2O3

Br = 1, a = b = 0.1, d = 1, γ = π/6

Gr = 0, 0.5, 1

Q

ΔP

-1 -0.5 0 0.5 1

-2

-1

0

1

2 φ = 0

φ = 0.2

(b)

Methanol/Al2O3

Gr = 0.5, a = b = 0.1, d = 1, γ = π/6

Br = 1, 3, 5

x

dp
/d
x

-5 0 5
1

2

3

4

5

6

7

8

9
φ = 0

φ = 0.2

(a)

Methanol/Al2O3

Br = 1, a = b = 0.1, d = 1, γ = π/6
Gr = 0, 0.5, 1

x

dp
/d
x

-5 0 5
1

2

3

4

5

6

7

8

9
φ = 0

φ = 0.2

(b)

Methanol/Al2O3

Gr = 0.5, a = b = 0.1, d = 1, γ = π/6
Br = 1, 2, 3

x

y

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

(a)

Gr = 0

x

y

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

(b)

Gr = 2

x

y

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

(c)

Gr = 4

Figure 3. The pressure rise ∆P versus the flow rate Q for different values of (a) the Grashof number Gr;
(b) the Brinkman number Br.

Entropy 2017, 19, 490  8 of 11 

 

 
Figure 3. The pressure rise ΔP versus the flow rate Q  for different values of (a) the Grashof number 

G r ; (b) the Brinkman number B r . 

 
Figure 4. The pressure gradient dp/dx versus x for different values of (a) the Grashof number G r ; 
(b) the Brinkman number Br . 

 

Figure 5. The stream lines for different values of the Grashof number (a) 0Gr = ; (b) 2Gr = ; (c) 
4.0Gr = . 

Q

ΔP

-1 -0.5 0 0.5 1

-2

-1

0

1

2 φ = 0

φ = 0.2

(a)

Methanol/Al2O3

Br = 1, a = b = 0.1, d = 1, γ = π/6

Gr = 0, 0.5, 1

Q

ΔP

-1 -0.5 0 0.5 1

-2

-1

0

1

2 φ = 0

φ = 0.2

(b)

Methanol/Al2O3

Gr = 0.5, a = b = 0.1, d = 1, γ = π/6

Br = 1, 3, 5

x

dp
/d
x

-5 0 5
1

2

3

4

5

6

7

8

9
φ = 0

φ = 0.2

(a)

Methanol/Al2O3

Br = 1, a = b = 0.1, d = 1, γ = π/6
Gr = 0, 0.5, 1

x

dp
/d
x

-5 0 5
1

2

3

4

5

6

7

8

9
φ = 0

φ = 0.2

(b)

Methanol/Al2O3

Gr = 0.5, a = b = 0.1, d = 1, γ = π/6
Br = 1, 2, 3

x

y

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

(a)

Gr = 0

x

y

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

(b)

Gr = 2

x

y

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

(c)

Gr = 4
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Figure 7. Entropy generation number NS versus y for different values of (a) the Grashof number Gr;
(b) the viscous dissipation group parameter BrΩ−1 .
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