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Abstract: We study the arbitrarily varying relay channel, which models communication with relaying
in the presence of an active adversary. We establish the cutset bound and partial decode-forward
bound on the random code capacity. We further determine the random code capacity for special
cases. Then, we consider conditions under which the deterministic code capacity is determined as
well. In addition, we consider the arbitrarily varying Gaussian relay channel with sender frequency
division under input and state constraints. We determine the random code capacity, and establish
lower and upper bounds on the deterministic code capacity. Furthermore, we show that as opposed
to previous relay models, the primitive relay channel has a different behavior compared to the
non-primitive relay channel in the arbitrarily varying scenario.

Keywords: arbitrarily varying channel; relay channel; decode-forward; Markov block code; minimax
theorem; deterministic code; random code; symmetrizability.

1. Introduction

The relay channel was first introduced by van der Meulen [1] to describe point-to-point
communication with the help of a relay, which receives a noisy version of the transmitter signal
and transmits a signal of its own to the destination receiver. The relay channel is generally perceived
as a fundamental building block for multihop networks (see e.g., [2,3], Chapter 16), where some nodes
receive and transmit in order to assist the information flow between other nodes. The capacity of the
relay channel is not known in general, however, Cover and El Gamal established the cutset upper
bound, the decode-forward lower bound, and the partial decode-forward lower bound [4]. It was also
shown in [4] that for the reversely degraded relay channel, direct transmission is capacity achieving.
For the degraded relay channel, the decode-forward lower bound and the cutset upper bound coincide,
thus characterizing the capacity for this model [4].

In general, the partial decode-forward lower bound is tighter than both direct transmission and
decode-forward lower bounds. El Gamal and Zahedi [5] determined the capacity of the relay channel
with orthogonal sender components, by showing that the partial decode-forward lower bound and
cutset upper bound coincide. A variation of the relay channel, referred to as the primitive relay channel,
was introduced by Kim [2], and attracted a lot of attention (see e.g., [6-12] and references therein).
Recently, there has also been a growing interest in the Gaussian relay channel, as e.g., in [5,7,9,13-16]
and references therein. In particular, El Gamal and Zahedi [5] introduced the Gaussian relay channel
with sender frequency division (SFD), as a special case of a relay channel with orthogonal sender
components. There are many other relaying scenarios, including secrecy [17,18], networking [15,19-22],
parallel relaying [23-25], diamond channels [26-28], side information [29-33], etc.
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In practice, the channel statistics are not necessarily known in exact, and they may even change
over time. The arbitrarily varying channel (AVC) is an appropriate model to describe such a
situation [34]. In real systems, such variations are caused by fading in wireless communication [35-42],
memory faults in storage [43-47], malicious attacks on identification and authorization systems [48,49],
etc.It is especially relevant to communication in the presence of an adversary, or a jammer, attempting to
disrupt communication. Jamming attacks are not limited to point-to-point communication, and cause
a major security concern for cognitive radio networks [50] and wireless sensor networks [42,51-54],
for instance.

Considering the AVC without a relay, Blackwell et al. determined the random code capacity [34],
i.e., the capacity achieved by stochastic-encoder stochastic-decoder coding schemes with common
randomness. It was also demonstrated in [34] that the random code capacity is not necessarily
achievable using deterministic codes. A well-known result by Ahlswede [55] is the dichotomy property
of the AVC. Specifically, the deterministic code capacity either equals the random code capacity or else,
it is zero. Subsequently, Ericson [56] and Csiszar and Narayan [57] established a simple single-letter
condition, namely non-symmetrizability, which is both necessary and sufficient for the capacity to
be positive. Ahlswede’s Robustification Technique (RT) is a useful technique for the AVC analysis,
developed and applied to classical AVC settings [58,59]. Essentially, the RT uses a reliable code for the
compound channel to construct a random code for the AVC applying random permutations to the
codeword symbols. A continuing line of works on arbitrarily varying networks includes among others
the arbitrarily varying broadcast channel [60-65], multiple-access channel [60,66-75], and wiretap
channel [76-84]. The reference lists here are far from being exhaustive.

In this work, we introduce a new model, namely, the arbitrarily varying relay channel (AVRC).
The AVRC combines the previous models, i.e., the relay channel and the AVC, and we believe that
it is a natural problem to consider, in light of the jamming attacks on current and future networks,
as mentioned above. In the analysis, we incorporate the block Markov coding schemes of [4] in
Ahlswede’s Robustification and Elimination Techniques [55,59]. A straightforward application of
Ahlswede’s RT fails to comply with the strictly causal relay transmission. In a recent work [85,86],
by the authors of this paper, a modified RT technique was presented and applied to the point-to-point
AVC with causal side information under input and state constraints, without a relay. This was the first
time where the application of the RT exploited the structure of the original compound channel code to
construct a random code for the AVC, as opposed to earlier work where the original code is treated as
a “black box”. Here, we present another modification of the RT, which also exploits the structure of the
original compound channel code, but in a different manner. The analysis also requires to redefine the
compound channel, and we refer to the newly defined channel as the block-compound relay channel.

We establish the cutset upper bound and the full/partial decode-forward lower bound on the
random code capacity of the AVRC. The random code capacity is determined in special cases of the
degraded AVRC, the reversely degraded AVRC, and the AVRC with orthogonal sender components.
Then, we give extended non-symmetrizability conditions under which the deterministic code capacity
coincides with the random code capacity. We show by example that the deterministic code capacity
can be strictly lower than the random code capacity of the AVRC. Then, we consider the Gaussian
AVRC with SFD, under input and state constraints. The random code capacity is determined using
the previous results, whereas the deterministic code capacity is lower and upper bounded using an
independent approach. Specifically, we extend the techniques from [87], where Csiszdr and Narayan
determine the capacity of the Gaussian AVC under input and state constraint. It is shown that for low
values on the input constraint, the deterministic code capacity can be strictly lower than the random
code capacity, but yet non-zero.

Furthermore, we give similar bounds for the primitive AVRC, where there is a noiseless link
between the relay and the receiver of limited capacity [2]. We find the capacity of the primitive
counterpart of the Gaussian AVRC with SFD, in which case the deterministic and random code
capacities coincide, regardless of the value of the input constraint. We deduce that Kim's assertion—that
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“the primitive relay channel captures most essential features and challenges of relaying, and thus serves
as a good testbed for new relay coding techniques” [2]—is not true in the arbitrarily varying scenario.

This work is organized as follows. In Section 2, the basic definitions and notation are provided.
In Section 3, we give the main results on the general AVRC. The Gaussian AVRC with SFD is introduced
in Section 4, and the main results are given in Section 5. The definition and results on the primitive
AVRC are in Section 6.

2. Definitions

2.1. Notation

We use the following notation conventions throughout. Calligraphic letters X', S, ), ... are used
for finite sets. Lowercase letters x,s, v, ... stand for constants and values of random variables, and
uppercase letters X, S, Y, ... stand for random variables. The distribution of a random variable X is
specified by a probability mass function (pmf) Px(x) = p(x) over a finite set X'. The set of all pmfs over
X is denoted by P(X'). We use ¥l = (x1,%2,..., x]-) to denote a sequence of letters from &X'. A random
sequence X" and its distribution Px« (x") = p(x") are defined accordingly. For a pair of integers i and
j, 1 <i < j, we define the discrete interval [i : j] = {i,i+1,...,j}. The notation x = (x1,x2,...,Xy) is
used when it is understood from the context that the length of the sequence is 7, and the ¢2>-norm of x
is denoted by || x||.

2.2. Channel Description

A state-dependent discrete memoryless relay channel (X, X3, S, WY’YI 1X,X,,5 Y, V1) consists of
five sets, X', &1, S, Y and )y, and a collection of conditional pmfs Wy y, x x, s- The sets stand for the
input alphabet, the relay transmission alphabet, the state alphabet, the output alphabet, and the relay
input alphabet, respectively. The alphabets are assumed to be finite, unless explicitly said otherwise.
The channel is memoryless without feedback, and therefore

n

Wy yajxon xn,on (8" yi 16", 51, 8™) = T T Wy vy x,x,,8 (Wi il i si) - 1
i=1

Communication over a relay channel is depicted in Figure 1. Following [29], a relay channel Wy y, |x x, s

is called degraded if the channel can be expressed as

Wy v, 1x,x,,5 W y1lx,x1,8) = Wy, 1xx,,5 (1], x1,8) Wy v, x5 (WY1, x1,8) 2)

and it is called reversely degraded if

Wy v, |x,x,,5 (Y, y11%, x1,8) = Wy|x x, s (¥]x, x1,8) Wy, v x,,s (W1]y, %1, 5) - 3)

We say that the relay channel is strongly degraded or reversely degraded, if the respective definition
holds such that the sender-relay marginal is independent of the state. That is, Wy y, x x, s is strongly
degraded if Wy y, |x x,,s = Wy,|x,x, Wy|v,,x,,5- and similarly, Wy y, | x x, s is strongly reversely degraded
if Wy v, 1x,.x1,5 = Wy|x,x,,sWy,|v,x,- For example, if Y1 = X+ Zand Y = Y7 + Xj + S, where Z is an
independent additive noise, then Wy y,|x x, s is strongly degraded. Whereas, if Y = X 4+ X; 4+ S and
Y1 =Y+ Z, then Wy y, |x x, s is strongly reversely degraded.

The arbitrarily varying relay channel (AVRC) is a discrete memoryless relay channel
(x,x,S, WY,Y1 1X,X,,57 Y,Y1) with a state sequence of unknown distribution, not necessarily
independent nor stationary. Thatis, S"” ~ g(s") with an unknown joint pmf g(s") over S”. In particular,
q(s") can give mass 1 to some state sequence s". We use the shorthand notation £ = {Wy y,|x x, s} for
the AVRC, where the alphabets are understood from the context.
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To analyze the AVRC, we consider the compound relay channel. Different models of compound relay
channels have been considered in the literature [30,88]. Here, we define the compound relay channel
as a discrete memoryless relay channel (X, X1, S, Wy y,|x x,,s, ), Y1) with a discrete memoryless state,
where the state distribution g(s) is not known in exact, but rather belongs to a family of distributions Q,
with @ C P(S). Thatis, S" ~ [T q(s;), with an unknown pmf g € Q over S. We use the shorthand
notation £€ for the compound relay channel, where the transition probability Wy y,|x,x,,s and the
alphabets are understood from the context.

In the analysis, we also use the following model. Suppose that the user transmits B > 0 blocks
of length 1, and the jammer is entitled to use a different state distribution gq,(s) € Q for every
block b € [1 : B], while the encoder, relay and receiver are aware of this jamming scheme. In other
words, every block is governed by a different memoryless state. We refer to this channel as the
block-compound relay channel, denoted by £<*B. Although this is a toy model, it is a useful tool for
the analysis of the AVRC.

Relay Encoder

Y*lifl Xl,j,

~

M

Decoder —>

M X Y;

——> Encoder

v

Wyyiix.x..s

v

Figure 1. Communication over the arbitrarily varying relay channel £ = {Wyy,|x x, s} Givena
message M, the encoder transmits X" = f(M). Attime i € [1 : n], the relay transmits X; ; based on
all the symbols of the past Y{_l and then receives a new symbol Y7 ;. The decoder receives the output
sequence Y", and finds an estimate of the message M = g(Y").

2.3. Coding

We introduce some preliminary definitions, starting with the definitions of a deterministic code
and a random code for the AVRC L. Note that in general, the term ‘code’, unless mentioned otherwise,
refers to a deterministic code.

Definition 1 (A code, an achievable rate and capacity). A (2R, n) code for the AVRC L consists of
the following; a message set [1 : 2"R|, where it is assumed throughout that 2"R is an integer, an encoder
f:[1:2"R] — X", a sequence of n relaying functions f1; : Vit — Xy, i € [1: n], and a decoding function
g: V" — [1:2MR],

Given a message m € [1 : 2"R|, the encoder transmits x" = f(m). At timei € [1 : n), the relay transmits
x1; = f1,(y") and then receives yy ;. The relay codeword is given by xi = fI(y}) & ( fii (y’fl))il.
The decoder receives the output sequence y", and finds an estimate of the message i = ¢(y") (see Figurel_l ).
We denote the code by € = (f(-), f(-),§(+)). Define the conditional probability of error of the code € given a

state sequence s € S" by

1 n N
Pe(\};)z (¢) = onR ) )3 HWY,Y1|X,X1,S(]/i/y1,i film), fri(v} 1)/51‘)1 ‘ @
m=1(y"yy): g(y")#m Li=1
Now, define the average probability of error of € for some distribution q(s") € P(S"),

PM(E) = Y (") PI(E). 5)

shteSt
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Observe that P\" (q,€) is linear in q, and thus continuous. We say that € is a (2R, n, €) code for the AVRC L
if it further satisfies

Pe(")(q,cf) <e, forallg(s") e P(S"). (6)

A rate R is called achievable if for every e > 0 and sufficiently large n, there exists a (2"%,n,¢) code.
The operational capacity is defined as the supremum of the achievable rates and it is denoted by C(L). We use
the term ‘capacity’ referring to this operational meaning, and in some places we call it the deterministic code
capacity in order to emphasize that achievability is measured with respect to deterministic codes.

We proceed now to define the parallel quantities when using stochastic-encoders stochastic-decoder
triplets with common randomness. The codes formed by these triplets are referred to as random codes.

Definition 2 (Random code). A (2"R,n) random code for the AVRC L consists of a collection of (2", n)
codes {6y = (fy, 1., 8) }yer, along with a probability distribution () over the code collection T'. We
denote such a code by € = (u,T,{%y }er). Analogously to the deterministic case, a (2", n, ) random code
has the additional requirement

PP (g, 6T) = Y u(v)P"(q,%,) <, forall g(s") € P(S"). @)
yel

The capacity achieved by random codes is denoted by C*(L), and it is referred to as the random code capacity.

3. Main Results—General AVRC

We present our results on the compound relay channel and the AVRC.

3.1. The Compound Relay Channel

We establish the cutset upper bound and the partial decode-forward lower bound for the
compound relay channel. Consider a given compound relay channel £€. Let

Res(£9) £ inf max min {I,(X, X;;Y), L(X;Y,Y1]X1)}, (8)
q€Q p(x,x1)

and

Rpr(EQ) £ max min{ inf I,(U, Xq;Y) + inf I,(X;Y|Xy, U),
pux,x1) q€Q q€Q

inf I,(U;Y1|X1) + inf [,(X;Y|Xq,U) ¢, 9
inf 1 (U [%) + inf 1 (6 Y]x3,U) | ©)

where the subscripts ‘CS” and ‘DF’ stand for ‘cutset’ and ‘partial decode-forward’, respectively.
Lemma 1. The capacity of the compound relay channel L2 is bounded by

C(£9) > Rppr(£2), (10)
CX(L9) < Res(£9). (11)

Specifically, if R < Rppp(LS), then there exists a (2"R,n,e~") block Markov code over L for sufficiently
large n and some a > 0.

The proof of Lemma 1 is given in Appendix A. The achievability proof is based on block
Markov coding interlaced with the partial decode-forward scheme. That is, the encoder sends a
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sequence of messages over multiple blocks. The message in each block consists of two components, a
decode-forward component, and a direct transmission component, where only the former is decoded
by the relay. The name ‘decode-forward component” stands for the fact that the relay decodes this
message component and sends its estimation forwards, to the destination receiver. Once the decoder
has received all blocks, the decode-forward components are decoded backwards, i.e., starting with the
message in the last block going backwards. Using the estimation of the decode-forward components,
the direct transmission components are decoded forwards, i.e., starting with the message in the first
block going forwards. The ambiguity of the state distribution needs to be dealt with throughout all of
those estimations. In both decoding stages, the receiver performs joint typicality decoding using a set
of types that “quantizes” the set Q of state distributions.

Remark 1. If the set of state distributions Q is convex, then the upper bound expression in the RHS of
Equation (8) has a min max form. On the other hand, in the lower bound expression in the RHS of Equation (9),
the maximum comes first, and then we have multiple min terms, which makes this expression a lot more
complicated than the classical partial decode-forward bound [4] (see also [3], Theorem 16.3), where Markov
properties lead to a simpler expression. We note that this phenomenon (or one might say, disturbance) where
the lower bound has multiple min terms is not exclusive to the AVRC. A noteworthy example is the arbitrarily
varying wiretap channel [76,89], where the lower bound has the form of max[min I;(U;Y) — max I,(U; Z)].
While the capacity of the classical wiretap channel is known, the arbitrarily varying counterpart has remained an
open problem for several years.

Observe that taking U = @ in (9) gives the direct transmission lower bound,

C(L£2) >Rppr(£2) > max inf [(X;Y|X;). (12)
p(xfxl) qu

Taking U = X in (9) results in a full decode-forward lower bound,

C(£2) >Rppr(£2) > max_inf min {I,(X, X1;Y), L,(X;Y1]X1)} - (13)
p(x,x1) 9€Q

This yields the following corollary. The corollary uses the terms of a strongly degraded relay channel,
for which Wy y,1x x, s = Wy, |x,x, Wy|y, x,,5- and a strongly reversely degraded relay channel, for
which WY,Y1|X,X1,S = WY‘X,Xl,S WY1|Y,X]/ as defined in Section 2.2.

Corollary 1. Let L2 be a compound relay channel, where Q is a compact convex set.

1. If Wy v, x,x,,s is strongly reversely degraded, then

C(£9) = Rppr(L2) = Res(£2) = min max I,(X;Y[X;). (14)
q€Q p(x,x1)

2. If Wy y,|x x,,5 18 strongly degraded, then

C(L£9) =Rppr(L2) = Res(L2) = max min {mg (X, X;Y), I(X; Y1|X1)} . (15)
plx,xq qE

The proof of Corollary 1 is given in Appendix B. Part 1 follows from the direct transmission and
cutset bounds, (12) and (8), respectively, while part 2 is based on the full decode-forward and cutset
bounds, (13) and (8), respectively, along with the convexity considerations in the remark below.

Remark 2. On a technical level, there are two purposes for considering the strongly degraded relay channel, for
which the marginal channel to the relay is independent of the state, i.e., Wy, |x x, s = Wy,|x,x, (see Section 2.2).
First, this ensures that X — (X1,Y1) — Y form a Markov chain, without conditioning on S. Secondly,
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as pointed out in Remark 1, there is a difference between the order of the min and max in the lower and
upper bounds (cf. (8) and (9)). Thereby, proving the capacity results of Corollary 1 above, we apply the
minimax theorem. In general, a pointwise minimum of two convex functions may not necessarily yield a
convex function. Nevertheless, having assumed that the relay channel is strongly degraded, the functional
G(p,q) = min{I;(X, Xy;Y), I(X;Y1|Xq)} is quasi-convex in the state distribution, i.e.,

G(p, (1 —a)q1 +aq2)) < max(G(p,91),G(p,q2)) , (16)

forevery p € P(X x A1), q1,92 € Q, and 0 < a < 1. The quasi-convex shape is illustrated in Figure 2,
which depicts G(p, q) for an example given in the sequel. By [90] (Theorem 3.4), the minimax theorem applies to
quasi-convex functions as well, which alleviates the proof of Corollary 1.

G(1/2,q)

L L L L L L L L
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1
q

Figure 2. The functional G(p,q) = min{I;(X, Xy;Y), I(X;Y1|X1)}, for S ~ Bernoulli(q), 0 < g <1,
as a function of q. The figure corresponds to Example 1, where G(p,q) = min{1 — 3h(q), 1 —h(8)},
for p(x,x1) = p(x)p(x1), with X ~ Bernoulli(}) and X; ~ Bernoulli(}), and 6 = 0.08. Clearly, G(p, q)
is not convex in g, but rather quasi-convex in g.

The following corollary is a direct consequence of Lemma 1 and it is significant for the random
code analysis of the AVRC.

Corollary 2. The capacity of the block-compound relay channel £L2*8 is bounded by

C(L2*B) > Rppr(L9), (17)
CHL2B) < Res(L9). (18)

Specifically, if R < Rppr (L), then there exists a (2"R,n,e=") block Markov code over L2*B for sufficiently
large n and some a > 0.

The proof of Corollary 2 is given in Appendix C.

3.2. The AVRC

We give lower and upper bounds, on the random code capacity and the deterministic code
capacity, for the AVRC L.

3.2.1. Random Code Lower and Upper Bounds

The random code bounds below are obtained through a modified version of Ahlswede’s RT, using
our results on the block-compound relay channel in Corollary 2. Define

REpr(L) £ Rppr(L9) , RE(L) £ Res(L9) . (19)
O=P(S) 9=P(S)
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Theorem 1. The random code capacity of an AVRC L is bounded by
Rbpr(L) < CHL) < REg(L). (20)

The proof of Theorem 1 is given in Appendix D. To prove Theorem 1 we modify Ahlswede’s
RT. A straightforward application of Ahlswede’s RT fails to comply with the strictly causal relay
transmission. Essentially, the RT uses a reliable code for the compound channel code to construct a
random code for the AVC, applying random permutations to the transmitted codeword. However, the
relay cannot apply permutations to its transmission, since at time i € [1 : n], the relay cannot compute
fj (y]lfl), for j > i, as the relay encoder only knows the past received symbols vy 1,...,y1;—1, and
does not have access to the symbols yy , . . ., y1,j—1 which will be received in the future. To resolve this
difficulty, we use a block Markov code for the block compound channel. In a block Markov coding
scheme, the relay sends x7 , in block b, using the sequence of symbols y7, ; received in the previous
block. Since the entire sequence y7, ; is known to the relay encoder, permutations can be applied
to the transmission in each block separately. Hence, our proof exploits the structure of the original
block-compound channel code to construct a random code for the AVRC, as opposed to classical works
where the RT is used such that the original code is treated as a “black box” [59].

Remark 3. Block Markov coding with partial decode-forward is not a simple scheme by itself, and thus, using
the RT requires careful attention. In particular, by close inspection of the proof of Theorem 1, one may recognize
that the necessity of using the block-compound relay channel, rather than the standard compound channel, stems
from the fact that for the AVRC, the state sequences may have completely different types in each block. For each
block, we use the RT twice. First, the RT is applied to the probability of the backward decoding error, for the
message component which is decoded by the relay. Then, it is applied to the probability of forward decoding error,
for the message component which is transmitted directly.

Together with Corollary 1, the theorem above yields another corollary.

Corollary 3. Let £ be an AVRC.

1. If Wy v, x,x,,5 is strongly reversely degraded,

C*(L) = Rppr(L) = REg(£) = min max I;(X;Y[Xq). (21)
q(s) p(xx1)

2. If Wy y,|x,x,,s 18 strongly degraded,

C*(L) = Rppp(L) =REg(L) = r(nax) min {1’1}11)’1 (X, X3;Y), I(X; Y1X1)} ) (22)
p(xx q(s

Before we proceed to the deterministic code capacity, we note that Ahlswede’s Elimination
Technique [55] can be applied to the AVRC as well. Hence, the size of the code collection of any reliable
random code can be reduced to polynomial size.

3.2.2. Deterministic Code Lower and Upper Bounds

In the next statements, we characterize the deterministic code capacity of the AVRC L. We consider
conditions under which the deterministic code capacity is positive, and it coincides with the random
code capacity, and conditions under which it is lower. For every x; € &}, let Wi(x1) and W(x;)
denote the marginal AVCs from the sender to the relay and from the sender to the destination receiver,
respectively,

Wi(x1) = {Wy,x,x,s([x1,)}, W(x1) = {Wyx x,,sC[,x1,-)}- (23)
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See Figure 3.

Yi: Xy

.y \
X W(x1) v

Figure 3. The marginals of the arbitrarily varying relay channel. For every relay transmission x1 € A7,
the marginal sender-relay AVC is denoted by Wi (x1) = {Wy,x x, s(:[", x1,-)}, and the marginal
sender-receiver AVC is denoted by W(x1) = {Wyx x, s(:[-, x1, ). A sufficient condition, under which

the deterministic code capacity is the same as the random code capacity of the AVRC, is given in
Lemma 2. This condition is also a sufficient condition for positive capacity, but as explained in
Remark 4, it is not a necessary condition.

Lemma 2 gives a condition under which the deterministic code capacity is the same as the random
code capacity. The condition is given in terms of the marginal AVCs W (x1) and W(x1).

Lemma 2. If the marginal sender-relay and sender-reciever AVCs have positive capacities, i.e., C(Wi(x11)) >
0and C(OW(x12)) > 0, for some x11,x12 € Xj, then the capacity of the AVRC L is positive, and it coincides
with the random code capacity, i.e., C(L) = C*(L) > 0.

The proof of Lemma 2 is given in Appendix E, extending Ahlswede’s Elimination Technique [55].

Next, we give a computable sufficient condition, under which the deterministic code capacity
coincides with the random code capacity. For the point to point AVC, this occurs if and only if
the channel is non-symmetrizable [56,57] (Definition 2). Our condition here is given in terms of an
extended definition of symmetrizability, akin to [67] (Definition 3.2).

Definition 3. A state-dependent relay channel Wy y, x x, s is said to be symmetrizable-X|X; if for some
conditional distribution J(s|x),

Y Wy v x.x,,s (W v % x1,8) ] (s|2) = Y Wy v, x,x,,5 (¥, y1l %, x1,8) ] (s]x),
seS seS
Vx,x€e X, x1€X,yeY, neV. (24
Equivalently, for every given x1 € X1, the channel Wy x x, s(+|-,x1, ") is symmetrizable, where Y = (Y, 7).

A similar definition applies to the marginals Wy x x, s and Wy, |x x, 5. Note that symmetrizability
of each of these marginals can be checked, without reference to whether the channel is degraded or
strongly degraded.

Corollary 4. Let £ be an AVRC.
1. If Wyx x, s and Wy, |x x, s are non-symmetrizable-X | Xy, then C(L) = C*(L) > 0. In this case,
Rppr(L) < C(L) < REs(L). (25)
2. If Wy y,x,x, 5 is strongly reversely degraded, where Wy, x x, s is non-symmetrizable-X | Xy, then

C(L)=CXL) = RT;DF(E) = REs(L£) = min max L(X;Y|Xq). (26)
q(s) p(xx1)
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3. If Wyyxx,s is strongly degraded, where Wy xx, s is non-symmetrizable-X|X, and
Wy, 1x,x, (V1]x, 1) # Wy, |x,x, (V1] %, x1) for some x, % € X, x1 € Xy and yy € Y1, then

C(L) = C*(L) = Rppr(L) =REg(L) = I(nax) min {nzi?lq(x,xl;y), I(X;Y1|X1)} . @7
plx,x1 L] S

The proof of Corollary 4 is given in Appendix F.

Remark 4. By Corollary 4, we have that non-symmetrizability of the marginal AVCs, Wy (x11) and W(x12),
for some x11,%1 2 € X, is a sufficient condition for positive capacity (see Figure 3). This raises the question
whether it is a necessary condition as well. In other words: If Wy (x1) and W(x1) are symmetrizable for all
x1 € X}, does that necessarily imply that the capacity is zero? The answer is no. We show this using a very
simple example. Suppose that Y1 = S and Y = (X1, X + S), where all variables are binary. It is readily seen
that for both Y1 and Y, the input and the state are symmetric, for every given X; = x1. Hence, Wy (x1) and
W(x1) are symmetrizable for all x; € X. Nevertheless, we note that since the relay can send X1 =Y, =S,
this is equivalent to an AV C with state information at the decoder. As the decoder can use X to eliminate the
state, the capacity of this AVRC is C(L) = 1. In Lemma 3 below, we give a stronger condition which is a
necessary condition for positive capacity.

Remark 5. Note that there are 4 symmetrizability cases in terms of the sender-relay channel Wy, x x, s
and the sender-receiver channel Wy|x x, s. For the case where Wy, x x, s and Wyx x, s are both
non-symmetrizable-X | Xy, the lemma above asserts that the capacity coincides with the random code capacity.
In other cases, one may expect the capacity to be lower than the random code capacity. For instance, if Wy|x x, s
is non-symmetrizable-X | Xy, while Wy, | x, s is symmetrizable-X | Xy, then the capacity is positive by direct
transmission. Furthermore, in this case, if the channel is reversely degraded, then the capacity coincides with the
random code capacity. However, it remains in question whether this is true in general, when the channel is not
reversely degraded.

Next, we consider conditions under which the capacity is zero. Observe that if Wy y,|x x, s
is symmetrizable-X'|X; then so are Wy|x,x,,s and Wy xx s Intuitively, if the AVRC is
symmetrizable-X'| X, then it is a poor channel. For example, say Y1 = X+ X; + Sand Y = X - X; - S,
with & = X. Then, the jammer can confuse the decoder by taking the state sequence S" to be some
codeword. The following lemma validates this intuition.

Lemma 3. If the AVRC L is symmetrizable-X | Xy, then it has zero capacity, i.e., C(L) = 0. Equivalently,
non-symmetrizability-X | Xy of the AVRC L is a necessary condition for positive capacity.

Lemma 3 is proved in Appendix G, using an extended version of Ericson’s technique [56].
For a strongly degraded AVRC, we have a simpler symmetrizability condition under which the
capacity is zero.

Definition 4. Let Wy y, x x,,5s = Wy,x,x, Wy|v,,x,,5 be a strongly degraded relay channel. We say that
Wy v, x x,,5 is symmetrizable-Xy x Y if for some conditional distribution ] (s|x1,y1),

Y Wy, x,,sWlye x1,8) ] (s121,51) = ) Wy, x,,s Wl 21,8) T (slx1, 1),
seS seS

Vflleexlzl/eyl ]/1/]71€yl- (28)

Equivalently, the channel Wyy, s is symmetrizable, where Y) = (Y1, Xq).
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Lemma 4. If the AVRC L is strongly degraded and symmetrizable-X; x Yy, then it has zero capacity, i.e.,
C(L) =0.

Lemma 4 is proved in Appendix H. An example is given below.
Example 1. Consider a state-dependent relay channel Wy y, x x, s, specified by

Y1 =X+Z7Z mod 2,
Y=X;+S,

where X = X1 = 2 =8 =Y, = 10,1} and ¥ = {0,1,2}, and the additive noise is distributed
according to Z ~ Bernoulli(9), 0 < 6 < 1. It is readily seen that Wy y, x x, s is strongly degraded and
symmetrizable-X1 x Yy, by (2) and (28). In particular, (28) is satisfied with [(s|x1,y1) = 1 for s = x1, and
J(s|x1,y1) = O otherwise. Hence, by Lemma 4, the capacity is C(L) = 0. On the other hand, we show that
the random code capacity is given by C*(L£) = min {%, 1—h(0) }, using Corollary 3. The derivation of the
random code capacity is given in Appendix I.

3.3. AVRC with Orthogonal Sender Components

Consider the special case of a relay channel Wy y, |x x, s with orthogonal sender components [5]; [3]
(Section 16.6.2), where X = (X', X") and

Wy v, 1x,x7 x,,s W y1|x', &7, x1,8) = Wypxo x, s (WIX', x1,8) - Wy, 1xm x s (11", x1,8) - (29)

Here, we address the case where the channel output depends on the state only through the relay, i.e.,
Wy xr,x,,s (W1, x1,8) = Wy x, (4], x1).

Lemma 5. Let £ = {Wy|x' x, Wy, |x x,,s} be an AVRC with orthogonal sender components. The random
code capacity of L is given by

C(L) = Rppr(L) = Reg (L) = max min {I(X’, X3;Y), min [;(X"; Y1]X1) + I(X’;Y|X1)} . (30)
plx)p(¥'[x1)p(x"|x1) q(s)

If Wy, |x# x, s is non-symmetrizable-X"| Xy, and Wy x: x, (y|x', x1) # Wy|xr x, (y|¥', x1) for some x; € A7,

x', % € X',y € Y, then the deterministic code capacity is given by C(L) = Rypp(L) = RE(L).

The proof of Lemma 5 is given in Appendix J. To prove Lemma 5, we apply the methods of [5] to
our results. Specifically, we use the partial decode-forward lower bound in Theorem 1, taking U = X"
(see (9) and (19)).

4. Gaussian AVRC with Sender Frequency Division

We give extended results for the Gaussian AVRC with sender frequency division (SFD), which is
a special case of the AVRC with orthogonal sender components [5]. We determine the random code
capacity of the Gaussian AVRC with SFD, and give lower and upper bounds on the deterministic
code capacity. The derivation of the deterministic code bounds is mostly independent of our previous
results, and it is based on the technique by [87]. The Gaussian relay channel Wy y, |x x, s with SFD is a
special case of a relay channel with orthogonal sender components [5], specified by

Y, =X"+2,
Y=X'+X+8, (31)

where the Gaussian additive noise Z ~ N(0,0?) is independent of the channel state. As opposed
to Lemma 5, the main channel here depends on the state, while the channel to the relay does not.



Entropy 2019, 21, 516 12 of 48

In the case of a Gaussian channel, power limitations need to be accounted for, and thus, we consider
the Gaussian relay channel under input and state constraints. Specifically, the user and the relay’s
transmission are subject to input constraints (2 > 0 and ()7 > 0, respectively, and the jammer is under
a state constraint A, i.e.,

(X’2+X”2) Q, % Xi; < wp.1,

Il
_
Il
A

S2<A wp. 1. (32)

S|l= =
m: =

Il
—_

We note that Ahlswede’s Elimination Technique cannot be used under a state constraint (see [57]).
Indeed, if the jammer concentrates a lot of power on the shared randomness transmission, then this
transmission needs to be robust against a state constraint that is higher than A. Thereby, the results
given in Section 3.2.2 do not apply to the Gaussian AVRC under input and state constraints.

For the compound relay channel, the state constraint is in the average sense. That is, we say that
the Gaussian compound relay channel £< with SFD is under input constraints Q and ); and state
constraint A if

™=
e
:N
IN
2
g
o
—_

(X/Z +X”2) <Q, 1
nf

S|
nm=

Il
_

= {q( ) : ES* < A} (33)

Coding definitions and notation are as follows. The definition of a code is similar to that of
Section 2.3. The encoding function is denoted by f = (f,f”), with £ : [1: 2"8] — R" and £’ : |1
2"R] — R", and the relay encoding function is denoted by f; : R" — R", where f;; : R"! — R, for
i € [1: n]. The boldface notation indicates that the encoding functions produce sequences. Here, the
encoder and the relay satisfy the input constraints || (m)||> + ||/ (m)|* < nQand ||, (y1)||* < ny
forallm € [1:2"R] and y; € R". Attimei € [1 : n], given a message m € [1 : 2"R], the encoder
transmits (x/,x/) = (fi(m),f/(m)), and the relay transmits x;; = f;;(y1,1,...,¥1,-1). The decoder
receives the output sequence y, and finds an estimate 7z = ¢(y). A (2"R,n,¢) code € for the Gaussian

AVRC satisfies Pe(ﬁ)(%) < ¢, foralls € R" with ||s||* < nA, where

an
(n) 1 elizlPr2e
Pe\ an Z /D(ms 271?(72 n/z i dz, (34)
with
D(m,s) ={zeR": g(f(m)+£(f'(m)+z)+s)=m}. (35)

Achivable rates, deterministic code capacity and random code capacity are defined as before. Next, we
give our results on the Gaussian compound relay channel and the Gaussian AVRC with SFD.

5. Main Results—Gaussian AVRC with SFD

We give our results on the Gaussian compound and AVRC with SFD. The results on this compound
relay channel and on the random code capacity of this AVRC are obtained through a straightforward
extension of our previous results and derivations. However, the derivation of the deterministic code
bounds is mostly independent of our previous results, and it is based on modifying the technique by
Csiszér and Narayan in their paper on the Gaussian AVC [87].
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5.1. Gaussian Compound Relay Channel

We determine the capacity of the Gaussian compound relay channel with SFD under input and
state constraints. Let

Fo(a,p) émin{élog (1—}— A

— _ 2
ilog(lﬁ—(lag)0>+;log(l+(lg)an> } (36)

Lemma 6. The capacity of the Gaussian compound relay channel with SFD, under input constraints Q) and ()
and state constraint A, is given by

Q1 +aQ+ 2p\/(xQ\/01>

C(£9) = max Fg(a,p), (37)

0<a,p<1
and it is identical to the random code capacity, i.e., C(L2) = C*(L2).

The proof of Lemma 6 is given in Appendix K, based on our results in the previous sections.
The parameter 0 < a < 1 represents the fraction of input power invested in the transmission
of the message component which is decoded by the relay, in the partial decode-forward coding
scheme. Specifically, in the achievability proof in [5], «Q) and (1 — «)Q are the variances of X’ and
X", respectively. The parameter p stands for the correlation coefficient between the decode-forward
transmission X’ and the relay transmission Xj.

5.2. Gaussian AVRC

We determine the random code capacity of the Gaussian AVRC with SFD under constraints.

Theorem 2. The random code capacity of the Gaussian AVRC with SFD, under input constraints () and ()4
and state constraint A, is given by

CH(L) = C(£2) = max Fo(a,p). (38)
The proof of Theorem 2 is given in Appendix L. The proof follows the same considerations as in
our previous results.
Next, we give lower and upper bounds on the deterministic code capacity of the Gaussian AVRC
with SFD under constraints, obtained by generalizing the non-standard techniques by Csiszar and
Narayan in their 1991 paper on the Gaussian AVC [87]. Define

RG,low(‘C) £ max FG(“! P)
subjectto 0 <a,p0<1,
(1-p%aQ2 > A, 39
BV +0VaQ)? > A+ (1 - p?)aQ.
and
RGW(E) £ max Fo(a,p)
subjectto 0<w,p <1, (40)

Q1 +aQ)+20/aQ)- O > AL
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It can be seen that Rg j,,y < Rg up, since

Q1 + a0 +20/aQ - Q) = (1 - p?)aQ + (VO +pVaQ)? > (1 —p?)aQ. (41)
The analysis is based on the following lemma by [87].

Lemma 7 (see [87] (Lemma 1)). Foreverye > 0,8ye<n <1,K>2¢,and M = 2R with 2¢ < R < K,
and n > ng (e, 1, K), there exist M unit vectors a(m) € R", m € [1 : M|, such that for every unit vector ¢ € R"
and0 <0, <1,

(e [1:M] : (a(ii),¢) > 0}| < 2(IR¥2lo(1-09)te) 42)

and if 0 > nand 6% + 7> > 1+ 15 — 2728 then

%Hm € [1:M]: |(a(m),a(m))| >0, [(a(n),c)| > ¢, for some i #m}| <27, (43)
where [t]+ = max{0,t} and (-, -) denotes inner product.

Intuitively, the lemma states that under certain conditions, a codebook can be constructed with an
exponentially small fraction of “bad” messages, for which the codewords are non-orthogonal to each
other and the state sequence.

Theorem 3. The deterministic code capacity of the Gaussian AVRC with SFD, under input constraints Q) and
O and state constraint A, is bounded by

Rg1ow(£) < C(L) < Rgup(L) - (44)
The proof of Theorem 3 is given in Appendix M.

Remark 6. Csiszdr and Narayan [87] have shown that for the classical Gaussian AVC, reliable decoding
is guaranteed when the input constraint Q) is larger than the state constraint A. Here, we use a partial
decode-forward coding scheme, where the message has two components, one which is decoded by the relay, and the
other is transmitted directly. The respective optimization constraints %(\/(Tl +0vVa0)? > A+ (1 —p?)aQ
and (1 — p*)aQ > A in the RHS of (39), guarantee reliability for each decoding step.

Remark 7. Csiszdr and Narayan [87] have further shown that for the classical Gaussian AVC, if Q < A,
the capacity is zero. The converse proof in [87] follows by considering a jammer who chooses the state sequence to
be a codeword. Due to the symmetry between X and S, the decoder cannot distinguish between the transmitted
codeword and the impostor sent by the jammer. Here, we consider a jammer who simulates X' + Xy. Specifically,
The jammer draws a codeword X' = f'(iit) uniformly at random, and then, generates a sequence Y1 distributed
according to the conditional distribution Py, n—g. If the sequence S = f/(ji1) + £1(Y1) satisfies the state
constraint A, then the jammer chooses S as the state sequence. Defining aQ), O, and p as the empirical
decode-forward transmission power, relay transmission power, and their correlation coefficient, respectively,

~ 12
we have that the state constraint HSH < nA holds with high probability, if (01 + aQ) +20/aQ)- 1 < A.
The details are in Appendix M.

Figure 4 depicts the bounds on the capacity of the Gaussian AVRC with SFD under input and state
constraints, as a function of the input constraint (2 = ()1, under state constraint A = 1 and o2 = 0.5.
The top dashed line depicts the random code capacity of the Gaussian AVRC. The solid lines depict the
deterministic code lower and upper bounds R, 1o, (£) and Rg ., (£). For low values, Q < 4 =025
we have that R ,,(£) = 0, hence the deterministic code capacity is zero, and it is strictly lower than
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the random code capacity. The dotted lower line depicts the direct transmission lower bound, which is
Fc(1,0) for QO > A, and zero otherwise [57]. For intermediate values of (), direct transmission is better
than the lower bound in Theorem 3. Whereas, for high values of (), the optimization constraints in (39)
and (40) are inactive, hence, our bounds are tight, and the capacity coincides with the random code

capacity, i.e,, C(£) = C*(L) = Rg 100 (L) = Rgup(L).

2.5 \ ‘
- - Random code capacity
—Upper bound

Lower bound

-------- Direct transmission

0.25 1 2 3 4 5 6

Figure 4. Bounds on the capacity of the Gaussian AVRC with sender frequency division. The dashed
upper line depicts the random code capacity of the Gaussian AVRC as a function of the input constraint
) = ()4, under state constraint A = 1 and 02 = 0.5. The solid lines depict the deterministic code
lower and upper bounds R 1o, (£) and R, (£). The dotted lower line depicts the direct transmission
lower bound.

6. The Primitive AVRC

In this section, we give our results on the primitive AVRC [2], and then consider the Gaussian
case. Part of the motivation given in [2] to consider the primitive relay channel was that the overall
behavior and properties are the same as the non primitive (“regular”) relay channel. We show that
this is not true in the arbitrarily varying scenario. In particular, the behavior of the primitive Gaussian
AVRC with SFD is different compared to the non-primitive counterpart considered above.

6.1. Definitions and Notation

Consider a setup where the sender transmits information over state-dependent memoryless
relay channel Wy y, x 5, while there is a noiseless link of capacity C; > 0 between the relay and the
receiver. Communication over a primitive relay channel is depicted in Figure 5. Given a message
M € [1: 2"R], the encoder transmits X" = f(M) over the channel Wy y, x,5, which is referred to as the
primitive relay channel. The relay receives Y{' and sends an index L = f;(Y]') to the receiver, where
fi: Y — [1:2"C1]. The decoder receives both the channel output sequence Y and the relay output L,
and finds an estimate of the message M = g(Y", L). In accordance with the previous definitions, the
primitive AVRC Lprim = {Wy y, ‘X/S} has a state sequence of unknown distribution, not necessarily
independent nor stationary. The deterministic code capacity and the random code capacity are defined
as before, and denoted by C(Lprim) and C*(Lprim), respectively.
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Lel[l:2n%
Relay Encoder ]
}/-ln
_M Encoder X", Wyyiix,s e, Decoder M,

Figure 5. Communication over the primitive AVRC L. Given a message M, the encoder transmits
X" = f(M). The relay receives YJ' and sends L = f;(Y]'), where f1 : Y} — [1 : 2"C1]. The decoder
receives both the channel output sequence Y” and the relay output L, and finds an estimate of the
message M = g(Y",L).

6.2. Main Results—Primitive AVRC

We give our results on the primitive AVRC below. However, since the proofs are based on the
same arguments as given for the non primitive AVRC, we omit the proofs of the results in this section.
The details are given in [91].

Using similar arguments to those given for the non primitive relay channel, we obtain the
following bounds on the random code capacity,

REg érr;i?m(a?min{Q(X;Y) +Cp, LX)}, (45)
qis) plx

and

Ripp 2 max min { min I,(U; Y) +min I,(X; Y|U) + C;, min I (U; ;) +min L,(X;Y|u)} . (46)
p(ux) q(s) q(s) q(s) q(s)

Theorem 4. The random code capacity of a primitive AVRC Ly, is bounded by
Ropr < C*(Lyrim) < REs - (47)

Those bounds have the same form as the cutset upper bound and the partical decode-forward
lower bound in Section 3 (cf. (8), (9) and (45), (46)). As in Section 3, we can use the bounds above to
determine the capacity in the strongly degraded and reversely degraded cases, based on the direct
transmission lower bound (for U = @), and the full decode-forward lower bound (for U = X).

Corollary 5. Let Ly, be a primitive AVRC.

1. If Wy y,|x,s is strongly reversely degraded, i.e., Wy y,|x,s = Wy|x,sWy,|y, then

(C*(Ep,im) = minmax I;,(X;Y). (48)
q(s) p(x)

2. If Wy y,|x x,,5 is strongly degraded, i.e., Wy y,x x,,5s = Wy, xWy|y, s, then

C*(Lprim) = n}a§<min {n}n; L(X;Y)+Cy, I(X; Yl)} : (49)
p(x q(s

As for the deterministic code capacity, we give the following theorem.

Theorem 5. Let Ly, be a primitive AVRC.
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1. If Wy, |x s is non-symmetrizable, then C(Lyyi) = C*(Lppin). In this case,
R}SDF S (C('Cprim) S RéS' (50)
2. If Wy y, |x,s is strongly reversely degraded, where Wy, |x s is non-symmetrizable, then

C(Lprim) = minmax Ip(X;Y). (51)
q(s) p(x)

3. If Wy y,|x,s is strongly degraded, such that Wy, |x (y1|x) # Wy, x(y1|%) for some x,X € X, y1 € )1,
then

C(Lyrim) = m(a;qnin {n}u)l L;(X;Y)+Cy, I(X; Yl)} . (52)
p(x q(s

4. If W}?\ x g 18 symmetrizable, where Y = (Y,Y)), then C(Lyprim) = 0.

The proof of Theorem 5 is available in [91]. To illustrate our results, we give the following example
of a primitive AVRC.

Example 2. Consider a state-dependent primitive relay channel Wy y, | s, specified by

Y, =X(1-5),
Y=X+5,

where X =S = Y; ={0,1}, Y ={0,1,2}, and C; = 1, i.e., the link between the relay and the receiver is a
noiseless bit pipe. It can be seen that both the sender-relay and the sender-receiver marginals are symmetrizable.
Indeed, Wy|x s satisfies

Y Wyxs(yilx,s)J(s|%) = gwy\x,s(y1|f/5)f(5|x)/ x,teX,yel, (53)
seS s€

with J(s|x) = 1for s = x, and ](s|x) = 0 otherwise, while Wy, x s satisfies (53) with ](s|x) = 1 for
s =1—x, and J(s|x) = 0 otherwise. Nevertheless, the capacity of the primitive AVRC Ly, = {Wy y,|x,5}
is C(Lyrim) = 1, which can be achieved using a code of length n = 1, with f(m) = m, f1(y1) = y1,

0 vy
s =gyy1) =41 vy
iy

(54)

I
—_ N O

for m,y; € {0,1} and y € {0,1,2}. This example shows that even if the sender-relay and sender-receiver
marginals are symmetrizable, the capacity may still be positive. We further note that the condition in part 4
of Theorem 5 implies that Wy x s and Wy, x s are both symmetrizable, but not vice versa, as shown by this

example. That is, as the capacity is positive, we have that Wf/\ x g I8 non-symmetrizable, where Y = (Y, Y1),
despite the fact that the marginals Wy|x s and Wy, x s are both symmetrizable.

6.3. Primitive Gaussian AVRC

Consider the primitive Gaussian relay channel with SFD,

Y =X"+Z,
Y =X'+5, (55)
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Suppose that input and state constraints are imposed as before, i.e., % ?Zl(Xl(z + XZ{’Z) < Qand
% Y7 1 2 < A with probability 1. The capacity of the primitive Gaussian AVRC with SFD, under input
constraint () and state constraint A is given by

C(Lprim) = (C*(L’prim) = Orgfgl B log <1 + D(/i)) + min {Cl, % log <1 + (1[\06)0) } } . (56)
This result is due to the following. Observe that one could treat this primitive AVRC as two independent
channels, one from X’ to Y and the other from X" to Y3, dividing the input power to Q) and (1 — a)Q),
respectively. Based on this observation, the random code direct part follows from [92]. Next, the
deterministic code direct part follows from part 1 of Theorem 5, and the converse part follows
straightforwardly from the cutset upper bound in Theorem 4.

7. Discussion

We have presented the model of the arbitrarily varying relay channel (AVRC), as a state dependent
relay channel, where jamming attacks result in either a random or a deterministic state sequence,
S" ~ g(s"), where the joint distribution g(s") is unknown and it is not necessarily of a product form.
We have established the cutset upper bound and the partial decode-forward lower bound on the
random code capacity of the AVRC. We have determined the random code capacity in special cases of
the degraded AVRC, the reversely degraded AVRC, and the AVRC with orthogonal sender components.
To do so, we used the direct transmission lower bound and the full decode-forward lower bound,
along with quasi-convexity properties which are required in order to use the minimax theorem.

We have provided generalized symmetrizability conditions under which the deterministic code
capacity coincides with the random code capacity. Specifically, we have shown that if the sender-relay
and sender-receiver marginals are non-symmetrizable for a given relay transmission, then the capacity
is positive. We further noted that this is a sufficient condition for positive capacity, which raises the
question whether it is also a necessary condition. In other words, if those marginals are symmetrizable
for every given relay transmission, does that necessarily imply that the capacity is zero? The answer
is no, and we have refuted this assertion using a simple example, where the relay acts as a source of
state information to the receiver. Then, we provided a stronger symmetrizability condition, which
is necessary for the capacity to be positive. We have shown by example that the deterministic code
capacity can be strictly lower than the random code capacity of the AVRC.

The Gaussian AVRC with sender frequency division (SFD) under input and state constraints
is also addressed in this paper. The random code capacity is determined using the above results,
whereas the deterministic code capacity is lower and upper bounded using an independent approach.
Specifically, we extended the technique by Csiszdr and Narayan in their 1991 paper on the Gaussian
AVC [87]. We have shown that the deterministic code capacity can be strictly lower than the random
code capacity, for low values on the input constraint.

Furthermore, we have considered the primitive AVRC, where there is a noiseless link between
the relay and the receiver of limited capacity [2]. We tested Kim's assertion that “the primitive relay
channel captures most essential features and challenges of relaying, and thus serves as a good testbed
for new relay coding techniques” [2]. We have shown that this assertion is not true in the arbitrarily
varying scenario. Specifically, for the primitive Gaussian AVRC with SFD, the deterministic code
capacity and the random code capacity are always the same, regardless of the value of the input
constraint (see (56)), in contrast to our findings for the non primitive case, as demonstrated in Figure 4.
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original draft, U.P.
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Abbreviations
The following abbreviations are used in this manuscript:
AVC Arbitrarily varying channel

AVRC  Arbitrarily varying relay channel
DMC  Discrete memoryless channel

pmf probability mass function
RT Robustification technique
SFD Sender frequency division
Eq. Equation

RHS Right hand side
LHS Left hand side

Appendix A. Proof of Lemma 1

Appendix A.1. Partial Decode-Forward Lower Bound

We construct a block Markov code using the partial decode-forward scheme. That is, the encoder
sends a sequence of messages over multiple blocks. The message in each block consists of two
components, a decode-forward component, and a direct transmission component, where only the
former is decoded by the relay. Once the decoder has received all blocks, the decode-forward
components are decoded backwards, i.e., starting with the message in the last block going backwards.
Using the estimation of the decode-forward components, the direct transmission components are
decoded forwards, i.e., starting with the message in the first block going forwards. The ambiguity
of the state distribution needs to be treated throughout all of those estimations. Hence, we use joint
typicality with respect to a state type, which is “close” to some g € Q. Let § > 0 be arbitrarily small.
Define a set of state types Qn by

Oy = {Pyn : s" € A%(q) forsomeqg e Q}, (A1)

where

)
A
T2 S (A2)

a1
Namely, Q,, is the set of types that are J1-close to some state distribution g(s) in Q. A code ¢ for the
compound relay channel is constructed as follows.
The encoders use B blocks, each consists of n channel uses to convey (B — 1) independent
messages to the receiver. Furthermore, each message M, for b € [1 : B — 1], is divided into two
independent messages. That is, M}, = (M}, M}'), where M; and M/ are uniformly distributed, i.e.,

M ~ Unif[1: 2"%], M} ~ Unif[1 : 2"%"], with R’ + R” = R, (A3)

for b € [1: B —1]. For convenience of notation, set M, = My = 1 and Mj = My = 1. The average
rate 221 - R is arbitrarily close to R.
Codebook Generation: Fix the distribution Py x x, (1, x, x1), and let

P;I(,Y,y”ulxl (x,y,y1lu, x1) = Pxju x, (x[u, x1) ZSQ(S)WY,Yl\X,Xl,S(]//]/l|x/ x1,8). (A4)
se
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We construct B independent codebooks. For b € [2 : B — 1], generate 21k’ independent sequences
Xy (my,_q), my,_q € [1: 2"R'], at random, each according to T/, Px, (x1,). Then, generate 2"%
sequences,

n

up (my|my, 1) ~ [T Pupx, (wilxwp,i(my, 1)), my, € [1: 2"k, (A5)
i—1

conditionally independent given x} , (m;_,). Then, for every m € [1: Z”Rl], generate 21k sequences,

n
xyf (myy, my |y, 1) ~ T Pxqu x, (il (mymy,_q), x1p,i(my ), my € [1:2"%7], (A6)
i=1
conditionally independent given (uj(mj|m; ), x}, (m;_;)). We have thus generated B — 2
independent codebooks,

Fy = { (o ), (), o ) ) oy, € [1:27%), € [1:27%]}, (A7)

for b € [2 : B—1]. The codebooks F; and Fp are generated in the same manner, with fixed
my = my = 1 and m = my = 1. Encoding and decoding is illustrated in Figure A1.
Encoding: To send the message sequence (mj,mY,..., my_,my_,), transmit xj (m, my |m_,) at
block b, for b € [1: BJ.
Relay Encoding: In block 1, the relay transmits x},(1). Set 7i;, = 1. At the end of block b € [1 :

B — 1], the relay receives y/ ,, and finds some 71}, € [1 : 2R’} such that
(up Gty |ty ), %1 (1), ¥ ) € A°(Pux, Py, ), for some g € Q. (A8)

If there is none or there is more than one such, set 71z, = 1. In block b + 1, the relay transmits x7 , , ; (77;,).
Backward Decoding: Once all blocks (y)2_, are received, decoding is performed backwards. Set

tiy =g =1.Forb=B—1,B-2,...,1, find a unique rfj € [1: Z”R,] such that
(1 (1t 1003), 27 g1 (1), 1) € A°(Pux, Py ) for some g € Q. (A9)

If there is none, or more than one such 7 € [1: Z”R/}, declare an error.
Then, the decoder uses ﬁ1'1, .. .,r?z%fl as follows. For b = B—1,B—2,...,1, find a unique
iy € [1: 2"R"] such that

NN NN IS o J q >
(uy (1 |18y, _q ), xp (1, 1y |1y, ), 1 (10, _1), y3) € A (PurX'leY|X,X1)’ forsomeg € Q,. (A10)
If there is none, or more than one such 7} € [1 : Z"R”], declare an error. We note that using the set

of types Q,, instead of the original set of state distributions Q alleviates the analysis, since Q is not
necessarily finite nor countable.
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Block 1 2 e B-1 B

Encoder Xt (my,mi (1) x5 (mh,my|my) - xp (mp_q,my_Imp_y)  xj(1,1mp_y)

Relay Decoder iy — ity — e iy _4 %)

Relay Encoder X1 (1) X (7)) e X g1 (it ) X p(mp )

Output 2 T?:ll <—A’/7A/1/sz gy
1y 1 o Mp_q

Figure A1l. The partial decode-forward coding scheme. The block index b € [1 : B] is indicated at
the top. In the following rows, we have the corresponding elements: (1) sequences transmitted by
the encoder; (2) estimated messages at the relay; (3) sequences transmitted by the relay; (4) estimated
messages at the destination decoder. The arrows in the second row indicate that the relay encodes
forwards with respect to the block index, while the arrows in the fourth row indicate that the receiver
decodes backwards.

Analysis of Probability of Error: Assume without loss of generality that the user sent (M}, M}/) =
(1,1), and let g*(s) € Q denote the actual state distribution chosen by the jammer. The error event is
bounded by the union of the events

E1(0) =(M) #1}, &(b) = (M) £1}, &(b) = (M} #1}, forbe [1:B-1].  (AlD)

Then, the probability of error is bounded by

B—1 B—1 B—1
P (g, %) < Y Pr(&1(0)) + Y Pr(&(b) | £ (0) + Y Pr(&(b) | E5(b) NES(B)NES(b 1)), (A12)
b=1 b=1 b=1

with & (0) = @, where the conditioning on (M, M}') = (1,1) is omitted for convenience of notation.
We begin with the probability of erroneous relaying, Pr (&£ (b)). Define

E11(b) ={(Uy (UM;_y), X{,(My_y), Y,) & A°(Pyx, P

31\U,X1) forallg’ € Q,}

E12(0) ={ (U (m} | MG, _), X, (M}, _1),Y]y) € A(Pux, Py ), forsome my, # 1, 4" € O} (A13)

For b € [1: B — 1], the relay error event is bounded as

E1(b) C&(b—T1)U&11(b) U&rp(b)
=& (b -1 U (&b —1) N&Eb)U(E(b—1) NEa(D)), (A14)

with & (0) = @. Thus, by the union of events bound,
Pr(& (b)) <Pr(&1(b—1))+Pr(&11(b) | E1(b—1)°) +Pr(&12(b) | E1(b—1)) . (A15)

Consider the second term on the RHS of (A15). We now claim that given that & (b — 1)° occurred,
ie, M, | = 1, the event & (b) implies that (U} (1]1), X", (1),Y!",) ¢ .A‘S/Z(Pulxlpglluxl) for all
g’ € Q. This claim is due to the following. Assume to the contrary that £ 1(b) holds, but

(up ), xy,1),vy,) € A72(Py,x, P

3;,\U,X1) for some q” € Q. Then, for a sufficiently large n, there

exists a type ¢’ (s) such that

19'(s) —q"(s)| < &1, (A16)
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forall s € S, and by the definition in (A1), 4’ € Q. Then, (A16) implies that

/ " 5
P, Wl x1) = P ()| < 1ST-61 =5, (A17)
forallu € U, x; € Ay and y; € )y (see (A4) and (A2)). Hence, (U;(1[1),X7,(1),Y],) €

o !
A°(Py x, le X, ), which contradicts the first assumption. It follows that

Pr(&11(b) [ (b —1)°)
((Ug’(lyl),be(l),Y{llb) & AP (Pux, P ) forallg” € Q[ & (b~ 1)6)

<Pr
<Pr (U (1[1), X3,(1), Yi) # AP (Pux, PL ) | €00~ 1)) | (A18)

Since the codebooks F7, ..., F are independent, the sequence (Uj (1]1), X, (1)) from the codebook
Fyp is independent of the relay estimate M,_4, which is a function of Yl”, p—1 and the codebook F;,_;.
Thus, the RHS of (A18) tends to zero exponentially as n — oo by the law of large numbers and
Chernoff’s bound.

We move to the third term in the RHS of (A15). By the union of events bound, the fact that the
number of type classes in S” is bounded by (1 + 1)/, and the independence of the codebooks, we
have that

Pr(&12(b) | E1(b—1)°)

<(n+1)sl. sup Pr ((U{,’(m“l),X{l,b(l), 1) € Aé(PU,leiﬂu,X]) for some mj, # 1)
q,EQn
/ *
S(n + 1)|$| . 271R . SUP Z Pun,x? (un, xT) . Z Pgﬁ)q (]/’11|X¥) , (A19)
quQn un,x;l

o /
}/5’ : (u”,x{’,y{’)e.A" (PU,Xl P;il ‘Urxl )

where the last line follows since U} (m;,|1) is conditionally independent of Y7, given X}, (1), for every

m), # 1. Lety! satisfy (u",x},y%) € A%(Pyx, . Then, (x},y}) € A‘SZ(P?(/LYI) with 6, 2 |U] - 6.

By Lemmas 2.6 and 2.7 in [93],

q/
PY1 |U,Xq )

. B N N q* _ A p—
pg(” ) =2 ”(H(PxT,y?)+D(PXT,y{’HPX1,Y1)) <2 nH(Py 1) < 2—n<Hq/(X1/Y1) 81(5)> ,
1771
hence,
PZI”\X? (yi]x}) < o~ (Hy (11X0)-2(6)) , (A20)

where €1(8),€2(6) — 0as & — 0. Therefore, by Equation (A19)—(A20), along with [93] (Lemma 2.13),
Pr(E12(b) | E1(b—1)¢) < (n+1)IS!. sup 27"y UNIX)—R'=es(0)] (A21)
7eQ

with e3(6) — 0as 6 — 0. Using induction, we have by (A15) that Pr (&1 (b)) tends to zero exponentially
asn — oo, for b € [1: B — 1], provided that R" < infyrc g Iy (U; Y1|X1) — €3(6).

As for the erroneous decoding of Mj at the receiver, observe that given & (b)°, the relay sends
X7, (1) inblock b + 1, hence

(U4 (11), Xy (L A1), X 11 (1)) ~ Pux x, (#, %, 1) (A22)
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At the destination receiver, decoding is performed backwards, hence the error events have a different
form compared to those of the relay (cf. (A13) and the events below). Define the events,

&,1(b) :{(ubnﬂ(MZﬂ|1)rXf,b+1(1)/Yz7+1) ¢ Aé(PU,& qu(\u,xl) forallg' € Q,}

E0(b) :{(U’gﬂ(MéH|m2),be+1(mi),qu+l) € A‘S(PU,XlP?,llu/Xl) , forsome mj, # 1,4 € O} (A23)

For b € [1: B — 1], the error event &, (D) is bounded by

Ex(b) CE(b+T1)UE(b) U&(b)
=E(b+1) U (&((b+1) NEb) U (E(b+1) NEa(b)), (A24)

with &(B) = @. Thus,

Pr(&(b) | £1(b)) <Pr(&(b+1) | &1(D)) + Pr(&1(b) | £1(b), &2(b+ 1))
+Pr (&2(b) | E1(b)5, E2(b+1)°) . (A25)

By similar arguments to those used above, we have that

Pr (£21(b) | &1(0), & (b +1)°) < Pr (U (11), XYpq (1), V1) & A7 (Pu, Py ) | E1(0)°) , (A26)

which tends to zero exponentially as n — oo, due to (A22), and by the law of large numbers and
Chernoff’s bound. Then, by similar arguments to those used for the bound on Pr (€1, () | £1(b — 1)°),
the third term on the RHS of (A25) tends to zero as n — oo, provided that R’ < infycg Iy (U,X3;Y) —
€4(0), where €4(6) — 0 as 6 — 0. Using induction, we have by (A25) that the second term on the RHS
of (A12) tends to zero exponentially as n — oo, for b € [1: B —1].

Moving to the error event for Mg , define

E3,1(b) ={ (U} (M| My, ), Xp (M, 1[M},_), X1 5(My ), YY) & A"(Pu,x,lei‘X,X), forallg' € Qn}
E3.2(b) ={ (U} (N1 8,y), XE (VI mi |V, 1), X158 1), YF) € A° (P Pl )
for some m’b/ #1, q’ S Qn} . (A27)

Given & (b)° N & (b — 1)°, we have that M}, = 1 and M, ;, = 1. Then, by similar arguments to those
used above,

Pr (&5(b) | & (b)° N E(b)° N Ex(b —1)°)
<Pr(&a(0) [ £2(0) NE(D) N EUb = 1)) +Pr(E32(b) [ £1(0)° N E() N E(D — 1))
<™ 4 (n+ 1)1 sup Y Pr (U (A1), X (1, mf 1), Xu(1), ¥)) € A2 (Pux x, P ) | E4(0)°)
7'€Qmy#1
<e™" 4 (n4 1)\5\ - sup o=y (YU X1)—R"—e5(0)] (A28)
q7eQ
where 4y > 0 and e5(6) — 0as § — 0. The second inequality holds by (A22) along with the law of
large numbers and Chernoff’s bound, and the last inequality holds as X}/ (1, m;|1) is conditionally
independent of Y} given (U} (1|1), X],(1)) for every m;’ # 1. Thus, the third term on the RHS
of (A12) tends to zero exponentially as n — oo, provided that R” < infyrcg Iy (X; Y|U, X1) — &5(9).
Eliminating R" and R”, we conclude that the probability of error, averaged over the class of the
codebooks, exponentially decays to zero as n — oo, provided that R < Rppr(L£€). Therefore, there
must exist a (Z”R, n,¢) deterministic code, for a sufficiently large n. [
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Appendix A.2. Cutset Upper Bound

This is a straightforward consequence of the cutset bound in [4]. Assume to the contrary that
there exists an achievable rate R > Rcg (EQ). Then, for some g*(s) in the closure of Q,

R > max min {I+(X,X1;Y), I+(X;Y,Y1|X1)} . (A29)

p(x,x1)

By the achievability assumption, we have that for every ¢ > 0 and sufficiently large 1, there exists
a (2"R 1) random code %' such that Pg”) (q,%) < ¢ for every i.i.d. state distribution g € Q, and
in particular for g*. This holds even if g* is in the closure of Q but not in Q itself, since P,g(") (9,%)
is continuous in 4. Consider using this code over a standard relay channel Wy y,x x, without a
state, where Wy y, |x x, (v, y11%, x1) = Yses 07 () Wy v, x,x,,5 (¥, y1]x, x1,5). It follows that the rate R as
in (A29) can be achieved over the relay channel Wy y, |x x,, in contradiction to [4]. We deduce that the
assumption is false, and R > Rcs(£2) cannot be achieved. [

Appendix B. Proof of Corollary 1

This is a straightforward consequence of Lemma 1, which states that the capacity of the compound
relay channel is bounded by Rppr(£9) < C(L£L2) < Rcs(£9). Thus, if Wy v, |x,x,,5 18 reversely
degraded such that Wy y,;x x, s = Wyx,x, Wy |y x,,s, then L(X;Y,Y1|X1) = [;(X;Y]X1), and the
bounds coincide by the minimax theorem [90], cf. (8) and (12). Similarly, if Wy y, x x, s is strongly
degraded, ie, Wyy,xx,,s = Wy, xx,WyJy, x5, then [;(X;Y, Y1[X;) = I(X;Y1]X4y), and by (8)
and (13),

Res(£9) = min max min {I,(X, X;Y), I(X;Y1|X1)} , (A30)
9(s)€Q p(xx1)
Rpr(LQ) = max min min{lq(X,Xl;Y), I(X,'YﬂXl)} . (A31)

plx,x1) q(s)€Q

Observe that min {I;(X, X1;Y), I(X;Y1|X7)} is concave in p(x, x1) and quasi-convex in g(s) (see e.g., [94]
(Section 3.4])), hence the bounds (A30) and (A31) coincide by the minimax theorem [90]. O

Appendix C. Proof of Corollary 2

Consider the block-compound relay channel £2*B, where the state distribution g, € Q varies
from block to block. Since the encoder, relay and receiver are aware of this jamming scheme, they can
use a block coding scheme that is synchronized with the jammer block strategy. Thus, the capacity is the
same as that of the ordinary compound channel, i.e., C(£L2*8) = C(£2) and C*(L2*B) = C*(L2).
Hence, (17) and (18) follow from Lemma 1. As for the second part of Corollary 2, observe that the block
Markov coding scheme used in the proof of the partial decode-forward lower bound can be applied as
is to the block-compound relay channel, since the relay and the destination receiver do not estimate
the state distribution while decoding the messages (see Appendix A). Furthermore, the analysis also
holds, where the actual state distribution g%, in (A18)—(A20) and (A26), is now replaced by the state
distribution g; which corresponds to block b € [1: B]. [

Appendix D. Proof of Theorem 1

First, we explain the general idea. We modify Ahlswede’s Robustification Technique (RT) [59] to
the relay channel. Namely, we use codes for the compound relay channel to construct a random code
for the AVRC using randomized permutations. However, in our case, the strictly causal nature of the
relay imposes a difficulty, and the application of the RT is not straightforward.

In [59], there is noncausal state information and a random code is defined via permutations of the
codeword symbols and the received sequence. Here, however, the relay cannot apply permutations
to its transmission x7, because it depends on the received sequence y/ in a strictly causal manner.
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We resolve this difficulty using block Markov codes for the block-compound relay channel to construct
a random code for the AVRC, applying B in-block permutations to the relay transmission, which
depends only on the sequence received in the previous block. The details are given below.

Appendix D.1. Partial Decode-Forward Lower Bound

We show that every rate R < R5p(L) (see (19)) can be achieved by random codes over the AVRC
L,ie, C(L) > Rypp(L). We start with Ahlswede’s RT [59], stated below. Let i : S" — [0,1] be a
given function. If, for some fixed a, € (0,1), and for all q(s") = 1", q(s;), withg € P(S),

Yo q(sMh(s") < a, (A32)
steSn
then,
% Z h(rms") < By, foralls" € 8", (A33)
©mell,

where I, is the set of all n-tuple permutations 77 : S" — S", and 8, = (n + 1)|S| 0.

According to Corollary 2, for every R < Ri,p(L), there exists a (2"R(B=1), B, ¢=20") plock
Markov code for the block-compound relay channel £7P($)*B for some 6 > 0 and sufficiently large 7,
where B > 0 is arbitrarily large. Recall that the code constructed in the proof in Appendix A has the
following form. The encoders use B > 0 blocks to convey B — 1 messages m;, b € [1 : B —1]. Each
message consists of two parts, i.e., m, = (mj}, m;), where mj € [1: 2R} and my € [1: 2"R"] In block
b € [1: B], the encoder sends x}} = f},(my, mj}|m;_,), with fixed my and mp, and the relay transmits
X1, = f1,p(y7,_1), using the sequence received in the previous block. After receiving the entire output
sequence (y’g)gzl, the decoder finds an estimate for the messages. Set 11, = 1. The first part of
each message is decoded backwards as 71, = g, <3/Z+1' rhi)ﬂ), forb=B—1,B—2,...,1. Then, the
second part of each message is decoded as 1, = g}/ (v}, 1y, ..., 1My ), forb € [1: B —1]. The overall
blocklength is then 7 - B and the average rate is 251 (R + R").

Given such a block Markov code %py for the block-compound relay channel £P(S)%5,
we have that

Pru (1] (E011)%) < &2, Prog (€1 £ 60 4) <o (A34)

forb=B—1,...,1, where &, = £ = @, and & = {M] # M}}, &/ = {M) # M]'},be [1:B—1].
That is, for every sequence of state distributions g1, . .., qp41, where g;(s}') = [T/ 9¢(s¢,) for t € [1:
b+1],

Yoo msh) Y aa(sh) o Y apra(spig) - Hy(st,sh, . spg) <e (A35)
s{‘eS" SE’ES" SZ‘_HES"

and
Yoo (st Y a(sh) - Y a(sy) hy(stsh, .. sp) <e (A36)

sTeS" spesn s, ES"
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where

1

!/ n n n _
hb(sl’SZ""’Sb+1) - 2n(b+l)(R’+R”) o ) ,
(mymy ) e, (g, gyl )

Y P (Yl = vy | (M5, MY) = G, mi), . (MG, MY) = (mpm}), Y =s1,...., S} = s})
Vi eV

X ). Wyn(xn x g0 (V1| forr (Mg, my o lmy), foen(Vip) shin) (A37)

yly;l+1:gl/7(yz+1'm;;+l)?ém;;

and
nRN
1 2 1
1 n n ny __
hb (51152, o ’Sb) - 21”1R” ; ZHR,(Bil) / !
Wlb:l my,...,Mpg_q
n _on DA (ol I / " i "
Pr (Yl,bq = Y1y 1| (M}, MY) = (my,my),...,(My_y, My 1) = (my_y,my_1),
Y1 €Y

X Y Wy xn x50 (Y | fo (1, g ), 16 (1 p—1),55) - (A38)
Yy b8 (Y 1y eeesy_y ) 721y

The conditioning in the equations above can be explained as follows. In (A37), due to the code
construction, the sequence Y{', received at the relay in block b € [1 : B] depends only on the messages
(M}, M) with t < b. The decoded message M), at the destination receiver, depends on messages M,
with t > b, since the receiver decodes this part of the message backwards. In (A38), since the second
part of the message M,/ is decoded after backward decoding is complete, the estimation of M; at the
decoder depends on the entire sequence M, ..., Mj_;. By (A35)-(A36), for every t € [1: b], b} and h//
—20n given that the state sequences
in the other blocks are fixed. Hence, applying Ahlswede’s RT recursively, we obtain

as functions of s} _; and s}, respectively, satisfy (A32) with a, = e

1

S|,—26 9
(n!)b+1 ) hy (m1st, 085, ., Tpy1Shq) < (n+1)BISlg=20n < p=0n

709,702, 41 €L

(n!)b Yo (st s, .. mst) < (n+1)BISlem 2 < ot (A39)
: T1,702,..., Ty €11,

for all (s{,s,...,s7,1) € S+ and sufficiently large n, such that (n + 1)BIS| < 7,
On the other hand, for every 71y, 71o, . .., Ty 1 € 11, we have that

hy(myst, 08y, .., Tpy1shoq) = B hy(mist, mosy, ..., pyasyq IME, MY t=1,...,b+1),  (A40)
with

hy (18, 7008, ., Ty sy g lmp,mi £ =1,...,b+1)
b—1
= Y, TTWvrxoxo,se U e feva (misg, mig [mb), frea (V) 7easiis)
Yi,--Y1p =0

X )y Wy xo, 50 (W1 o1 (o q, iy g Imy), frpa (W1 5), Tp118p41)
y?uigé (y’b’“,méﬂ);ém’b

—

b—1
a
= Z H WY{“\X",X{’,S" (”t+1y¥,t+1 | fe+1 (m§+1r mi’+1 |m£)zf1,b+1 (ﬂtyft)/ 7Tt+15?+1)
Yi,Y1p =0

=
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x Yy Wy jxon xo,50 (Tps1Ypa | o (M q, iy q |my), frpen (7YY y), 18 4)
Y1128 (o1 Y g My g ) 710,
b-1

-1 1
= Y T Wy xosn U il feva (mp g, mil g Imt), 700y fup s (reeyi o), s
Y11,-Y1p t=0

—
=

-1 / " / -1
X Y Wy xn, x,50 (V1170 1 ford (Mg, my g [my ), 700 frp e (o) spaa) . (A4D)
Yy 180 (oY My ) #y

pencre (ghds chiained by changing the order of sgmmation over yi, .y, and ., and (b) holds

" " !/ !/ 1"
hy (1Y, sy, ..., sy ) = Ehy (mm1sy, masy, ..., sy |My, ..., Mp_, My, t =1,...,b), (A42)
with
" /
hy, (7t18y, 285, . .., sy My, - . ymy_q,my,t=1,...,b)

b—1
= Y TIWypnxos (v

Y1,1--Y1,p-1 t=1

X ). Wyn(xn xa 5 (| fo (g, myl [my, 1), frp (Y1 p—1), 7Tosy )
Y8y (Y ity _y ) Fty

(i, i/ [mi 1), fre(yi o), 7st)

—

. _
= Z H Wyf\xn,xn,sn (”tyﬁl,t\ft(m;f mé’|m§_1),f1rt(m_1y’f,t_1), TSt
Y1,1,-Y1,0-1 t=1

8 Z WY”\X",X?,S"(ﬂbymfb(m;,,m/b/|m271),f11b(7'(b_1y?,b_1),nsz)
7 gg(nhyb’ml' M) Fmy

- 2 H WYf‘X",X{’,S” ( 71,
Y119 1p—1 t=1

) 2 WYH‘XH’X{’,S" (yg‘nglfb(mZ/ mg|m2_1>/ nbilfllb(nhflyiibfl),sg) . (A43)
yygy (7rpyy my . mlp_y ) Fmy)

=

—
=

! f(my, my [mi ), 7 e (meeayt ), st

Then, consider the (2"R(B=1), ;B) random Markov block code %, M specified by
o, (myy, my [y, 1) = 70,7 fy (myy, my [y 1), frp (Y1) = ”glfl,b(”b—ly;l,h—l)/ (Ad4a)

and

S W1 Myi1) = & (To1Yiir M) s &b (Yo 10, - it 1) = gy (7Typ, iy, ... g _y), (A44b)

for my, ..., g € I1,, with a uniform distribution y(my,..., 7g) = ﬁ = W. That is, a set of B
independent permutations is chosen at random and applied to all blocks simultaneously, while the
order of the blocks remains intact. As we restricted ourselves to a block Markov code, the relaying
function in a given block depends only on symbols received in the previous block, hence, the relay
can implement those in-block permutations, and the coding scheme does not violate the causality
requirement.

From (A41) and (A43), we see that using the random code %B M- the error probabilities for the
messages M, and M;] are given by

Pron (&1 (Ep1) ST =51, Spy =spa) = ), plm... mip)hy(misy, mosh, .., Ty 4ap44)
79,..., T €11,

Pron (& | &, €51, 51 =s1,...,S) =s}) = Yo u(m,. .. mp)hy (st sy, .., msy), (A45)

m1,...,iE€l,
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forallsy,..., sy, ; € 8", b € [1: B —1],and therefore, together with (A39), we have that the probability

of error of the random code %1}, is bounded by Pe(n) (9,65 ,) < e, forevery q(s"B) € P(S"B). That
is, 63} isa (2"R(B=1) B, e~f") random code for the AVRC £, where the overall blocklength is 7B, and
the average rate % - R tends to R as B — co. This completes the proof of the partial decode-forward
lower bound.

Appendix D.2. Cutset Upper Bound

The proof immediately follows from Lemma 1, since the random code capacity of the AVRC is
bounded by the random code capacity of the compound relay channel, i.e., C*(£) < C*(£P). O

Appendix E. Proof of Lemma 2

We use the approach of [55], with the required adjustments. We use the random code constructed
in the proof of Theorem 1. Let R < C*(£), and consider the case where the marginal sender-relay and
sender-receiver AVCs have positive capacity, i.e.,

CWy (xl,l)) >0, and (C(W(xlrz)) >0, (A46)

for some x1 1, x12 € &j (see (23)). By Theorem 1, for every ¢ > 0 and sufficiently large 7, there exists a
(2"R,n,¢) random code 6T = (j(y) = ,T = [1: k|, {%, },er), where €, = (f2, f1,1,8,), for y € T.
Following Ahlswede’s Elimination Technique [55], it can be assumed that the size of the code collection
is bounded by k = |T| < n?. By (A46), we have that for every ¢ > 0 and sufficiently large v/, the code
index 7 € [1 : k] can be sent through the relay channel Wy, x x, s using a (2V,E’, v/, ¢') deterministic
code ¢ = (fV,§'), where R’ > 0, while the relay repeatedly transmits the symbol x1 ;. Since k is at
most polynomial, the encoder can reliably convey 7 to the relay with a negligible blocklength, i.e.,
v" = o(n). Similarly, there exists (2V"R" 1 ") code €' = (f"",§") for the transmission of 7 € [1 : k]
through the channel Wy x x, s to the receiver, where v/ = o(n) and R” > 0, while the relay repeatedly
transmits the symbol x7 5.

Now, consider a code formed by the concatenation of %i’ and ‘Ki’ " as consecutive prefixes to
a corresponding code in the code collection {% },cr. That is, the encoder first sends the index
7 to the relay and the receiver, and then it sends the message m € [1 : 2"K] to the receiver.
Specifically, the encoder first transmits the (v + v”/)-sequence (f' (), f*" (7)) to convey the index
7, while the relay transmits the (v' + v")-sequence (ﬂ,,f{ﬂ), where f{/ = (x11,%11,--.,%1,1) and
J?‘l’” = (x12,X12,...,%12). At the end of this transmission, the relay uses the first v’ symbols it received
to estimate the code index as ' = g’ (7% ).

Then, the message m is transmitted by the codeword x" = f,(m), while the relay transmits
xf = ff,?, (y). Subsequently, decoding is performed in two stages as well; the decoder estimates the

index at first, with 7 = g”(7""), and the message is then estimated by 7ii = 857 (y"). By the union of

events bound, the probability of error is then bounded by ¢, = ¢ + ¢’ + ¢”, for every joint distribution
in P(SV+V"+1). That is, the concatenated code is a (2(V'+*"+MRu v/ £ v/ 1 1, ¢.) code over the AVRC

L, where the blocklength is 1 + 0(n), and the rate R, = - R approaches Ras n — co. [

n
vi+v4n
Appendix F. Proof of Corollary 4

Consider part 1. By Definition 3, if Wy, x x, s and Wy|x x, s are not symmetrizable -X'|X
then there exist x1,1,x12 € &} such that the DMCs Wy, |x x, s(*[, 1,1, -) and Wyx x, (-, x1,2, )
are non-symmetrizable in the sense of [57] (Definition 2). This, in turn, implies that C(W;j(x1,1)) > 0
and C(W(x12)) > 0, due to [57] (Theorem 1). Hence, by Lemma 2, C(L£) = C*(£), and by Theorem 1,
Ripr(£) < C(L) < REs(L).

Part 3 immediately follows from part 1 and Corollary 3. As for part 2, consider a strongly
reversely degraded relay channel. We claim that if Wy|x x, s is symmetrizable-X'| A, then Wy, x x, s
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is also symmetrizable-X'| X;. Indeed, suppose that Wy x x, s is symmetrized by some ] (s|x, x1) (see
Definition 24). Then, for every x,% € X, x; € X1, and y; € ),

Yo I (1% x) Wy, x,x, s (11, x1,8) = Y J(s1%,x1) Y Wy vy x,x,,s (U, 112, x1,8)

seS seS yey

(a) -

=Y Wy vx, (ly,x1) Y T(s]%, x1) Wy x x, x (y]x, x1,5)
yey seS

(b) -

=Y Wy vx, (ly,x1) Y T(slx, x1) Wy x x, x (¥]%, x1,5)
yey seS

(c) -

=Y JGslxx1) Y Wy v x,x,,s (0, y11% %1, 9)
seS yey

=Y J(slx, x1) Wy, x x,, s (y11%, x1,8), (A47)
seS

where (a) and (c) hold since Wy y, x x, s is strongly reversely degraded, and (b) holds since Wy/x x, s
is symmetrized by J(s|x, x1). This means that Wy, X,X,,5 is also symmetrizable-X | X7. It can be deduced
that given the conditions of part 2, both Wy x x, s and Wy, |x x, s are non-symmetrizable-X'|X;. Hence,
the proof follows from part 1 and Corollary 3. O

Appendix G. Proof of Lemma 3

The proof is based on generalizing the technique by [56]. Let £ be a symmetrizable-X'| X;. Assume
to the contrary that a positive rate R > 0 can be achieved. That is, for every € > 0 and sufficiently large
n, there exists a (2"R, n, g) code ¢ = (f, f1,g). Hence, the size of the message set is at least 2, i.e.,

M £ 2R >0, (A48)

We now show that there exists a distribution g(s") such that the probability of error Pe(") (q,%) is
bounded from below by a positive constant, in contradiction to the assumption above.

By Definition 3, there exists a conditional distribution J(s|x) that satisfies (24). Then, consider
the state sequence distribution q(s") = ¢ Y M L J%(s"|x"(m)), where J*(s"|x") = [T, J(si|x;) and
x"(m) = f(m). For this distribution, the probability of error is given by

P (q,%) = Y

Snesn

M 1 M
Z J*(s"|x" (m ] g Y ). W™ (", yi1x" (m), fi' (y1),s")
=1 m=1(y"y}):g(y")#m

M M
SE L Z Y, Wyl (m), f (v, s T (8" " (7))
):8(y

m:1 m=1(y", y")£ms"eS"

M
Z_; L Y WY [ (), £ (), )T (8" " (m)) - (A49)

1(ymy)):g(ym)#iiis"eS"

ﬁMz

with W" = Wyn ya | xn x5 for short notation, where in the last sum we interchanged the summation
indices m and . Then, consider the last sum, and observe that by (24), we have that

nz‘:sn W (Y™, yi |x" (m), f1 (1), s™)]" (s"[x" (m)) = H [ZEQW Vi, ya,i|xi (M), fll( b, s)] (5i|xi(m)):|
:Iﬁl [ Z}Sw(yiryl,ixi(m)ffl,i(yﬁ_l)rSi)](silxi(n?))}

= ) WYy (m), £ (v1), s (" X" (7)) . (AS0)

sres”
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Substituting (A50) in (A49), we have

() M M
' W Z:: D Yo WYy (m), (), ™I (s X" (1))

s"eS™ L (ynyl):g(y")#m

+ Z( WEY"™, yi|x" (m), f1'(y1), s")T" (s™[x" (1))
8y

" y1):8(y") #m

—2M2 Z L), Y WYyl (m), A (), s (s | ()

m=1m#ms"eS" y" y!
_MM-1) 1

MZ S 4’ (AS1)

where the last inequality follows from (A48), hence a positive rate cannot be achieved. O

Appendix H. Proof of Lemma 4

Let £ = {Wy,x,x, Wy|v, x,,5} be a symmetrizable-X; x ) degraded AVRC. The proof follows
similar lines as in Appendix G. First, assume to the contrary that there exists a (Z”R, n,e) code ¢ =
(f, f1,8), with M £ 9nR > o By Definition 4, there exists J(s|x1, 1) that satisfies (28). Hence, defining

q(s") = Z Y Wynpnxy (v |f (m), £ ()" (8" 1A (v, ) (A52)

m=1ylel

where J"(s"|x],y}) = TTi=; J(si|x1,i,y1,i), we have that

Y, WYL AN, ST A () v = o WYL AT, SIS AN 3D, 7). (AS)

siesn s

By similar manipulations as in Appendix G, we obtain

M M
P00 = g L Yo T W G5, A ) W O 100, £ 1)

1yi7]

X ) Y. WL A ), sIT " A, 7D
g (y")#m

+ )Y WML ) s A, 71D
yrg(y™) £
MM—1) _ 1
> > -,
4

> (A54)

hence a positive rate cannot be achieved. [

Appendix I. Analysis of Example 1

We show that the random code capacity of the AVRC in Example 1 is given by C*(£) =
min {%, 1—h(8) } As the AVRC is degraded, the random code capacity is given by

CH(L) = Rppp(L) =R (L) = pﬂ&;x) min {0121121 I(X, Xy;Y), I(X; Y1|X1)} , (A55)
A1
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due to part 2 of Corollary 3, where g = g(1) = 1 — q(0). Now, consider the direct part. Set p(x,x1) =
p(x)p(x1), where X ~ Bernoulli(1/2) and X; ~ Bernoulli(1/2). Then,

Hy() = 5 | -ato8 (37) ~ (1= a)tog (30 -0)) | - 3108 (5) =1+ 3h(a),
Hy(YIX, X,) = h(g). (A56)
Hence,
C*(£) > min {03521 [1 - ;h(q)} 1 h(e)} — min { % 1- h(@)} . (A57)

As for the converse part, we have the following bounds,

CH(L) < r{max)mx;nlxl) =1-h(0), (A58)
pix,x1

and

C*(£) < max min I;(X, Xq;Y) < max [Hg(Y) — Hy(Y]X, X1)]

p(xx) 0=4=1 p(xx1) =3
1 1
= 1+ -h —-1=_ A
g [ 2] =2 o

where p £ Pr (X; =1). O
Appendix J. Proof of Lemma 5

The proof follows the lines of [5]. Consider an AVRC £ = {WY\ x.x; Wy, |x7,x,,s} with orthogonal
sender components. We apply Theorem 1, which states that Ry (£) < C*(£) < REg(L).

Appendix ].1. Achievability Proof
To show achievability, we set U = X" and p(x/,x",x1) = p(x1)p(x’|x1)p(x”|x1) in the partial

decode-forward lower bound R} (£) = RpDF(EQ)‘ . Hence, by (9),
Q=P(5)

Rbpp(L2) > max min {I(X’, X", Xy;Y), min (X" Y1 |X;) + I(X’;Y|X1,X”)} . (A60)
plx)p(¥'[x1) p(x"]x1) q(s)

Now, by (29), we have that (X”,Y;) — (X/,X;) — Y form a Markov chain. As (X3, X', X") ~

p(x1)p(x'|x1)p(x"|xq), it further follows that (X”,Y;) — X; — Y form a Markov chain, hence

(X, X",X;Y) = I(X',Xy;Y) and I(X;Y|Xy,X") = I(X’;Y|X7). Thus, (A60) reduces to the

expression in the RHS of (30). If Wy, |x» x, s is non-symmetrizable-X"'| X, then (A60) is achievable by

deterministic codes as well, due to Corollary 4.

Appendix ].2. Converse Proof
By (8) and (19), the cutset upper bound takes the following form,

REs(£) =min max min{I(X', X", Xy;Y), (X, X";Y, 1|X1)}
‘7(5) p(x’,x”,aq)
= max min{I(X, X", X3;Y), min[;(X', X";Y,Y1|X1)}, (A61)

p(x/rx//fxl) q(s)
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where the last line is due to the minimax theorem [90]. For the AVRC with orthogonal sender
components, as specified by (29), we have the following Markov relations,

Y, — (X", X) — (X,Y), (A62)
(X", Y1) — (X, %) - Y. (A63)

Hence, by (A63), I(X', X", X1;Y) = (X, X3;Y). As for the second mutual information in the RHS
of (A61), by the mutual information chain rule,

Iq(X/, X”,’ Y, Y1|X1) :Iq(XH,‘ Y1|X1) + Iq(X/,' Y1|X”, Xl) + Iq(X/, X”;Y|X1,Yl)

@1 (X" v1)X1) + 1 (X, X" Y|X1, 1)

b
O (X" Y1 [X1) + Hy (Y] X1, Y1) — H(Y|X, X1)

(©)
<L(X";n|Xp) + I(X;Y[X0) (A64)

where (a) is due to (A62), (b) is due to (A63), and (c) holds since conditioning reduces entropy.
Therefore,

REg(L£) < max min{I(X’,Xl;Y),rr}igllq(X”;Ylle)—I—I(X’;Y|X1)}. (A65)
q(s

p(x! x" x)

Without loss of generality, the maximization in (A65) can be restricted to distributions of the form
p(x',x", x1) = p(x1)- p(x'|x1)- p(x"[xy). D

Appendix K. Proof of Lemma 6

Consider the Gaussian compound relay channel with SFD under input constraints (2 and (); and
state constraint A, i.e., @ = {gq(s) : ES?> < A}.

Appendix K.1. Achievability Proof

Consider the direct part. Although we previously assumed that the input, state and output
alphabets are finite, our results for the compound relay channel can be extended to the continuous case
as well, using standard discretization techniques [3] (Section 3.4.1); [55,95]. In particular, Lemma 1 can
be extended to the compound relay channel £ under input constraints Q) and Q; and state constraint
A, by choosing a distribution p(x',x”, x1) such that E(X? + X"?) < ) and EX? < ;. Then, the
capacity of £€ is bounded by

C(L2) > Rppp(L£2) > max min min  L(X;Y)+ min  L(X;Y|Xq),
LD 2 ReorE5) 2 I, {q<s>:E52§A 10 TR, HOGYIX)
E(X/2+X//2)§Q,
EX?<()

I(X":Y]))+ min L(X;Y|X , A66
(Kv)+  min LOGYIXOE, (A66)
which follows from the partial decode-forward lower bound by taking U = X”. Lemma 1 further
states that there exists a block Markov code that achieves this rate such that the probability of error

decays exponentially as the blocklength increases.
Let0 < w,p <1,and let (X, X", X;) be jointly Gaussian with

X'~ N(0,a0), X" ~N(0,(1—-a)Q), X3 ~N(0,0)), (A67)
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where the correlation coefficient of X’ and Xj is p, while X” is independent of (X', X;). Hence,

I(X"5) = %log <1 + (1_(7;")Q> . (A68)

Since Gaussian noise is the worst additive noise under variance constraint [96] (Lemma II.2), and as

Var(X'|X; = x1) = (1 — p?)aQ for all x; € R, we have that

. /. o 1 (1 B pz)D‘Q
q(s)rzr&}g\ L;(X5Y[Xy) = 5 log <1 + —x ) (A69)

It is left for us to evaluate the first term in the RHS of (A66). Then, by standard whitening
transformation, there exist two independent Gaussian random variables T; and T, such that

X 4+X =T +Ts, (A70)
Ty ~ N (0, (1—p*)aQ), To ~ N(0,01 + p*aQ +20/aQ) - O). (A71)

Hence, Y = T) + T> + S, and as Var(X'|X; = x1) = Var(Tj) for all x; € R, we have that

Iq(Xl}Y) :Hq(Y) - Hq(X/ + S|X1>
:Hq(Y) — Hq(Tl +85) = Iq(Tz; Y) (A72)

Let S £ T; + S. Then, since Gaussian noise is the worst additive noise under variance constraint [96]
(Lemma I1.2),

. . = 1 Var(T) )
(X1 Y) = I(Ty; T +S) = =1 14+ —
q(s)l:’IIlElSrégA q( ! ) q(s)l;rIIElglng q( 272t ) 2 8 ( + Var(T1) + A
1 Oy + p?aQ +20/aQ)- O + A
_21°g< 1-p9)aQ+A ' (A73)

Substituting (A68), (A69) and (A73) in the RHS of (A66), we have that

2 B — 2
{élog(ﬂl + pa Q) +2p/aQ) - O —|—A> +110g (1+ (1-p )ocQ) ’

C(£2) > max min

T 0<a,0<1 (1 — pz)(XQ + A 2 A
1 (1-w)0QY\ 1 (1—p?)aQ)
5 log (1 t— ) t5 log <1 t—Fn ) (A74)

Observe that the first sum in the RHS of (A74) can be expressed as

1o Q1 + 22 Q + 20/ - O + A +110 (1—pH)aQ+ A
2 1-p2)aQ+A 2 8 A

2 : 2 ol
:;10g<01+p 0604—2/(\)\/060 01+A>:;10g(1+01+p OéQ—i/-\Zp () Ql) ' (A75)

Hence, the direct part follows from (A74). O
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Appendix K.2. Converse Proof
By Lemma 1, C*(£2) < Rcs(£2). Now, observe that

Res(£9) = min max min {L (X', X;Y), I(X";Y;) + L(X:Y|X
CS( ) q(s): ES2<A  p(x")p(x,x1): {‘7( 1 ) ( ]) q( ‘ l)}
E(X’2+X”2)§Q,
EX?<Q

< max  min{[;(X, X3;Y), I(X";Y1) + L(X;Y|X1)}

e i ¢ S~N(0,A)
E(X/erX”Z)SQ,
EX?<Q
2 .
= max min 1log 14+ O + p*a Q) +20/6Q2 - O ,
0<a,p<1 2 A
1 (1-a)0 1 (1- a0

where the last equality is due to [5]. O

Appendix L. Proof of Theorem 2

Appendix L.1. Achievability Proof

To show that C*(£) > C(L£2), we follow the steps in the proof of Theorem 1, where we replace
Ahlswede’s original RT with the modified version in [85,86] (Lemma 9), plugging I"(s") = 1 Y, s2.
Then, by Lemma 6, it follows that

CX(L) > max mi“{;bg (1 (1+oc+2pf Q)

0<a,p<1
1 (1—a)Q (1- p
5 log (1 + = — ) log (1 + A (A77)

The details are omitted. [

Appendix L.2. Converse Proof

Assume to the contrary that there exists an achievable rate R such that

.1 (14 a+20y/a)Q
R>Og;i)>é1mm{zlog<l+ N p

1 1—a)Q 1 1—p?)aQ)
5 log <1+(02)> + 5 log <1+(AP_)5>} (A78)

using random codes over the Gaussian AVRC £, under input constraints (2 and (); and state constraint
A, where § > 0 is arbitrarily small. That is, for every ¢ > 0 and sufficiently large #, there exists a
(2"R, n) random code ¢* = (y, T, {%, },er) for the Gaussian AVRC L, under input constraints () and
) and state constraint A, such that

Pe\s(%r) <e, (A79)

forall m € [1:2"R] and s € R" with ||s||* < nA.
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Consider using the random code 4" over the Gaussian compound relay channel £2 under state
constraint (A — §), i.e., with

Q={q(s) : ES* <A -4}, (A80)
under input constraints () and ();. Let §(s) € Q be a given state distribution. Then, define a sequence
of i.i.d. random variables Sy,...,S, ~ g(s). Letting (s") £ [T" q(s;), the probability of error is
bounded by

(1) (= 2Ty < =y p(n) (ool ln*?
Y@ty < Y. q's )P (€7) + Pr Y. Si>A|. (A81)
s In(sh) <A nio

Then, the first sum is bounded by (A79), and the second term vanishes as well by the law of large
numbers, since g(s) is in (A80). Hence, the rate R in (A78) is achievable for the Gaussian compound
relay channel £2, in contradiction to Lemma 6. We deduce that the assumption is false, and (A78)
cannot be achieved. [

Appendix M. Proof of Theorem 3

Consider the Gaussian AVRC £ with SFD under input constraints () and () and state constraint
A. In the proof, we modify the techniques by Csiszar and Narayan [87]. In the direct part, we use their
correlation binning technique within the decode-forward coding scheme, and in the converse part, we
consider a jamming scheme which simulates the transmission sum by the encoder and the relay.

Appendix M.1. Lower Bound

We construct a block Markov code using backward minimum-distance decoding in two steps.
The encoders use B blocks, each consists of n channel uses, to convey (B — 1) independent messages
to the receiver, where each message My, for b € [1: B — 1], is divided into two independent messages.
That is, M, = (M}, M}/), where M and Mj/ are uniformly distributed, i.e.,

M, ~ Unif[1: 2"%'], My ~ Unif[1 : 2"%"], with R’ + R” = R, (A82)
for b € [1: B —1]. For convenience of notation, set M, = My = 1 and M| = My = 1. The average

rate 221 - R is arbitrarily close to R.
Codebook Construction: Fix 0 < a, p < 1 with

(1-p%aQ) > A, (A83)
%(\/ﬁw V)% > A+ (1—p?)aQ). (A84)

We construct B codebooks Fj, of the following form,
Fp = { (xq (1), X (mly, ! |ty ), X" (i) = iy, my € [1:27R), mll € [1: Z”R”]}, (A85)

for b € [2 : B—1]. The codebooks F; and Fp have the same form, with fixed m{ = mj; = 1 and
my =my =1.

The sequences x” (my), mj, € [1 Z"Rl] are chosen as follows. Observe that the channel from the
sender to the relay, Y1 = X" + Z, does not depend on the state. Thus, by Shannon’s well-known result
on the point-to-point Gaussian channel [97], the message m1;, can be conveyed to the relay reliably,
under input constraint (1 — «)Q), provided that R’ < }log (1 + m) — 01, where 1 is arbitrarily

o2
small (see also [98] (Chapter 9)). That is, for every ¢ > 0 and sufficiently large 7, there exists a (Z"RI, n,e)
code ¢ = (x"(m}), g1(y1,)), such that ||x”(m;7)||2 < n(1—a)Q forall m) € [1:2"K].
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Nt,e,xt, we choose the sequences x; (), ;) and X' (mj, my| m),_,), for my_,, mj € [1: Z”R,], my €
[1:2"R"]. Applying Lemma 7 by [87] repeatedly yields the following.

Lemma A1. Foreverye > 0,8ye<n <1,K>2¢2 <R <K, 2 <R'"<K,andn > ny(e,n,K),

1. there exist 2" unit vectors,
a(my_ ) eR", m)_, € 1:2"%], (A86)
such that for every unit vectorc € R" and 0 < 6,7 <1,

‘{ﬁil’a—l e [1 . ZnR/] . (a(ﬁi’b_l),c) > 9}‘ < 2%([R’+%log(1—92)]++s) , (A87)

and if > nand 02 + 7> > 1+ 5 — 272K then

1

s [ty € [1: 27K« [(amy_y),a(my 1)) > 60, [{a(it, ), ¢) > T,

for some 1y, _q # my_ }| <277, (A88)
2. Furthermore, for every mj, € [1: Z”R/], there exist 2"R" unit vectors,
v(ml,m)) e R", mj e [1:2"%"], (A89)
such that for every unit vector c € R" and 0 < 6,7 <1,

an%/ el: 2111{’/} : <V(m;,, ﬁil)/c> > 9}’ < 2n([]g//+%log(l—92)]++s) , (A90)
and if > and 62 + 72 > 1+ 1y — 272K then

1 " ~ ~
| {my € [1: 2" 2 (v (i ty), v (i, my)) | > 0, | (v(mi, 1), )| >,

for some ity # my }| <27, (A91)
Then, define
X1(m2_1) = \/nr(Q—9) -a(mi,_l) ’
X (my, my/[my_y) = pyfay ™t xq (my_y) + B v(my,my), (A92)

where

B2\/n(1—p2)a(Q—0), 72 /0. (A93)

Note that ||x(m}_;) Hz = ny(Q—68) < nQy, for all m, | € [1 : 2"]. On the other hand,
(|x' (my, m}) |mj, ) ||2 could be greater than na() due to the possible correlation between x; (m;,_;)
and v(mj, m})).
Encoding: Let (mj,my,...,mg_,,m%_;) be a sequence of messages to be sent. In block b € [1: B],
if Hx’(m’b,mg\m;]il)Hz < naQ), transmit (X' (m}, mj]|mj,_;),x" (m})). Otherwise, transmit (0, x"” (m},)).
Relay Encoding: In block 1, the relay transmits x; (1). At the end of block b € [1 : B — 1], the relay
receives yj , and finds an estimate 17, = g1(y1 ). In block b + 1, the relay transmits x; (i7},).
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Backward Decoding: Once all blocks (yj) E:l are received, decoding is performed backwards.
1

Set 1fiy = iy = 1. Forb =B —1,B —2,...,1, find a unique 71, € [1: Z”R/] such that

If there is more than one such 7y, € [1 : Z”R/}, declare an error.
Then, the decoder uses ﬁ1'1, .. .,r?z%fl as follows. For b = B—1,B—2,...,1, find a unique
iy € [1: 2"R"] such that

Vi1 — (14 py/ay=1)xq (1) Vo1 — (1+p “Dyxy(m}) |, forall m) € [1:2"8].  (A94)

Al

HYh —xq (i, _y) — X' (1}, 1 ‘”%71)” < Hy;7 —xq (1, 1) — X' (i, my) |y, _)|| , forallmy € [1: Z”R”] . (A95)

If there is more than one such r?z;,’ el: Z”RH}, declare an error.
Analysis of Probability of Error: Fix s € §", and let

2 ﬁ . (A96)
The error event is bounded by the union of the following events. For b € [1 : B — 1], define
E1(b) = {Mj, # My}, &x(b) = {M;, # My}, E3(b) = {My # My (A97)
Then, the conditional probability of error given the state sequence s is bounded by
B-1 B-1
Py z Pe(€(0)) + 1 Pr(&0)1E10) + X Pr(E&O) NG - )N EONEE 1), (49)

with & (0) = &(0) = @, where the conditioning on S = s is omitted for convenience of notation. Recall
that we have defined ¥” as a (Z”Rl, n,¢€) code for the point-to-point Gaussian channel Y; = X" + Z.
Hence, the first sum in the RHS of (A98) is bounded by B - ¢, which is arbitrarily small.
To be more concise, we only give the details for erroneous decoding of M, at the receiver. Consider
the following events,
<

& (b) = {'

Ypi1 — (14 py/ay=1)xq (7i1,) Y1 — (1+py/ay=1)x (M) ||, for some 7, # M},

b) = &(b) N &Y (b)ﬂle( )N E(b)NE5(D), (A99)

where My 1 = (M}, M}/, ). Then,

E(b) NEL(b) C&,1(D) U&2(b) U & s(b) U (E2(b) NEL(D))
=&1(b) U & (b) UEr3(b) U & (D). (A100)

Hence, by the union of events bound, we have that

Pr (£2(b) N EE (b)) <Pr(E,(b)) + Pr (€2(b)) + Pr (£53(6)) +Pr (&2(b) ) - (A101)
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By Lemma A1, given R’ > —1log(1 — ?2), the first term is bounded by

Pr (£2,1(b)) =Pr ((a(My), o) = 17) + Pr ((a(My), —co) = 17)
1

e o (Ri+5log(1=?)+e) < o on(—3n*+e) (A102)

<2

since log(1 +t) < tfor t € R. As > > 8¢, the last expression tends to zero as n — co. Similarly,
Pr(&2(b)) and Pr(E,3(b)) tend to zero as well. Moving to the fourth term in the RHS of (A101),
observe that for a sufficiently small ¢ and 7, the event &5, (b) implies that (| (Mp41|Mj) H2 < naQ),
while the event £5 (b) means that My = M. Hence, the encoder transmits (x'(Mj1|M;), X" (M}, ,)),
the relay transmits x; (M},), and we have that

_ H(l oy/ar)x (M) + Bv(Mya1) +s — (14 py/ay—1)x (7))

2

Ypi1— (1+py/ay1)x (M)

2
Y1 — (T4 py/ay D)xq ()| — ’

2
—||Bv(My 1) + 8|

=201+ pyfor 2 (5 a4 5 a7, 50 (1)) )
+2(1+pyfarh) ((xa(My), Bv(Mys1) +5) — (xa (i), Bv(Mp11) + 5)) (A103)
Then, since ||x; (11},) HZ =ny(Q—9) forallmy € [1: 2"R'] we have that
E2(b) MEF(b) NE5(b) S{(1+pr/ay 1) {xa (7ity), x1 (M) + (xa (i), BV (M 11) +8) =
n(1+py/ay ) y(Q = 8) + (x1 (M}), Bv(My.1) +5) , for some iy # My} . (A104)
Observe that for sufficiently small ¢ and 7, the event €5 (b) N €3, (b) N €3 5(b) implies that
(x1(My), Bv(Myp41) +8) > =6, (A105)
and
IBV(Myy1) + 5] < n[(1 - p?)aQ + A]. (A106)
Hence, by (A104) and (A105),

Ex(b) = Ex(b) NET(b) N E51(b) NE55 (D) N E55(b)
HA+py ar ) Galim, ), x (My)) + (xa (), Bv(Mps1) +8) = n(1+py/ay )y (Q —29),
for some 1}, # My} . (A107)
Dividing both sides of the inequality by 1(1 + p/a7~1), we obtain

(a(my), Bv(Mpi1) +)

n(1+pvay1)

&E(b) C {i(xl(ﬁg),m(MZ» + > (Q —26), for some 1}, # Mi} . (A108)
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Next, we partition the set of values of X (x (77},), x;(M})) to K bins. Let j < T < -+ < Tk be such
partition, where

V(Q-5)[(1—p?)aQ+ A]

T =9Q—-2)— , Tk =71(Q—36),
(@ —20) T (@ —30)
Tl — T <-4, fork=1[1:K—-1], (A109)

where K is a finite constant which is independent of 7, as in Lemma A1l. By (A106) and (A108), given
the event & (b), we have that

L (), (M}) > 71 >0, (A110)

where the last inequality is due to (A84), for sufficiently small § > 0. To see this, observe that the
inequality in (A84) is strict, and it implies that

VT (V1O + ovVaQ) > /(1 - p2)aQ + A (A111)

Hence, for sufficiently small 6 > 0, 77 > 0 as

VO—725 Q-5
e = <\Fy(\/’y(0 — 20) —i—p\/tx(Q —26)) — \/Q —55 (1= p?)a0) —|—A]> . (A112)

Furthermore, if 7 < 1(x(1}),%1(M})) < 1, then

(a (), Bv(Mp41) +5)

n(1+p/ay™1)

>y(Q—20) — Ty > 7(Q—30) — 7. (A113)

Thus,

|(x1(711},), BV(Mp41) +8)|

n(1+py/ar 1)

_ 1 _ _
for some 71}, # M{,) +Pr <n|<x1(m2),x1(Mg)>| > i, for some 71}, # Mi,) . (A114)

_ k-1
Pr(&(0)) < L Pr HETARTAIEEY > 4(Q - 30) - 7,

By (A106), this can be further bounded by

_ K
Pr (&) <Y Pr (|<a<ﬁ;,>,a<M;,>>| > 0y, [{a(iih), ' (My11))| > gy, for some it M;,) . (A119)
k=1

where
! s Pv(myq)+s
= TRolm. Y all’ Al116
) = vy 5] (Al16)
and
A Tk A (1+p\/1xr}/7*1) (v(Q—=30) — i) e 1. A TK B
b= Sa—s) % /7O == pDa0 £ A)  orke[1:K-1]; 0k £ 57—, (k=0 (Al17)

By Lemma A1, the RHS of (A115) tends to zero as n — oo provided that

0 > 1 and 9,%+C,%>1+17—672R,,fork:[l:K]. (A118)
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For sufficiently small € and #, we have that < 6 = ﬁ, hence the first condition is met. Then,

observe that the second condition is equivalent to G(7;) > 147 — e 2K, fork € [1 : K — 1], where

G(1) = (A1) + D*(L — 1)?, (A119)
with
A=t po Ltpyay ,L=(Q—30). (A120)

7(Q—96)’ D= VY Q=8 ((1-p2)aQ+A)

By differentiation, we have that the minimum value of this function is given by min, << G(7) =

‘2222%22 = AZI?:DZ — 61, where 6y — 0 as 6 — 0. Thus, the RHS of (A115) tends to zero as n — oo,
provided that

R/<—110 1+ —D72+(5
298 T— a2 ypz T

1 (1-p2aQ+ A
= “log|y+d+ . (A121)
278 <17 ! (v +a+20/a7)Q+ A —5y(1+py/ay=1)2

This is satisfied for R’ = R, (L) — ¢’, with

| (v +a+20/ay)Q+AN 1 (1-p?)aQ+A
R"‘(£>_21 < (1-p2)aQ+ A >_ 210 ((7+a+2p\/ﬂ)0+/\>' (A122)

and arbitrary 6’ > 0, if 7 and ¢ are sufficiently small.
As for the error event for M}/, a similar derivation shows that the probability term in the last sum
in (A98) exponentially tends to zero as n — oo, provided that

2(1 _ 2
R"<;log<1+17ﬁ(1 20) A ) (A123)

1
B2+ nA ) <21°g<’7+ 1 pa(Q_0)+ A

This is satisfied for R” = R}/(L£) — ¢", with

7 _1 (1_Pz>“Q+A _ 1 A
Ry (L) = 5 log < A =3 log A= Da0+A (A124)
for an arbitrary 6” > 0, if 7 and ¢ are sufficiently small.
We have thus shown achievability of every rate
R < min {R;(/:) +RI(L), % log (1 + (1—056)0) + R,’,{(.C)} , (A125)
where
) w1 (v +a+20/a7)Q+A\ 1 (1-p2)aQ+ A
Ra(ﬁ)+Ra(£)—zlog< A=+ A +210g —
:% log (1 4 a0 +jp VaQd: Ql) (A126)

(see (A93)). This completes the proof of the lower bound.
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Appendix M.2. Upper Bound

Let R > 0 be an achievable rate. Then, there exists a sequence of (2"R, n,¢%) codes €, = (f,f1,9)
for the Gaussian AVRC £ with SFD such that e}, — 0 as n — oo, where the encoder consists of a pair
f=(f,f"), with f : [1:2"%] — R"and f’ : [1 : 2"R] — R". Assume without loss of generality that
the codewords have zero mean, i.e.,

an
an Z Zf
/7oo dy - ZTR Y. Pym(yilm)- Zflz Y11,Y12 -+, Y1i-1) =0, (A127)

me[1:27R]

2
W6*|‘Y1*f”(m) I°/20? If this is not the case, redefine the code such that the

mean is subtracted from each codeword. Then, define

where Py, y(y1|m) =

a1 1 / 2
a2 o Y [[fm],
nQy 2'R me[1:27K]
a 1 1
wlzﬁ'an Y[y Pty ()P
me[1:21R]
pe / yr Y. Py m(yilm) - (F(m), f1(y1)), (A128)
Tl\/m an me[1:2"K] 1l

Since the code satisfies the input constraints (2 and ();, we have that «, a1 and p are in the interval
[0,1].
First, we show that if

A> O +a0+2p/aQ)- O 46, (A129)

then the capacity is zero, where § > 0 is arbitrarily small. Consider the following jamming strategy.
The jammer draws a message M € [1 : 2] uniformly at random, and then, generates a sequence

- _ _ - 12
Y: € R" distributed according to Py, |y;(§17). Let S = /(M) + f1(Y1). If ‘SH < A, the jammer

chooses S to be the state sequence. Otherwise, let the state sequence consist of all zeros. Observe that

~112 ~ ~ 2
EHSH —E f’(M)+f1(Yl)H

e I o
=E||¢ ()| +E |[f.(00) || +2E06(0), £1(Ya))

=n(aQ) + a1 + 20/ Q- 11())

<n(aQ+ M +20/aQ)- ) < n(A—-9). (A130)

where the second equality is due to (A128), and the last inequality is due to (A129). Thus, by
Chebyshev’s inequality, there exists x > 0 such that

Pr Cl HéHZ < A) > k. (A131)
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The state sequence S is then distributed according to

1

Pt sipen® = 2m Ay1Py, m(yilm).

/5’13f'(771)+f1()"1)zs

it [1:21R]
1 1~2

Pr (s:o|anH >A) =1. (A132)

Assume to the contrary that a positive rate can be achieved when the channel is governed by such

state sequence, hence the size of the message set is at least 2, i.e., M £ 2R > 2. The probability of error
is then bounded by

P (g6 / ds - q(s) Pyl (€ )>Pr<1 H§H2<A> / ds-P, 2 (s)- P (%)
n - sids|?<A S [IS]" <A els
()
>k - .P 5 )
25 [ srapen ® Peasiten® 2 ) (a133)

where the inequality holds by (A131). Next, we have that

M o
PU@) = L [y Pypulyalm) 1 {1 g€ ) - fi(yn) +8) £, (A13Y)
m=1"—"%

where we define the indicator function G(y;) = 1{y; € A} such that G(y;) = 1ify; € A, and
G(y1) = 0 otherwise. Substituting (A132) and (A134) into (A133) yields
1 M

(n) / / - o~
P, ,E) >k - ds - — E A - P
e (g E) = s:1|s|*<A ° M = Sy () +1 (31)=s 9= P (311)

M o
3 2 |y Pryu(yilm) 1 {yr: (€ (m) + fi(y1) +5) £m} . (A135)
m=1" %

Eliminating s = f/(ii1) + f,(§1), and adding the constraint ||f (m) + f;(y1)||* < A, we obtain the
following,

M M
( ) K
(9.,¢ =y Z_:l Z_;l/ 30): L€ (m )+f1(y1)H ~a, Ay1dy1- Py, m(y1lm) Py, p (§1]7)
e LI ()£ (32) | <A
x 1 {yy : g(f (m) +£1(y1) + £ (111) + £1(§1)) # m} . (A136)

Now, by interchanging the summation variables (m,y;) and (77, §1), we have that

( )
(0.€) 2505 zl 3 /Yl 50 160530 P, 1991 Praa )Py, (5110
LIE () +£1(31) P <A

><1L{y1' £'(m) + f1(y1) + £ (i71) + £1(31)) # m}

K
tove 21 » /yl 51): 3¢+ ) P <a, 1A Pra (7117 Py aa (5117)
e )+ 5) <A

x 1 {yy : g(f'(m) + f1(y1) + £ (112) + £1(31)) # ) . (A137)
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Thus,

() K
P08 250 X B fytieim mrsi(iPsa, W1 P (3117 Py g (9117)
LI (i) -+ (30) P <A

X[]l{}ﬁig(f( m) +f1(y1) + £ (1) + £1(31)) # m}
+ 1 {y1: g(f (m) + f1(y1) + £ (i) + £1(31)) # i} | . (A138)

As the sum in the square brackets is at least 1 for all 1 # m, it follows that

") (4 3 . s
Fe ) 2o Z §m/3’1 )¢ HIE )+ () P<A, dy1dy1 - Py, m(y1|m) Py, m(31/m)
L1 () +1 (5) P<A
Lg (M) + £1(Y <A,
5 g [ FIEOD RO <A, o
4 e + 6| <A, m#m

Then, recall that by (A130), the expectation of 1 |£(M) + £1(Y]) Hz is strictly lower than A, and for a
sufficiently large n, the conditional expectation of 1||f’ (M) + £1(Y1)||? given M # M is also strictly
lower than A. Thus, by Chebyshev’s inequality, the probability of error is bounded from below
by a positive constant. Following this contradiction, we deduce that if the code is reliable, then
A< (14 a+20y/0)Q

It is left for us to show that for « and p as defined in (A128), we have that R < Fg(a, p) (see (36)).
For a (2"R,n,¢%) code,

PU(%) <&, (A140)

els

for all s € R" with |s||* < nA. Then, consider using the code % over the Gaussian relay channel

W;Y] 1X,%,7 specified by

Y1 IX//+Z,
Y = X/—i-Xl —|—§, (A141)

where the sequence S is i.i.d. ~ 7 = N(0, A — J). First, we show that the code ¢ is reliable for this

channel, and then we show that R < Fg(a,p). Using the code ¢ over the channel W. Y Yi1X,X, the
probability of error is bounded by
(1) (= o\ _ LTS / (n) —
P =Pr(—||S A ds-P < A142
e (q,€) T <n S|l > ) + s]]<A s- Py, (€) <& +ef, ( )

where we have bounded the first term by ¢, using the law of large numbers and the second term

using (A140), where €};* — 0 as n — oco. Since WY Vi1X,% is a channel without a state, we can now show

that R < Fg(a, p) by following the lines of [4] and [5]. By Fano’s inequality and [4] (Lemma 4), we
have that

=
IN

IE(X:/ XZ{// Xl,l/ Yl) +€n,

Tl I
= LD

I
—

=
IN

I(X}, XI5 Y5, Ya | Xa,i) + €, (A143)
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where § = N(0,A —6), X' = (M), X" = £'(M), X; = £f1(Y1), and ¢, — 0 as n — oo. For the
Gaussian relay channel with SFD, we have the following Markov relations,

Y1 — X — (X}, X1, Y1), (A144)
(X!, Y1) — (Xj, X1,5) = V5. (A145)

Hence, by (A145), Iﬁ(le, X!, X1Yi) = Iﬁ(X{, X1,4;Y;). Moving to the second bound in the RHS of
(A143), we follow the lines of [5]. Then, by the mutual information chain rule, we have

L (XG, X{'5 Y3, Y| Xa,) =1X Y0, X ) 4 TOXE Yl X, X)) + Ig(XE X5 Gl X, Ya,0)

(@)
=1(X[5 Y, Xq,0) + I(XG, XT3 Yil X4, )

b)
=[H(Yq,i]Xq,:) — H(Y1,il X{")] + [Hg(YilXa,, Ya,) — Hg(Yil X}, Xq,)]

©
<Io (X5 Y1,0) + 1(XG Vil X1,0) (A146)

—

where (a) is due to (A144), (b) is due to (A145), and (c) holds since conditioning reduces entropy.
Introducing a time-sharing random variable K ~ Unif[1 : 1], which is independent of X', X", X1, Y, Y,
we have that

R — &, < Ig(Xy, Xq,x; Yk|K)
R — e, <I(Xg; Y1,x|K) + I(Xi; Y| X1, K) - (A147)

Now, by the maximum differential entropy lemma (see e.g., [98] (Theorem 8.6.5)),

1 E[(X] + X1 x)? A—6 1 O O +20/aQ - a1O
Iq(X%,X1,K;YK|K)§210g( (X Xra) )) (1+"‘ Tt TRV M

A—o =3 log A—2o

5 ) (A148)

and

. |:1 _ (E(X}('Xl,K))z] EXE + (A _ 5)
!

1. EX2 402 EXZEX] ¢
I(X2:Yq k| K) + (X Yr | X, K) <= log —K — — 4 = .
(Xk; Y1,k [K) + (X Yx| X1k, K) <5 log —— 5—— + 7 log N

1 (1-w0\ 1 (1 - p2)a0)
=5 log (1 + 72 ) + > log (1 + A5 ,  (A149)

where &, a1 and p are given by (A128). Since § > 0 is arbitrary, and a; < 1, the proof follows from
(A147)-(A149). O
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