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Abstract: In this paper, we present upper bounds for the rate distortion function (RDF) of finite-length
data blocks of Gaussian wide sense stationary (WSS) sources and we propose coding strategies to
achieve such bounds. In order to obtain those bounds, we previously derive new results on the
discrete Fourier transform (DFT) of WSS processes.
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1. Introduction

In [1], Pearl gave an upper bound for the rate distortion function (RDF) of finite-length data blocks
of Gaussian wide sense stationary (WSS) sources and proved that such bound tends to the RDF of the
source when the size of the data block grows. However, he did not give a coding strategy to achieve
his bound for a given block length.

In this paper, we present two new upper bounds for the RDF of finite-length data blocks of
Gaussian WSS sources and we propose coding strategies to achieve these two bounds for a given block
length. Since our bounds are tighter than the one given by Pearl, they also tend to the RDF of the
source when the size of the data block grows. In order to obtain our bounds, we previously derive
new results on the discrete Fourier transform (DFT) of WSS processes.

It should be mentioned that our coding strategies allow us to deal with Gaussian WSS sources as
if they were memoryless. This fact can be used, for instance, to consider Gaussian WSS sources in [2].

The paper is organized as follows. In Section 2 we set up notation and review the mathematical
definitions and results used in the rest of the paper. In Section 3 we obtain several results on the DFT
of WSS processes which will be applied in Section 4. Finally, in Section 4 we present two new upper
bounds for the RDF of finite-length data blocks of Gaussian WSS sources and we propose coding
strategies to achieve such bounds. In this section, we also present a numerical example to illustrate the
difference between Pearl’s bound and our bounds.

2. Preliminaries

2.1. Notation

In this paper, IN, Z, R, and C denote the set of natural numbers (i.e., the set of positive integers),
the set of integer numbers, the set of (finite) real numbers, and the set of (finite) complex numbers,
respectively. R"*! is the set of all real n-dimensional (column) vectors. I, denotes the n x 1 identity
matrix, * stands for conjugate transpose, T denotes transpose, and Ax(A), k € {1, ...,n}, are the
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eigenvalues of an nn X n Hermitian matrix A arranged in decreasing order. E stands for expectation, i is
the imaginary unit, and Re and Im denote real and imaginary parts, respectively. If z € C, then

Z:= (Eﬁig) € R}

and, if z; € Cforallk € {1, ..., n}, then we denote by z,,.1 the n-dimensional (column) vector given by

Zn
Zp—1
Zp1 = Zn—2

1

If x; is a random variable for all k € IN, we denote by {x;:k € IN} the corresponding
random process.
We finish this subsection by reviewing the concept of square Toeplitz matrix.

Definition 1. An n x n Toeplitz matrix is an n X n matrix of the form

to  t.q t_ Hon

2] to t 1 tr_y

t ty fo f3—n |,
the1 tp2 tyz -+ fo

where ty € Cwithk € {1—n, ..., n—1}.

Consider a function f : R — C that is continuous and 27-periodic. For every n € IN, we denote
by Ty, (f) the n x n Toeplitz matrix given by

Tu(f) := (tj—k)jk=1/
where {t; }re7 is the sequence of Fourier coefficients of f:

te = 1 an(w)e*k“’idw vk € Z.
27t Jo

It should be mentioned that T, (f) is Hermitian for all n € IN if and only if f is a real function
(see [3] (Theorem 4.4.1)). Furthermore, in this case, from [3] (Theorem 4.4.2), we have

min(f) < An(Tu(f)) < A(Tu(f)) < max(f) VnelN. 1)

2.2. DFT of Real Vectors

In this subsection, we recall a well-known property of the DFT of real vectors.
Lemma 1. Let n € IN. Consider x, yy € C forall k € {1, ...,n}. Suppose that y,.1 is the DFT of x,,.1, i.e.,

*
Yn1 = Vn Xn:1,
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where Vy, is the n x n Fourier unitary matrix

1 _2r(-Dk-1, .
[Vn}j,k = e 5 i jke{l,...,n}.

n
Then, the two following assertions are equivalent:
(1) x,q € RL
(2) yj=Yy_jforallje{l,...,n—1}andy, € R.
2.3. RDF of Real Gaussian WSS Processes

Kolmogorov gave in [4] the following formula for the rate distortion function (RDF) of a real
zero-mean Gaussian n-dimensional vector x:

n A (E T
RX(D):rllk_Zzlmax{O,élnk(gxx))}, ()

where 0 is a real number satisfying
n
D= Ilqumin {G,Ak (E (XXT)) } .

Ry (D) can be thought of as the minimum rate (measured in nats) at which one must encode (compress)
x in order to be able to recover it with a mean square error (MSE) per dimension not larger than D,

that is:
E(Ix=%IE) _

— 7

n

where X denotes the estimation of x and || - ||, is the spectral norm.
We now review the definition of WSS process with continuous power spectral density (PSD).

Definition 2. Let f : R — R be continuous and 27t-periodic. A random process {xy : k € IN} is said to be WSS
with PSD f if it has constant mean (i.e., E(xy,) = E(xy,) for all ki, ky € W) and {E (x,1x51)} = {Tu(f)}.

If {x; : k € N} is a real zero-mean Gaussian WSS process with continuous PSD f satisfying
min(f) > 0and D € (0, min(f)], then from Equations (1) and (2), we obtain

We recall that the RDF of the source (process) is given by R(D) = limy, o Ry, , (D).
3. DFT of WSS Processes

In this section, we present several new results on the DFT of WSS processes in one theorem.
Theorem 1. Consider a WSS process {xy : k € N} with continuous PSD f. Let n € N and y,.q1 = V;ix,.1.

(1) Ifje{l,...,n}, then
min(f) < E (‘xj‘z) < max(f) (4)

and

min(f) < E (|y;[*) < max(f) (5)



Entropy 2017, 19, 554 40f12

(2)  Ifthe process {xy : k € W}isrealand j € {1, ...,n — 1} withj # 5 then

M) < ((Rey)?) < "R ©
and .
rmr;(f) <E ((Im(yj))z) < ma;(f). (7)

Proof. (1) Since

E (’lez) =[E (xnzlx:zzl)]nfjﬂ,n—jﬂ = [T"(f)}n—jﬁ»l,nfjJr] =ty =Ti(f), Vie{l,...,n}

from Equation (1), we obtain Equation (4).
Let
Cu(f) := Vndiaglgjgn([V;Tn (f)vfl]j,j)v':/ ®)

where diaglgjgn(aj) = (ajéj,k);?,kzl with ¢ being the Kronecker deltaand a; € Cforallj € {1, ...,n}. As
E (Yna¥na) = E (Vixnaxia (Vi)") = ViE (xuaxpa) (Vi)™ = Vi Tu(f) Vi,
we have
Cu(f) = Vudiag, <<, ([E (ynayna)ljj) Va-
Hence,

{Aj(én(f)) Lje ...,n}} = {[E (yuayin)]jj s €L, ... ,n}} = {E (|y,~|2) jedl, ...,n}}. ©)

Equation (5) now follows by taking N = 1 in [5] (Lemma 6).
(2) Fixj € {1, ...,n—1} with j # 7. Since

n n
Yj = [ynzl]n—j-i-l,l = [V;xnzl]n—j-i-l,l = Z[V ]n —j+1k xnl 2 Vn kn j+1 xn 1]k1
k=1 k=1
1 2nk-D(n-j), 1 _2n(k-1)j, "1 n(k=1)j;
= 27 n xnl 27 n xnl 2 n [xnl}k1
=V =RV &
1 & 1—k)j
T Z <COS % +1 ( K)j ) Xn—k+1/
we obtain
E(5@)")

Re( ) (Re(y,))*  Re(y)Im(y;)
- E( Im( i)) <Re(yf) Im(yf))) E (Im(y]-)R/e(yj) (Il’rjl(yj))zj )

2n(1-ky)j Zn(l—kz)jE(
n

m(1=k1)j  2n(1ky);
cos n(n Z)JE (xn—k1+1xn4<2+1) cos xn7k1+1xn4<2+1) (10)
% kz 1 sm m(l- kl

n
w(1—ky)j C 2m(1=ky)j . 2m(1—kp)j
(n Z)JE(xnflirlxnﬁkzﬂ) sin (n ) sin (n Z)JE(xn4<1+1xn4<2+1)
1 - kl)] (1n— ka)j b g, cos 271(171— kq)j sin 27'[(1n— ka)j -
k1k2 1\ sin 2 1—k1)] (171— k2)]tk17k2 sin 2”(171— k1)j sin 2”(1; kZ)]tkﬁkz
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We begin by proving Equation (6). Applying Equation (10) yields

2 2n(1-ky)j . 2n(1—kp)j
E ((Re(yj)) ) = %21?1,19:1 cos 2 _ Ui cog 22 - Z)th]—kz

_1lym Zn(l—kl)j 27t(1—kp)j 1 27 — (ky —ky ) wi
—ﬁzkl,szlcos cos . = o flw)e (ki —k2)wig,

= % 027rf( )(fzkl 1COS2 m(1—ky)j fk1a11)(\/72k2 1COSZ m(1—kp)j kz(m)dw

= % 027rf( )(\[ Zkl 1 COS m (1 —k )]eklan) (W ):ﬁz:ﬁos wekwi)dw

:% oznf( )‘fzk 1 €08 ( —k)j kwl

dw,

and consequently,

2
1 21 ¢ 2t(1 —k)j i 2
mm(f)ﬂ/ ﬁk;cos — e “Y dw <E ((Re(y]-)) )
2
1 2m] 1 & 21(1—K)j ki
< max —/ — ) cos ——=e" dw.
<ma(Ny [ 1
Observe that to finish the proof of Equation (6), we only need to show that
2
1 - )] kw1 _ 1
E/o g T dw = 3 (11)
Since
1 /27 1 ifm=0
— dw = ’ ’ 12
27'(/0 TN 0, itmez)\ {0}, (12)
we obtain
27 n —
i/ L cos 27-[(1 k)] kwi dw
21 Jo nig n
_1 i cos A —k1)j  27(L—kp)j 1 / T o (k—k2)ewi g,
n et n 2n
142

(13)

Il
—_
|
S|
1=
/N
»
<8
=}
N
—
=7
=~
S~—
~
~
N

As e4Tnji # 1 from the formula for the partial sums of the geometric series (see, e.g., [6] (p. 388)),
we have

A\ " .
nogngenj. =1 gy, =l 4k 1— (e 1 — et
1 1 —1
Yo =Y eni=y (ed) = = 5 = 0. (14)
k=1 h=0 h=0 1—en! 1—em
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Applying (14) and the basic trigonometric formula cos(2x) = 1 — 2sin’x
(see, e.g., [6] (p. 97)) yields

n 14\ 2 no1_ 4r(1-k)j n 1)
1 y (sin 27(1 k)]> _1 y cos—5— 1 [n 1 Y cos 47tk 1)]]
n= n n = 2 ni2 24 n 15)
1 1 & (k=1)j 1 1 “ (k=1)j 1
z‘MgF<i >_2_2R<£> >—z
and, thus, from Equation (13), we obtain Equation (11), and, therefore, Equation (6) holds.
Finally, we prove Equation (7). From Equation (10), we obtain
2 1 & . 2n(l—kq)j . 2m(1—ky)j
E ((Im(yj)) ) = Ek szl sin . sin . tr,—ky
142=
n _ H _ ; 27 .
= L Z sin 27(1 — k)j sin 27(1 kZ)]i/ f(w)e_(kl_kZ)“”dw
n, Ty n n 27 Jo
142
1 27 1 n 27'((1 —kl)] —k k2)] k
=57/ f( )<”k§151n ” e ke 231 201 ) dey
21 n n
- % 0 A )<1Tl k2151n 2n(1i’l = klm) ( ﬂk¥151n e kﬂm)dw
1= 2
_ 1 1 ¢ 27-[(1 7k)] kewi
= E/O (w) —nkzzlsm . dw,
and, consequently,
. 1 271 & 20(1— k)] gwi 2
mm(f)ﬂ/o ﬁk;sm e dw < E ((Im(y])) )
27 n
< max(f>2n/0 1n ]{ZZlSln 27'[( : k)] kwi dw
Applying Equations (12) and (15) yields
Lo 1 s 21— k)f i
oy ./0 7 1{:21 sin . dw
_1 ) sin 271 = k1) sin 2r(1-kp)j 1 /27T e~ (ki—kp)wiyg
n, el n n 27 Jo
1A2
2
:12 <smzn(1 k)]) 21,
= n 2

and, therefore, Equation (7) holds. O

4. Upper Bounds for the RDF of Finite-Length Data Blocks of Gaussian WSS Sources

Let {x; : k € IN} be a real zero-mean Gaussian WSS process with continuous PSD f and
min(f) > 0. For a given block length n € IN and a distortion D € (0, min(f)], Pearl presented in [1] an
upper bound of Ry, , (D), namely:

1, detG()
2n D
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where C, ( f) is the matrix defined in Equation (8). In the following theorem, we give two new upper
bounds of Ry, (D), denoted by Ry, , (D) and Ry, (D), that are tighter than the one given by Pearl.

Theorem 2. Consider a real zero-mean Gaussian WSS process {xy : k € IN} with continuous PSD f and
min(f) > 0. Let D € (0, min(f)]. If n € N and y,,.1 is the DFT of x,,.1, then

~

1 In det(Cu(f))

Rxn:l(D) S Rxn:l(D) S Rxn:l(D) S % Dn / (16)
where Ry, , (D) is given by
Ry, (D)+2X7 % Ry (8)+Ry, (D)
- ( ) 2 2 - , ifniseven, 17)
Ry (D) =
X1 2501 R (8) Ry, (D) -
— , if nis odd.

and

if n is even,

o n 4
Ry (D) =
(D) Ep st (Ree(y) (B)+Ringyy) (3)) +Run () 1 s odd
7 , if nis odd.
Furthermore,

R(D) =limy—c0 Ryx,, (D) =limy_c0 ﬁxn:l (D) =limy 0 Ry, , (D) =limy_sc0 % In w = ﬁ ‘]-0271 In %dq}. (18)

Proof. We divide the proof into four steps:
Step 1: We show that Ry, (D) < Ry, (D). We encode Yrals oo Yn separately with

E(ly-5) <D )

forallj € {[%],...,n}, where [4] denotes the smallest integer higher than or equal to 4. Observe that
ifj e {[%],...,n—1} with j # % Equation (19) is equivalent to

e (Jli-al;)

<2
2 -2
From Lemma 1, y; = ¥, forall j € {1,...,[3] -1}, and y; € R with j € {§,n}NIN.

Let X,;:1 := V.1, where

Yn

]/n:l - 7

"

with yj := y,_j forall j € {1, ..., [4] — 1}. Applying Lemma 1 yields x,;; € R"*!.
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As V;; is unitary and the spectral norm is unitarily invariant, we have

E (Jlxns — % 3)

n
E (Vi = Vigmal5)  E (Iywa = VaVawall3)  E (Ilyea = a3

n n n

E(i =)= £ (=) -3 el 15 o)
__ n _~kz :1 n—1 2 n -
Yn—j=Yn—j ) Y E (\yk y |>> o (k ZHE(‘ ‘ ) Z;Oy Yk |>)

k=141 =n—[%]
n—1 n nl
:% (k—n;ﬂj (‘yk_yk‘ >ﬂ;211]5 (|yk Vil )) :l (k—nzmj (|]/k_y~k| ) 2% (|yk—y7<|2>)
([5]-)e+ (- 2]+ o) -2
Consequently,
Ry, (D)+25 " Ry (8)+Rw(D)
- , ifniseven,
Rxnzl( ) > ZZZ:}IL Ry (%)H{W(D)
S , if n is odd.

Step 2: We show that Ry, , (D) < Ry, (D). To do that, we only need to prove that

1 (8) <0 (2) 0 9

forallj e {[4],...,n—1} withj # 5. Fixj € {[5], ...,n — 1} with j # 4. We encode Re (y;) and

Im (y;) separately with
E ( (Retwy) ~ Rel)’)

E ((m(y) ~ i) )

Lety; :== Re(y )+ 1Im(y]) We have

E(ln-al;) £ ((Re)—ely)”+ (1mly) - 1miy))

IN
N[ T

and

IN

D
-

2 - 2
- % (E ((Re(y]) Re(y])) ) +E ((Im(yj) _IHT@].))ZD < % <I2> N I2>>:z2>.
Consequently,
Ry (g) < Ree(y) (2) ;le(y) (3)
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Step 3: We show that Ry, , (D) < % In det(g’;(f ) From Equations (2) and (5), we obtain

Ry, (D) = %m t ng'z), ke {gn} NN,

and applying Equations (2), (6) and (7), the arithmetic mean-geometric mean (AM-GM) inequality,
and Lemma 1 yields

1 E((Re(yk))z) 1 E((Im(yk))2) 1 E((Re(yk 2) (Im Yi)) )
R P S s ——t=7

o (8)
<\/E ((Re(yk>)2> . ((Im(yk>)2))2 1 < ((Re(y)) )erE( (Im(yx)) ))
=_-In (% 5 §§ln (%)2
E((Re(y)*+0m?) \ )
1, 2 1 (E(wP)) 1 E(n?) E(mF)
2" “2 bz 2" D?

(8)
Y E(lyel®) E(Ivnil®) 1 (lnE(W) N E(|yn_k|2))

D2 2 D "D

forallk € {[5],...,n — 1} with k # 7. Hence, from Equation (9), if n is even, we have

E ( 3 2) — 2 2 2
Rxm(D) g% ln?tj%il(ln E (|l]§k| ) i E (|yln)—k| ))+1n E (|ly)n| )
E < Yn 2) |yk|2 11 E ‘y’2 E |y |2
) % " : ‘Z_;Hln ( ) ]; o (D] ) Hn ( D’1 )

BT e o T ~ 2 D
and, if n is odd
] e CE(wl?) E(lsl) E (vl
Ry, (D) <5 (k—;;l (ln 5t —— n——
e E(wP) 2 E(lwl?) . E(lwl?)
—— 1 +31 1
2n (k_zn;ln D J; "D "D

D o D" o ' Dn
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is yielded.
Step 4: We show Equation (18). Applying Equation (3) yields

1 det(Cu(f)) 1 det(Ca(f)) 1, det(Tu(f))
0s g =pr  RD) =g I e

= L BHEUD Ly (qen () et (119 )

where /T, (f) := Uydiag, -, ( A (Ta( f))) U, with T, (f) = Undiag, <, (A(Tu(f))) U, ' being

a unitary diagonalization of T,(f). Since \/T,(f) is Hermitian and C,(f) is positive definite
1 “1

(see [5] (Lemma 5)), ( Tu(f )) Cu(f) ( Tu(f )) is positive definite, and applying the AM-GM

inequality yields

0< %m%f%l(p) <1

S
| =
-
0=
_
>
=
/N
T~
o
\,.\
N2
~_
N
o
>
I~
&
>
~
L
~—
~—
~

5

|

-

=i
/-~

5

=3
VRS
Ly |
>
~ S
~_
& !
3 —
\t// =
LS
- =
TN N
§3 &
> >
" ~—

t

5

R~

—_

=]
SRk 3| = ~

,..:
—
(@)
=
\'ﬂ
—
=
&
>
L
~—
~——

IN
5

(20)

IN
5

I (1C) = T D) e+ V) )

IN
5

7= (1) = TN N T ) M+ V) )

IT(H) = CalF)llr 1
Vi A(Ta) “)

1 Tu(f) = Ca(Plle
min(f) vn '

5

IN

|
N = NI—= NI~ NI~ N~ N~ N~ N N =
5 5
o —— ——_

=

(@)}

2

—

~

N3

|

&

=N

~

N

=

=

&

—

~

—

=

L

+

—

=

-
~_

J—
+




Entropy 2017, 19, 554 11 of 12

where tr stands for trace and || - || is the Frobenius norm. From [5] (Lemma 4), we obtain

hm;m@ 1 |Tn<f>—6n<f>|F>:0

= min(f)  va

and, therefore,

lim (1 In w — Ry, (D)) =0.

1 detCu(f) _ i L GeHT()) 11t A(T(f)
Jim, oy I = i, R (D) = im0 in == = 3 i S [ [0
Ll I AT 1P f(w)

—z,}hwnkz_llnp—m/o In"pdew

As an example, Figure 1 shows Equation (16) for the case in which f(w) = 0.1 + (w — 7)® with
w € [0,271], D = ™) — 0,05, and 1 < 100.

3.6I L —
det(C,
- o %ln L(D',',(f))
3.4 z')c * R,,, (D)
Lo -~ I
n i ® Ry, (D)
(=] a
3 "o _'lenl(D)
=1 o
£32L fa Ty —R(D) g
T o . =
=) \ o, " LN “
=] \ o n LEp
'":5 \ oy . EX g
— 3k Sog "ag, 332“)2)1)3:) i
5] o . s
o \ DDDDDDD;.....I.II g:}s:}sgﬁz}ﬁgg
0 \ LR L X IR
45 \\ DDDDDDDDDDEEE
Z o8k s ]
~._
2.6 B
L L L L L L L L L

Figure 1. Numerical example of the upper bounds presented in Theorem 2.

Finally, observe that Theorem 2 also provides coding strategies to achieve the two new bounds
of Ry, (D) presented: Ry, (D) and Ry, (D). Specifically, Theorem 2 shows that Ry, (D) can be
achieved by encoding yj separately, withk € {[5], ..., n}, instead of encoding x,.; jointly, and that
Ry, (D) can be achieved by encoding separately the real part and the imaginary part of y instead
of encoding yx when k ¢ {%,n}. Therefore, although Ry, , (D) is a tighter bound, the coding strategy
associated with Ry, (D) is simpler. It should be mentioned that, in order to achieve Ry, (D) and
Ry, (D), an optimal coding method of Gaussian random variables is required.
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