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Abstract: We investigate the exponential convergence of a Markovian semigroup in the Zygmund
space under the assumption of logarithmic Sobolev inequality. We show that the convergence rate is
greater than the logarithmic Sobolev constant. To do this, we use the notion of entropy. We also give
an example of a Laguerre operator. We determine the spectrum in the Orlicz space and discuss the
relation between the logarithmic Sobolev constant and the spectral gap.
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1. Introduction

Let (M, B, m) be a measure space with m(M) = 1. Suppose we are given a symmetric Dirichlet
form & in L?(m). The associated Markovian semigroup is denoted by {T;} and we assume that T;1 = 1.
Here, 1 stands for a constant function of M, taking the value 1. For any f € L! we use the notation

(f) = /Mfdm- 1)

We also assume that 1 is the unique invariant function for the semigroup {T;}. Then, as t — oo,
we have

Tif = (f) @)
in L2(m). The semigroup {T;} is called ergodic when Equation (2) holds. We define the index 7,_,» by

—1
122 = — lim - log [|T; — ml|2—> ®)
which is often called the spectral gap (see e.g., Theorem 4.2.5 of [1] ). Here, m stands for a linear

operator f +— m(f) = (f) and || |22 stands for the operator norm from L?(m) to L?(m). In connection
to this index, we are interested in another index yz_,7 defined by

—1
Yzz = _hm?IOgHTt_mHZ—>Z~ 4)

Here, Z is the Zygmund space (sometimes denoted by Llog L). The space Z is defined as follows.
Set ¢(x) = log(1 + x) and ®(x) = [ ¢(y) dy. Then

Z={f; [ @l dm < eo}. ®

We introduce norms in Z later (see Section 2).
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On the other hand, the logarithmic Sobolev inequality is a powerful tool in the analysis of
Markovian semigroups. The inequality takes the following form:

1
[ P08/ fll) dm < £ (£.). ©

Here, || || stands for the L>-norm and the constant 7 g is chosen to be maximal and is called the
logarithmic Sobolev constant. The form of the inequality reminds us the notion of entropy:

Ent(f) = E[flog(f/{f))]- @)

An important application of the logarithmic Sobolev inequality is the following estimate of the
entropy (see e.g., Chapter 6.1 of [2]):

Ent(T;f) < e 27! Ent f. (8)

We are interested in the relation between yz_,7 and 9rs. In fact, we show the inequality
Yz—z > 7vis- This kind of estimate of yz_,7 is given in [3], but in this paper we give a direct connection
to the constant vg.

The organization of this paper is as follows. In Section 2, we give several kinds of norms in the
Zygmund space Z. Using these notions, we show relations between the entropy and the norm in the
space Z and give a proof of the main result. As an example, we discuss the Laguerre operator in
Section 3. We give a precise expression of the resolvent kernel. In Section 4, we introduce Orlicz spaces
(L log/5 L). We also discuss how to show the boundedness of operators in Orlicz spaces. Using these,
we investigate the spectrum of the Laguerre operator in Orlicz spaces in Section 5. We can completely
determine the spectrum and can see the relation between the spectral gap and the logarithmic Sobolev
constant.

2. Entropy and the Zygmund Space

2.1. The Zygmund Space

We start with the Zygmund space. Let (M, B,m) be a measure space, and we assume that
m(M) =1, i.e., m is a probability measure. All functions in the paper are assumed to be B-measurable.
We denote the integration with respect to m by (f). Of course, we assume the integrability of a function
f. We also use the notation E[f] for (f).

The Zygmund space is the set of all measurable functions f with E[|f|log |f|] < co. We denote
itby Z or Llog L. We can define a norm in this space. To do this, we introduce a function ¢ on [0, o)
defined by

¢(x) = log(1+x) )
and further, we define
X
D(x) = /0 ¢(y)dy = (1+x)log(1 + x) — x. (10)
@ is a convex function. Now, define Ng by

No(f) = inf{A; E[®(|f|/A)] < 1}. (11)

This norm is sometimes called the Luxemburg norm (see e.g., [4]). The norm of the constant
function 1 can be computed as

No (1) = inf{A; E[®(1/A)] < 1}
=inf{A;1/A < ®71(1)}
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=inf{A;1/A <e—1} (@ 1(1)=e—1)
1
e—1"

Z becomes a Banach with the norm Ng.
The dual space of Z is given as follows. Let ¢ be the inverse function of ¢, i.e.,

P(x) =¢" -1

Using this, define ¥ by

¥ = [ pdy = [ - Dy —e - x-1.

The dual space of Z can be identified with the space of all measurable functions f with
E[¥(¢|f|)] < oo for some € > 0 (see [4]).
The following inequality is fundamental:

xy < O(x) +¥(y). (12)
Using this, we can show that

£l < (e = 1)Na(f)- (13)
In fact, if No(f) = 1, we have

Ellflyl < E[®(IfD]+ E[¥ ()] =1+ ¥ (y) = ¢ —y.

Hence,

e

Elifl = -1

The right-hand side takes its minimum ¢ — 1 when y = 1. Hence, we obtain Equation (13).
This shows that Z C L.
Further, we have

—I—Nq,(f) ( Equation (13))

2.2. Entropy

Now, we recall the notion of entropy. In this section, all functions are taken from Z. For any
non-negative function f, the entropy Ent( f) is defined by

Ent(f) = E[flog(f/(f))]- (14)

We will discuss the relation between Ng (f) and Ent(f). First, we show the following.
Proposition 1. For any non-negative function f, we have

(NE®((f = (FN/ (D] < Ent(f). (15)
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Proof. We note the following inequality
P(|x —1|) < xlogx —x+1.

Using this, we can get

E[@([(f/(f)) =11) < E[(f/{f)log(f/(f) = (f/(f) +1] = <jlf>Ent(f),

which is the desired result. O

If, in addition, we assume (f) > 1, we can get another estimate.
Proposition 2. If a non-negative function f satisfies (f) > 1, then we have

E[®(|f = (/)] < (f) Ent(f).

Proof. Let us show the inequality

(|x = (N)]) < (f)(xlogx —xlog(f) —x +(f))

for any x > 0. Set

F(x) = (f)(xlogx — xlog(f) —x+ (f)) = ®(|x = (f)]).
(1) The case x > (f).

By the definition,

F(x) = (f)(xlogx — xlog(f) = x+ (f)) = (1 +x = {f))log(1 + x = (f)) + x = (f).

Hence, F((f)) = 0. By differentiating the function F, we have

F'(x) = (f)(logx —log(f)) —log(1+x — (f))
and so we easily see that F'(({f)) = 0. The second-order derivative is given by

F”(X) — <f> 1

X 14+x—(f)
() - D)
= adra—(p)

Thus, we have F(x) > 0 for x > (f).
(2) The case x < (f).

In this case, we have

F(x) = (f)(xlogx — xlog(f) — x+ (f)) = (1 + (f) — x)log(1 + (f) —x) + {f) — x.

So F((f)) = 0is clear. The derivative of F is

F'(x) = (f)(log x —log(f)) +log(1 + (f) — x)

40f23

(16)

(17)

(18)
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and so we easily see that F'({f)) = 0. Furthermore, we have

v AP 1
P = -1
(2= (fr—x
A+ (f) - 1)
U+ =)
S i)

Thus, we have F/(x) > 0 and F(x) > 0 for x < (f).
Using the inequality Equation (18), we have

E[®(If = {/)D] < (fHE[flog f = flog(f) — f + (f))] < (f) Ent(f)

which completes the proof. [

Now we are ready to show that the Ny-norm is dominated by the entropy.

Proposition 3. For any non-negative function f, we have

No(f — (f)) < max{y/{f), \/Ent(f)} \/Ent(f). 19)
Proof. We note that since @ is convex and ®(0) = 0, ® satisfies that for | > 1
®(Jx) > () 20)
and, fore <1
®(ex) < ed(x). 1)

The proof of (19) is divided into two cases.

(1) The case (f) < No(f — (f))-
Set N = No(f — (f)). Applying Proposition 1 to the function %, we have
f [((f/N) = {f/N))|

> <f/N><f/1ME[<I>(I((f/N) — (F/ND))]

— o= )

=1
We used Equation (20) in the second line. Thus we have, in this case,

No(f = (f)) < Ent(f).
(2) The case (f) > No(f — (f))-
Set N = No(f — (f)). Since <£> > 1, we can apply Proposition 2 to % and obtain

El@(1(F/N) — (/)] < L e L),
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Now, N2 < (f) Ent(f) follows since the left-hand side equals 1. Hence,

No(f = (f) < (/)" Ent(f)/2.

Combining both of them, we have

No(f = (f)) < max{Ent(f)'/?, (f)!/*} Ent(f)"/?

which completes the proof. [

In turn, we prove the inequality of the reversed direction.

Proposition 4. We have the following inequality:

{f)
< - .
Ent(f) < = HUSE(1(F = (0)/ () 22)
Proof. Note that
nxlogx —x+1=®(]x—1|) forx>1, (23)
xlogx —x+1<CP(|x —1]) forx € [0,1]. (24)
Here, C = log(%/e)' In fact, Equation (23) is clear and so we only show Equation (24). For x € [0,1],
we have
D(|x—1]) =®(1—x)
=(141-x)log(1+1—x)—(1—x)
=(2-x)log(2—x)+x—1.
We set
fx)=C{(2—x)log(2—x)+x—1} —xlogx +x — 1.
Then

f(0)=C(2log2—1)—-1=0,
f(1)=0.

It is not hard to show that f(x) > 0 for x € [0, 1]. Hence, we have Equation (24).
Since C > 1, we have, for all x > 0,

xlogx —x+1 < CP(|x —1]).

Substituting x = % in it and integrating both hands, we have

“lingr g+ =elo (1))

Hence,

Elflog(f/(f)] < CAHE[R((f = (/) (HI]-

This completes the proof. [
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When (f) < 1, we can show another inequality.

Proposition 5. If we assume (f) < 1, then we have

Ent(f) < E[®(If — (/)] +2. (25)

Proof. Since (f) < 1, we easily see

flog f < (1 +|f = (fH)1og(1 + [f = (A (26)

Using this, we have

O(If = (NN = A+1f = {(NHDIog(L+|f = (H]) = fF = ()
> flogf—f—={f)
> flog f = (f)log(f) + {f)1og(f) — f = {f)-

Integrating both hands, we have

E[®(|f = (/)D)] = Ent(f) + (f) log(f) —2(f).

Now set g(x) = —xlogx +2x on [0,1]. Then, ¢’(x) = —logx—1+2 = 1—1logx > 0 for
x € [0,1]. Hence, g takes its maximum at x = 1. Therefore,

{f)log(f) —2(f) < g(1) = 2.
Thus we get the desired result. O

We are ready to show that the entropy is dominated by the Ny-norm.

Proposition 6. We have the following inequality:

Ent(f) < 3No(f — (f))- (27)

Proof. Since the function ® is convex, P satisfies following inequality. For | > 1, we have
O(Jx) = J@(x), (28)

and, fore <1,
P(ex) < ed(x). (29)

The proof is divided into two cases.

)
(1) The case Na (=17 > 1.

For notational simplicity, we denote Ng(f — (f)) by N. Using Proposition 4 for %,

Ent( L) <« F/N) pro (/N = (/ND)

N’ ~ log(4/e) [f/N)
(f/N) 1
~ log(4/e) <f/N>E[<D(|((f/N) = (f/N)D]
1
: log(4/e)’

Here we used Equation (29) in the second line.
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(2) The case <1

()
No(f={f))
This time we use Proposition 5 and obtain

Ent(%) < E[@(|((f/N) = (f/N)D] +2
=142=3

Since log( < 3, we have Equation (27). O

4/e) —

Let us recall the logarithmic Sobolev inequality:

[ P08/ 171) dm < =15, ), (30)
which yields the following entropy estimate:
Ent(T;f) < e 27! Ent f. (31)
Now, we are in a position to prove the following main theorem.
Theorem 1. We have the following inequality.

YLS < YZ-2Z (32)

Proof. We may assume g > 0. Let f be a non-negative function. If Ng(f) < 1, then we have for
sufficiently large ¢

o(Tef — () < \/Ent(Tef)(\/Ent(Tif) v \/ ()
Se—mt\/ET e—mt\/ﬁ \/\/7 (- Equation (31))
< et JoNa () e-mvm@ (f) v\/(efl)qu(f))

<e msty/6(e—1).

Next, we take a general f. If No(f) <1, then No(f+), No(f-) < No(|f]) = No(f) < 1and so
No(Tif = (f)) = No(Tif+ — (f+) = Tef- + {f-))
< No(Tif+ = (f+)) + No(Ttf- = (f-))

<e st /24(e —1).
Therefore, we have
| Ty — m| z—z < \/24(e — 1)e~ 15",

Hence, this completes the proof. O

In Theorem 1, we have shown that yz_,7 > 71s. We now connect the Logarithmic Sobolev
constant y1g and the spectral gap. Let us denote the set of spectrum of 2 in the Zygmund space
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Z by c(2z). Then, the following inequality is known (see e.g., Chapter IV, Proposition 2.2 of
Engel-Nagel [5])

1
. < 1 _ .
sup{RA; A e oc(Az)} < tlgg ; log || T¢|| z— 2
If we restrict ourselves to the mean 0 functions, we have

o1
sup{§R)t; A€ U'(le) \ {0}} < }L%?log ||Tt — m||z_>z = —Yz>Z7.

Now we set

lsg = —sup{RA; A € o(2Az) \ {0}} (33)

and call it the spectral gap in Z. Hence, we have the following inequalities:

s < 777 < {sG- (34)

Example 1. Let us consider the Ornstein—Uhlenbeck operator A = % - xd% on R. The reference measure is

m(dx) = \/%e’xzﬂdx and the Dirichlet form is given by

E(f,8) = [ f(x)g (x)m(d).

In this case, it is known that y g = 1. Moreover f(x) = x is an eigenfunction for the eigenvalue —1.
Hence, we have

1< -Csc<—1z52< —Ns=-1
which shows y15 = vz—z = {sg. In Section 5, we will give an example that {gg > 1 holds.

3. Spectrum of the Laguerre Operator

In this section, we give an example.

3.1. The Laguerre Operator

We consider the following operator:

lex%—k(zx—i—l—x)% (35)
Since eigenfunctions of 2 are Laguerre polynomials (see e.g., Lebedev [6]), we call the diffusion
process generated by 2 the Laguerre process as in [7]. It is also an interest rate model called the
Cox-Ingersoll-Ross process in mathematical finance.
We assume that « > —1. This is necessary to ensure that the invariant measure becomes
a probability measure. Actually, the invariant probability measure is given by

1

m(dx) = m

x%e *dx, (36)
which is the gamma distribution of the parameters & + 1, 1.
There is another characterization of a diffusion process by a speed measure and a scale function.

In our case, setting
1

p(x) = Tt xte™%, (37)
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the speed measure is m = p(x) dx and the scale function s is determined by ds = 7 ( 3 dx. Following
Feller, the boundary 0 is classified as a non-exit, an entrance when a > 0 and exit, and an entrance
when —1 < « < 0. We impose the Neumann boundary condition when —1 < a < 0 to ensure that the
associated diffusion process is conservative.

We can give the associated Dirichlet form £ as

© du dv
E(u,v) = . s ds ds. (38)

Here, e xp(x)d—u. Therefore,

dx
© du dv © du dv 1
| A5 ds ds = /0 xp(x)axp(x)aixp(x) dx

_/ dudv %) dx

dx dx
B /°° du dv dx)
dxdx " '
This means that oo
E(u,v) = / xu' (x)v' (x) m(dx). (39)
Jo

It is well-known that the set of the spectrum of 2 in L?(m) is —Z+ and eigenfunctions are
Laguerre polynomials. We also give an expression of the resolvent. To do this, we need confluent
hypergeometric functions.

3.2. Confluent Hypergeometric Functions

We recall confluent hypergeometric functions (see, e.g., Beals-Wong [8] or Lebedev [6]). They are
defined by

(a>” n
. (c)nn!x . (40)

agk

1F(a;¢;x) =
n

Here, (a), is the Pochhammer symbol, i.e.,

(a), = 41)

T(a+n) Ja(@a+1)---(a+n-1) n>1
I'(a) 1 n=0
A function defied by Equation (38) converges for all x € C and is an analytic function.
This function satisfies the following differential equation:

xu” + (c — x)u' = au. (42)

This equation is called the Kummer equation (or the confluent hypergeometric equation),
and, of course, is closely related to our generator 2 in Equation (35). Our interest is in the spectrum
of 2, and so confluent hypergeometric functions are candidates of eigenfunctions. If 1 F; belongs to
L2, itis an eigenfunction and it is so when a = —n, n € Z . In this case, 1 F; (—n; ¢; x) is nothing but
a Laguerre polynomial (up to constant) and is an eigenfunction. For simplicity, we introduce the
following notation:

M(a,14+a;x) =1F(a;14+ a; x). (43)
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By the way, Equation (42) is a second-order differential equation; there is another independent
solution, which is given by

U(a,1+a;x) = FI;IE__(XD)C)M(Q, 1+ wx)+ ll:ng_"‘M(a —u,1—a;x). (44)

This function is called a confluent hypergeometric function of the second kind. Their Wronskian is

_ F(l + ‘X) xfzxflex'

W(M(a,1+wa; - )U(a,14+a; -))(x) = @) (45)
The Laguerre polynomial is written as
L¥(x) = (a :|1>”M(—n,a+1;x). (46)

Our parameter « is chosen to be consistent with the parameter of the Laguerre polynomial.
The asymptotic behavior of these function is given as follows (see e.g., Lebedev [6]). When x — 0,

M(a,1+a;x) — 1, (47)
U(a, 1+ a;x) ~ ll:gl;(;x_“. (48)

However, when & = 0, x~* should be replaced by log x.
When x — oo,

M(a,1+a;x) ~ r(;(j;)lx)exxala, (49)

Ua,1+a;x) ~x " (50)

Here, we assumed a,1+a #0,—1,-2,....
Now we can give an expression of the resolvent. Recall that we assumed a# > 0 and
a+#0,-1,-2,.... The resolvent G, = (a — Ql)’l has the following kernel expression:

Gaf (x) = /Ooo Ga(x,y)f(y)dy (51)

where 1
~M(a, 1+ y)U(a, 1+ &%) s
Ga(x,y) = p(y)W(y) )

1
—M(a,14+a;x)U(a,14+wa,y)————— > X.
( U y)P(V)W(]/) Y

Here, W stands for the Wronskian in Equation (45) and p(y) = y. Hence, we have

%M(a/1+a;y)u(a,1—|—¢x,x)e*yy"‘ y<x,
I'(l1+w)

Gﬂ(x/y) = r(ﬂ) (53)
_1la) . Yy
I,(1M)M(a,l+oc,x)u(a,1+oé,y)e yoy>x

G, is a bounded operator in L?(m) ifa # 0, —1,—2,.... We will discuss later what happens in the
Zygmund space.
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3.3. The Logarithmic Sobolev Inequality

We show that the logarithmic Sobolev inequality holds for the Laguerre operator 2(. You can also
see the result in Chapter 2.7.3 of [1] from the view point of the curvature dimension condition. Recall
that the Dirichlet form associated with 2 is given by Equation (39).

Theorem 2. Weassume that « > — 3. Then, the following logarithmic Sobolev inequality holds for the Dirichlet
form € in (36):

[ 1081l ul2)v(dx) < 26 (u,m). (54)

Proof. Itis enough to check Bakry-Emery’s I';-criterion. It is as follows. From Equation (36), the square
field IT' is given by
I(f,8) = xf'(x)g'(x)- (55)

The generator is Au = xu’ + (« — x)u’. Hence, the I'; is computed as

205 (u,u) = AT (u, u) — 2T (Au, u)
= A(xu'?) — 2x(Au)'u’
= x(xu?)" + (« — x) (xu'?)" — 2% (xt” 4 (& — x)u')'ut’
= x(u? + 2xu'u") + (@ — x) (U + 2xu'u”) — 200’ (0" + " — v’ + (a — x)u")
= x(2u'u” 4 2u'u" + 2xu"? 4 2xu'u"") + (@ — x) (U + 2xu'u")
—2x(u'u” 4 """ —u? + (a — x)u'u")

= 2xu'u" +2x%u"? + (a + x)u'

1 1
:2(xu//+7u/)2_7u/2+(a+x)ul2

2 2
1 200 —1
=2(xu” + Eu’)z +( ‘sz +1)xu”.

Thus, we have

1 1 2a0—1
T — YA Y
2 (u,u) = (xu +2u) +2( 7z

+ DIT(u,u).

From this we have I'>(u,u) > 1T(u,u) under the condition a > 1. Due to Bakry-Emery’s

I'p-criterion, this implies that y1g > % O

Taking f(x) = e®*, we can see that 715 = 1 is the best constant.

Remark 1. This result was shown in Korzeniowski-Stroock [7] when « = 1. In that paper, it was emphasized
that the logarithmic Sobolev constant differs from the spectral gap.

4. Orlicz Space Llogf L

We start with the definition of the Orlicz space. Take any § > 0 and fix it. We introduce a norm in
the space of all functions f with E[|f|logP (1 + |f])] < 0. Define a function ¢ on [0, o) by

¢(x) =log(1l+x). (56)

Then, further define

p(x) = [P dy = [logh(1+y) dy. 67)
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&y is a concave function. To get the behavior of ®g at co, we use the I'Hospital theorem and get

D (x
lim N C) R lim ¢
x= xloghf(1+x) ¥ (xlogP(1+x))
oy logP(1 + x)
T x5 Jogh -1 1
log” (1 + x) + Bxlog" " (1 +x) 3%
. 1
= Jim, px
L+ G5ylogi )
=1.
Therefore, when x — co, we can see
Dp(x) ~ xlogf (1 + x). (58)
We define the space LlogP L by
LlogP L = {f; E[®p(|f])] < co}. (59)

Then, Llogf L becomes a Banach space with the norm N ; defined by
Nay (f) = inf{A; E[®p(|f[/A)] <1} (60)

For instance, the norm of the constant function 1 is

Nay, (1) = inf{A; E[@(1/A)] < 1} = inf{A;1/A < &1 (1)} = cbl(l).

If =1, then ® 1(1) = e — 1. In the sequel, the operator norm of linear operators from Llogf L
into L logﬁ L is defined by using the norm Ng, .

4.1. Dual Space

The dual space of L 1og/S L is characterized as follows. Let i be the inverse function of logﬁ (14 x):
-1 (61)

Further, we define

(x) = [ 9p0) . (62)

The Orlicz space associated with ¥ is the dual space of L logl3 L. Let us study the asymptotic
behavior of ¥4 at x = co.

Proposition 7. We have the following:
Yp(x) ~ ﬁexl/ﬁx(ﬁ_l)/ﬁ as x — oo, (63)
Proof. We use the ’'Hospital theorem.

N 716 . ¥p(x)
hm 1/’57 - hm T 1/B a2 _1\/a,
x>0 pxV/By(B-1)/B x50 (exl/ﬁx(ﬁ—l)/ﬁ)/
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1/
|

)
R B (1) B2 B /B 4 P18

T P 1

m

x 00 (,x1/B 1/pB—1.-1/8
(eX"/B) + e Epx

1—e
=lim ——
x—eo 1 4 1,1/

pt P
= ﬁ_
Equation (63) easily follows from this. [

The following Hausdorff-Young inequality plays a fundamental role in the later computation.
xy < Pg(x) + ¥p(y)- (64)

For example, if N (f) = 1, then we can show that for y > 0

E[|fly] < E[®p(If])] + E[Yp(y)] =1+ ¥p(y).
Hence,

1 —l—ll'rﬁ(]/)

Elf) < =22

This shows that L logﬁ L C L! and there exists a constant kg > 0so that

Il < xaNa (f)-

4.2. Linear Operators in Orlicz Spaces

Orlicz space LlogP L is a Banach space with the norm Ng ;- The operator norm can also be defined
in terms of this norm. However, since this norm is hard to calculate concretely, we take another way.
We introduce a new norm || ||, which is called the Orlicz norm, by

1 fllog = sup{E[g| f]]; E[¥p(g)] < 1}. (65)

Here, g runs over all functions satisfying E[¥4(g)] < 1. Replacing f with f/2,

1f72ll@; = sup{E[g|f/2[}; E[Yp(g)] <1}
sup{E[(8/2)IfI];E[Yp(28/2)] <1}

sup{E[g|f[]; E[¥p(28)] < 1}.

Hence, we can rewrite Equation (65) as follows:
1 fllog = 2sup{E[g|f]]; E[¥p(28)] <1}
We will rewrite the condition E[¥g(2g)] < 1.
Proposition 8. We have

sup{E[egl/ﬁ]; g >0and E[¥4(2¢)] <1} < co.
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Proof. From Proposition 7, we have
¥5(2x) ~ e (2x) B/,

We can take large constant Cg so that

1

e’ < ¥y(2x) + Cp.

Therefore, if E[Y5(2¢)] < 1, then we have

Eles""] < E[¥5(2g)] + Cp < 14 Cy,
which is the desired result. [

We set ]
Ks = sup{E[e$'""]; ¢ > 0and E[¥4(2g)] < 1}. (66)

Then, by Proposition 8, we can see that E[egl/ﬁ] < Kgif E[¥p(2¢)] < 1.
It is well-known that two norms, Ng, and | |o, are equivalent (see e.g., p. 61,
Chapter III. 3.3, Proposition 4 of Rao-Ren [4]):

No, (f) < [Iflle, < 2Na, (£). ©7)
From this, we have the following
Proposition 9. A linear operator T on L logﬁ L is bounded if there exist positive constants A and B so that
ITflop < AE[®p(|f])] + B (68)
Proof. If we assume Equation (68), then we have
ITf/Nog(f)llo; < AE[®p(|f]/Nay(f))] +B = A+ B,

which implies || Tf||q>/5 < (A+ B)Nq)ﬁ (f). The rest is easy from Equation (67). [

Corollary 1. Let Kg be a constant defined by (65). Then a linear operator T on LlogP L is bounded if there
exist constants A and B so that for any non-negative function g with E [egw] < Kg and any non-negative
function f € LlogP L, we have

E[|Tf|) < AE(/f|log? |f]] +B. (69)

Proof. From Equation (58), we have ®(x) ~ xlogP(x + 1) and hence we can find constants a and b
so that

xlogi x < adg(x) +b.
Then
ITfllog = 2sup{E[g|Tf]]; E[¥p(28)] <1}
< 2sup{E[g|Tf[;Eles"" < Ky}

< 2{AE[|f] logi |f]] +B} (. Equation (69))
< 2AE||f|logf} [f]] +2B
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< 2AE[a®g(|f]) +b] +2B
< 2aAE[®g(|f])] +2bA + 2B.

Now, from Proposition 9, T is bounded. O

We list up some inequalities which are necessary later. For x, y > 0,

x +y)P < 2P YaP +bP), >1,
y p
(x+y)f <aP +0bF, p<1

There exists a positive constant Ag so that
xy < Aﬁ(xlogix—i—eyl/ﬁ). (70)
This inequality is a modification of the following Hausdorff-Young inequality:
xy < xlogx —x+éY.

5. The Spectrum of the Laguerre Operator in Llogf L

The kernel representation of the resolvent of Laguerre operator was given in Equation (53). It is

bounded in L2. We will examine whether it is bounded in L logP L. Recall that our reference measure

ism= ﬁx"‘e”‘ dx. We assume & > —1. From now on, we ignore the constant and consider the

measure x“e”* dx.
We take any f € Llogf L. We also take a non-negative function g satisfying E|[e$ 1/’3} < Kg. Our aim

is to show that there exist constants A and B so that E[g|G.f|] < AE]|f] logfj|r |f|] + B. The integrability
is important, and we do not need the precise constant. Hence, we use the following notation:

xSy
This means that there exist constants k and [ so that
x <ky+l

Here, constants k and [ are independent of functions f and g. This is important but we do not
mention this each time.
We starts with an estimate of the defective Gamma function.

Proposition 10. Take any k € R. Ifk < 0, then
/yoo ke X dx < yke*y, y > 0. (71)
Ifk > 0, then there exists a constant cy so that
/yoo xKe % dx < cr(y + 1)ke, y > 0. (72)

These are easily obtained by seeing that [ yoo xke=*dx ~ yke Y dx asy — oo.

Proposition 11. Assume that x > 0 and A > —1. Then, there exists a constant C depending on x and A
so that y
/ (—logx)x dx < C(~logy + 1)1, y<1. (73)
0
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Proof. This inequality can be reduced to the previous proposition. By the change of variable formula,
we have

—(A+1)1 . . -
/y(*logx)KxAdx = / ( )Ogy( “ )Ke’m)‘e’m du
JO Joo

A+1 A+1
(u =—(A+1)logx, x = e W/ A+ gy — _pmu/(A+1) Aﬁll)
xk+1 poo
= (A : 1) /_(A+1)logyuke_”d”
< C(A i 1)K+1(—(A+ 1)10gy+ 1)%eM+ D108y (- - Equation (72))
< Aﬂ(flogyﬂ)"y”l.

This completes the proof. [

We study integrals involving function g.

Proposition 12. Forany k € R, & > —1and B > 0, there exist constants C1, Cy so that

/ g(x)xFx%e dx < Cle_yyk/ e8P yme=x gy 4 Cpyfthteey oy > 1, (74)
Y Y

We have assumed that E [egl/ﬁ] < Kyg, so we have that there exists a constant ¢ depending only on k, B,
and « so that

/y g(x)xkete ™ dx < cyfyPHOV0e—Y vy > 1. (75)

Proof. Set F(x) = x*e~*, x > 0. Then
F'(x) = kakTe™ — e7%xk = (k — x)xF"1e™
F takes its maximum at x = k and for x > k, F is decreasing. Hence, if k < y < x, then
xke™ < yFe7V
and if 1 <y <k, then for y < x, we have
xke™* < F(k) < F(k)F(1)"'F(1) < F(k)F(1)"'F(y) < F(k)F(1) " 'ykeV.
Hence, there exists a constant ¢y depending on k such that for1 <y <x,
ke—x < ckyke*y. (76)

Therefore

< Aﬂ/ (80" 4 e logh e¥)e *xkx¥% ¥ dx (- Equation (70))
y

< Aﬁ/ eg(x)l/ﬁ(xke_")x"‘e_x dx + Ag / K HPxte=* dx
Y Y



Entropy 2018, 20, 220 18 of 23

< Aﬂckyke*y / eSCP ye=x gy 4 AﬁckJrﬁMyk*ﬁy“e*y.
y
(" Proposition 10 and Equation (76))
This completes the proof. [

Proposition 13. Assume k+ B+ a +1 > 0. Then, there exists a constant C so that
y Y
/ g(x)xfx% dx < y"+ﬁ+“+1{c1 + Cz/ e8P g dx}, Yy > 1. (77)
1 1
Recalling that E[egl/ﬁ] < Kpg, we have
Y
/ g(x)xFx® dx < CayFHAHetl oy > 1, (78)
1
When k + B +a +1 = 0, we have
Y k.o y ( )Uﬁ o ,—X
/ g(x)x" x%dx < Cq logy+C2/1 eS8 x e ™ dx, Yy > 1. (79)
1 .
Again by E[egw] < Kg,
Y k.o
/ g(x)xx¥dx < Cilogy + Co, Wy > 1. (80)
1
Proof. By using Equation (70), we have
y k..o Yoox —x. k.«
/ gx)x" x" dx = /1 (e¥g(x))e *x"x" dx
1
4
< Aﬁ/ {eg(x)]//j +e" logi e*}xkx*e~*dx (- Equation (70))
1
< A,B /xy{xk-&-ﬁ-&-a _|_eg(x)1/ﬁxk+txe—X}dx
1
[xkrprariy 4 Ap /y 8P ke pratl y —palyap—x gy
1

<Ag———
=Pkt pratl

y 1/B _
< k+B+a+1 k+B+a+1 / S()VP =% gy
< Aﬁk Bia 7Y + Apy e xte dx

When k + B +a +1 = 0, in the computation above, we just need to note that the primitive function
of x lislogx. O

Of course, when k + 8+ a + 1 < 0, the left-hand side of Equation (77) is bounded.
We have seen the asymptotic behavior of integrals as y — co. We can also get the asymptotics as
y — 0. We will prove this by reducing to the previous case.

Proposition 14. Suppose that « > —1, f > 0. Then, there exist constants C1, Cy so that
y Y
/ g(x)x"dx < Cly”‘H/ eSO x gy + oy (—logy +1)F, Wy <1. (81)
0 0
By using E[egl/ﬁ] < Ap, we have

Y
/0 g(x)x¥dx < Cy* 1 (—logy +1)F vy <1. (82)
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Proof. For y <1, we have
/Oyg(x)x”‘ dx = /()y(g(x)x_“_l)x“+1x“ dx
< Ag /y(eg(x)]/ﬁ +x %! 1ogﬂ x4 Hx® 1y dx (- Equation (70) )
= Aﬂ/ )VE 1y ”‘dx—l—A/g/ N+ 1)(—logx)Px¥H1x% dx
< A,gjf‘“/o e8P ”‘dx+A/g(0c+1)/ (—log x)Px* dx
< Aﬁy"“r1 /Oy eSCIP gy 4 Ag(a+1)C(—logy + 1)Py**1, (- Equation (73))
which is the desired result. O
Lastly, we show the estimate involving the function f.
Proposition 15. We have the following inequality for f.
./1.00 xPf(x)x%e ¥ dx < C1 +Cy /:Of(x) log[jr f(x) x*e *dx. (83)
Proof. From Young's inequality
/100 xPflx)x¥e > dx = 2P /oo(x/Z)ﬁf(x)x“e*x dx
< ZﬁAﬁ/ {ell ((x/2)P + f(x )log+f x)}x*e *dx (. Equation (70) )
< 2/5A5/1 e/ 2x%e ™% dx + ZﬁAﬁ/l f(x) logi fx)x%e *dx
< ZﬂAﬁ /10<> x*e /2 dx +2ﬂA13 /:of(x) logif(x)x“efx dx
<G +G /loof(x) logﬁf(x) x*e " dx.

O

We now investigate the spectrum. Let us start with the point spectrum.

Theorem 3. The point spectrum of 2 is {z; Rz < —p} U{0,—1,-2,...,—[B]}. Here, [B] stands for the
integer part of B.

Proof. We show that a is an eigenvalue of 2( if Ra < —pB. We have seen that M(x) = M(a,a + 1;x)
satisfies the differential equation AM = aM (see Equation (42)). We only need to show that
M € LlogP L. The integrability of ®g(M) on [0,1] is trivial since M is bounded on [0, 1]. We see
the integrability on [1,00):

/1 |M(x)] log’j_ IM(x)]x%e *dx < /1 XTI ([ Ra— 1 — a log, x)Px"e " dx
< /Oo xRa=1xB gy
1

[ee]
< / K148 gy < oo,
1

The finiteness in the last line follows from ®a — 1+ g < —1.
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It remains to be shown that —n (0 < n < p) is an eigenvalue. In fact, M (—n,a 4+ 1;x) is
an polynomial of order n (a Laguerre polynomial up to normalization) and hence the integrability of
®g(M) follows easily. [

Theorem 4. If Ra > —pB, then a belongs to the resolvent set except when a =0, —1, =2,..., —[B].
Proof. We show that G, in (51) is bounded in Llog L. To do this, we use Corollary 1. We recall the
kernel G,(x,y).

(1) The case y < x.

Let us consider the resolvent kernel M(y)U(x)y*e Y (recall Equation (53) but we ignore a constant
multiplication). In the region of x < 1, we have

[ stowe ix / MU L)y dy

1
< | og(x)xte™™ dx/ x Y f(y)ly*eYdy (.- Misbounded and [U| < x % on [0,1])
0 0

2

1 1
< [ g)xm e dx [ If() e dy
0
1
(0 4 2 ab (~ logx)P)xte ax [ (v logh |f(w) e ¥y
(xS xlog’i x and Equation (70))

1
< /O F()|logh [ £(y) [y e dy.

2

o

When a =0, |[U| S —log x in the above computation should be changed as follows:

/ x>exdx/ MU E)|[f(y)le ™ dy
1

< [ s de/ [log x|Lf(y)le™ dy

i

1

< [ stltogxteax [ Ifty)le dy
0

1
< [ 4 og xlog?, llogxl}edx [ £(y)l 1o £ (w)ledy

(- x < xlogi x and Equation (70))
1
< [ 17w ol 1 w)le ay.

A

In the region of x > 1, we have
o0 X
IR / IMWUE)|f )y dy
S [T gtaate s [ IM@)IF@)lye vy (o UlSx W on [1,0)
=[x “-de/ M) 1 () e dy
[T x g dx [T M@)IF) e dy
1
S [T gtateTdx [ lyte dy
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(o] X
[ Pagate tdx [ ey ) yte Y dy
(. |M]| is bounded on [0,1] and |M| < e/y"*~1=% on [1,0))

) 1
S [ Mgate v ax [ Iry)lyte vy
1 0

+ /100 v f(y)| dy /oo xRig(x)x* ¥ dx (- Fubini’s theorem)
Yy

1 ©
< [ U@ltetay+ [T yR pply Ry 0 vy (- Equation (75))

N / fW)ly*e dy + / )y Ty TPy ay
N/ |f(y Iy"‘e‘ydy+/ Wy PeVdy ((a+p)VO<a+p+1)
S / F () log | f(y)ly*e™ dy + / y)|logh | £(y)|y*e ¥ dy.

(- xS xlog+ x and Equation (83))

(2) The case y > x.

We consider the resolvent kernel M(x)U(y)y*e Y. In the region x < 1, we have

1 )
| sxte ax [ IMEUIIWlye? dy
1 1
< | gt ax [ U)IF)lyte dy
+ / e dx [T IUIF)lye dy

5/0 g(x)x"e xdx/ y L f(y)lyte de+/ e‘xdx/looy—%ﬂf(y)wwe—ydy
(- Ul Sy “on0,1], [U] Sy~ on [1,0)))

< [ty [ sttt [Ty sl vay

*." Fubini’s theorem and Equation (82) fory = 1)

21 of 23

(
1 o
< / If (y) e*yy”‘“(— logy +1) p )P dy +/ y/g|f(y)|y“e*y dy (. Equation (82) and Ra > —p)

< [1rolyte vay+ [ 17 ogh £ lye  dy
(" y(—logy + 1)P is bounded on [0,1] and Equation (83))
< [ ogh [flyte v dy+ [~ 1Fwlog [fwlyte ¥dy (- x5 xlogh x).

In the region x > 1, we have

[ stoxteax [ MUyt dy

/ X e xdx/ x 5Ra 1-« 7§Ra‘f( )‘y“@iyd]/
x
o M| < e x® 1% and U] <y ™ on [1,00))

“Rayw| £ (y)|e” ydy/ x™=1dx (- Fubini’s theorem)

/OQ y—ERa il e yy%”_1+ﬁ+1 dy ( EquatiOl’l (78))
1
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< /1 TP )lyte Yy
< [T 1w og? [fw)ly*e vdy (- Equation (53))

Thus, we have shown that G, is bounded in L1logP L. Hence, the spectrum of 2 is completely
determined. [

The spectrum is shown as in Figure 1. The case of § = 1 is the Zygmund space. Hence, the spectral
gap equals 1. So we have (sg = 1 where (s is defined by Equation (33). Therefore, by Equation (34),
we have

1
EZVLSS'YZ%ZSCSGZTL

and so it shows that 715 # {sg may happen. This is a well-known result in the case of L. Furthermore,
in [9], we have shown that assuming the logarithmic Sobolev inequality, the spectrain LF (1 < p < o0)
are all the same. In our case, the spectrum in L? is 0, —1, —2,... The spectrum in Llogf L is quite
different from that. Moreover, the logarithmic Sobolev inequality may not give a uniform estimate for
spectral gaps among the Orlicz spaces LlogP L (8 > 0).

5 —4 3|2 10 1

Figure 1. The spectrum in the space LlogP L.

Acknowledgments: This research was partially supported by the Japanese Ministry of Education, Culture, Sports,
Science, and Technology, Grant-in-Aid for Scientific Research (B), No. 15H03624, 2017. The author would like to
thank referees for their careful reading of the paper.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Bakry, D.; Gentil, I.; Ledoux, M. Analysis and Geometry of Markov Diffusion Operators;, Grundlehren der
Mathematischen Wissenschaften 348; Springer: Cham, Switzerland, 2014.

2. Deuschel, ].-D.; Stroock, D.W. Large Deviations; Academic Press: San Diego, CA, USA, 1989.

3. Roberto, C.; Zegarliniski, B. Orlicz-Sobolev inequalities for sub-Gaussian measures and ergodicity of Markov
semi-groups. J. Funct. Anal. 2007, 243, 28-66.

4. Rao, M.M.; Ren, Z.D. Theory of Orlicz Spaces; Monographs and Textbooks in Pure and Applied Mathematics,
146; Marcel Dekker: New York, NY, USA, 1991.



Entropy 2018, 20, 220 23 of 23

5. Engel, K-J.; Nagel, R. One-Parameter Semigroups for Linear Evolution Equations; Springer: New York, NY,
USA, 2000.

6.  Lebedev, N.N. Special Functions and Their Applications; Dover: Mineola, NY, USA, 1972.

7. Korzeniowski, A.; Stroock, D.W. An example in the theory of hypercontractive semigroups. Proc. Am. Math. Soc.
1985, 94, 87-90.

8. Beals, R.; Wong, R. Special Functions; Cambridge University Press: Cambridge, UK, 2010.

9.  Kusuoka, S.; Shigekawa, I. Exponential convergence of Markovian semigroups and their spectra on LP-spaces.
Kyoto |. Math. 2014, 54, 367-399.

® (© 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).



http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Entropy and the Zygmund Space
	The Zygmund Space
	Entropy

	Spectrum of the Laguerre Operator
	The Laguerre Operator
	Confluent Hypergeometric Functions
	The Logarithmic Sobolev Inequality

	Orlicz Space LlogL
	Dual Space
	Linear Operators in Orlicz Spaces

	The Spectrum of the Laguerre Operator in LlogL
	References

