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1. Introduction

Referring to (X, T) as a topological dynamical system (TDS for short) means that X is a compact
metric space and T is a continuous self-map. Entropy is an important topological conjugate invariant
in dynamical systems. For a factor map 77 : (X, T) — (Y, S), it is obvious that the entropy of (X, T)
is larger than the entropy of (Y, S). In general, the converse is false. For example, (Y, S) is a single
point system, and (X, T') have positive topological entropy, then hop(T) > hiop(S). A natural question
arises whether there exists the converse inequality. In 1971, Bowen [1] considered a factor map
m: (X, T) = (Y,S), and showed that

top(T) < hiop(S) +sup (T, 7w~ 1y),
yeY

where h(T, K) denotes the entropy of a compact subset K of X.

In 1973, Ruelle [2] firstly introduced the notion of topological pressure from statistical mechanics
to dynamical systems, which is a generalization of entropy. After that, topological pressure becomes
one of basic components in thermodynamics and plays an important role in ergodic theory and
dynamical systems.

In 1973, Bowen [3] introduced the notion of topological entropy ht%p(T, K) for arbitrary subset K
ina TDS (X, T) in a way resembling Hausdorff dimension. Later, Pesin and Pitskel [4] extended it to
topological pressure of any subset.

In 2012, Fang, Huang, Yi and Zhang [5] proved the following entropy formula for a factor map
(X, T)— (Y,S):

hiep (T, E) < hiop (S, 70(E)) + Sugh(T, T (y))
ye

for any E C X. Oprocha and Zhang [6] also proved the above formula using open covers. Li , Chen
and Zhou [7] extended it to topological pressure.

In dimension theory, packing dimension is considered as important as Hausdorff dimension.
The set whose Hausdorff dimension is equal to its packing dimension is called Taylor fractal. It is
interesting to consider a set is Taylor fractal or not. Recently, Baek, Olsen, Snigireva [8] and Olsen [9]
showed that for many sets of divergence points, the packing dimension and the Hausdorff dimension
do not coincide.

Inspired by the approach of defining of the topological entropy of non-compact subset,
Feng and Huang [10] introduced the notion of packing entropy in dynamical systems, which resembles
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packing dimension. An understanding of both the topological entropy and the packing entropy of a
set provides the basis for substantially better understanding of the underlying dynamical behavior of
the set. Similarly, we call the set “dynamical” Taylor fractal if its topological entropy is equal to its
packing entropy. In [11], Zhou, Chen and Cheng showed that there are many sets of divergence points
which are not “dynamical” Taylor fractals.

Pesin [12] introduced the upper capacity pressure of a set and defined the Caratheodory dimension
of a set. The connection between topological pressure and Hausdorff dimension was given by Bowen,
who showed that for certain compact sets (quasi-circles) | C C which arise as invariant sets of fractional
linear transformations f of the Riemann sphere, the Hausdorff dimension

t* = dlmH]

is the unique root of the equation P;(—t¢) = 0 where P; is the topological pressure of themap f : ] — ],
and ¢ is the geometric potential ¢(z) = log|f’(z)|. Barreira and Schmeling [13] have showed that BS
dimension is the unique root of topological pressure function.

Inspired by Pesin [12] and Feng and Huang [10], Wang and Chen [14] generalized it to packing
topological pressure. In [14], Wang and Chen also introduced packing version of BS dimension and
called it BSP dimension. They also showed BSP dimension is the unique root of packing topological
pressure function. Recently, Shi [15] obtained Bowen'’s equation which establishes the relationship of the
packing dimension and packing pressure in dynamical systems with some conditions. This illustrates
that packing pressure provides a new technique for the study of dimension theory.

In this paper, we will firstly give a formula of the upper capacity pressure for a factor map. Then
we show there is a similar relation of packing topological pressure for a factor map. As an application,
we obtain that for a factor map with being finite to one or countable to one, the packing dimension is
preservable under the factor map.

2. Preliminaries and Main Result

Let (X, T) be a TDS, and C(X) be the set of all continuous functions on X. For any ¢ € C(X),
we set S, ¢(x) := Z;‘:_Ol @(T!(x)). From [16], we can define the following Bowen metric on X,

do(x,y) := max d(T(x),T'(y)), for x,y,€ X and n € N,
0<i<n-1
Let K C X. A subset E is said to be an (n, €)-separated set of K, if x # y € E implies that d,(x,y) > €.
A subset F is said to be an (1, €)-spanning set of K, if for any x € K, there exists y € F such that
du(x,y) <e.
Now, we give a kind of definition of topological pressure resembling Box dimension which is
called upper capacity topological pressure.

Definition 1. Reference [12] For any ¢ € C(X), and any subset K C X,
P,(¢,K €)= inf{ ) e ?Y) : Eisan (n, €)-spanning set ofK}.
x€E

The upper capacity topological pressure of K is given by

1
P(T, ¢,K) = lim limsup — log P, (¢, K, €).
e—=0 300 N
We can also define the upper capacity topological pressure by separated set. The two definitions
are equivalent by a standard proof. Now we state the definition as follows without the proof of
the equivalence.
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Definition 2. Reference [12] For any ¢ € C(X), and any subset K C X,

Qu(g,K,€) = sup{ Y e51?() : Fis an (n, €)-separated set ofK}.

xeF

The upper capacity topological pressure of K is defined by

P(T,¢,K) = hm 11msup = log Qu(e, K, e).

n—oo

Remark that if ¢ = 0, it is called the upper capacity topological entropy of K and written as
h(T, K). In the following, we give the definition of packing dimension before the definition of packing
topological pressure.

Definition 3. Ifs > 0,and 6 > 0, let
P5(Z) = sup {) _|Bj|* : {B;} are disjoint closed balls with centers in Z and |B;| < 6},

where |A| denotes the diameter of A. Since P§(Z) decreases when & decreases, P§(Z) = (lsirr(l) P§ exists.
—

The w-packing measure is defined by

P (2) mf{ZPO ZCUZ}

i=1

The packing dimension of Z is defined by
dimp(Z) = sup{a : P*(Z) = oo}.
Now, we give the packing topological pressure on arbitrary set, which is similar to packing dimension.

Definition 4. Foraset Z C Xanda e R,0<d € R, ¢ € C(X)and N € N, let

M(Z,«,¢,5,N) inf Zexp —an;+ sup  Sp.p(x)),
P* Z\Ne) xEBﬂi(x,-,é)

where P*(Z, N, €) denotes the finite or countable disjoint set family { By, (x;,6) } with x; € Z,n; > N. Clearly,
M(Z,«, 9,6, N) is monotone increasing function about N. let

m*(Z,a,¢,6) = lim M(Z,a, ¢,0,N).

N—oo
Moreover, let
m™(Z,a,¢,0) = inf{Zm*(Zi,zx, ®,90): U Z; D Z} .
i=1 i=1
Then
Preek(T, 9, Z,6) = inf{a : m**(Z,a, ¢,8) = 0} = sup{a : m**(Z,a, ¢,8) = +oo}.
Finally, we define the packing topological pressure PP*K(T, @, Z) := }irré Prek(T, 9, Z,6). The packing
—

entropy of Z is written as h"**(T, Z) as ¢ = 0.

Let (X, T) and (Y, S) be two TDSs with (X, d) and (Y, p) be compact metric spaces, respectively.

A continuous surjective map 71 : X — Y satisfying 7o T = S o 7t means that (Y, S) is a factor of (X, T).
Now, we state our main result as follows.
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Theorem 1. Let 7t : (X, T) — (Y, S) be a factor map and ¢ € C(Y). Then for any set E C X,

(1) PPk(S, @, t(E)) < PP*K(T, @ o 7, E) < hP**(S, 7(E)) 4 sup P(T, ¢ o r, m~{y}).
yey
(2) PP*(S, 9, 7t(E)) < PP*N(T, 9 o 7, E) < PP**(S, @, 7t(E)) +sup h(T, t~ ' {y}).
yeY

3. Proof of Theorem 1

In this section, we are going to prove the main result of this paper. In the following, for any ¢ > 0
and ¢ € C(Y), we set

Var(g,c) = sup [{o(x) — ¢(y)| : p(x,y) < c}.
xyeY

To prove the main result, we need the following lemma. The original idea follows from Bowen [1],
which compared the entropy of two topological semi-conjugacy systems. Later, Fang, Huang, Yi and
Zhang [5] and Oprocha and Zhang [6] extended it to comparing the Bowen entropy of the subset under
a factor map. And Li, Chen and Zhou [7] generalized it to Pesin topological pressure. The lemma here
is devoted to the study of the upper capacity pressure. Since the proof is standard and similar to the
above references, we only present the sketch of the proof.

Lemmal. Let t: (X, T) — (Y, S) be a factor map and ¢ € C(Y). Then for any set E C X,

(1) P(S, ¢, (E)) < P(T,pom,E) < h(S,(E)) +sup P(T,p o, t~{y}).
yeY
(2) P(S, ¢, (E)) < P(T,pom E) < P(S, ¢, n(E))+ suI; h(T, n_l{y}).
ye

Proof. (1) Clearly, we have P(S, ¢, m(E)) < P(T, ¢ o 7, E). We only need prove the second inequality.
Assume that b := sup, .y P(T, g o7, m1(y)) < o0, since b = oo, the proof is clear. Fix e > 0 and T > 0.
For any y € Y choose m(y) € N large enough such that there exists an (m(y), €)-spanning set E; of
m~1(y) and

Y exp(Syy)@om(x)) < exp((b+T)m(y)).

X€EEy

Following from the proof of Theorem 2.1(ii) in [7], and choosing § > 0 small enough, forany y € Y,
we can choose to, - - -, tg and Ay (to(y)), By (t1(¥)) -+, By(ty)(y)) € Y depending on y recursively
such that to(y) = 0 and t;,1(y) = ts(y) +m(Ay(ts(y))) until t5,1(y) > n. For any zg € En,(to(v))/ 21 €
Enyti(y)) """ 1 2q(y) € EA}/(tw) (y)) We consider the following set

V(yizo, -+ 240)) = {x € X: d(TH W (x), T!(x)) < 2eforall 0 < t < m(A,(y)) and 0 < s < q(y)}.
Then we have

o {V(¥izo, 2g) * 20 € Eny(any))r 21 € Eny(av) "+ +Zaty) € Enyltyy )} 2 7 (Bu(y,9)).
b ZZOeEAy(fo(y))’zlGEA}/(fl(y))m’Zq(y)eEAy(fq(y>(y)) exp(an) © 7'[('0(20, e Izq(y)) ) S eXp((b + T+ Var((p [0)
m,2¢))n) exp((|b] + )M+ M||¢]|).

For any n € N and sufficiently small § > 0, we let W, be an (7, ) spanning set of 77(E) with

#W, < exp(n(h(S, (E)) + 1)). 1)
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And Hy = {o(z0, -+ Z4(w)) @ € Wi 20 € By tg(w))r 21 € Eay(tn(w)) 1 Zg(w) € Eaultygyy ()} 520
(n,4€)-spanning set of E. Since w € W,,, we have

exp(Sng o 7t(v(z0, -+ 1 Zg(w))))

20€Enu (1 ()71 Bty () Zq(w) EEaeo (1 ) ()

< exp((b+ 7+ Var(g o, 2¢))n) exp((|b] + T)M + M| ¢]}).

Combing with Equation (1), we have

Py(pom,E, 4e) < Y exp(Supom(v))
vEH,

< #Wy exp((b + T + Var(g o ,2¢) ) exp(([b] + T)M + Mllg]).

Moreover,

loan(fp:  E de) < h(S,7(E)) + T+ b+ 1+ Var(¢ o 7,2¢) + (16 + T)A:+ Miloll

Letting n — o0, — 0 and T — 0, we finish the proof.

(2) We can assume that a = sup h(T, 7t~ (y)) < oo, since if a = oo, the proof is finished. Fix € > 0
yeY
and T > 0. Use the same techniques as the proof in [5] (Theorem 3.3) or [7] (Theorem 2.1 (i)) there

exists [(y) > 0and v (y), v2(y), - -, vy(y)(y) € X such that

o Iy <exp((a+1)(n+M));
o UYB,(vi(y),4€) > 7By, 0);
e 7B,(vi(y),4€) N By(y,6) # Dforany 1 <i <I(y).

For any n € N and sufficiently small § > 0, let W,, be an (1, ) spanning set of 77(E) with

Y exp(Sup(x) < exp(n(P(S, @, 7(E)) + 7). @

weWy,
For each w € Wy, B, (w, §), we have

o I(w)<exp((a+71)(n+M));
o UB,(v;(w), 4€) D 7 Bu(w, d)
e 7B, (vi(w),4€) NBy(w,d) # D forany 1 <i < I(w).

Furthermore,
Unew, UL By (0i(w), 4€) D Uyew, © 'By(w,8) > ' (n(E)) D E.
This means that Hj, := {v;(w), w € W,,,1 <i <I(w)} is an (n, 4€)-spanning set of E. Then we have

Pu(gpom, E4e) < Y exp(Spgpom(v))
veH]),
I(w)
< ) ) expSigomn(vi(w)))

weW, i=1
< Y I(w)exp(Sug(w) 4 n Var(g, ) + nVar(¢ o 7, 4€))
weWy

<exp((a+T)n) ) exp(Sup(w))

weWy,
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Following from Equation (2), we have

log Py (¢ o 71, E, 4¢)
n

<a+71+P(S ¢ n(E))+T.

Letting € —, T — 0, we finish the proof. O

We introduce the following lemma, which is similar to the packing dimension.
Lemma 2. For any subset Z C X, we have

PPk(T, @, Z) = inf{sup P(T, ¢, Z;) : U2, Z; = Z}.
i

Proof. Fix any a > ppack(T, ¢p,Z) = (lsirr(l) ppack(T, ®,Z,5). There exists some § > 0 such that
—}

prack(T, 9,7,5) < a, so m**(Z,a,¢,6) = 0. We can choose {Z;}2, such that U, Z; D Z and
Yo, m*(Z;,a,¢,0) < 1.So for each i, N large enough, we have M(Z;,a, 9,5, N) < 1. Next, we will
prove for any i,

P(T,¢,Z;) <a.

For any (N, 39) separated set E; of Z;, we can choose disjoint set family {By(x;, )} with x; €
E; C Z;. Furthermore,
Y e NotSNe() < M(Z;,4,9,6,N) < 1.
X€E;
Then
Z eSNP(¥) < N,
x€E;
Moreover,
P(T,¢,Z;,35) < a+ Var(¢,36).

Let & — 0, we finish the proof.

Now we show the converse inequality. Fix any 0 < t < s < PP**(T, ¢, Z) and any U, Zi =2,
we only need to prove that there exists some i > 1 such that P(T, ¢, Z;) > t. Since s < ppack(T, ¢, Z),
we can choose § > 0 such that m**(Z,s, ¢,5) > 0, moreover, there exists « > 0 and some Z; such that
m*(Zj,s, ¢,0) > a. Furthermore, we can choose N > 0 and a family of disjoint set family {B,(x;,6)}
withx; € Z;,j > 1,n; > N such that

= «
Y exp(—snj+ sup  Sy¢(x)) > >
j=1 x€By, (x},0)
Let E; = {x] 1Ny = k}, then
Y ¥ exp(—sk+ sup Sep(x)) = 5.

k xeE xE€By(x,0)
There exists k > N such that
ekt (1 — et %)

Y. exp( sup Sio(x)) > 5

xeEy x€B(x,0)

since otherwise

—sk kt(1 _ ,t—s
Z Z exp(—sk+ sup Spe(x)) < Ze ¢ (12 e )a <
k xeEy x€By(x,6) k

N &
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Hence, Ej is an (k, €) separated set of Z;, one obtain

ekt(l _ €t_5)lx

Qk(p,Zi,€) = sup { Y e57?(*) : Fis an (k, €) separated set of Zi} > 7

xeF
Then we have P(T, ¢, Z;) >t. O

Proof. Proof of Theorem 1
(1) By Lemma 2,
P””Ck(S, ¢, (E)) = inf{sup P(S, ¢, Z;) : U2 1Z; = (E)}.
i

Consider the set 7(E) = U®,Z;, one obtain E C 7w }(UX,Z;) = U2 m 1(Z;). So E =
U, 1(Z;) N E, hence, we have

PWCk(T, @ o, E) <inf{supP(T,¢or, nflzi NE):U2,Z; =mn(E)}
i

3
< inf{sup P(T,pom,w 'Z;): U, Z; = m(E)}. ®
i

It follows from Lemma 1 that

P(T,¢om, 7r_1Z,-) < P(S,¢,Z;)+suph(T, n_l{y}).
yeyYy

Then we have
PPK(T, o 71, E) < inf{sup P(T, p o 7r, 7' Z;) : U2, Z; = r(E)}
i

< inf{sup P(S, ¢, Z;) : U1 Z; = t(E)} +sup h(T, w {y})
i yeY

= PPek(S, ¢, 7) + sup h(T, = H{y}).
yey

(2) Following from Lemma 1, and the above Equation (3), we have

P(T,pom, 71_12,-) < h(S,Z;) +supP(T,pom, n_l{y}).
yeY

Hence,

PPK(T, p o 71, E) < inf{sup (S, Z;) : U, Z; = m(E)} +sup P(T, p o r, m {y})
i yeY

= WPk (s, (E)) + sup P(T, g o 7, T Hyb).
ye

So we finish the proof. O

4. Applications

Let f : M — M be a C!** map of smooth manifold, and ] an f-invariant compact subset of M.
We say that f is expanding on | and ] is repeller of f, if there are constants c > 0and g = A1 > 1
such that ||dy f"ul| > cf"||u|| forany x € M, u € Ty M and n > 1. If in addition the derivative of f is a
scalar multiple of an isometry at any point of | we call | a conformal repeller.

In the case of the symbolic dynamical system (£}, 0) we can consider a coding map x : £} — |
for the repeller, which is Holder continuous, onto, and satisfies f o xy = x o o and sup{#(x~(x)) : x €
J} < oo (see, for example, Reference [17] for details). Therefore, we apply Theorem 1 to obtain the
below result.
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Proposition 1. Let f : | — | be conformal expanding on |, x : £} — J a coding map and ¢ : | — Rbea
continuous function. Then for each set E C ¥}, we have

PP (g, 9o x, E) = PP*(f, ¢, x(E)).

Following from the definition of the BS packing dimension introduced by Wang and Chen [14]
and the Proposition 1, we have the following corollary.

Corollary 1. Let f : | — ] be conformal expanding on ], x : ¥ — ] a coding map. Then for each set E C ¥},

we have

Example: (Sierpiniski triangle) Consider a special IFS (see Figure 1) as:

J(3)

Ni—= O

n

N
VR
< R
~__—

Il
VR

| [N ST

“}‘a\u;h_n

DIORE)
+ ,
VAN s
=)= 8)0)(

y -2 i)\ 7

yﬂ

A\
Sy A\
o

Figure 1. Sierpinski triangle.

Let E be the Sierpiriski gasket generated by S;,i = 1,2, 3. We define F : E — E by
F(x) = ijlx,x € S;(E).
LetX = {1,2,3}N. Then for any w = (wy,w; - -+ ) € L, we can define

X(@) = () Sy © Suwp © S, (E)-

n>1

Then F : E — E is conformal expanding on E, x : ¥ — E a coding map. Then (E, F) satisfies the
condition of Proposition 1. Hence, we have for any K C Z,

PP (g, g o x, K) = PP (F, ¢, x(K)).
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