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Abstract: This paper presents a coding theorem for linear coding over finite rings, in the setting of
the Slepian-Wolf source coding problem. This theorem covers corresponding achievability theorems
of Elias (IRE Conv. Rec. 1955, 3, 37—46) and Csiszar (IEEE Trans. Inf. Theory 1982, 28, 585-592) for
linear coding over finite fields as special cases. In addition, it is shown that, for any set of finite
correlated discrete memoryless sources, there always exists a sequence of linear encoders over some
finite non-field rings which achieves the data compression limit, the Slepian-Wolf region. Hence, the
optimality problem regarding linear coding over finite non-field rings for data compression is closed
with positive confirmation with respect to existence. For application, we address the problem of
source coding for computing, where the decoder is interested in recovering a discrete function of the
data generated and independently encoded by several correlated i.i.d. random sources. We propose
linear coding over finite rings as an alternative solution to this problem. Results in Kérner-Marton
(IEEE Trans. Inf. Theory 1979, 25, 219-221) and Ahlswede-Han (IEEE Trans. Inf. Theory 1983, 29,
396411, Theorem 10) are generalized to cases for encoding (pseudo) nomographic functions (over
rings). Since a discrete function with a finite domain always admits a nomographic presentation,
we conclude that both generalizations universally apply for encoding all discrete functions of finite
domains. Based on these, we demonstrate that linear coding over finite rings strictly outperforms its
field counterpart in terms of achieving better coding rates and reducing the required alphabet sizes
of the encoders for encoding infinitely many discrete functions.

Keywords: linear coding; source coding; ring; field; source coding for computing

1. Introduction

The problem of source coding for computing considers the scenario where a decoder is interested in
recovering a function of the message(s), other than the original message(s), that is (are) i.i.d. generated
and independently encoded by the source(s). In rigorous terms:

Problem 1 (Source Coding for Computing). Given S = {1,2,---,s} and (X1,Xa,- -+, Xs) ~ p.

For each i € S consider a discrete memoryless source that randomly generates i.i.d. discrete data
1 2 ..

Xi( ),Xl( ),"- ,Xl.(”),- -+, where X(n) has a finite sample space Z; and (X;n),Xén),- . ,X§H)> ~ p,

i
V n € N*. For a discrete function g : [T;cs Z; — Q, what is the largest region R[g] C R®, such that,
V (Ry,Ry, -+ ,Rs) € Rlg] and ¥V € > 0, there exists an Ny € N, such that for all n > Ny, there exist
s encoders ¢; : 2" — [1,2"Ri] i € S, and one decoder ¢ : [Ties [1,2"Ri] — QF, with

1

Pri{g(Xi, - X{) #¢lgr (X)), -, ¢s (XS]} <e, O]
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where X}' = (Xl.(l),Xi(z),- . ,Xl»(n)) and

gxt,---,X¢) = e O"? 2)
8 (XY’)/ o /Xs(n)>

The region R|[g] is called the achievable coding rate region for computing g. A rate tuple R € R® is said to
be achievable for computing g (or simply achievable) if and only if R € R[g]. A region R C R® is said
to be achievable for computing g (or simply achievable) if and only if R C R[g].

If g is an identity function, the computing problem, Problem 1, is known as the Slepian—Wolf (SW)
source coding problem. R[g] is then the SW region [1],

RIX1, Xz, Xs] = {(Ry, Ry, ,Rs) € RY

YR > H(Xr[Xr), YO ATC S}, )
jeT

where T¢ is the complement of T in S and Xt (X7¢) is the random variable array [];ct X; (H]ETC Xj).
However, from [1] it is hard to draw conclusions regarding the structure (linear or not) of the encoders,
as the corresponding mappings are chosen randomly among all feasible mappings. This limits the
scope of their potential applications. As a consequence, linear coding over finite fields (LCoF), namely
Zi’s are injectively mapped into some subsets of some finite fields and the ¢;’s are chosen as linear
mappings over these fields, is considered. It is shown that LCoF achieves the same encoding limit,
the SW region [2,3]. Although it seems straightforward to study linear mappings over rings (non-field
rings in particular), it has not been proved (nor denied) that linear encoding over non-field rings can
be equally optimal.

For an arbitrary discrete function g, Problem 1 remains open in general, and R[X1, Xp, - - - , Xs] € R[g]
obviously. Making use of Elias’ theorem on binary linear codes [2], Kérner-Marton [4] shows that R[]
(“®y” is the modulo-two sum) contains the region

R= {(RLRZ) € R? | Ry, Ry > H(Xy @ Xz)}~ 4)

This region is not contained in the SW region for certain distributions. In other words, R[&;] 2
R[X1, Xz]. Combining the standard random coding technique and Elias’ result, [5] shows that R [®;]
can be strictly larger than the convex hull of the union R[X1, Xp] UR. However, the functions
considered in these works are relatively simple. With a polynomial approach, [6,7] generalize the
result of Ahlswede-Han ([5], Theorem 10) to the scenario of g being arbitrary. Making use of the fact
that a discrete function is essentially a polynomial function (see Definition 2) over some finite field,
an achievable region is given for computing an arbitrary discrete function. Such a region contains and
can be strictly larger (depending on the precise function and distribution under consideration) than the
SW region. Conditions under which R [g] is strictly larger than the SW region are presented in [6,8] from
different perspectives, respectively. The cases regarding Abelian group codes are covered in [9-11].
The present work proposes replacing the linear encoders over finite fields from Elias [2] and
Csiszar [3] with linear encoders over finite rings in the case of the problems accounted for above.
Achievability theorems related to linear coding over finite rings (LCoR) for SW data compression are
presented, covering the results in [2,3] as special cases in the sense of characterizing the achievable
region. In addition, it is proved that there always exists a sequence of linear encoders over some finite
non-field rings that achieves the SW region for any scenario of SW. Therefore, the issue of optimality
of linear coding over finite non-field rings for data compression is closed with respect to existence.
Furthermore, we also consider LCoR as an alternative technique for the general computing problem,
Problem 1. Results from Kérner-Marton [4], Ahlswede-Han ([5], Theorem 10) and [7] are generalized
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to corresponding ring versions for encoding (pseudo) nomographic functions (over rings). Since any
discrete function with a finite domain admits a nomographic presentation, we conclude that our results
universally apply for encoding all discrete functions of finite domains. Finally, it is shown that our
ring approach dominates its field counterpart in terms of achieving better coding rates and reducing
alphabet sizes of the encoders for encoding some discrete function. The proof is done by taking
advantage of the fact that the characteristic of a ring can be any positive integer while the characteristic
of a field must be a prime. From this observation used in the proof, it is seen that there are actually
infinite many such functions.

2. Rings, Ideals and Linear Mappings

We start by introducing some fundamental algebraic concepts and related properties. Readers who
are already familiar with this material may still choose to go through quickly to identify our notation.

Definition 1. The tuple [R, +, -] is called a ring if the following criteria are met:

1. [R,+] is an Abelian group;

2. There exists a multiplicative identity 1 € R, namely, 1-a =a-1=4a,Va € K;
3. VabceRabeRand (a-b)-c=a-(b-c);

4. VabceRa-(b+c)=(a-b)+(a-c)and (b+c)-a=(b-a)+ (c-a).

We often write R for [R,+,:] when the operations considered are known from the context.
The operation “-” is usually written by juxtaposition, ab for a - b, for all a,b € fR.

A ring [R, +, | is said to be commutative if V a,b € R, a-b = b - a. In Definition 1, the identity of the
group [R, +], denoted by 0, is called the zero. A ring [R, +, -] is said to be finite if the cardinality || is
finite, and || is called the order of RR. The set Z; of integers modulo g is a commutative finite ring with
respect to the modular arithmetic. For any ring R, the set of all polynomials of s indeterminants over ‘R is
an infinite ring.

“" oy

Definition 2. A polynomial function (Polynomial and polynomial function are distinct concepts.) of k
variables over a finite ring R is a function g : KK — R of the form

m
myj My; My
8(x1,xz,-..,xk):2ajxl Ty 0 ex Y, )
j=0

where a; € R and m and m;;'s are non-negative integers. The set of all the polynomial functions of k variables
over ring R is designated by R[k].

Remark 1. Polynomial and polynomial function are sometimes only defined over a commutative ring [12,13].
It is a very delicate matter to define them over a non-commutative ring [14,15], due to the fact that x1x, and
xpx1 can become different objects. We choose to define “polynomial functions” with Formula (5) because those
functions are within the scope of this paper’s interest.

Proposition 1. Given s rings Rq1,Ry, - -+ ,Rs, for any non-empty set T C {1,2,---,s}, the Cartesian
product (see [12]) Rt = [T;c Ri forms a new ring (R, +, -| with respect to the component-wise operations
defined as follows:

!/ " / "/ " / 1

a+a’ = (a +af,ay a5, alp +al), ©)
/ " o1 / 1

a-a Z( 1“11“2”2/“'/”\T\“|T|>1 ()

! __ !/ !/ / n __ /i "
Va = (al,a2,~~- ,am),a = (”1/’12""/’Z|T|) € RrT.
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Remark 2. In Proposition 1, [Rr, +, | is called the direct product of {R;|i € T}. It can be easily seen that
(0,0,---,0) and (1,1, - - ,1) are the zero and the multiplicative identity of Ry, +, -], respectively.

Definition 3. A non-zero element a of a ring R is said to be invertible, if and only if there exists b € ‘R,
such that ab = ba = 1. b is called the inverse of a, denoted by a~'. An invertible element of a ring is called a unit.

Remark 3. It can be proved that the inverse of a unit is unique. By definition, the multiplicative identity is the
inverse of itself.

Let R* = R\ {0}. The ring [R, +, ] is a field if and only if [R*, -] is an Abelian group. In other
words, all non-zero elements of R are invertible. All fields are commutative rings. Z, is a field if
and only if g is a prime. All finite fields of the same order are isomorphic to each other ([16], p. 549).
This “unique” field of order g is denoted by F,. It is necessary that g is a power of a prime. More
details regarding finite fields can be found in ([16], Chapter 14.3).

Theorem 1 (Wedderburn’s little theorem [12]). Let R be a finite ring. R is a field if and only if all non-zero
elements of R are invertible.

Remark 4. Wedderburn’s little theorem guarantees commutativity for a finite ring if all of its non-zero elements
are invertible. Hence, a finite ring is either a field or at least one of its elements has no inverse. However, a finite
commutative ring is not necessary a field, e.g., Zq is not a field if q is not a prime.

Definition 4 ([16]). The characteristic of a finite ring R is defined to be the smallest positive integer m,
such that Z;-"Zl 1 = 0, where 0 and 1 are the zero and the multiplicative identity of R, respectively.
The characteristic of R is often denoted by Char(fR).

Remark 5. Clearly, Char(Z,) = q. For a finite field F;, Char(IF,) is always the prime qq such that g = qg for
some integer n ([12], Proposition 2.137).

Proposition 2. Let ¥, be a finite field. For any 0 # a € Fy, m = Char(F,) if and only if m is the smallest
positive integer such that } i’y a = 0.

Proof. Sincea # 0,

m m m m
a=0=a'Ya=0a10=)Y1=0=)Y4a=0 (8)
j=1 j=1 j=1 j=1

The statement is proved. O

Definition 5. A subset J of a ring [R, +, -] is said to be a left ideal of R, denoted by I <; R, if and only if

1. [3,+]is a subgroup of R, +];
2. VxeJandVaeR a-x €.

If condition 2 is replaced by
3. VxeJandVaecR x-ae7,

then 7 is called a right ideal of R, denoted by 3 <, R. {0} is a trivial left (right) ideal, usually denoted by 0.
The cardinality |J| is called the order of a finite left (right) ideal J.

Remark 6. Let {ay,ay,--- ,a,} be a non-empty set of elements of some ring R. It is easy to verify

that {a1,a0, - ,an)y = {Z?_laibi’bi e RV1I<i< n} is a right ideal and (a1,ap,--- ,a,); =
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{ Yo bia

R if a; is a unit for some1 < i < n.

by e RV1<i< n} is a left ideal. Furthermore, (ay,ay,- -+ ,ay)y = Rand (ay,az,- -+ ,an); =

It is well-known that if J <; R, then R is divided into disjoint cosets which are of equal size
(cardinality). For any coset J, J = x +J = {x+y|y € 3}, V x € J. The set of all cosets forms a
left module over R, denoted by 9R/3J. Similarly, R/J becomes a right module over R if J <, R [17].
Of course, 93/7 can also be considered as a quotient group [12]. However, its structure is well richer
than simply being a quotient group.

Proposition 3. Let R; (1 <i <s)bearingand R =T[;_; R;. Forany A C R, A <; R (or A <, R) if and
only if A =TT Aiand A; < R (or A <, Ry), V1 <i<s.

Proof. We prove for the <; case only, and the <, case follows from a similar argument.
Let r; (1 < i < s) be the coordinate function assigning every element in R its ith component.
Then 2 C TT;_; A;, where 21; = 71;(2(). Moreover, for any
S
x = (m(x1), ma(x2), - -+, s(xs)) € [ [ )
i=1

where x; € 2 for all feasible i, we have that
S
X = 2 e;X;, (10)
i=1

where e; € M1 has the ith coordinate being 1 and others being 0. If 2 <; R, then x € A by definition.
Therefore, [T;_; A; C . Consequently, A = [T;_; ;. Since 7; is a homomorphism, we also have that
2; <; R; for all feasible i. The other direction is easily verified by definition. O

Remark 7. It is worthwhile to point out that Proposition 3 does not hold for infinite index set, namely,
R = [T Ry, where [ is not finite.

Forany @ # T C S, Proposition 3 states that any left (right) ideal of 97 is a Cartesian product of
some left (right) ideals of R;, i € T. Let J; be a left (right) ideal of ring R; (1 < i <'s). We define J7 to
be the left (right) ideal [ T;c1 J; of .

Let x' be the transpose of a vector (or matrix) x.

Definition 6. A mapping f : R" — R™ given as:

t
n n
f(xll X2, /x}’l) = ( Z a],jxj/ Tty Z am,jxj> /v (xlIXZI e /xn> € %n/ (11)
= =

where t stands for transposition and a; ; € R for all feasible i and j, is called a left linear mapping over ring R.
Similarly,

t
n n
f(x1/ X2, rxn) = (Z xjal,j/ Tty Z xj“m,j) ,V (x]rx2r e /xn) S m}’ll (12)
j=1 j=1

defines a right linear mapping over ring R. If m = 1, then f is called a left (right) linear function over ‘R.
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From now on, left linear mapping (function) or right linear mapping (function) are simply called
linear mapping (function). This will not lead to any confusion since the intended use can usually be
clearly distinguished from the context.

Remark 8. The mapping f in Definition 6 is called linear in accordance with the definition of linear mapping
(function) over a field. In fact, the two structures have several similar properties. Moreover, (11) is equivalent to

f(xlle/' o /xi’l) = A(x1,x2,' o /-‘xi’l)t/v (xlIXZI' o /xi’l> S %”/ (13)

where A is an m x n matrix over R and [Al;; = a; ; for all feasible i and j. A is named the coefficient matrix.
It is easy to prove that a linear mapping is uniquely determined by its coefficient matrix, and vice versa. The linear
mapping f is said to be trivial, denoted by 0, if A is the zero matrix, i.e., [A];; = O for all feasible i and j.

It should be noted that an interesting approach to coding over an Abelian group was presented
in [9-11]. However, we emphasize that even if group, field and ring are closely related algebraic
structures, the definition of the group encoder in [11] and the linear encoder in [3] and in the present
work are in general fundamentally different (although there is an overlap in special cases). To highlight
in more detail the difference between linear encoding (this work and [3]) and encoding over a group,
as in [11], which is a nonlinear operation in general, take the Abelian group G = Zy @ Z;, the field Fy

of order 4 and the matrix ring M} , = { [Z 2}

a,be Zz} as examples.

1. By ([11], Example 2), the Abelian group encoder encodes the source Z = (X,Y) € G based on a
Slepian—-Wolf like scheme. Namely, two binary linear encoders encode X" and Y" separately as
two binary sources. Therefore, the lengths of the codewords from encoding X" and Y” can even
be different, and the encoder is in general a highly nonlinear device.

2. On the other hand, the linear encoder over either 4 or M} » simply outputs a linear combination
of the vector 2", namely AZ" for some matrix A over Fy or M 5.

3. However, if one requires that the codewords from encoding X" and Y” be of the same length
in (1), then the output from encoding Z" is the same as AZ" for some matrix A over ring Z, x Z
(a specific product ring whose multiplication is significantly different from those of 4 or M »).
In other words, in this quite specific special case, the encoder becomes linear over a product ring
of modulo integers, which is a sub-class of the completely general ring structures considered in
this paper.

We also note that in some source network problems, linear codes appear superior to others [3].
For instance, for encoding the modulo-two sum of binary symmetric sources, linear coding over IF4 or My »
achieves the optimal Kérner-Marton region [4] (the M » case will be established in later sections), while
coding over G achieves the sub-optimal Slepian-Wolf region ([11], p. 1509). To avoid any remaining
confusion, we in Appendix D present additional details regarding the differences between linear
coding, as in the present work and in [3], and coding over an Abelian group, as in [11].

Let A be an m x n matrix over ring R and f(x) = Ax, V x € R". For the system of linear equations

f(x) =Ax=0, where 0 = (0,0, ce ’O)t c mm’ (14)

let S(f) be the set of all solutions, namely S(f) = {x € R"|f(x) = 0}. It is obvious that S(f) = R" if f
is trivial, i.e., A is the zero matrix. If R is a field, then &(f) is a subspace of R". We conclude this section
with a lemma regarding the cardinalities of R" and &(f) in the following.
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Lemma 1. For a finite ring R and a linear function

fixe(ay,ay,- - ,an)X (15)
(f x — xi(ay,ap,- - - ,an)t),‘v’xei)%”, (16)
we have
S(H)l _ 1
Tk 47

where 3 = (a1,a0,- -+ ,an)r (J={ay,az,--- ,an);). In particular, if a; is invertible for some 1 < i < n,
thert |S(f)| = 1",

Proof. It is obvious that the image (") = J by definition. Moreover, V x # y € J, the pre-images

FUx) Fy) satisty F ) N Fly) = @ and [f1()] = |f )| = 16(F)]. Therefore
131 1&(f)| = |R|", ie., ||69i]|;)| = |:11 Moreover, if 4; is a unit, then J = R, thus, |&(f)| = |R|" / |R| =
/" O

3. Linear Coding over Finite Rings

In this section, we will present a coding rate region achieved with LCoR for the SW source coding
problem, i.e., g is an identity function in Problem 1. This region is exactly the SW region if all the rings
considered are fields. However, being field is not necessary as seen in Section 5, where the issue of
optimality is addressed.

Before proceeding, a subtlety needs to be cleared out. It is assumed that a source generates
data taking values from a finite sample space Z;, while Z; does not necessarily admit any algebraic
structure. We have to either assume that Z; is with a certain algebraic structure, for instance 2 is a
ring, or injectively map elements of .Z; into some algebraic structure. In our subsequent discussions,
we assume that 2; is mapped into a finite ring R; of order at least |.Z;| by some injection ®;. Hence,
Z; can simply be treated as a subset ®; (.Z;) C 9R; for a fixed ®;. When required, ®; can also be selected
to obtain desired outcomes.

To facilitate our discussion, the following notation is used. For @ # T C S, Xt (xt and 2T resp.)
is defined to be the Cartesian product

HXZ- (H x; and H Z; resp.) , (18)

i€T i€T icT

where x; € 2] is a realization of X;. If (X3, Xp, - -+, Xs) ~ p, we denote the marginal of p with respect
to Xt by px,, ie., Xt ~ px,, define the support

supp(px,) = { xr € 27| px, (x7) > 0} and (19)
H(px;) =H(Xt). (20)

For simplicity, # (Zs,Rs) is defined to be

{(D1, Py, -+, D5)| D; : 27 — R, isinjective, Vi e S} (21)
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(19| > | Zi| is implicitly assumed), and @ (x7) = [T;er Pi(x;) for any ® € 4 (X5, Rs) and x1 € 2.
Forany ® € .# (Zs5,Rs), let

R;log |7

Rq) = { (Rl,Rz,' o ,Rs) € RS ZiGT log|i)%| > T(T,jT)/
i

(22)
VO£TCSV0£T < %l},

where r (T, /JT) = H(XTIXTC) — H(YmT/jT |XTC) = H(XT|YmT/3T, XTC) and YmT/jT = (I)(XT) + jT is a
random variable with sample space Rt /Jr.

Theorem 2. R is achievable with linear coding over the finite rings Ry, Ry, - - -, Rs. In exact terms, ¥V € > 0,
there exists Ny € N7, for all n > Ny, there exist linear encoders (left linear mappings to be more precise)
¢ (2" — i)%fi (i € S) and a decoder , such that

Pr {¢ (H«pi (xi)> # sz} <€, (23)

i€S ieS

where X; = (qD (X.(l)) , D (Xi(z)> ,o, D (Xf")))t, as long as

1

(kﬂogl%l kalog %] kslogm') € Ro (24)
7 n :

7 7

n n

Proof. The proof is given in Section 4. [

The following is a concrete example providing some insight into this theorem.

Example 1. Consider the single source scenario, where X1 ~ p and 21 = Zs, specified as follows.

X 0 1 2 3 4 5

p(X1) 005 01 015 02 02 03

Obviously, Ze contains 3 non-trivial ideals 31 = {0,3}, 3p = {0,2,4} and Zg, and Yy, /5, and Yy, /5, admit
the distributions

Yz, /3, 1 1+37 247 and Y7, /3, Jp 147,
p(Yz,/3,) 025 0.3 0.45 p(Yz,/3,) 04 0.6

respectively. In addition, Yz, ;7. = Ze is a constant. Thus, by Theorem 2, rate Ry is achievable if

Rqlog|J31| Rjlog2

> H(X;) — H(Yz,/3,) = 2.40869 — 1.53949 = 0.86920,

log|Z¢| — log6
R1 log |32| R] 10g3
- H(Xy) — H(Y: — 2.40869 — 0.97095 = 1.43774
g [l ~ log6 > HOX1) = H(Yz,/3,) = 240869 — 097095 = 143
and U081 26l _p (X)) — H(Yy ) = H(X)) = 2.40869.
log | Zs| 6/ 56
In other words,
R ={Ry € R|R; > max{2.24685,2.34485,2.40869} } (25)

={R; € R|R; > 2.40869 = H(X;)} (26)

is achievable with linear coding over ring Zg. Obviously, R is just the region R[X1]. Optimality is claimed.
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Additionally, we would like to point out that some of the inequalities defining (22) are not active
for specific scenarios. Two classes of these scenarios are discussed in the following theorems. The first,
Theorem 3, is for scenarios where rings considered are product rings, while the second, Theorem 4,
is for cases of lower triangle matrix rings (similarly, readers can consider usual matrix rings, which are
often non-commutative, if interested).

Theorem 3. Suppose R; (1 <i < s)is a (finite) product ring H;‘le Ry ; of finite rings R ;’s, and the sample
space Z; satisfies | 2| < ]9{1,14] for all feasible i and 1. Given injections ®;; : Z; — Ry ; and let

@ == (q>1/©2! Tt /©S)r (27)
where &; = H]l(i:l D, ; is defined as
D; :xj = (Di(xi), Poi(i), -+, Pr %)) € R,V x; € 25 (28)
We have that
R;log |J;
R‘D,prod = [Rl,R2,~ . ,RS] e R’ Z lliggl%l' > H(XT‘YERT/ST, XTC)'
€T Og| l|
k;
VO#TCS VT = J1 withO;«éJl,i < ml,i}, (29)
I=1

where Yo /5, = ®(X7) + I, is achievable with linear coding over Ry, Ry, - - -, Rs. Moreover, Rep C Ra prod-

Proof. The proof is found in Section 4. [

Let 9 be a finite ring and
ay 0 0
a» Mm 0
Mg om = , a,az, -+ ,am €R p, (30)
Am  Am—1 ap

where m is a positive integer. It is easy to verify that M o ,, is a ring with respect to matrix operations.
Moreover, J is a left ideal of M s ,, if and only if

a 0 0
az a] 0 LlejjSlm,Vlngm;
7= | (31)
jjgjj+1,V1 §]<m
Am  Ap—1 a

Let O(Mp 91 ) be the set of all left ideals of the form

mo 0 4 €T <RV < m;
P i &Y
JiCOin, V1<j<m,. (32)
J;,=0forsomel <i<m
Am  Am—1 a

Theorem 4. Let R; (1 < i < s) be a finite ring such that | 23| < |R;|. For any injections @) : Z; — R;, let

D= (ch/q)Zr e ICDS)/ (33)
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where ®; : 27 — M, m, is defined as

o|(x) 0 0
D x; — il) @ilx) . ° NV x € 2. (34)
Di(xi) Pi(xi) i (x;)
We have that
Rom = {[R1,R2, .-+ ,Rs] €R® Z Iw > H(X1|Yory /35 X10),
i€T i
VO #TCS, V3 <y Mpsw,m and 3; & O(Mp s, m,) } (35)

where Yo, /3, = ®(Xr) + I, is achievable with linear coding over My o, m,, Mr 2, my, =+ » ML s m,-
Moreover, Re € Rom-

Proof. The proof is found in Section 4. [

Remark 9. The difference between (22), (29) and (35) lies in their restrictions defining J;’s, respectively,
as highlighted in the proofs given in Section 4.

Remark 10. Without much effort, one can see that Re (Reprod a1d Rem, respectively) in Theorem 2

(Theorem 3 and Theorem 4, respectively) depends on ® via random variables Yy, /5, 's whose distributions are

M distinct injections from Z; to a ring R; of order at
il = 1%il)}

least | Z;|. Let cov(A) be the convex hull of a set A C R®. By a straightforward time sharing arqument, we

have that

determined by ®. For eachi € S, there exist

R; = cov U Ro (36)
@E/ﬂ(%g,m‘g)

is achievable with linear coding over Ry, Ry, - - -, Rs.

Remark 11. From Theorem 5, one will see that (22) and (36) are the same when all the rings are fields. Actually,
both are identical to the SW region. However, (36) can be strictly larger than (22) (see Section 5), when not all
the rings are fields. This implies that, in order to achieve the desired rate, a suitable injection is required. However,
be reminded that taking the convex hull in (36) is not always needed for optimality as shown in Example 1.
A more sophisticated elaboration on this issue is found in Section 5.

The rest of this section provides key supporting lemmata and concepts used to prove Theorems 2—4.
The final proofs are presented in Section 4.

Lemma 2. Let x,y € R" be two distinct sequences, where R is a finite ring, and assume that y —x =
(ar,a2,- - ,an)". If f - K" — R is a random linear mapping chosen uniformly at random, i.e., generate the
k x n coefficient matrix A of f by independently choosing each entry of A from R uniformly at random, then

Pr{f(x) = f(y)} = [37F, (37)

where 3 = (ay,az,- -+ ,ay);.
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Proof. Let f = (f1, f2, - , fx)!, where f; : R" — R is a random linear function. Then

k
Pr{f(x) = f(y)} :Pr{ﬂ {fi(x) :ﬁ(y)}} (38)
i=1
k
:HPr{fi(X_Y) =0}, (39)

since the f;’s are independent from each other. The statement follows from Lemma 1, which ensures
thatPr{f;(x—y) =0} =|3|71. O

Remark 12. In Lemma 2, if R is a field and x # 'y, then 3 = R because every non-zero a; is a unit. Thus,

Pr{f(x) = f(y)} = %"

Definition 7 ([18]). Let X ~ px be a discrete random variable with sample space 2. The set Te(n, X) of
strongly e-typical sequences of length n with respect to X is defined to be

N(x;x)

{X S A — px(x)

Se,Vxe%}, (40)

where N(x;x) is the number of occurrences of x in the sequence x.

The notation 7¢(n, X) is sometimes replaced by 7¢ when the length n and the random variable X
referred to are clear from the context.

Now we conclude this section with the following lemma. It is a crucial part for our proofs of the
achievability theorems. It generalizes the classic conditional typicality lemma ([19], Theorem 15.2.2),
yet at the same time distinguishes our argument from the one for the field version.

Lemma 3. Let (X1, Xp) ~ p be a jointly random variable whose sample space is a finite ring R = Ry X Ry.
For any 17 > 0, there exists € > 0, such that, ¥ (x1,x2)" € Te(n, (X1, X2)) and V'3 <; Ry,

Do (x, 3|xa) | < 2" [HCKIory /2 X2) 1], (41)
where
De(x1,3[x2) = { (y,%2)" € Te|y —x1 € 7"} (42)
and Yoz, /5 = X1 + T is a random variable with sample space Ry /7.
Proof. Define the mappingI' : R} — %1/J by
Iixi—x+73,Vx € Ry (43)

Assume that x; = (xil), xgz), s, xgn)>, and let

g= (1 ()1 (@), r (). ”

By definition, V (y,x;)! € De(x1,J|x2), where y = (y(l),y(Z),. . ,y(”)),

(FD),r (@), () =. (45)
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Moreover,

(y,¥,%2)" € Te(n, (X1, Yo, /5, X2)), and (46)
|De(x1,3[x2)| = [{ (¥, ¥, %2)" € Te|y —x1 € 3"}]. (47)

For fixed (¥,x2)" € 7¢, the number of strongly e-typical sequences y such that (y,y,x)" is strongly

[H(Xl [Yor, /J/XZ)JF']]

e-typical is strictly upper bounded by 2" if n is large enough and € is small. Therefore,

IDelia, 3] < 2" ] (48)
0

Remark 13. We acknowledge an anonymous reviewer of our paper [20] for suggesting the proof for Lemma 3
given above. Our original proof was presented as a special case of a more general result in [21]. The technigues
behind the two proofs are quite different, however the full generality of our original proof is appreciated better in
non-i.i.d. scenarios, as in [21].

Remark 14. Assume thaty —x = (ay,ap,- -+ ,a,)", then'y — x € 3" is equivalent to (ay,az,- -+ ,an); C J.

4. Proof of the Achievability Theorems

4.1. Proof of Theorem 2

As mentioned, Z; can be seen as a subset of R; for a fixed ® = (¥q,---, ;). In this section,
we assume that X; has sample space R;, which makes sense since ®; is injective.

R.
LetR:(Rl,R2,~~,Rs)andki:{ P

—— |,V i€ S,where nis the length of the data sequences.
logmﬂ & d

R;log |7
If R th e ——2
< qu, en ZZGT log |ml|

some small constant 4 > 0 and large enough n), V@ # T C S,V 0 # J; <; R;. We claim that R is
achievable by linear coding over Ry, Ry, - - -, Rs.

1
> r(T,Jt), (this implies that . Yierkilog|J;| —r (T, 37) > 25 for

Encoding:

For every i € S, randomly generate a k; x n matrix A; based on a uniform distribution, i.e.,
independently choose each entry of A; uniformly at random from 93;. Define a linear encoder ¢; :
R — 9%:.({ such that

(Pi X Aix,v X € 9%;1 (49)

. . . 1 1 . log |} nR;
Obviously the coding rate of this encoder is . log | (K1) | < . log |9 = gil d Log | 9;‘1|J <R

Decoding:
Subject to observing y; € ER?" (i € S) from the ith encoder, the decoder claims that
x = (x1,Xp, -, xs)t S| Y Y is the array of the encoded data sequences, if and only if:

1. xe7gand
2. VX =[x, X, ,xg]t € Te,if X' # x, then gbj(x;») # v, for some j.

Error:
Assume that X; = x; € R} (i € S) is the original data sequence generated by the ith source. It is
readily seen that an error occurs if and only if one of the following events occurs:

El: X = [x1/x2/' o /xs]t g 7:,‘/ ¢
Ep: There exists x # (X{,%,- -+ ,x.)" € Te, such that ¢;(x}) = ¢;(x;),Vie S.
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Error Probability:
By the joint asymptotic equipartition principle (AEP) ([18], Theorem 6.9), Pr{E;} — 0, n — oo.
Additionally, for @ # T C S, let

De(x;T) = { (x1,Xp, -« ,x;)t € Te|xi #x;,Vie Tandxj =x;,Vie T} (50)
We have
De(x;T) C U [De(x1, I7|x1) \ {X}], (51)
Oyéj,g,% ieT

where xT = [J;cr x; and x7e = [;e7e X;, since J; goes over all possible non-trivial left ideals. Consequently,
PrifE)= L TTPr{o0d) = la)lED)
{xq,-- ,xh] eTe\{x} =

= Y, Y JIPr{gi(x) = ¢i(x)|ET} (52)

QATCS [y .. ] IET

€D¢(x;T)
< Y L Y TTPr{eitx) = gulx) BT} (53)
Q#TCS O?éf'i,'%[m,' Xllz"'zx, t ieT

i€ s

€De(xt,I7|%7¢ )\ {x}

< Z Z (2n[r(T,fiT)+17] _ 1) H |jl-|*ki (54)

@#TQS O#S,-gliﬂ,- i€T
ieT
<(2°—1) (lesl — 2) % max 2 "liZierki 10g\3i\—[V(TﬂT)+'7Hl (55)
QLTCS,
04T, <%
i€T

where

(52) is from the fact that 7¢ \ {x} = [lp+rcs De(x; T) (disjoint union);
(53) follows from (51) by the union bound (Boole’s inequality);
(54) is from Lemmas 2 and 3, as well as the fact that every left ideal of 93t is a Cartesian product of some

left ideals J; of R;, i € T (see Proposition 3). At the same time, € is required to be sufficiently small;
(55) is due to the facts that the number of non-empty subsets of S is 2° — 1 and the number of

non-trivial left ideals of the finite ring 7 is less than 2IRsl — 1, which is the number of non-empty
subsets of Rs (2 Rr).

Thus, Pr{E|E{} — 0, when n — oo, from (55), since for sufficiently large n and small ¢,

1
- Yierkilog[3i[ —[r(T,37) + 1] > 1 > 0.
Therefore, Pr{E; UEy} = Pr{E;} +Pr{E|E{} — 0ase — 0 and n — co.

4.2. Proof of Theorem 3

The proof follows almost the same steps as in proving Theorem 2, except that the performance
analysis only focuses on sequences (a;1,;2, - , ;) € R} (1 < i < s) such that

iy = (@1 (30) @0 () -+ 0 (7)) € T Tov 56
1=1

%)

for some x;”” € Z;. Let X;,Y; be any two such sequences satisfying X; —Y; € J} for some J; <; %;.
Based on the special structure of X; and Y;, it is easy to verify that J; # 0 & J; = Hl:1 J;and 0 #
I <1 Ry, foralll <1 < k. (This causes the difference between (22) and (29).) In addition, it is

obvious that Re € R prod by their definitions.
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4.3. Proof of Theorem 4

The proof is similar to that for Theorem 2, except that it only focuses on sequences
‘ - a, u<v,
(ai1, @i, ,8in) € M} g2 (1 <i < s)such thata;; € Mg, », satisfies [a;;]u0 = .
e 0, otherwise,
for some a € R;. Let X;, Y; be any two such sequences such that X; — Y; € 3! for some J; <; Ml 9z, ;-
It is easily seen that J; # 0 if and only if J; ¢ O(M ,, ). (This causes the difference between (22)

and (35).) In addition, it is obvious that Re C Rem by their definitions.

5. Optimality
Obviously, Theorem 2 specializes to its field counterpart if all rings considered are fields,

as summarized in the following theorem.

Theorem 5. Region (22) is the SW region if R; contains no proper non-trivial left ideal, equivalently, R; is a
field, forall i € S. As a consequence, region (36) is the SW region.

Proof. In Theorem 2, random variable Yy, /5, admits a sample space of cardinality 1 for all @ #
T C S, since the only non-trivial left ideal of %; is itself for all feasible i. Thus, 0 = H(Yx,,3,) >
H(Yg, /3, X1c) > 0. Consequently,

R(D = {(Rl/RZI /RS) S RS

Y R; > H(Xr|Xre),V @ # Tgs}, (57)
ieT
which is the SW region R[Xj, Xy, - - - , X;]. Therefore, region (36) is also the SW region.

If 9R; is a field, then obviously it has no proper non-trivial left (right) ideal. Conversely, V 0 # a € 9,
(a); = R; implies that 3 0 # b € R, such that ba = 1. Similarly, 3 0 # ¢ € %, such thatcb = 1.
Moreover,c =c-1 =cba =1-a = a. Hence, ab = cb = 1. b is the inverse of 2. By Wedderburn’s little
theorem, fR; is a field. O

One important question to address is whether linear coding over finite non-field rings can be
equally optimal for data compression. Hereby, we claim that, for any SW scenario, there always exist
linear encoders over some finite non-field rings which achieve the data compression limit. Therefore,
optimality of linear coding over finite non-field rings for data compression is established in the sense
of existence.

5.1. Existence Theorem I: Single Source

For any single source scenario, the assertion that there always exists a finite ring 933, such that R,
is in fact the SW region

R[X1] ={R; € R|Ry > H(X1)}, (58)
is equivalent to the existence of a finite ring Y31 and an injection ®; : 27 — My, such that

log | |
max —
045, <% log|Jq|

[H(X1) — H(Ys, /3,)] = H(X1), (59)
where le/jl = q)l (Xl) + J1.
Theorem 6. Let R be a finite ring of order |R1| > | 21|. If Ry contains one and only one proper non-trivial

left ideal 3o and |Jo| = \/|R1|, then region (36) coincides with the SW region, i.e., there exists an injection
D1 1 27 — Ry, such that (59) holds.
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Remark 15. Examples of such a non-field ring Ry in the above theorem include

ol

(ML, is a ring with respect to matrix addition and multiplication) and 7,2, where p is any prime. For any
single source scenario, one can always choose Ry to be either My, or Z,2. Consequently, optimality is attained.

X,y € Zp} (60)

Proof of Theorem 6. Notice that the random variable Yg, /5, depends on the injection @1, so does its
entropy H(Yes,/3,). Obviously H(Yes, /9,) = 0, since the sample space of the random variable Yi, /o,
contains only one element. Therefore,

log |91
log | |

[H(X1) = H(Ym, /;,)] = H(X1). (61)

Consequently, (59) is equivalent to

log ||
log |Jo| [H(Xl) - H(le/jo)] < H(X3)
SH(X1) < 2H(Yer,/3,) o

since |Jo| = \/|91]- By Lemma A1, there exists injection ®; : 27 — M1 such that (62) holds if ®; = &;.
The statement follows. [

Up to isomorphism, there are exactly 4 distinct rings of order p? for a given prime p. They include
3 non-field rings, Z, x Z, ML,p and sz, in addition to the field ]sz. It has been proved that, using
linear encoders over the last three, optimality can always be achieved in the single source scenario.
Actually, the same holds true for all multiple sources scenarios.

5.2. Existence Theorem II: Multiple Sources
Theorem 7. Let Ry, Ry, - - -, R; be s finite rings with |R;| > | Zi|. If R is isomorphic to either

1. afield, ie., R; contains no proper non-trivial left (right) ideal; or
2. aring containing one and only one proper non-trivial left ideal Jo; and |3p;| = /|Ril,

for all feasible i, then (36) coincides with the SW region R[Xy, Xp, - -+ , X].

Remark 16. It is obvious that Theorem 7 includes Theorem 6 as a special case. In fact, its proof resembles
the one of Theorem 6. Examples of R;’s include all finite fields, My, and 7, where p is a prime. However,
Theorem 7 does not guarantee that all rates, except the vertexes, in the polytope of the SW region are “directly”
achievable for the multiple sources case. A time sharing scheme is required in our current proof. Nevertheless,
all rates are “directly” achievable if R;’s are fields or if s = 1. This is partially the reason that the two theorems
are stated separately.

Remark 17. Theorem 7 also includes Theorem 5 as a special case. However, Theorem 5 admits a simpler proof
compared to the one for Theorem 7.

Proof of Theorem 7. It suffices to prove that, for any R = (Ry, Ry, - -+ ,Rs) € R® satisfies

R; > H(Xj|Xi—1,Xj—p,---,X1),V1<i<s, (63)

R € Rg for some set of injections @ = (P, Dy, - - -, Ds), where @; : Z; — R;. Let D = (1, Dy, -+, D)
be the set of injections, where, if
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(i) ;is a field, ®; is any injection;

(ii) R satisfies 2, @; is the injection such that
H(Xi|Xi—1/ Xi—Z/ ttty Xl) S 2H(Y9{,‘/TJO[ |Xi—1/ Xi—Z/ ttty Xl)/ (64)
when ®; = ®;. The existence of ®; is guaranteed by Lemma Al.
If & = ®, then

il

lo
!

aQ
(R

H(Xl'|Xifl/ Xi*Z/ e /Xl) ZH(Xi|Xi71/Xi72/ T /Xl) - H(Ym,‘/ji‘xifl/ Xi*Z/ e /Xl) (65)

3
9
=

—H<Xz‘|Ym,—/3,~/ Xl'flr Xi*Z/' o /Xl)/ (66)

foralll <i <sandO0 # J; <; ;. As a consequence,

R;log |J; log |7
L gl gl 051 X 0 7
> Y [H(Xil Yo, 5, Xic1, Xi—a, -+, X1)] (68)
i€T
2 Z% [H(Xi|Yory /57, X1e, Xio1, Ximg, -+, X1)] (69)
1€
>H (X |Yor, /30, X10) (70)
=H (Xr|Xre) = H (Yo, /371 X71¢) (71)

foral®#T C{1,2,---,s}. Thus, Re Rg. O

By Theorems 5-7, we draw the conclusion that

Corollary 1. For any SW scenario, there always exists a sequence of linear encoders over some finite rings
(fields or non-field rings) which achieves the data compression limit, the SW region.

In fact, LCoR can be optimal even for rings beyond those stated in the above theorems (see Example 1).
We classify some of these scenarios in the remaining parts of this section.

5.3. Product Rings

Theorem 8. Let Ry 1, Ry, -+, Ry (I = 1,2) be a set of finite rings of equal size, and R; = Ry ; X Ry ; for all
feasible i. If the coding rate R € R® is achievable with linear encoders over Ry 1, R0, - , Ry (1 =1,2), then R
is achievable with linear encoders over Rq1,Ry, - - -, Rs.

Proof. By definition, R is a convex combination of coding rates which are achieved by different
linear encoding schemes over Ry 1,95, -+, R4 (I = 1,2), respectively. To be more precise, there exist
Ry, Ry, -+, Ry € R® and positive numbers wq, wo, - - - , wy, with 271:1 wj =1, such that R = Z}-":l w;R;.
Moreover, there exist injections ®; = (®;1, P, -+, P5) (I = 1,2), where & ; : Z; — Ry, such that

log‘i)%l,i|
VOATCSY0#T, < %z,z},

R] € R‘I’l = {(Rl, Ry, -- ,Rs) € RS ZiET H(XT|XTC) — H(le,T/jl,T|XTC>’

(72)

where R 1 = [Tier Ry, 17 = [lier 31 and Yig, /3, = ©1(Xr) +J) 1 is a random variable with sample
space R 7/7J; 7. To show that R is achievable with linear encoders over R, Ry, - - - , R, it suffices to
prove that R; is achievable with linear encoders over 931, Ry, - - ,R; for all feasible j. Let R; =
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(R]'/l,R]"z,' o /Rj,s)- For all @ 75 T g Sand 0 75 ji = jl,i X jZ,i S[ 9{1' with 0 75 jl,z' Sl ml,i (l = 1,2),
we have

Z Rj,z' log |jz| _ 2 Rj,i log |jl,i C1 Z R]',l' 10g |32,i| (o)) (73)
T log |£Rl| T log |£R1,,»| 1+ 2 T log |9{2,,'| c+c’
where ¢; = log |R;1|. By (72), it can be easily seen that
R;;log |7 1 &
7 i
o SHX7|X7e) = —— ) H(Yor /3,71 X10)- (74)
ieZT log || c1+Co g 1,7/ 3T
Meanwhile, let ‘.RT = HiGT 9%1-, jT = HiGT jir b= (‘Dl,l X @2]1,@1]2 X @2[2, ce r(bl,s X @2[5) (Note:
Dy X oo x> (Prix;), Poixi)) € Ry (75)

forall x; € 2;.) and Yoy, /5, = ®(X7) + J7. It can be verified that Y, ;73,7 (I = 1,2) is a function of
Yor, /37, hence, H(Yo, /5,1 X1e) > H(Yas, 1 /3, ,|X1ec). Consequently,

R;;log |J;|
log ||

)3

ieT

> H(Xr|Xre) — H(Yor, /5,1 X71¢), (76)

which implies that R; € Rg proq by Theorem 3. We therefore conclude that R; is achievable with linear
encoders over Ry, Ry, - - -, NR; for all feasible j, sois R. O

Obviously, :1,0R,, - -+ ,Rs in Theorem 8 are of the same size. Inductively, one can verify the
following without any difficulty.

Theorem 9. Let £ be any finite index set, R 1,R2,- -, Ry (I € L) be a set of finite rings of equal size,
and R; = [ljc.g Ry for all feasible i. If the coding rate R € R® is achievable with linear encoders over
R, R0, ,Ris (1 € L), then R is achievable with linear encoders over Ry, Ry, - - -, Rs.

Remark 18. There are delicate issues to the situation Theorem 9 (Theorem 8) illustrates. Let Z; (1 < i < s) be
the set of all symbols generated by the ith source. The hypothesis of Theorem 9 (Theorem 8) implicitly implies the
alphabet constraint | 2;| < |R, ;| for all feasible i and .

Let 931, 9y, - - - , R be s finite rings each of which is isomorphic to either

1. a ring M containing one and only one proper non-trivial left ideal whose order is \/|%],
e.g., My, and Z,»> (p is a prime); or

2. aring of a finite product of finite field(s) and/or ring(s) satisfying 1), e.g., M , x ]f-”:l Lp,
(p and p;’s are prime) and ]—E-":/l ML, p,; X H}-":”l Fq]. (m’" and m" are non-negative, p;’s are prime and
q;’s are power of primes).

Theorems 7 and 9 ensure that linear encoders over ring 1, Ry, - - - , R are always optimal in any
applicable (subject to the condition specified in the corresponding theorem) SW coding scenario.
As a very special case, Zy, x Z,, where p is a prime, is always optimal in any (single source or multiple
sources) scenario with alphabet size less than or equal to p. However, using a field or product rings is
not necessary. As shown in Theorem 6, neither M , nor Z, is (isomorphic to) a product of rings nor a
field. It is also not required to have a restriction on the alphabet size (see Theorem 7), even for product
rings (see Example 1 for a case of Z; x Z3).

5.4. Trivial Case: Uniform Distributions

The following theorem is trivial, however we include it for completeness.
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Theorem 10. Regardless which set of rings Ry, Ry, - - - , R is chosen, as long as |R;| = |.Z;| for all feasible i,
region (22) is the SW region if (X1, Xp, - - - , Xs) ~ p is a uniform distribution.

Proof. If p is uniform, then, forany @ # T C S and 0 # J7 <; Rr, Yir, /5, is uniformly distributed
on Rr/Jr. Moreover, X1 and Xrc are independent, so are Yiz, /5, and Xrc. Therefore, H (X7|X1e) =

R
H(Xt) = log |Rr| and H(Yn, /3, X1c) = H(Y9,/3,) = log |3TT|| Consequently,

T’(T, jT) = H(XT|XTC) - H(YmT/jr ‘XTC) = log |3T‘ (77)
Region (22) is the SW region. [

Remark 19. When p is uniform, it is obvious that the uncoded strategy (all encoders are one-to-one mappings)
is optimal in the SW source coding problem. However, optimality stated in Theorem 10 does not come from
deliberately fixing the linear encoding mappings, but generating them randomly.

So far, we have only shown that there exist linear encoders over finite non-field rings that are
equally good as their field counterparts. In next section, Problem 1 is considered with an arbitrary g.
It will be demonstrated that linear coding over finite non-field rings can strictly outperform its field
counterpart for encoding some discrete functions, and there are infinitely many such functions.

6. Application: Source Coding for Computing

The problem of Source Coding for Computing, Problem 1, with an arbitrary g is addressed in
this section. Some advantages of LCoR (compared to LCoF) will be demonstrated. We begin with
establishing the following theorem which can be recognized as a generalization of Kérner-Marton [4].

Theorem 11. Let R be a finite ring, and
S
g =hok, wherek(xy,x,- -+ ,%s) = Eki(xi) (78)
i=1

and h, k;’s are functions mapping R to R. Then

Ry = {(r,r,--~ ,7) € R°|r > max log ||

0£32,m log [J] [H(X) = H(Ya/5)] } C R3], (79)

where X = k(X1,Xo,- -+, Xs) and Yor j5 = X + 7.

Proof. By Theorem 2, V € > 0, there exists a large enough n, an m x n matrix A € R"*" and a
H(X)— H(Y -
n(HX) = HOoya)) o0 p o,
log ||

(1 < i < s) be the encoder of the ith source. Upon receiving ¢;(X) from the ith source, the decoder

decoder ¥, such that Pr {X" # ¢ (AX")} <€, if m > maxp,y<,m
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claims that /i (X"), where X" = ¢ [Y3_; ¢; (X!')], is the function, namely §, subject to computation.
The probability of decoding error is

Pr{i [R(xp, X3, X0)| # 5 (X)) <Pr{x" # X"} (80)

} (81)
} (82)
} (83)

:Pr{X” 7| )¢ (XF)

Li

—_

=Pr{X” # Y iAE (X7

li=1

S

=Pr{X”7é¢ AY K (X7

i=1

—Pr {X“ £ [AE (X, X1, X;I)}} (84)
_Pr{X" £ (AX")} < e. (55)
mlog |R| log ||

Therefore, all (r,7,---,r) € R®, where r =

is achievable, i.e., Ry C R[§]. O

" > maxXpty<;m Tog 3] [H(X) — H(Ys/5)],

Corollary 2. In Theorem 11, let X = k(X1,Xp,- -+ , Xs) ~ px. We have
Rg:{(r,r,---,r)ER5|7>H(X)}§R[§], (86)
if either of the following conditions holds:

1. s isomorphic to a finite field;
2. Risisomorphic to a ring containing one and only one proper non-trivial left ideal Iy with |Jo| = +/|R|, and

H(X) < 2H(X + ). (87)

Proof. If either (1) or (2) holds, then it is guaranteed that

log |9
max
0£3<,% log|7J|

[H(X) — H(Yy/5)] = H(X) (88)

in Theorem 11. The statement follows. O
Remark 20. By Lemma A2, examples of non-field rings satisfying (2) in Corollary 2 includes
(1)  Zgqwith px(0) = p1, px(1) = p2, px(3) = p3 and px(2) = p4 satisfying
0 < max{pa, p3} £ min{py,ps} <1and 0 < max{py, ps} £ min{py, p3} <1, (89)

(2) My, with

() R A R B

satisfying (89), etc.

Interested readers can figure out even more explicit examples deduced from Lemma Al.
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Remark 21. If R is isomorphic to Zy and § is the modulo-two sum, then Corollary 2 recovers the theorem
of Korner—Marton [4]. While if R is (isomorphic to) a field, it becomes a special case of ([7] Theorem 1I1.1).
Actually, almost all the results in [6,7] can be reproved in the setting of rings in a parallel fashion.

We claim that there are functions g for which LCoR outperforms LCoF; in fact, there are infinite
many such g’s. To prove this, some definitions are required for the mechanics of our argument.

Definition 8. Let g1 : [[;_1 Zi — O and g : [T;_1 % — Oy be two functions. If there exist bijections
Uit i = %, v1<i<s,andv:Qq — Oy, such that

g1(x1, 2,0+, %) = v (g2(pr (x1), p2(x2), - -+, ps(x5))), 91)

then g1 and g are said to be equivalent (via py, yp, - - , 4s and v).

Definition 9. Given function g: 2 — Q), and let © # % C 9. The restriction of g on . is defined to be the
function §| o+ ./ — Q such that g| » : x — g(x),Vx € 7.

Lemma 4. Let 27, %, -, % and Q be some finite sets. For any discrete function g : Hi-‘:l Zi — O,
there always exist a finite ring (field) and a polynomial function § € R[k| such that

v(g(x1,x2, %)) = & (p1(x1), p2(x2), -+, pr(xx)) (92)

for some injections p; : ;i - R(A <i<k)andv:Q — R
Proof. There are several possible proofs of this lemma. One is provided in Appendix B. [

Remark 22. Up to equivalence, a function can be presented in many different formats. For example, the function
min{x, y} defined on {0,1} x {0,1} (with ordering 0 < 1) can either be seen as Fy(x,y) = xy on Z3 or be
treated as the restriction of F(x,y) = x +vy — (x +y)? defined on Z3 to the domain {0,1} x {0,1} C Z2.

Lemma 4 implies that any discrete function defined on a finite domain is equivalent to a restriction
of some polynomial function over some finite ring (field). As a consequence, we can restrict Problem 1
to all polynomial functions. This polynomial approach offers valuable insight into the general problem,
because the algebraic structure of a polynomial function is clearer than that of an arbitrary function.
We often call § in Lemma 4 a polynomial presentation of g. On the other hand, the § given by (78) is
named a nomographic function over i (by terminology borrowed from [22]), it is said to be a nomographic
presentation of g if g is equivalent to a restriction of it.

Lemma 5. Let 27, 25, -+, Zs and Q) be some finite sets. For any discrete function g : T[;_y Z; — Q,
there exists a nomographic function g over some finite ring (field) R such that

v(g(x1, %2+, x0)) = & (ma(x1), pa(x2), - -+, px(xx)) (93)

for some injections p; : i - R(A <i<kandv:Q — R

Proof. There are several proofs of this lemma. One is provided in Appendix B. [J

Lemma 5 advances Lemma 4 by claiming that a discrete function with a finite domain is always
equivalent to a restriction of some nomographic function. From this, it is seen that Theorem 11 and
Corollary 2 have presented a universal solution to Problem 1.

Given some finite ring ‘R, let § of format (78) be a nomographic presentation of g. We say that the
region R¢ given by (79) is achievable for computing ¢ in the sense of Kérner-Marton. From Theorem 13
given later, we know that /Ry might not be the largest achievable region one can obtain for computing g.



Entropy 2017, 19, 233 21 of 35

However, R; still captures the ability of linear coding over 2R when used for computing g. In other
words, Ry is the region purely achieved with linear coding over R for computing g. On the other hand,
regions from Theorem 13 are achieved by combining the linear coding and the standard random coding
techniques. Therefore, it is reasonable to compare LCoR with LCoF in the sense of Koérner-Marton.

We show that linear coding over finite rings, non-field rings in particular, strictly outperforms its
field counterpart, LCoF, in the following example.

Example 2 ([23]). Let g : {ao, a1}> — {Bo, B1, B2, B3} (Figure 1) be a function such that

g (ap, g, a0) — Po; g (o, 0, 1) — B3;
g: (060,0(1,060) — ﬁ2/ g: (0(0,0{1,0(1) = ﬁl/
(94)
g (a1, 00,40) — B1; g (a1, 00,&1) — Po;
g (w1, mq,00) — B3, g (ag,a1,00) — Po.
Define y : {ag, 01} — Zgand v : {Bo, B1, B2, B3} — Z4 by
tai— 7, Vied{0,1}, and
prajj, Vje{o1} ©5)

vipgjrrj, ¥je{0,1,23},

respectively. Obviously, g is equivalent to x + 2y + 3z € Z4[3] (Figure 2) via py = py = pz = p and v.
However, by Proposition 4, there exists no § € Fy[3] of format (78) so that g is equivalent to any restriction
of 8. Although, Lemma 5 ensures that there always exists a bigger field F; such that g admits a presentation
§ € I, [3] of format (78), the size q must be strictly bigger than 4. For instance, let

h(x)= Y a [1 —(x— a)4] - [1 —(x —4)4} € Zs[1). (96)

aGZ5

Then, g has presentation i(x + 2y + 4z) € Zs[3] (Figure 3) via 1y = pp = pz = p : {ao, a1} — Zs and
v : {Bo, B1, B2, B3} — Zs defined (symbolic-wise) by (95).

B2

Po

B1

Figure 1. ¢ : {ag,a1}> — {Bo, B1, B2, B3}
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Figure 2. x + 2y + 3z € Z4[3].

Proposition 4. There exists no polynomial function § € F4[3] of format (78), such that a restriction of § is
equivalent to the function g defined by (94).

Proof. Suppose vo g = §o (p1, fa, 43), where pq, pq, 43 : {ag, 01} — Fa, v : {Bo,---, B3} — Fy are
injections, and § = ho (k1 + ky + k3) with I, k; € F4[1] for all feasible i. We claim that § and / are both
surjective, since |g ({ao, 21}%)| = [{Bo, B1, B2, B3}| = 4 = |F4| . In particular, & is bijective. Therefore,
hlovog = kjopuy+kyous+ksopus, ie, g admits a presentation kq(x) + ka(y) + kz(z) € Fy[3].
A contradiction to Lemma A3. O

As a consequence of Proposition 4, in the sense of Kbrner—-Marton, in order to use LCoF to encode function
g, the alphabet sizes of the three encoders need to be at least 5. However, LCoR offers a solution in which the
alphabet sizes are 4, strictly smaller than using LCoF. Most importantly, the region achieved with linear coding
over any finite field ¥y, is always a subset of the one achieved with linear coding over Z4. This is proved in the
following proposition.

Proposition 5. Let g be the function defined by (94), {wno, a1}> be the sample space of (X1, Xo, X3) ~ p and
px be the distribution of X = g(Xq, Xo, X3). If

px(Bo) = p1,px(B1) = p2, px(B3) = p3 and px(B2) = pa (97)

satisfying (89), then, in the sense of Korner—-Marton, the region R achieved with linear coding over Zy contains
the one, that is Ry, obtained with linear coding over any finite field I, for computing g. Moreover, if supp(p)
is the whole domain of g, then R1 2 Ro.

Proof. Let § = hok € [F;[3] be a polynomial presentation of ¢ with format (78). By Corollary 2 and
Remark 20, we have

Ry = { (Ry, Ry, R3) € R3’ R; > H(X; +2X, + 3X3)}, (98)

Ry = { (Ry, Ry, R3) € R3’ R; > H(k(X1, Xo, X3))}. (99)

Assume thatvo g = hoko (uy, pz, p3), where pq, py, p3 = {ag, 1} — Fgand v : {Bo,---,B3} — F;are
injections. Obviously, ¢(X7, X5, X3) is a function of k(Xj, X», X3). Hence,

H(k(X1, X2, X3)) > H(g(X1, X2, X3)). (100)



Entropy 2017, 19, 233 23 of 35

On the other hand, H(X; + 2X, + 3X3) = H(g(X3, X2, X3)). Therefore,

H(k(X1,X2,X3)) > H(X; +2X5 +3X3), (101)

and R1 O Ry. In addition, we claim that k| &, where . = k(l—[?_l pi{ao, 041}> , is not injective.

Otherwise, 11 : .7 — ./, where .’ = h(.%), is bijective, hence, (h| /)  ovog = ko (i1, o, u3) = ky o

p1 + ko o pip + k3 o p3. A contradiction to Lemma A3. Consequently, |.7| > .| = [v ({Bo, -, B3})| =4
If supp(p) = {ap, a1}, then (100) as well as (101) hold strictly, thus, R; 2 Rp. O

A more intuitive comparison (which is not as conclusive as Proposition 5) can be identified from the
presentations of g given in Figures 2 and 3. According to Corollary 2, linear encoders over field Zs achieve

Rz, = { (Ry, Ry, R3) € R3( Ri > H(X; +2X, +4X3)}. (102)
The one achieved by linear encoders over ring Zy is
Ry, = { (Ry, Ry, R3) € R3’ Ri > H(X; +2X, +3X3)}. (103)
Clearly, H(X1 42X +3X3) < H(X; + 2Xp +4X3), thus, Ry, contains Ry, . Furthermore, as long as
0 < Pr(ag, w0, 1), Pr (g, aq,0) <1, (104)

Ry, is strictly larger than Ry, since H(Xq +2X3 +3X3) < H(X; +2Xo +4X3). To be specific, assume that
(X3, Xp, X3) ~ p satisfies Table 1, we have

R[X1, Xa, X3] CRz, = { (Ry, Ry, R3) € RB‘ R; > 0.4812} (105)

CRyz, = { (Ry, Ry, R3) € ]R?" R, > 0.4590}. (106)

Based on Propositions 4 and 5, we conclude that LCoR dominates LCoF, in terms of achieving better coding
rates with smaller alphabet sizes of the encoders for computing g. As a direct conclusion, we have:

2

0

Figure 3. i(x + 2y + 4z) € Zs[3].
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Table 1. Distribution p.

(X1, X2,X3) 4 (X1, X2, X3) 4
(wo,0,0)  1/90  (ag,&1,40)  1/90

(w1, x0,01)  1/90  (ag,aq,a1)  1/90
(Dél,tX(),lX()) 42/90 (040,060,0(1) 1/90
(xo,a1,0) 42/90  (ag,2q,0) 1/90

Theorem 12. In the sense of Korner—Marton, LCoF is not optimal.

Remark 23. The key property underlying the proof of Proposition 5 is that the characteristic of a finite field
must be a prime while the characteristic of a finite ring can be any positive integer larger than or equal to 2.
This implies that it is possible to construct infinitely many discrete functions for which using LCoF always
leads to a suboptimal achievable region compared to linear coding over finite non-field rings. Examples include
Yi_1 X € Zopls| for s > 2and prime p > 2 (note: the characteristic of Zy is 2p which is not a prime). One can
always find an explicit distribution of sources for which linear coding over Zy,, strictly dominates linear coding
over each and every finite field.

As mentioned, R given by (79) is sometimes strictly smaller than R[g]. This was first shown by
Ahlswede-Han [5] for the case of g being the modulo-two sum. Their approach combines the linear
coding technique over a binary field with the standard random coding technique. In the following,
we generalize the result of Ahlswede-Han ([5], Theorem 10) to the settings, where g is arbitrary, and,
at the same time, LCoF is replaced by its generalized version, LCoR.

Consider function ¢ admitting

S
§(xy,xp, -, xs) = hlko(x1,x2,- -, Xs), Y, kj(xj)[,0 <sp<s, (107)
j=sp+1

where ko : 3% — 2R and h, k;’s are functions mapping R to R. By Lemma 5, a discrete function with a
finite domain is always equivalent to a restriction of some function of format (107). We call § from (107)
a pseudo nomographic function over ring 3.

Theorem 13. Let Sy = {1,2,---,50} C S = {1,2,---,s}. If ¢ is of format (107), and R =
(RllRZI T /Rs) € R® SﬂtiSfying

Y Rj>|T\ S| max log ||

0L3 S log ‘jl [H(XlVS) — H(Y%/3|V8)] + I(YT,' VT|VTC),V @ 75 T Q S, (108)
jeT =1

whereVje Sy, Vi=Y;=X;VjeS \ So, Y= k]»(Xj), Vi's are discrete random variables such that

S
p(y1,y2, - Ys, 01,02, ,05) = plynya, - ,ys) [ plojly)), (109)
j150+1

and X = ):?:soﬂ Y, Y3 = X+ 73, then R € R[g].

Proof. The proof can be completed by applying the tricks from Lemmas 2 and 3 to the approach
generalized from Ahlswede-Han ([5], Theorem 10). Details are found in Appendix C. O

Remark 24. The achievable region given by (108) always contains the SW region. Moreover, it is in general
larger than the R from (79). If § is the modulo-two sum, namely sy = 0 and h, k;’s are identity functions for
all sy < j <'s, then (108) resumes the region of Ahlswede—Han ([5], Theorem 10).
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7. Conclusions

7.1. Right Linearity

Careful readers might have noticed that the encoders we used so far are actually left linear
mappings. By symmetry, almost all related statements can be easily reproved for right linear mappings
(encoders). As an example, the following corresponds to Theorem 2.

Theorem 14. Forany ® € .# (Zs,Rs),

Rilog|J
— s o2 il C < .
R {(Rl,Rz, ,R;) €ER ZEET Tog [ %% >r(T,I7), VO #TCS,V0#A7T; <, Ry, (110)

where r (T,J7) = H(X7|X7c) — H(Y1, /5, |X7c) and Yoz, 5, = ®(X1) + T, is achievable with (right)
linear coding over the finite rings Ry, Ry, - - -, Rs.

By time sharing,

Ry = cov U Rsl. (111)
@E«/f[(%g,m‘g)

where R}, is given by (110), is achievable with (right) LCoR.

7.2. Field, Ring, Rng and Group

Conceptually speaking, LCoR is in fact a generalization of the linear coding technique proposed
by Elias [2] and Csiszar [3] (LCoF), since a field must be a ring. However, as seen in Section 4, analyzing
the decoding error for the ring version is in general substantially more challenging than in the case of
the field version. Our approach crucially relies on the concept of ideals. A field contains no non-trivial
ideal but itself. Because of this special property of fields, our general argument for finite rings will
render to a simple one when only finite fields are considered.

Even though our analysis for the ring scenario is more complicated than that for finite field
scenarios, linear encoders working over some finite rings are in general considerably easier to
implement in practice. This is because the implementation of finite field arithmetic can be quite
demanding. Normally, a finite field is given by its polynomial representation, operations are carried
out based on the polynomial operations (addition and multiplication) followed by the polynomial long
division algorithm. In contrast, implementing arithmetic of many finite rings is a straightforward task.
For instance, the arithmetic of modulo integers ring Z,, for any positive integer g, is simply the integer
modulo g arithmetic.

In addition, it is also very interesting to consider instead linear coding over rngs. It will be even
more intriguing should it turn out that the rng version outperforms the ring version in the computing
problem (Problem 1), in the same manner that the ring version outperforms its field counterpart. It will
also be interesting to see whether the idea of using rng provides more understanding of the problems
from [6,8].

Some works, including [24-26], have proposed to implement coding over a simpler algebraic
structure, that of a group. Seemingly, this corresponds to a more universal approach since both fields
and rings are also groups. However, one subtle issue is often overlooked in this context. Namely,
the set of rings (or rngs) is not a subset of the set of groups, since several non-isomorphic rings (or rngs)
can be defined on one and the same group. For instance, given two distinct primes p and g, up to
isomorphism,

1. there are 2 finite rngs of order p, while there is only one group of order p;
2. there are 4 finite rngs of order pyg;
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3. there are 11 finite rngs of order p? (if p = 2, then 4 of them are rings, namely Fy, Z4, Zy x Z, and
M » [27]), while there are only 2 groups of order p?, both of which are Abelian;

4.  there are 22 finite rngs of order p?g;

there are 52 finite rngs of order §;

6. there are 3p + 50 finite rngs of order p> (p > 2), while there are 5 groups of order p®, 3 of which
are Abelian.

o1

Therefore, there is no one-to-one correspondence between rings (field or rngs) and groups, in either
direction. Furthermore, from the point of view of formulating a multivariate function, one is highly
restricted by using groups, compared to rings (rng or field). Specifically, it is well-known that every
discrete function defined on a finite domain is essentially a restriction of some polynomial function
over a finite ring (rng or field). Although non-Abelian structures (non-Abelian groups) have the
potential to lead to important non-trivial results [28], they are very difficult to handle theoretically and
in practice. The performance of non-Abelian group block codes can be quite bad [29].

7.3. Final Remarks

This paper establishes achievability theorems regarding linear coding over finite rings for
Slepian-Wolf data compression. Our results include related work from Elias [2] and Csiszar [3]
regarding linear coding over finite fields as special cases in the sense of characterizing the achievable
region. We have also proved that, for any Slepian-Wolf scenario, there always exists a sequence of
linear encoders over some finite rings (non-field rings in particular) that achieves the data compression
limit, the Slepian-Wolf region. Thus, with regard to existence, the optimality issue of linear coding
over finite non-field rings for data compression is confirmed positively.

In addition, we also address the problem of source coding for computing, Problem 1. Results of
Koérner-Marton [4], Ahlswede-Han ([5], Theorem 10) and [7] are generalized to corresponding ring
versions. Based on these, it is demonstrated that LCoR dominates its field counterpart for encoding
(infinitely) many discrete functions.

Appendix A. Supporting Lemmata

Lemma A1. Let R be a finite ring, X and Y be two correlated discrete random variables, and 2~ be the sample
space of X with | 2"| < |R|. If R contains one and only one proper non-trivial left ideal 3 and |J| = /|R|,
then there exists injection ® : 2 — R such that

H(X|Y) < 2H(® (X) + 3|Y). (A1)
Proof. Let
d e arg max H(® (X)+73]Y), (A2)
e

[R]!
] (IR = | 27])!
is finite, but it is not uniquely attained by ® in general). Assume that % is the sample space
(not necessarily finite) of Y. Letq = |J|, 3 = {ry,r2,- -+ ,ry} and R/T = {@1 + J,a0+73,- - - ,a5+T}.
We have that

where ./ is the set of all possible ®’s (maximum can always be reached because |.Z| =

HX|Y)=- ) Z pl]ylog—and (A3)
yeﬂ?/lj 1

M ~ Pi,
H(©(X)+J‘Y>: 2 Epz,ylog ly
ye¥ i=1 Py

(A4)
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where
Pijy =Pr{®(X) = ai+r1;,Y =y}, (A5)
q
Py =) Pijy (A6)
ij=1
q
Piy =Y Pijy- (A7)
j=1

(Note: Pr{®(X) =r} = 0ifr € R\ ®(2"). In addition, every element in 2R can be uniquely expressed
as a; +1;.) Therefore, (A1) is equivalent to

Pij, pi,
—Yyew Z?,]-:l pijylog % < —2¥,cp X1 piylog =2
Py Py (A8)
Piy Pily Pi2y Pigy Piy P2y Pay
<:>Z Z Zq_ H 7 7ty S Z H<//"'/>/
ved Prsicay, ( Piy " Piy Piy ) v P py Py

where H (v1,0p,- - ,v4) = — Z]q.zl v;logvj, by the grouping rule for entropy ([19], p. 49). Let

1 p; 9 p; 1 p.
A_ZpyH<Zp"1'y,2pl'2'y...,2pl"W>_ (A9)

yew i-=1 Pv iZ1 Py i1 Py

The concavity of the function H implies that

19 p.: . . .
Z py Z @H (pl,l,y/ pl,z,y/ Tty pl,q,y) S A. (A]-O)
yew =1 Py Piy  Piy Piy
At the same time,
Y pyH (’”’y, Pay . ,’]q'y) — max H(®(X) +7Y) (A11)
by the definition of ®. We now claim that
A< H(®(X) +3|Y). Al12
< max H(®(X) +3[Y) (A12)
Pry P2y Py

Suppose otherwise, i.e., A >} co pyH ( ) Let @' : 27 — R be defined as

py oy Ty
O x s aj+rif O(x) = a;+71;. (A13)

(Note: ®(x) is an element of fR. It can be uniquely presented as a; + rj for some i and j.) We have that

/ ~ 1 pi,l,y ) pi,?.,y 1 pi,q,y
H@®(X)+3[Y)=Y pH[Y =)y =, .Yy = | =4 (A14)
yew i1 Py iZ1 Py i—1 Py
Piy P2y P%y)
> H< = max H(®(X) +3|Y). (A15)
yeZ@/py Py Py Py e (@(X)+3

It is absurd that H(®'(X) + J|Y) > maxgc » H(®(X) + J|Y)! Therefore, (A8) is valid by (A10)
and (A12),sois (Al). O
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Lemma A2. If both
0 < min{py, pa} < max{py, p3} < 1and 0 < min{py, p3} < max{py, ps} <1 (Al6)
are valid, and 2}1:1 pj =1, then

4
—Y pilogp; < —2[(p2+p3)log (p2 + p3) + (p1+ pa)log (p1+ pa) |- (A17)
=1

Proof [30]. Without loss of generality, we assume that 0 < max{ps, p3} < min{p,, p1} < 1 which
implies that p; + p» —1/2 > |p1 + pa — 1/2|. Let Hy(c) = —clogc— (1 —c)log(l—¢),0 <c <1,
be the binary entropy function. By the grouping rule for entropy ([19], p. 49), (A17) equals to

p1 p1+pa Pa p1+ P4>
+ lo + lo Al18
(pr+ps) (Pl T (A18)
p2 p2+p3 p3 p2 + P3>
+(py + 1 + 1 A19
(p2+p3) (Pz T 0g pz o og o (A19)
< —(p2+p3)log (p2+ p3) — (p1 + pa)log (p1 + pa) (A20)
- (A21)
P1 p2
A =(p1 + pa)H + (o + p3)H A22
(pr+pa) Hz (P1+P4> (P24 pa) Hz <P2+P3) (A22)
<Hz(p1+ pa). (A23)

Since H, is a concave function and Z}L:l p;j =1, then
A< Hy(p1+p2). (A24)
Moreover, p; + p2 —1/2 > |p1 + pa — 1/2]| guarantees that

Hy (p1+p2) < Ha (p1+pa), (A25)

because Hy(c) = Ha(1—¢),V 0 < ¢ < 1,and Hy(c') < Hy(c") if 0 < ¢! < ¢” < 1/2. Therefore,
A < Hjp(p1 + psa) and (A17) holds. O

Lemma A3. No matter which finite field IF, is chosen, g given by (94) admits no presentation ki (x) + k2 (y) +
k3(z), where k; € IFy[1] for all feasible i.

Proof. Suppose otherwise, i.e., ky o iy +kp o pip + kz o uz = v o g for some injections 1, piq, 3 :
{ag, a1} = Fyand v: {Bo, -, B3} — Fy. By (94), we have

v(B1) = (k1opr)(ar) + (k2o p2)(ao) + (k3 o p3)(a0)
= (k1o p1)(ao) + (k2 o p2) (1) + (k3 o p3)(a1)

v(B3) = (k1opr)(ar) + (kzopz)(ar) + (ks o p3)(ao) (A26)
= (kyop1)(wo) + (k2 o p2) (o) + (k3 o p3)(a1)

where T = kp(pi2(a0)) — k2(p2(«1)). Since 5 is injective, (A26) implies that either T = 0 or Char(F;) = 2
by Proposition 2. Noticeable that k (p2(ag)) # ka(p2(a1)), ie., T # 0, otherwise, v(B1) = v(B3) which
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contradicts the assumption that v is injective. Thus, Char(IF;) = 2. Let p = (k3 o u3) (o) — (k3 o pi3) (a1).
Obviously, p # 0 because of the same reason that T # 0, and p + p = 0 since Char(F;) = 2. Therefore,

v(Bo) = (k1 op1)(ao) + (k2 0 p2)(a0) + (ks 0 p3) (o) (A27)
= (k1 o p1) (o) + (k2 0 po) (o) + (k3 o p3)(a1) +p (A28)
= v(B3) +p (A29)
= (kg op) () + (k2 0 pa) () + (k3 o p3) (o) +p (A30)
= (kyopr)(ar) + (kz o po) (1) + (ks o ps) (1) +p +p (A31)
= v(B2) + 0 =v(B2). (A32)

This contradicts the assumption that v is injective. [

Remark Al. Asaspecial case, this lemma implies that no matter which finite field F; is chosen, g defined by (94)
has no polynomial presentation that is linear over Fy. In contrast, g admits presentation x + 2y + 3z € 743
which is a linear function over Zy.

Appendix B. Proofs of Lemmas 4 and 5

Appendix B.1. Proof of Lemma 4

Let p be a prime such that p™ > max {|Q|, |Zi| |1 <i < k} for some integer m, and choose 2 to
mk

be a finite field of order p™. By ([31], Lemma 7.40), the number of polynomial functions in R[k] is p"?
Moreover, the number of distinct functions with domain %* and codomain 9 is also || 7] = p”‘pm}(.
Hence, any function g’ : 9t — 9 is a polynomial function.

In the meanwhile, any injections y; : Z; = R (1 <i <k)and v: () — R give rise to a function
g=vog(uuh 1) R — R, (A33)

where /! is the inverse mapping of y; : 2; — p; (7). Since § must be a polynomial function as shown,
the statement is established.

Remark A2. Another proof involving Fermat’s little theorem can be found in [6].

Appendix B.2. Proof of Lemma 5

Let FF be a finite field such that [F| > | Z;| forall1 <i < sand |F|® > |Q], and let R be the splitting
field of F of order |F|* (one example of the pair F and R is the Z,, where p is some prime, and its Galois
extension of degree s). It is easily seen that R is an s dimensional vector space over F. Hence, there
exist s vectors vy, vy, - - - ,vs € R that are linearly independent. Let y; be an injection from %Z; to the
subspace generated by vector v;. It is easy to verify that k = };_; y; is injective since v1, vy, - - -, vs are
linearly independent. Let k' be the inverse mapping of k : [._; 2; — k([T._; i) and v : Q) — R be
any injection. By ([31], Lemma 7.40), there exists a polynomial function & € R[s| such thath = vogok’.
Let §(xq,x2,- -+ ,xs) = h (¥;_; x;). The statement is proved.

Remark A3. In the proof, k is chosen to be injective because the proof includes the case that g is an identity
function. In general, k is not necessarily injective.

Appendix C. Proof of Theorem 13

Choose d > 6¢ > 0, such that R; = R;—I—R;’,Vj €S, Yjer R;. > 1Y Vr|Vre) +2|T|6,VO #ATCS,
1
and R;-’ > 1+ 25, where r = maxgy<,m I(Z)gga' [H(X|Vs) —H(Ym/3|Vs)], ¥V je S\ So.
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Appendix C.1. Encoding:

Fix the joint distribution p which satisfies (109). Forall j € Sy, let 7 = Te(n, X;). Forallj € S\ &,

generate randomly 2lI(YjiV))+9] strongly e-typical sequences according to distribution pvr and let 7j,

be the set of these generated sequences. Define mapping 4); : R — ¥ as follows:

x, ifxeTg

Xg, otherwise,

2. If j € §\ Sy, then for every x € R", let Ly = {v € 7§,€|(Ej(x),v) € Tet. Ifx € Teand Ly # ©,
then cp]/.(x) is set to be some element in Ly; otherwise ¢]‘(x) is some fixed vo € ¥j.

1. If j € Sy, then, V x € R", gb]f(x) = { where xp € ¥ is fixed.

Define mapping ; : %, — [, 2" | by randomly choosing the value for each v € ¥;, according to a
uniform distribution. "
Let k = min; ﬂ When 7 is big enough, we have k > nlr + 9]
1€\% \ | Tog |97] | [ genotg log |%A]
a k x n matrix M € 95*" and let 0; : R" — Mk (j € S\ Sp) be the function 0 x ME]‘(X),V x € R
Define the encoder ¢; as the follows

. Randomly generate

njoe, | € So;
o= . (A34)
(mjo ¢, 0;), otherwise.

Appendix C.2. Decoding:

Upon observing (al,az, o sy, (Asy 41, bsgr1), e (as, bs)) at the decoder, the decoder claims that
[k (07,04, 0), X7 (A35)
is the function of the generated data, if and only if there exists one and only one
S
V=00, 0 e e (A36)
j=1
such thata; = ;7]-(17].”),V j € S,and X" is the only element in the set

(x, V) € 7o, Mx = XS; b]-}. (A37)

fv = {X i
j=t+1

Appendix C.3. Error:

Assume that X7 is the data generated by the jth source and let X" = i—so+1 ki (X]”) An error

happens if and only if one of the following events happens.

Ey: (XU, X0, X2, YL YE, -0 Y0, X") ¢ Tg;

Ej: There exists some jy € S\ Sy, such that £X/»6 =Q;

Es: (Y{,YY, - Y8, X", V) & Te, where V= (V], V!, , V') and V]-” = ¢;(X]’.’),Vj eS;

Ey: There exists V' = (v{,vy, -+, V() € Te N[Tj_q ¥je, V' # V, such that Wj(V;') =1 (Vj”), Vies;

Es: X" ¢ Yy or | Zy| > 1, ie, there exists X € R", Xj # X", such that MXj = MX" and
(X5, V) € Te.

Lety = Pr {U?:l El} = Y3 Pr{E|E,}, where E;, = @and E;, = N\_} ES for 1 < I < 5. In the
following, we show that y — 0, n — oo.
(a). By the joint AEP ([18], Theorem 6.9), Pr{E; } — 0, n — oo.
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(b). Let Eyj = {cx; - @}, Vj € S\ Sp. Then

Pr{E|Epc} < ) Pr{Eyj|Ezc}- (A38)
j€S\So

For any j € S\ Sp, because the sequence v € 7}, and Y]“ = %](X?) are drawn independently, we have

Pr{(Y",v) € Te} >(1—e)2 ") +3¢] (A39)
:(1 _ e)zfn[I(Y]-;Vj)+6/2]+n(5/273e) (A40)
> nlI(Y;V)+6/2] (A41)

when 7 is big enough. Thus,

Pr{Eyj|Esc} =Pr {ﬁX]n — 0| EZ,c}
(oo ey
< {1 _ 2—n[1(yj;vj)+5/z]} v,

—0,n — oo.

where (A42) holds true for all big enough 7 and the limit follow from the fact that (1 — 1/a)" — e},
a — oo. Therefore, Pr{E;|E; .} — 0, n — oo by (A38).

(c). By (109), it is obvious that V}, — Y}, — Y}, — V}, forms a Markov chain for any two disjoint
nonempty sets J1,J» € S. Thus, if (Y].",V].”) € Teforallj € Sand (Y],Y],---,Y!) € Te, then
(Y1, YE,--- Y, V) € Te. In the meantime, X — (Y,Ys,---,Ys) — (V4, Vo, - -+, Vs) is also a Markov
chain. Hence, (Y7, Y}, -, Y, X", V) € Tcif (Y], Yy, -, Y, X") € Te. Therefore, Pr{E3|E3.} = 0.

(d). Forall@ # ] C S, let] = {j1,j2,- -, jj;} and

v =V'ifand only if j € S\ ]}. (A43)

S
r = {V = v v e Tl
j=1

I)| = Mjey Ve =1 = 252 107 +0] — 1 and

By definition,

Pr{EsfEsc} = 3 ¥ Pr{n(v) =n(v/) Vi€V € Te|Eac }

Q#]CS Vel

-y Y Pr{qj(v;) = (V) V)€ ]} x Pr{V' € To|Es.} (A44)
@#]QSV’GF]

< ¥ OY 2 Eeky o (S 1VVie Vi Vi )= 1110] (A45)
DOA]CS Ve,

< ¥ 2lEe 10N He] o g Eier ) o (B OV Vi )]

O#]CS
<C max 2 "[Der K- 100Vvie)-21jo]
T QAN

— 0,n — oo,

(A46)

where C = 2° — 1. Equality (A44) holds because the processes of choosing 7;’s and generating V'
are done independently. (A45) follows from Lemma A4 and the definitions of 7;’s. (A46) is from
Lemma A5.
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Lemma A4. Let (Xy,Xo,---,X;,Y) ~ q. For any € > 0 and positive integer n, choose a sequence X]"
(1 <j < 1) randomly from Te(n, X;) based on a uniform distribution. If y € %" is an e-typical sequence with
respect to Y, then

n [Z§:1 (XY, X, X, ,xj,l)—3le] '

Pr{(X, %4, XY € TV =y} <2 (A7)
Proof. Let F; be the event {(Xp, X3, ,X;’,Y”) € Teh,1<j<l and Fy = @. We have
o B !
Pr{(X}, X5, -, XL, Y") € Te|Y" =y} =[[Pr{F|Y" =y,F 1} (A48)
j:l
< Hz X Y, Xq,Xp, Xj,])73€] (A49)
:an[zj.:] (X]-;Y,Xl,Xz,---,Xj_l)fBZe], (A50)
since X}, X4, -, X',y are generated independent. [
Lemma A5. If (Y1, V4, Y2, Vo, -+, Ys, V) ~ g, and
S
91, 01,9202, ,Ys,05) = q(y1,y2,- -+ ys) [ [9(ilvi), (A51)
i=1
thEI’l, v ] - {j],jZ/ et /j‘”} g {1/2/. t Is}/
Ijl
I(YpVi|Ve) = Z I(Y I(Vii Vie, Vi Viy)- (A52)
(e). Let E5,1 = {fv =
contains the event that (X", V) € %y and V is unique. Therefore,
Pr{Es|Esc} =Pr{Esp|Esc}
= Y. Pr {MX{ = MX"}
(XGV)ET\ (X V)
< ) Y Pr {MX{ = MX"}
0AT</M De(X™,T|V)\(X,V)
Choose a small 7 > 0 such that 7 < L Then
1 T= 2log [
Pr{Es|Es.} < (z\ml — 2) max 2MHX|Vs)=H(Yo,3|Vs)+1] o p—klog|3]| (A53)
’ 0£3<, %
— (2\9‘| — 2) max 2 "lklog|3|/n—H(X|Vs)+H(Yar/5|Vs) =]
0£3<,%
< (z\ml _ 2) max 2 "0log|3|/ log|9|—y]
0£3<, %
< (2‘9‘“ _ 2) 2—n5/210g\9‘(\ (A54)

where (A53) is from Lemmas 2 and 3 (for all large enough n and small enough €) and (A54) is because
|3| > 2forall J # 0.
To summarize, by (a)—(e), we have v — 0,11 — co. The theorem is established.
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Appendix D. On Coding over Abelian Groups

As discussed in Section 2, since in this paper we focus on linear encoding, we need to work over a
field or a ring. In general, most of the existing coding literature assumes coding over fields, especially
when the focus is on linear encoding. Some both traditional and recent work, including [9-11],
has however also considered (Abelian) groups, while significantly fewer results are available for
coding over rings. In this appendix we elaborate on the relation between coding over fields, rings and
groups in order to clearly show that our results in this paper are not subsumed by previous work on
coding over groups. To highlight this fact even further, the following constitutes a counterexample to
illustrate that “linear” operations over groups are not well-defined: In the case of the Abelian group
G=2Zy®Zy®ZLy®Zy (pis aprime), there are at least three distinct definitions of multiplication to
define rings over G. These rings are isomorphic to either

1. thefield F Pt which is commutative; or

2. thenon-field ring
a b
M =
which is not commutative; or

3. the product ring Z; X Z, x Z, X Z, which is commutative.

a,b,c,d € Zp} (A55)

“"

Suppose “linear operation over group G” is defined with respect to some multiplicative operation “x”,
at the same time, this linear scheme over G includes the three distinct linear coding schemes defined
over F 4, M and Zy x Zy x Zy x Zp simultaneously. We then conclude that the operation “+” is
commutative and non-commutative at the same time, a contradiction.

To be more specific about the fundamental differences, beyond linearity, between coding over groups,

asin e.g., [11], and coding over fields or rings we also provide the following list of additional remarks.

(R1) Consider the example given in ([11], Section VIIL.B.1) for reconstruction of the modulo-two sum
of binary symmetric sources [4]. On ([11], p. 1509), it reads “Rate points achieved by embedding
the function in the Abelian groups Z3, Z are strictly worse than that achieved by embedding the
function in Zp while embedding in Z, ® Z; gives the Slepian—-Wolf rate region for the lossless
reconstruction of (X,Y)” ((X,Y) should be F(X,Y) = X @&, Y from the context, because coding
over Zjz is not strictly worse than coding over Z, for lossless reconstruct the original data
(X,Y) [3].).

Ref. [11] clearly states that group coding over Z; & Z, for encoding the modulo-two sum of
symmetric sources gives only the Slepian—Wolf region. On the contrary, consider either the finite

field F4 or the non-field ring
a 0
M =

(note: the underlying Abelian group defining 4 and M 7 is Zy @ Zy). We claim that linear
coding over either 4 or My » for encoding the modulo-two sum of symmetric sources gives
the Kérner—-Marton region [4]. This is because linear coding over finite field, e.g., 4, is always
optimal for the Slepian-Wolf problem, so is linear coding over non-field ring M , by Theorem 7.
However, group coding over Z, & Z is not.

abc Zz} (A56)

It is well-known that the Kérner-Marton region is often strictly larger than the Slepian—-Wolf
region. Linear coding over the non-field ring M , (field Fy), as a special case (nonlinear) coding
over Abelian group Z; ® Z; must not achieve a region larger than the Slepian-Wolf region,
leading to a contradiction.
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(R2)

(R3)

Row 2 of TABLE III in [11] states that group coding over Z4 @ Z4 (achieving sum rate 3.5) is
strictly worse than over the group Z,4 (achieving sum rate 3) for lossless encoding of a quaternary
function ([11], Section VIIL.A). On the contrary, linear coding over the ring Zs X Z4 (with
underlying Abelian group Z4 @ Z4) always achieves a region containing the one achieved by
linear coding over ring Z,. This is implied by Theorem 3. By direct calculation, we have that
linear coding over the ring Z4 x Z4 (achieving sum rate 3) is strictly better than what is achieved
by coding over over the Abelian group Z4 ® Z4 (achieving sum rate 3.5).

Finally, we emphasize that according to the Fundamental Theorem of (Finite) Abelian Group ([12],
Theorem 5.25), up to isomorphism, every finite Abelian group is a direct sum of cyclic groups of
prime-power order ([12], Proposition 5.27). This implies that every finite Abelian group can be
represented via direct sum of modulo integers. However, many finite rings are not (isomorphic
to) direct product of modulo integers, e.g., finite fields IF; (when g is a power of a prime but is not
a prime), matrix rings M Lg (when g’ > 2 is any positive integer) and all non-commutative rings.
For a fixed order (e.g., p?> with p being a prime), the number of finite rings is often significantly
bigger than the number of finite Abelian groups. For instance, there are 4 rings of order 4 while
there are 2 groups of order 4.
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