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Abstract: In this paper, the synchronization problem of fractional-order complex-valued neural
networks with discrete and distributed delays is investigated. Based on the adaptive control
and Lyapunov function theory, some sufficient conditions are derived to ensure the states of two
fractional-order complex-valued neural networks with discrete and distributed delays achieve
complete synchronization rapidly. Finally, numerical simulations are given to illustrate the
effectiveness and feasibility of the theoretical results.
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1. Introduction

The complex-valued neural networks (CVNNSs) are the networks that deal with complex-valued
information by using complex-valued parameters and variables [1]. They have more different and
complicated properties than the real-valued neural networks (RVNNs). CVNNs possess new capabilities
and higher performance, which makes it possible to solve some problems that cannot be solved by
their real-valued counterparts [2,3]. Actually, most of the applications of neural networks (NNs)
involve complex information [4,5]. Therefore, it is of great significance to study the dynamical
properties of CVNNSs [6-14]. In recent years, CVNNs have received considerable attention due to
their widespread applications in signal processing, quantum waves, remote sensing, optoelectronics,
filtering, electromagnetic, speech synthesis, and so on [15,16].

Nowadays, fractional calculus has become a hot topic and many applications have been found
in the fields of physics and engineering [17-20]. Fractional calculus is the generalization of classic
calculus, which deals with derivatives and integrals of arbitrary order. Many real world objects can
be described by the fractional-order models, such as dielectric polarization, electromagnetic waves,
entropy and information [21-24]. The main advantage of fractional-order models in comparison with
their integer-order counterparts is that fractional derivatives provide an excellent instrument in the
description of memory and hereditary properties of various materials and process [25,26]. In addition,
fractional-order models are characterized by infinite memory [27-29]. Thus, fractional-order NNs
(FNNs) are more effective in information processing than integer-order NNs [30]. In recent years,
the dynamics of FNNs has been investigated by many researchers and some interesting results have
been achieved [31-35]. In [31], fractional-order cellular NNs have been presented and hyperchaotic
attractors have been displayed. In [32-34], chaos control and synchronization of FNNs were investigated
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by using the Laplace transformation or Lyapunov method. In [35], the dynamics, including stability and
multistability, of FNNs with the ring or hub structure has been investigated.

As is well known, time delays may affect and even destroy the dynamics of NNs [36—40]. Due to
the signals propagation through the links and the frequently delayed couplings in biological NN,
time delay unavoidably exists in NNs [41,42]. In particularly, since the presence of an amount of parallel
pathways with a variety of node sizes and lengths, NNs usually have spatial extent. Thus, there will be
a distribution of propagation delays. Therefore, the study of fractional-order complex-valued neural
networks (FCVNNs) with time delays is of both theoretical and practical significance. At present,
the investigations of FCVNNs with discrete time delay have achieved many remarkable results [43-46].
For example, authors in [43—45] discussed the problem of stability of FCVNNSs with time delays.
Finite-time stability of fractional-order complex-valued memristor-based NNs with time delays has
been intensively investigated in [46]. However, the dynamics of FNNs with distributed delay is even
more complicated. Very recently, study concerning FNNSs with distributed delay has become an active
research topic. Many researchers have devoted to the investigation of FNNs with distributed delay and
some results have been derived [47]. In [47], two sufficient conditions, which guarantee the asymptotic
stability of the Riemann-Liouville FNNs with discrete and distributed delays, have been derived in
terms of LMI.

So far, the synchronization of the integer-order CVNNSs with time delays has been intensively
studied by applying various control schemes [48-51]. However, using integer-order CVNNs with time
delays to model real systems with memory and hereditary properties are inadequate in contrast with
FCVNNSs with discrete time delay [52]. To the best of our knowledge, few investigations have been
devoted to the control and information synchronization of FCVNNSs with time delays in spite of its
practical significance. In [36,53], the problem of synchronization of FCVNNs with discrete time delays
is analyzed and sufficient conditions are provided. On the other hand, adaptive control, as an efficient
control method, has been designed and successfully applied to fractional order neural networks [34,54].
Motivated by the above discussions, this paper is devoted to investigating the problem of information
synchronization of FCVNNSs with discrete and distributed delays. An adaptive controller is designed
to synchronize two FCVNNs with discrete and distributed delays. Based on adaptive control and
Lyapunov stability theory, some sufficient conditions are derived to ensure that two FCVNNs with
discrete and distributed delays can achieve information synchronization rapidly.

This paper is organized as follows. In Section 2, some definitions in the fractional-order calculus
and some lemmas, which will be used later, are introduced. The adaptive controller is designed in
Section 3. In Section 4, a numerical example is given to illustrate the effectiveness of the main results.
Finally, conclusions are drawn in Section 5.

2. Preliminaries

There are several different definitions for fractional derivatives. Three of the most frequently used
definitions are the Riemann-Liouville definition, the Griinwald-Letnikov definition and the Caputo
definition. Since the initial conditions for fractional differential equations with Caputo derivatives
take on the same form as for integer-order differential equations, we choose the Caputo definition in
this paper.

Definition 1 ([17]). The fractional integral of order w for a function f is defined as

() = i -9 ) <1>

where t > 0and o > 0, T () is the Gamma function defined as T'(z) = [° t*~le~!dt.
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Definition 2 ([17]). The Caputo fractional derivative of order « for a function f is defined as follows:

D*f() = ¢ 1 ),/‘t@s)”—“—lf(")(s)ds, @)

n—a)Jo
where n is the positive integer such thatn —1 < a < n.

Lemma 1 ([55]). Let x(t) € R be a continuous and differentiable function, then for any time instant t > 0,

%D"‘xz(t) < x(H)D%x(t), Va € (0,1).

Lemma 2 ([56]). Ife(t) € C'([0, +o0], R) denotes a continuously differentiable function, for any « € (0,1),
the following inequality holds almost everywhere:

D*le(t)| < sgn(e(t))D%e(t).

Consider a simplified CVNN with discrete and distributed delays as the drive system, which is
described by

Dt () = —ayn () +buf ([ F(E=sni(9)ds ) + braglaa(t = 1)+ (1),

D“Xz(t) = —azxz(t) + bﬂf(XQ(f)) + bzzg(X1 (t — T)) + Iz(t),

®)

where 0 < a < 1 denotes the fractional order, x;(t) (i = 1,2) is the state of the ith neuron at time ¢,
a; >0 (i =1,2), b (i,j = 1,2) are complex constants, T is the discrete time delay, I;(t) (i = 1,2) are
the external inputs, f(-) and g(-) denote the complex-valued activation functions, and F(-) denotes
non-negative bounded delay kernel defined on [0, +oc0) which reflects the influence of the past states
on the current dynamics.

In general, the kernel F(s) is taken as the following form:

F(s) =aze ™, (a3 >0,5>0), 4)

where a3 reflects the mean delay of the kernel.
For convenience, a new variable x3(f) is introduced and defined as:

t
x3(t) = / F(t — 8)x1(s) ds. 5)
Then, one can rewrite the drive system as
t) = —arxy(8) + bua f(x3(8)) + biog(x2(t — 7)) + L (1),

D"xy(t)
DIXXZ(t) = *leXz(f) + b21f(X2(f)) + bzzg(xl(t — T)) + Iz(t), 6)
x5(t) = —azxs(t) + azxy(t).

where x;(t) = u;(t) +iv;(t) (i =1,2,3), u;(t) = Re(x;(t)), v;(t) = Im(x;(t)).

Similarly, the response system is defined as follows:

D%y (t) = —aqy1(t) + b f(y3(t)) + biag(y2(t — 7)) + L1 (¢) + Ui (t),
D*ya(t) = —aoya(t) + b1 f(y2(t)) + bag(ya(t — 7)) + L(t) + Ua(t), )
ys(t) = —azys(t) + azya (t).
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where U;(t) (i = 1,2) are the control inputs to be designed later, y;(t) = ;(t) +i;(t) (i = 1,2,3),
() = Re(y;(t)), 0i(t) = Im(yi(t)).

To obtain the main results, one makes the following assumption.
Assumption 1. Let ur = u(t — 1), 0r =0(t — 1), x =u+iv,y = i +i0. f(x)and g(x(t — 7)) can be
expressed by separating into its real and imaginary parts as

fx) = fR(u,0) +if'(u,0),g(x(t = 1)) = g (ur, v7) +ig' (ur, vz).

Assumption 2. The partial derivatives of fR(u,v), f'(u,v), gR(ur,v¢) and g'(ur,v1) with respect to u, v,
exist and are continuous and bounded. In addition, fR(-,-): R> = R, fI(-,-) : R = R, gR(-,-) : R> = R
and g'(-,-) : R> — R satisfy

£1(1,9) = 1 (w,0)| < ARt —u| +AT|o ~ o),

gR(iir,52) — gR(ur,ve)| < uRR)ie — ue| + pl|6: — vy,

< e — ue| + pM o7 — ve|,

g' (1x, 0c) — §' (ur, 07)

where
afR < ) afR < ARL afI < AR LfI <Al
Ju v
E < uRR ai < VRI ag < VIR’ L&’I < ‘uII.
Ju dv u Jdv

From Assumptions 1 and 2, FCVNNSs (6) and (7) can be separated into its real and imaginary
parts, respectively. Then, one has

D%uy(t) = —ayuy (£) + by fR (u3 (1), 03(t)) = biy 1 (ua(t), 03(1)) + biag" (ua(t — 1), 0a(t — 7))
— bipg! (ua(t— 1), 02(t — 7)) + I{ (1),

D*uy(t) = —agup(t) + b3 fR (uz(t), 02(t)) — by f (ua (£), 02(t)) + b3g" (wa (t — 1), 01 (¢ — 7))
— bhg (uy (t — 1), 01(t — 7)) + I} (1),

us(t) = —agus(t) + azuq (t),

« R ¢I R I ®)
D0y (£) = —ayoy (£) + by f1 (ua (), 03(8)) + biy R (u3(t), 03(8)) + big" (ua(t — 1), 02(t — 7))
+bipgR (up(t— 1), 02(t— ) + I{ (1),
D0y () = —agoa(£) + b3 f1 (ua (), 02(8)) + by R (ua (), 02(8)) + b3rg" (wa (t — 1), 01 (£ = 7))
+ 038R (ur (t = 1), 01(t = 1)) + L (1),
v3(t) = —asv3(t) +azvy (1)
and
Dy (1) = —ayiiy () + by fR(3(1), 03 (1)) — biy 1 (#3(t), 03(1)) + biog" (2 (t — 1), 02 (t — 7))
— bipg (a(t — 1), 0y (t — 7)) + I (1) + UL (H),
D%y (t) = —agity(t) + by fR(2(£), 02(t)) — by f1 (#2(t), 02(£)) + bFrg" (111 (£ — 1), 04 (t — 7))
— byg! (@ (t = 1), 01 (t = 7)) + 13 (£) + U3 (1),
iy (t) = —aziiz(t) + aziy (), 9

DYoy(t) = —ay0y (1) + by f1 (a3(1), 53(1)) + biy f (33(+), 3(0)) + biyg! (2(t = 7), B2t — 7))
+bipgN (2t = 1), 52(t = 7)) + 1{ (1) + U (1),

D*0y(t) = —az02(t) + by f1 (12(1), 92(1)) + by [ (12(1), 92(1)) + b8 (1 (t = 7), 51 (¢ = 7))
+byg" (i (t = 1), 01(t = 1)) + L () + U3 (1),

03(t) = —a305(t) + azvq (t).
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where fR(, ) = Re(f(-,-)),
bf = Re(byj), bf; = Im(by), I} (t

3. Main Results

In this section, some sufficient conditions for the information synchronization of FCVNNs with

discrete and distributed delays are derived.
Lete;(t) = yi(t) — x;(t) = e (t) +ief(t) (i = 1,2,3). Subtracting the drive system (8) from the
response system (9), one obtains the error system as follows:

D%y (t) = *ﬂlei’( )+ b3 [N (3(1), 03(8)) — R (us(t), 03(8)] — biy [f (@3(t), 03(t)) — £ (us(t), v3(t))]
b5 (g8 (@ (t — 1), 02(t — 7)) — g% (ua(t — 1), 02 (t — 7))] — b5 8" (a2 (t — T), B (t — 7))
8! (ua(t — 1), 02(t — 7)) + UL (1),
D*ey(t) = —azes (1) + by [FR (wa(£), 0a(t)) — fR(ua(t), v2(£))] = by [f (@2(1), 02(t)) — £ (ua(t), 02 (t))]
+ (8" (1 (t— 1), 01 (t — 7)) — g (w (t — ), 01 (t = 1))] = b [g" (@1 (t — 7), 01 (¢ — 7))
— gl (ua(t — 1), 01 (t— 1)) + U5 (1),
[e5 (1)) = —ase5 (t) +azeq (1),

D6} (£) = —ase} () + by 1 (a(8) 02(6) — £ 12 (1), 0a(6))] + B L7 (a8, 05(0)) — FR(ua ), 0a(0)]
+ 0581 (@t — 1), 02(t — 7)) — &' (ua(t — 1), 02t = )] + b, [¢" (Wt — 7), 0a(t — 7))
— gR(ua(t = 1), 02(t = T))] + UL (1),
D"e3(t) = —aze3 () + by [f (ma(1), 02(8)) — f1 (ua(t), 02(1))] + by [FR (2 (8), 02(£)) — FR (a(t), 02(t))]
+ ’952[81(111(1‘ —1),01(t = 7)) = &' (u(t — 1), 01 (t = 7)) + by [ (i (£ — T), 01 (t — 7))
&R (ur (t =), 01 (¢ — 1)) + Uz (1),
[e5()) = —ﬂ3€3(f) + azef (t).
Design the following control input
UR(t) = —dq(t)ef () — sgn(ef (£))y(t)lef (t — )] — wi(t)ef (1),
UR(E) = ~da(£)el (1) — sgn(el (D) ma(t) et — D),
Ui(t) = —pi(t)ef (t) — sgn(ef (1))6r(t) €] (t — T)| — wa(t)e3(t),
UL(t) = —pa(He3 () — sgn(e3(1)0x(D)]e3 (¢ — 7)),
D*d;(t) = kile! (t)], (i = 1,'2), (1)
D%y;(t) = milel(t —7)|, (i =1,2),
D*p;(t) = Li|e?(t)], (i=1,2),
D*0;(t) = nylef (t — 7)|, (i =1,2),
Dfwy(t) = qilez ()],
Dfw(t) = q2(€5(¢)],

where d;(t), n;(t), pi(t), 0;(t) and w;(t) are adjustable parameters, k;, m;, l;, g; and n; are arbitrary
positive constants. When e (t) — 0 and e?(t) — 0 (i = 1,2), the drive system (6) and the response
system (7) achieve the information synchronization, which can be ensured by the following theorem.

Theorem 1. Under Assumptions 1 and 2, the drive system (6) and the response system (7) can achieve globally
asymptotically synchronized with the controller (11).
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(t) + i0;(t) are any solution of systems (6)

Proof. Suppose that x;(t) = u;(t) + iv;(t) and y;(¢)
and (7) with different initial values. Let

2 2
= ; lei' (£)] + ; le7 (1)1,
_21Xit221X221 2 1 21Xi
= Lo BAOP+ L B0OF + 1 o DOF + L oG0P + 1 5 0P,
§(1) = 0;(t) — 6;, XE(t) = wi(t) — w;,

where X{ (t) = d;(t) — d;, X5(t) = :(t) — 3, X5(t) = pi(t) — pi, X4 (t
d, ni, pi, w; and 6; are constants to be determined later.
Now, construct a Lyapunov-like function as follows
(12)

V(t) = Vi(t) + Va(t).

Based on Lemma 1, Lemma 2, one has
2 1
<ngn ))D%e} (t +ngn ))D% U()+Zz[d1() d;|D*d;(t)
i= i=1"1
1 . 28 | . 2 1 .
() — mD* (1) + X [pi(8) — DR pi(t) + 1 —[6:(0) — 6,D6i(1)
i i—=1 i

[m( ) —

,MN
X

0
= =

[w;(t) — w;] D w;(t).

o

I
—
D

See the Appendix for the proof of D*V(t) < —{V;(t) < 0, where { is a positive constant

From Definition 1 and (A1), one has
V(t) = V(ty) = I,(la) /tt(t —8)* 1D*V(s)ds < 0.
(0, di(8), (1), (1), 641

Therefore V(t) < V(ty), t > to. Then from (12), one knows that e} (t), e}

t) < b=
and w;(t) are bounded on t > t,. Thus, one can obtain there exists a positive constant N > 0 satisfying
(13)

ID*Vi(t)| < N, t > t.

We declare that lim; . V4 (t) = 0.
In [36], the authors have given the proof of lim; ;. V;(f) = 0 by contradiction. Thus, the drive

system (6) and the response system (7) are globally asymptotically synchronized under the controller (11)

This completes the proof. [J

4. Numerical Simulations
In this section, some numerical simulations will be provided to demonstrate the main results
Consider the drive FCVNN (6) with « = 099, T = 0.01, L(f) = 2(sint — icost),
L(t) = cos(t+1)+3isin(t—1),a1 =1,ap =2.5,a3 =05,b;y =1+1i,b1p = —1.5+2i,byy =35+1,
b22 =4.8— 4.8i, and
1—e 1 (x;) = 1—e% L 1
S = e T e

fli) = 14 et _Hl +e v’
where i = 1,2, 3. The response FCVNN (7) share the same parameters with (6)
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It is easy to compute ARR = 0.5, Al = 0.25 ARl = AIR =0, yRR = 1T = 0, yRI = 0.5, uIR = 0.25.
The initial conditions are taken as

{x1(5) = —2+150, x(s) = ~2+42i, x3(s) =260, [~1,0]. (14)

y1(s) = —6—1i, ya(s) = =1 —2.5i, y3(s) = =5+ 2i,

And let 771(0) = 0.1, 72(0) = 0.1, d1(0) = 0.01, d>(0) = 0.01, p1(0) = 0.01, p2(0) = 0.01,
61(0) = 0.01, 6,(0) = 0.01, w1(0) = 0.2, w(0) = 0.3, ky = 0.2, k = 0.04, my = 0.2, my = 0.01,
ll = 0.05, lz = 0.02, ny = 0.01, np = 0.04, q1 = 0.3, q2 = 0.05, m = 2.5, 2 = 1.5, d] =1, dz =3, pP1 = 1,
p2 =3,0; =5,0, =2, wy =3, wp = 2. By calculation, one obtains

al +d1 >0, ap +dy — |bR [ARR — b1 JAIR — bR JAIR — [pL |ARR > 0,
I AR — B A~ o A5~ o, 18>

wz — [N, |ARI b1, |A” L5 |A” b1, [AKT >0,
— DS 1R — [ohy % — (o5 Ib zlulR > 0/

nz—\b 3R = (bl |a® — [ | ua® — b, g™

al +p1>0, ax+ pa— by I?\RI b2 1|A” \b IA” [b31[A5" >0,
D5 17 — [y — (b5 1 — [

92 — b 3! — [bia 3" — [0y’ %\ué”

Therefore, from Theorem 1, the drive system (6) and the response system (7) with the initial values (14)
can achieve globally asymptotically synchronization under the controller (11). The curves of states x1,
x2, y1 and y; in 2-dimensional plane and 3-dimensional space when achieving synchronization are
depicted in Figures 1 and 2, respectively. Figure 3 shows the errors between y; and x;(i = 1,2) with
five different initial values. The errors of the introduced variables are plotted in Figure 4. Figure 5
shows the time revolution of real and imaginary parts of x1, x, ¥1 and y, with the controller (11),
respectively. From simulation results in Figures 1-5, it is clearly seen that the drive system (6) and
the response system (7) can achieve synchronization. Figure 6 shows time response of the adaptive
feedback gains d;(t), p;i(t), ni(t), 0;(t) and w;(t) (i = 1,2).

5

Figure 1. Time evolution of states x1, X, y1 and y, in 2-D plane.
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Figure 3. Synchronization errors e;(t) = y;(t) — x;(t) with five different initial values, i = 1,2.
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Figure 4. Synchronization errors €4 (t) and e§(t) with five different initial values.
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Figure 6. Time response of the feedback gains d;(t), p;(t), 7;(t), 0;(t) and w;(¢).

5. Conclusions

9of 14

In this paper, based on adaptive control and fractional-order Lyapunov-like function method,
the information synchronization of drive-response FCVNNSs with discrete and distributed delays has
been studied. Due to the consideration of distributed delay, a new variable is defined to convert the
FCVNN into a system with only discrete time delay. When systems (6) and (7) achieve information
synchronization, the errors of the introduced variables tend to zero. The adaptive controller is
designed in a elaborate way. Some sufficient conditions are developed to achieve the information
synchronization. Numerical results show the effectiveness and correctness of the theoretical result.
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Appendix A

From (10), (11) and the above formula, one has

DV (1) < sgn(el (£){ = anel () + bR IR (), (1)) — R (ua(8), 0a(1))] — ULy [f (), 25 (1)) -
£ 3 (1), 03(5)] + By R (2t = 1), 32 (¢ = 1)) — &R (wat = ), 0t = 7)) -
bholg (ot~ 1), 5(t = 7)) — &' (wa(t — 7), Uz(t—T))] — dy(£)ef (1) — sgn(ef (1)) (1) |ef
—wi (el (1) } +sgn(es ()] — aaed (1) + b5 [ (1), 52(1)) -
b f (2(8), 02(8)) = 1 (1a(8), 02(1))] + Uy [gR (i (= ), 01 (= 7)) -
— bhy[g! (i1 (t = 7), 01t = 7)) — &' (11 (t = 7), ( >>1 da()ef (1) -
f,
(i

(t— )]
R (ua(t), 02(8)))—

Ry (t = 1), 01 (= 7))
)
sgn (e (1) (D)l (¢ —
bl [FR (3(), 93(8)) — FR(u3(1), 03 t>>]+bfz[g’< it — 1), Uz(t—T))—81(M2(f—T),Uz(t—T))]
+bhlgR (Mt — 1), 02t~ 1)) — g (ualt — 1), 02t — )] — pr(8)65 (1)~

sgn (e (1)1 (1)ef (£ — )] — wa()e5 () } + sgn(e§ (1)) | — aaeh(t) + b5 [f' (malt), 22 (1))~

£z (1), 02(5)] + By [FR (32(8), 52(8)) — FR (1 (), 02(£))] + by [ (7 (£ — ), 31 (¢ — )~

8! (ur(t =), o1 (t = 7)) + by gR (1 <t—r> a1(t— 1)) — gR(ua(t— 1), o1 (t — )] — pa(D)EB (1)

—sgn(eB()eDIe3t— )1} + Ty () —dklef ()]
Yy (0 = mmiled (¢ = )|+ 2 T ((0) = pollef (O] +

Y (000) = Bmlef (¢ = 7)| + (0 (6) ~w0)an (1) + - (w2(e) ~ wa)galeS (1)

< { = arle (O] + R IR @s(0), 35(6) = FR (s (0), 05(0)) | + b1y £ (3(6), 03(6)) — £ (w3 8), 03(1))
D188 (2t — ), 32t — 7)) = gR (ua(t = T), ot — )| + [blylg" (ot — 7), 2t — 7)) -

81 (ua(t = ), 02t = 0)) | = e (1) — et (¢ — 7)| — wrleb ()] } + { — maleb (1) +

B 11FR a(8), 22()) = FR (1a(£), 22())| + B4 | F (2 (£), 52(8)) — f 1 (1), 02 (6)) |+

D118 (m (£ = 1), 01t — 7)) = gR (¢ = 7), 0t = 7)) + b lg (¢ — ), 20 (¢ — 7)) -

g (ur(t=1),01(t =) = doleS ()] = male (= )| | + { = anlef (8)] + by 1 (73 1), 23(£))—
F13(8), 03(0) | + b ][R (73(6), 53()) = R (u3(8), 03(0) | + (B lg (ma(t — T), 9a(t — 7)) -

g/ (ot = 1), 0a(t = 7))| + bl IR (72 (t = 7), 5ot — 7)) = gR(a(t = 7), va(t = T))| = pref ()]
011ef (£ = )| —wale§ (O] } + { = aale§ ()] + by £ (72(8), 52(8)) — ' (wa(t), 02(8)) |+
BRI (72 (), 5(1)) — FR (1 (), 02(£))] + |6 18T (1 (£ = 7), 21 (£ — 7)) -

g'(n(t = 1), 01t = 7))| + bR IR (m (t = 7), 31t = 7)) — &R (t = 7), 01 (£ = )|

paled(t)] - Bale3 (t — )|},
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From Assumptions 1 and 2, one has

DV(t) < { —arfef ()] + [bF AR |65 (1) | + A5 [e§ ()] + (11 | [ASR 5 (£)] + A3 |5 () 1]+
b5 15N €5 (¢ =) + 3 e (= 7)) + |61 [a"[e5 (t = T + ud'e5 (£ — )] — da e (£)| —
771|€i’(f*T)|*W1|6§’(t)|}+{*ﬂzlelz‘(f)l+|b§1|[A§R|€é‘(f)\+?\§I|€3(t)l]+|b§1|[/\§R\€§’(f)|+
A1 ()] + 1655 [ [ef (¢ = )| + pi e (£ = )] + [b3a (3R |ef (¢ = ©)] + i lef (£ = )]
da ey (£)] *ﬂz\eé‘(tffﬂ} +{*ﬂ1\61{(t)\ + (b1 |[ASR e ()] + A3 |e5 (1) 1] + (11 [[A5" |5 (1) |+
AT S ()[] + b5 (13" [e5 (= )| + p3' €3 (¢ = T[] + [bho| (5 R[e5 (8 = T)] + b [e3 (¢ — T)[]—
piler(t)| — Brley (t — T)| — wale3(f) } {*azlffz()Hlble)\R\ez()|+/\§1|€5’(t)|]+
031 /AR |5 (1)) + A5 (€5 (1)1] + (B3 {1 et (t = )] + piq e (£ = )] + [bya | [ lef (= 7)1+
ﬂ11|€¥(t—T)|]—Pz\ffé’(t)\—92|6§’(t—T)|}

= [(—al —d)e (B)] + (—ag — dy + [BRARR 4 |BL [AIR 4 |BR [AIR 4 b1 |ARR) |k ()| 4 (— w1+

DR IARR - b1y AR B [ALR + b1y ARR) et (1)] + (=1 + (B 1ER + [bhal iR + 0% iR+
032|115 et (8 = T + (=12 + (b5 |13 ™ + [bla 3" + b5 |3 +|b{z\H§R)\€§‘(f—T)I]+
[(=a1 = p0)lef ()] + (a2 = pa + (bR AR + 64 IAY + (05 |AL + b5y (A7) €5 (1) + (—wa+
DR AR+ 1By AL+ (B AL + (bl AR e (1) + (=6y + b e + bLglpedl + 651l +
Do DI (¢ =) 4+ (=62 + [ k! + bhy 1! + (b ! + by )16 (¢ — )]

One can subtly choose d;, #7;, p;, w; and 6; such that

a1+d1>0 ay +dy — [DRARR — b1 AR — |BR AR — |1 [ARR > 0,
‘bR /\RR |b1|)\IR |bR )LIR |b1|)LRR>O,
— |b& Iul Ibézlﬂ{ — bR [uiR — [, |uRR
’72—|b |uBR — |b, |phR — b3 |uiR — |b, |uXR > 0,
a1+p1 >0, 612+p2—|b |/\ I |b 1|/\” |bR AH |b£1|)t§l >0,
wz—\b |ARI bl AL — bR \/\” 28 |ARI>O,
— |} \u Ibéz\u — |} |V |b£2|y¥’>0/
92—|b12|1‘ — o], [l — |8 |l — (b1, &
Let

G = min {ay +dy, ay+dy — |5 [AFF — [bhy[A5% — [B5 A5 — b IABR, oy — b AKX — [b]; A5~
BRIASE — b AER

Ga = min {”1 +p, az+ pa = (b3 |AST — by Ay — (65 [AY — [b31|A5T, w2 — B ART — (b1 |AST—
BRIAS — by ARTY

71 = min {1 — BB HER — [Bhalui® — 051 ul® — b5 1", 12 — (bR IHER — [blalud® — 6f]pd
blaluf®},

72 = min {0y — 0|t — |bhy i’ — [blul! — (5 f!, 02— [bfy 5" — bl — (b1t -
blal -
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Then, one can obtain
D"V(t) < €1E|€” |—’YlZ|€ t—T|—§2E|€ |—’YzZ|€ (t—1)|

—C12|€ |—§22|€

S —§V1(t) = 0/

(A)

IN

where { = min{Zy, {2} > 0.
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