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Abstract: This paper describes and proves two important theorems that compose the Law of Large
Numbers for the non-Euclidean £P-means, known to be true for the Euclidean £2-means: Let the
LP-mean estimator, which constitutes the specific functional that estimates the £P-mean of N
independent and identically distributed random variables; then, (i) the expectation value of the
LP-mean estimator equals the mean of the distributions of the random variables; and (ii) the limit
N — oo of the LP-mean estimator also equals the mean of the distributions.
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1. Introduction: Definition of £P-Means and Their Basic Properties

In [1-3], a generalized characterization of means was introduced, namely, the non-Euclidean
means, based on metrics induced by £LF-norms, wherein the median is included as a special case for
p=1 (£!) and the ordinary Euclidean mean for p = 2 (L£?) (see also: [4,5]). Let the set of y-values
{vi}}¥, (yx € Dy C R), associated with the probabilities {py}] ; then, the non-Euclidean means y,,
based on L”-norms, are defined by

W

pilyi — ppl?sign(ye — up) =0, 1)
k=1

where the median y; and the arithmetic mean i, follow as special cases when the Taxicab L£!
and Euclidean £2-norms are respectively considered. Both the median y; and arithmetic
means can be implicitly written in the form of Equation (1) as Y1, pysign(yx — p1) = 0 and
YAl pelyi — palsign(ye — p2) = 0 (& p2 = Y pyi), respectively.

Note that the solution of Equation (1) is a specific case of the so-called M-estimators [6], while
it is also related to the Fréchet Means [7]. The Euclidean norm £? is also known as “Pythagorean”
norm. In [3], we preferred referring to the non-Pythagorean norms as non-Euclidean, inheriting
the same characterization to Statistics. One may adopt the more explicit characterizations of
“Non-Euclidean-normed” Statistics, for avoiding any confusion with the non-Euclidean metric of
the (Euclidean-normed) Riemannian Geometry. As an example of an application in physics, the £
expectation value of an energy spectrum {g;}}", is defined by representing the non-Euclidean
adaptation of internal energy U, [8].

Figure 1 illustrates an example of £P-means. We use the Poisson distribution p, = e *A*/k!
and the dataset y, = k, for k = 1,.,W; hence, the LP-means are implicitly given by
PRA) ?‘(—Hk — pp|P~tsign(k — pp) = 0 (note that the constant term e~" can be ignored). The function
Hp = Mp(A) is examined for various values of the p-norm, either (a) super-Euclidean, p > 2, or (b)
sub-Euclidean p < 2. The mean value for the Euclidean case, p = 2, is o = A, which is represented by
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the diagonal line in both panels. We observe that for p > 2 we always have y, > A, while for p < 2
there is a critical value A*(p), for which i, > A for A > A* and p,, < A for A < A*. The critical value
A*(p) increases with p, and as p — 2, up — A. For A = 1, y, = 1 for any p < 2, while for A =0, y, =0
for any values of p.

0.8

Figure 1. Example of £P-means of a dataset following the Poisson distribution. The relation yt, = f(A)
is plotted for (a) p > 2, i.e., p = 2 (red solid line), p = 3 (blue dash), p = 5 (green dash—dot), p = 10
(purple thick dash), p = 30 (light-blue thick dash-dot); and (b) p < 2,i.e., p = 2 (red solid line), p = 1.7
(blue dash), p = 1.5 (green dash—dot), p = 1.3 (purple thick dash), p = 1.1 (light-blue thick dash—dot).

The Law of Large Numbers is a theorem that guarantees the stability of long-term averages of
random events, but is valid only for Euclidean metrics based on L?-norms. The purpose of this paper is
to extend the theorem of the “Law of Large Numbers” to the non-Euclidean, £LP-means. Namely, (i) the
expectation value of the £LP-mean estimator (that corresponds to Equation (1)) equals the mean of the
distribution of each of the random variables; and (ii) the limit N — oo of the £P-mean estimator also
equals the mean of the distributions. These are numbered as Theorems 2 and 3, respectively. The paper
is organized as follows: In Section 2, we prove the theorem of uniqueness of the £”-means (Theorem 1).
This will be used in the proofs of Theorems 2 and 3, shown in Sections 3 and 4, respectively. Finally,
Section 5 briefly summarizes the conclusions. Several examples are used to illustrate the validity of the
Theorems 1-3, that is, the Poisson distribution (discrete description) and a superposition of normal
distributions (continuous description).

2. Uniqueness of LP-Means

Here, we show the theorem of uniqueness of the £7-means for any p > 1. The theorem will be
used in the Theorem 2 and 3 of the next sections.

Theorem 1. The curve py(p) is univalued, namely, for each p > 1, there is a unique value of the
LP-mean pip(p).

Proof of Theorem 1. Using the implicit function theorem [9], we can easily show the uniqueness in
a sufficiently small neighbourhood of p = 2. Indeed, there is at least one point, that is the Euclidean
point (p = 2, iy = pi), for which the function y,(p) exists and is univalued. Then, the values of 1, (p),
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Vp > 1, can be approximated to any accuracy, starting from the Euclidean point. The implicit function
F(p, pup) = 0, defined by Equation (1), is continuous and oF (p, jt) /0pp = (p-1) YV pelyk — pplP=2 #0;
then 1, (p) is univalued in some domain around p = 2. The first derivative y,(p) is finite Vp > 1
(e.g., for p = 2 we have py' = [Opp(p)/9p]p—2 = Loy Pr(yk — #2) In(|yx — p2|)). Indeed, the inverse
derivative is non-zero for any p, i.e.,

p _ (P = 1) X pilye — mplP 2
Mp XLy prly — pplPsign(yx — wp) In(Jyx — ppl)

,Np>1. 2)

O

The inverse function, p(y,), should be continuous and differentiable according to Equation (2).
If 4, (p) were multi-valued, then, it should have local minima or maxima. However, the derivative
dp/duy is non-zero. Therefore, we conclude that p(y,) cannot be multi-valued, and there is a unique
curve jp(p) that passes through (p = 2, up = p2).

As an example, Figure 2 plots the £P-means of the Poisson distribution shown in Figure 1, but now
as a function of the p-norm, and for various values of 0 < A < 1. For A < In2, the function y,(p) is
monotonically increasing with p. On the contrary, for A > In2, the function y,(p) is not monotonic,
having a minimum in the region of sub-Euclidean norms, 1 < p < 2. The separatrix between these two
behaviors of i, (p) is given for A = In2. We observe that the function y,(p) is differentiable, dp, /9p is
always finite or dp/dp, is always non-zero, thus i, (p) is unique for any value of p.

Finally, we note that the uniqueness of i, for a given p does not ensure monotonicity, as different
values of p may lead to the same £7-mean. Such an example is the £”-means of the Poisson distribution
for A > In2, shown in Figure 2. As stated and illustrated in [3], when the examined probability
distribution is symmetric, then the whole set of £P-means degenerates to one single value, while when
it is asymmetric, a spectrum-like range of LV-means is rather generated.

Figure 2. Uniqueness of the £P-means of the Poisson distribution. The means are plotted as a function
of the p-norm, and for various values of 0 < A < 1, thatis, A <In2 (red solid), A = In2 (black dash),
and A > In 2 (blue solid).

3. The Concept of L7-Expectation Values

Given the sampling {y;}Y,, the £P-mean estimator Ji, = ﬁp,N({yj}jI\i 1 p) is implicitly
expressed by

~ p-1 . ~
yi = P (Y7} i0 P)] sign [yi — fip,, ({yiH i p)| = 0. ®)

N
)y
i=1

Then, the LP expectation value of ﬁp,N({yj}inl;p), namely <ﬁP'N>P = Ep[ﬁpw({yj}j]\il;p)}, is
implicitly given by
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-1

~ ~ P . ~ ~
I Jenpy, |[Fea (v iaip) - (pndp|" sign [ (i p) = ()]

(4)
X P({yj}jlil) dyy...dyn =0,
where P({y;} ]I\L 1) is the normalized joint probability density, so that
P{yj}ity) dyr...dyy =1. ®)
/ /{y]EDy} Hj=1

Definition 1. Let the sampling {y;}.,, yi € Dy € R,Vi = 1,...,N, of the set of random variables
{Y;}N.|. This set is called symmetrically distributed if the joint distribution density has the property

P({yj}jz\il) = Py1--Yg--Yi-YN) = P(Y1--YiYg-YN), Vi, k(# 1) = 1,...,N. This property is formally
called Exchange-ability [10] and will be used in Lemmas 1 and 2.

Next, we postulate and prove Lemmas 1 and 2, which are necessary for the following Theorem 2 about the
expectation value of the LP-mean estimator.

Lemma 1. The symmetrically distributed random variables {Yi}f\i 1 are characterized by the same L
expectation value, namely, (Y;), = E,(Y;) = pp € R, Vi =1,..., N, which is implicitly given by

I Jyeny, lvi = pp|" " sign (v — up) Py} dys - dyw ©
= Jype, [vi = mpl" " sign (yi = up) Py(y) dyi =0,

where Py, (u) = Py(u),Vi=1,...,N, is the marginal distribution density, that is identical for all the random
variables {Y;}N .

Proof of Lemma 1. The y;-marginal probability density, Py, (y;), is
Putv) = [ Py YY) dys - dyi adyicr - dyn )
Y yl {]/]GDy}/ 1,j#i y] ] ! y yl ! yH_l y

so that

-/yieDy Py, (yi) dy;i = 1. 8

Given the symmetrical joint distribution, we have

Pulyd) = [ Jyyeppy, , POL-YinYi-yn) dyr-dyiadyipr..dyn
= { f . .f{yjeDy}szl,j#i P(ylykylyN) dyl...dykldykJrl.ndyN}
Ye=Yi 9)

= { J-- .f{ijDy}]Nzl#i P(y1--Yi--Yg--YN) d]/l-~-d]/k—1dyk+l~-«dyl\]}
Yk=Yi
=Py (vi) Vi, k(#i)=1,...,N.

Hence, the expression of the marginal distribution density Pyi(u) is identical Vi = 1,..., N,
i.e., for all the random variables, Py, (1) = Py (u).
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Then, we readily derive that the random variables {Y;}} | are characterized by the same L”
expectation value, namely, (Y;), = £,(Y;) = up € R,Vi=1,..., N, which is implicitly expressed by

-1 .
S Siyyenyy, i = wpl™ sign (vi = pp) PRy} dyr - dyn

(10)
-1 .
B f]/iGDy |yi = mp|" sign (yi — up) Py (i) dy; = 0.
Indeed, if we had (Y;), = pp; € R, Vi=1,...,N, then
-1 .
/yeD i = mpi| " sign (yi — upi) Py(yi) dy; = 0, (11)
i€Dy
and for k # i,
-1 .
Jywen, 1k = mprl" ™ sign (ye — ppi) Py(yi) dyx =0,
Yr€ly (12)

= Jyen, [vi = el sign (vi = upe) Py(wi) dy; = 0.

However, given the uniqueness of the £-means, Equations (11) and (12) lead to ptp; = pipi Vi, k(F# i) =
1,...,N,orpp;i = pp,Vi=1,...,N. O

Lemma 2. Let the auxiliary functionals {G;}X,, with G; = Gi({yj}jz\il;p) =y — ﬁp,N({]/j}jl\il?P)/ Vi=
1,...,N. Then, their LF expectation values are zero, namely, (G;)p = EP(Gi) =0,Vi=1,...,N.

Proof of Lemma 2. The L expectation value of (G;), is implicitly given by

. p=1 ~
vi—Hp ({yidp) = (Gip|  sign |yi — Tip, ({yi 35 p) — (Gi)y
] ]
x P({yj}jlil) dyy ...dyn = 0.

I Siyenan, )

If (G;)p = 0, then

~ p=1 | ~
vi— o Gy} p)| sign [y = g, ({10 p)]
< P({yj}Ly) dyr-..dyn =0,

I Suyen, )

while if (G;), # 0, then the above functional has to be non-zero, because of the uniqueness of L?
expectation values, namely,

~ p-1 e
- Srygepyn, [ = Boa (i1 p)] sign [yi —Tp (i s P)]
X P({yj}j]il) dyi...dyn = Ci(p,N) #0,

(15)
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Now, rewriting Equation (15) for an index k(# i), we have

p-1

J iy, [ = Boa (i aip)| - sign (v =Ry () 0:9)]

x P({yj}y) dys -..dyn = Ci(p, N)

=/ .f{y]veDy}jf\Ll Yk = B, (Y1--YiYiYN; P) \p% sigh [yi — fip, (Y1--Yi-- Yk YN; P)]

X P(Y1.-Yi--Yk-YN) AY1...dy;...Adyg..dyn (16)

= I Syyen, e, Wi =B (1Y iyni )| sign [i = Tip,y (V1-Yiv Y-y )]

X P(Y1--Yg--Yi--YN) QY1 yp...dyi...dyn

= I+ Syepy, V= By 1y )P sign [y = i (-9 )

X P(y1--Yi--Yk-YN) Ay1...dyi..dyg..dyn = Ci(p, N),
because of the symmetrical distribution of random variables {y]-}]-l\i 1 e, Pyi-Ye-Yi-Yn) =
P(y1-Yi-Yr-Yn), Vi, k(# i) =1,..., N, (the same symmetry holds also for the estimator 7, , while

the integration on each y; spans the same integral D,. Hence, C;(p, N) = C¢(p, N) = C(p, N). Then, by
summing both sides of Equation (15) with Zfil, we conclude in

N p—1
S yenyy, Bl =Tontblun] sign [y (a)ilor)]

N

x P({y; ) dyr...dyy =0=Y " Ci(p,N) = NC(p,N),
i=1

or C(p,N) = 0. Thus, Equation (14) holds, and given the uniqueness of L? expectation values, we
conclude in (G;), =0,Vi=1,...,N. [

Theorem 2. Consider the sampling {yi}fil, yi € Dy CR,Vi=1,...,N, of the symmetrically distributed
random variables {Y;}Y ,. According to Lemma 1, the random variables are characterized by the same LP
expectation value (assuming that this exists), namely, (Y;)p, = E,(Y;) = pp € R, Vi = 1,..., N, which is
implicitly expressed by Equation (6). Then, the LF expectation value of the LP-mean estimator iy, ({y]}]li vP)

is equal to pip, ie., (fip,)p = E, [ﬁp,N({yj}inl;p)] = ppor

o~ Pl
B (i) = g sign [ip, (Y0 p) — 1y
x P({yj}jlil) dyp...dyn = 0.

[ fiyen, W

Proof of Theorem 2. (For useful inequalities, see [11]) Apparently, the following integral inequalities hold:

-~ P . ~
vi— o ()| sign [y — g, ({1 0ip)|

o[ S,

x Py} dyr ... dyn (18)

~ p—1
Yi— ﬂp,N({]/j}jZ\iﬁp)‘ Pyt dyi - .dyn,

< J - Jyenyy,
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and,Vi=1,...,N,

-1 .
0=|Jyep, I¥i —mpl" sign(yi — jp)Py(vi) dyi

(19)
-1
< Jyen, i —1p" Py (yi) dyi.
Furthermore, we consider the LP expectation value of the functional g({yj}jji vp) =

ﬁp,N({yj}jI\il;p) — pp,mamely, (), = E,(s({y; jl\il;p)), which is implicitly given by

~ p—1
J-+Syenyyy, (o it i p) =1 = (2), 0)
x sign (i, (s p) = pp = ()] PUyIY) dyn . dyn = 0.
If (g)p = O, then,
= N . P PN N .
I Syenyyy, (o (i3 p) *Vp‘ sign [VP,N({yj}j:yP) - up} 2

x P({yj}y) dyi...dyn =0,

while if (g), # 0, then the above functional has to be non-zero, because of the uniqueness of LV
expectation values, namely,

~ N pil . ~ N
f. . ‘f{yjeDy}]‘I\il .uP,N({y]'}j:l’. P) - Vp‘ Slgi’l [VP,N({yj}jzl; P) - VP} (22)
x P({y; jlil) dy;...dyxy = D(p,N) #0,
or
~ p-1 ~
ID(p,N)| = |f- Siyenyy, [Fon idiaip) = P‘p‘ sign [fip, ({910 p) = 1]
< P({y; ) dyr .. dyy @3
~ p-1
< S genpy, [PoaQidiaip) = P‘p‘ P({yi}ily) dys - -dyn.
0

First case, p < 2: Hence, p — 1 < 1, and from the power inequality (|f| + [g])° < |f|° + |g|° holding
Vs <1, we have the following;:

The triangle inequality gives |ﬁplN({yj}jI\i1;p) = wpl < |ip, (y; ]»I\il;p) —¥il + |yi — pp|- Then,
applying the above power inequality fors = p—1, f = ﬁp,N({yj}jI\i 1vP) —Vi,and § = y; — pp, we have
B (Y} p) = P < (p Qi p) = il + Ly = )P < Ml (Y3 p) — il P+ Jyi —
pp|P~L. Thereafter, Equation (23) becomes

ID(p,N)| <

p—1
I 'f{yjeDy}jN:l Py ) dyr-..dyn
-1
+ f . .f{yjeDy}jI\il ‘3/1‘ - P‘p’p P({yj ]I\il) dyq ...dyn,
= [D(p,N)| <

oy (it p) — vi
(24)

p—1
Py ) dyi-..dyn

J-+Sigsenyyy, o (i3 p) = vi

-1
+ finDy i — " Py(yi) dys,
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or
p—1

3ID(p,N)| < Max{ JSyenyy,

o (LY 0 P) = vi
(25)

Py L) dyr-odyn, [ cp, [vi— mpl" ™ Puly) dyz}.

Second case, p > 2: Hence, p — 1 > 1, and applying the Minkowski inequality on Equation (23),
we have
ID(p,N)|PT <

1
~ p-1 -
o (i i p) — P‘p‘ P{y;}HLy) dn -.'dyN]

1

p1 (26)

I f{yjeDy}]Nzl

< [f"‘f{yjeoy}jbfl ﬁp,N({yj}jI\iﬁP)—yi

Py dyl...dyN]

1

p—1

e bl 2|

or )
51/D(p, N)| <

p—1
PRyt dyr.. dyn,

Mﬂx{f Jyenpy Lﬁpw({yj}}ipp) ~ Vi

(27)
-1
Sy Jvi = wpl”™ Py (i) d]/i}-
Combining Equations (25) and (27), we conclude in an inequality that holds Vp > 1,
1 1 1 =D
0+ M{ HPE N [FHIDe N } = D(p,N)<
~ p—1
MﬂX{f yen, e LW,N({yj}fil;P) =il PUyL) dyi.. dy, (28)
-1
JyenJvi = 1p]” ™ Py(wi) dyz} :
On the other hand, Equations (18) and (19) imply that
~ N pfl N
0 < Max{ [-- 'f{y]-EDy}jI\iLyp'N({yj}jzl; p)—vi|  P{yj}lq) dyi-. dyn,
(29)

fveD ’yi _Vp|p71 Py(yi) dyi ¢ -
yiE€Dy

1

We construct the auxiliary random variables {X;}Y,, defined by X; = fx(Y;) =Y;-D(p,N) 7T,
having values {x; = fx(y,-)}fil in the domain x; € Dy = {fx(Ymin) < ¥ < fr(Ymax)} C R, Vi =
1,..., N (where ypin = Dy min € Dy is the infimum of Dy, while yp1ax = Dymax € Dy is the supremum
of D,). The £P-mean estimator of the set {x;}}, is given by the functional ‘uff’N = y;f,N({xj}]-Ii Up) =
fip, ({y; = x,D(p, N)ﬁ }].J\il; p)D(p, N)fﬁ, while the random variables {X;}N | have the common

. - _ 1
LP expectation value (X;), = E,(X;) = X — 3,D(p,N) 71 € R, Vi =1,...,N. The respective
p P P Hy = Hplp p
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N_
-1

joint probability density is given by P*({x; ]I\il) = Pl{y; = x;D(p, N)Plj}]lili -D(p,N)?1, so that,
{x] P)dxy.. dxy = P({yj}]-]il)dyl. ..dyy. Then, Equations (28) and (29) become
p—1
1< M”x{f' : 'f{xjer}}\i o (A p) = x| PX({x}) d. . dxy,
(30)
p_l X
fxler :up ‘ px (xi) dxi ’
and
p—1
0< Max{f- : 'f{xjepx}].l\;LV;f,N({xj}jl\iy'P) — X PX({xj}inl) dxy...dxy,
(31)

p—1
fxler —Hp ‘ P;((xl) dxi} ’
respectively (where P (u) = P¥(u), Vi =1,..., N is the identical marginal distribution density for all
the random variables {X;}¥ ).
Moreover, we define the nonnegative quantities /X, determined by the integral operator I,
given by

A p—1.
;f = Max{f. . .f{xjer}inLyé{N({xj}jZil;p) — X; 1ldxq...dxy,

(32)
p=1,
fxler ]/lp‘ 1dxi},
which acts on the probability densities PX ({x }]I\L 1) so that
b = TPX({xg))- (33)

Now consider the subset M C R of all the possible values of Eif . Equation (30) yields 1 < ¢%,
so that the infimum Z(M) = 1 (Note that, in this case, the infimum is element of M, obtained for
p = 1). On the other hand, Equation (31) yields 0 < ¢%, which reads that the nonnegative quantities Ef,(
can be arbitrary small, even zero, so that the infimum is now given by Z(M) = 0.

However, the infimum is unique. The false by contradiction comes from the statement

D(p,N) # 0. Hence, D(p,N) = 0, and Equation (20) yields (g), = 0, i.e., <ﬁp,N({yj}jI\il;p) —up)p =0,
or @p,N({yj}inﬁP»p =HMp = <yi>p/Vi =1...,N.
4. Limit of the £P-Mean Estimator

The following theorem derives the limit of £P-mean estimator 7i,, ({y;} 1 p).

Theorem 3. Let the sampling {y;} |, y; € Dy, C R,Vi = 1,...,N, of the independent and identically
distributed random variables {Y;}Y |. The LP-mean estimator ﬁp,N({yj}jl\i 1 p) converges to its LF expectation

value, (fip,)p = Ep[ﬁp,N({yj}inl;p)] = pp, as N — oo, namely, imy_e0 iy, = (Hp,)p = Hp-
Notes:

1. Obviously, the independent and identically distributed random variables are also symmetrically
distributed. Thus, according to Theorem 2, we have (i, )p = Eplfip, ({y; ]I\L vp)] = Yi)p =

Ep( i) = Hp-
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2. The L7 expectation value (Y;), = pp should be calculated given the marginal distribution density
Py(yi), Vi=1,...,N. However, the expression of this distribution is usually unknown, and thus,
we estimate j1, by means of imy e i, -

Proof of Theorem 3. We construct the set of auxiliary random variables {X;}IY , defined by
X; = fo(Y;) = |Y; — pp|P~tsign(Y; — pp), and having the relevant sampling values {x; = fx(y;)}Y,,
with domain x; € Dy = {—|fx(ymin)| < x < |fx(ymax)|} € R, Vi=1,...,N. Apparently, {X;}}¥, are
also independent and identically distributed random variables, and let Pé(u) =PXu),Vi=1,...,N
be the identical marginal distribution density for all the random variables {X;},. O

Then, the Euclidean expectation value of each of the random variables is
-1 .
(xi)2 = / xi Px(x;) dx; = / i — up|”™ sign(yi — up) Py(yi) dy: =0, (34)
Xx;€Dy inDy

Vi=1,...,N. Thereafter, from the “Law of Large Numbers” we have that YV, (x; — (x;)2) converges
to zero, as N — oo [12-14]. Thus,

Yy =yl sign(yi — up) = 0. (35)
i=1

On the other hand, Equation (3), for N — oo (assuming the convergence of the sum at this limit),
is written as

[0}

)3

i— lim u
= Yi N—yco 2

p—1
sign (yi — Jim VP/N) =0, (36)

while, given the uniqueness of iy, we conclude in limy e #ip,, = Hp-

As an application, we examine the probability distribution P(x), constructed by the superposition
of two different normal distributions N1 (y; 4 = 1,0 = 1) and Na(y; 4 = 1+ ba, 0 = 2) with da > 0;
namely, P(y; da; 1) = [N1(y) + AN, (y;6a)]/ (1 + A). For éa = 0, the constructed probability distribution
is symmetric, and as explained in Section 3 and [3], the whole set of LP-means degenerates to
one single value—in our case yp = 1, Vp > 1. First, we derive the LP-mean of the distribution,
(y)p = pp, where [* =y — ‘u,,|p*1 sign(y — pp) P(y) dy = 0. Then, we compute the £LF-mean estimator
ﬁp,N({yj}jI\i 1), where the y-values, {yj}jl\i 1, follow the probability distribution constructed above,
P(y;éa; 1). The N y-values are generated as follows: we derive the cumulative distribution of P, that

is F(y;0a;A) = % + [erf (%) +A-erf (%22‘5”)} /[2(1+ A)], and then we set the parametrization

F(yi;6a;A) = i/N, from where we solve for y;. The estimator ﬁp,N({yj}in 1 p) is implicitly given

by YN, lyi — Hp,y |p ! sign (y; — fp,,) = 0; then, we demonstrate Theorem 3 showing the equality
Kmy_ye0 flp,, = Hp; in particular, we construct the sum S(N) = TN, |y; — yp|p_1 sign (i — mp),
and show that limy_,.S(N) — 0, satisfying Equation (35).

Figure 3 illustrates the convergence limy ;. ip,, = #p- Panel (a) plots the sum S(N) as a function
of N and for the norms p = 1.5, 2, and 2.5; we find a convergence rate of S(N) ~ 1/N. Panel (b) plots
the summation S(N) for large N (= 103), which becomes zero only if the p-norm used by the estimator
Hp,,, thatis p = py, equals the p-norm used by the mean y, that is p = p,. Finally, panel (c) plots the
value of the estimator iy, , as a function of the norm p, for two data numbers N = 100 and N = 300,
showing the convergence to i, which is co-plotted as a function of p.

Figure 4 plots the deviation between the L£F-mean estimator i, and the mean p,, that is,
|7ip,, — Hpl, and for a large number of data (N = 10%). The mean Hp is taken for the norm p = 3, while
the deviation is plotted as a function of the norm p of the estimator. We observe that the deviation is
minimized, tending to zero, when the norm is p = 3. However, this result holds if the distribution is
not symmetric. Once the parameter da decreases approaching zero, the distribution P(y;da — 0; A)
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becomes symmetric and the deviation |jip, — pp| obtains small values (while its minimization at a
certain p loses its meaning). We observe that for da ~ 0.01 or smaller, the deviation is small enough—of
the order of 10~* — 1073 (it is non-zero because of the computation errors caused by the finite N),
so that jip,  ~ pp.

- 7, 0.6F A<
107 (a) - 25 MpM)=Hp ) (0) N1 Oy
§102 el ( —s\3
w 10 0 .......... 0 - 0
164 i 2 3_0.2 < .
10 100 N 10 1 1 5 P < :
2 (C) ........................
ﬂp - ’ 'C'(')Aﬁ.\‘r;;gence

A 3 for N—xo
ﬂp(N) 1.6 - : ’QQ\
N=300 o
N=100 1.4 S
1.2
0 2 4 p 6 8 10

Figure 3. Convergence of the estimator iy, to the mean y, (ensemble average). (a) The summation
S(N) plotted against N for p = 1.5 (red solid), 2 (blue dot), and 2.5 (green dash); (b) The summation
S(N) plotted against p = p», for p; = 1.5 (red solid), 2 (blue dot), and 2.5 (green dash), where S(N) = 0
holds only for p» = p1; (c) Estimator limy_, fip,,, plotted against the norm p, for N = 100 and
N = 300, showing the convergence to the co-plotted mean .

10’ da=arai ~ N=1000

<'">p|
.

[y
=

MUp(N) -

[y
=1

1 3 3p4 5

Figure 4. Deviation |fi, — pp| is plotted as a function of the p-norm of the estimator, and for
various values of the parameter éa = 1 (red solid), 0.3 (blue thick dash), 0.1 (green thick dash—dot),
0.03 (purple dash), and 0.01 (light-blue dash-dot).

5. Conclusions

The Euclidean £2 means are derived by minimizing the sum of the total square deviations,
i.e., the Euclidean variance. In a similar way, the non-Euclidean £ means were developed by
minimizing the sum of the L7 deviations, that is proportional to the £? variance [3]. The main
advantage of the new statistical approach is that the p-norm is a free parameter, thus both the
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LP-normed expectation values and their variance are flexible to analyze new phenomena that cannot be
described under the notions of classical statistics based on Euclidean norms. The least square method
based on the Euclidean norm, p = 2, and the least absolute deviations method based on the “Taxicab”
norm, p = 1, are some cases of the general fitting methods based on the £LP -norms (e.g., [15]; for more
applications on the fitting methods based on Lp norms, see: [2,4,16,17]; several other applications can
be in signal processing optimization and block entropy analysis, e.g., [2]; in image processing, e.g., [18];
in general data analysis, e.g., [5]; in statistical mechanics, e.g., [3,8,19]. The Law of Large Numbers is a
theorem that guarantees the stability of long-term averages of random events, but is valid only for
metrics induced by the Euclidean £2 norm. The importance of this paper is in extending this theorem
for LP-norms. Other interesting applications will be to establish a central limit theorem applied for
the £P-means.
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