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Abstract: We study and compare the time evolutions of concurrence and quantum discord in a driven
system of two interacting qubits prepared in a generic Werner state. The corresponding quantum
dynamics is exactly treated and manifests the appearance and disappearance of entanglement.
Our analytical treatment transparently unveils the physical reasons for the occurrence of such
a phenomenon, relating it to the dynamical invariance of the X structure of the initial state.
The quantum correlations which asymptotically emerge in the system are investigated in detail
in terms of the time evolution of the fidelity of the initial Werner state.

Keywords: sudden death of entanglement; quantum discord; Werner state

1. Introduction

Entanglement sudden death is a phenomenon that was widely investigated during recent years
in the case of open quantum systems [1] and represents the decrease of the entanglement to zero in
a finite time. For example, the entanglement sudden death was studied in the following quantum
systems: two atoms locally coupled to the modes of their cavities [2], two qubits in an X state under
the action of phase damping, amplitude damping, bistability noise [3], polarization-entangled photon
pairs under the influence of polarization mode dispersion [4], or amplitude damping channel [5].
On the other hand, the opposite concept, i.e., sudden birth of entanglement was considered in Ref. [6]
by using the dissipative process of spontaneous emission and in Ref. [7], where the dynamics of two
quantum emitters, which interact with a stationary electromagnetic field out of thermal equilibrium,
is in detail explained.

Over recent years a lot of attention has been devoted to the analysis of the combined process,
i.e., sudden death, followed by revival of entanglement. These two linked phenomena have been
investigated in the case of two qubits interacting with a common reservoir [8,9], trapped atoms or ions
under the influence of applied pulses [10], two cavities interacting with independent reservoirs [11],
quantum systems subjected to a classical random external field [12], two-level atoms in the presence
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of a single mode quantized field [13], dark-soliton qubits [14], a diamond sample interacting with a
solid-state spin bath [15].

In this paper, we investigate the quantum dynamics of two interacting qubits, each one subjected
to a local time-dependent magnetic field. Our main goal is to verify the occurrence of sudden death
and rebirth manifestations in the time evolution of the quantum correlations arising between the two
qubits in such a controlled, time-dependent, physical scenario. To this end we investigate the time
dependence of the concurrence to reveal the presence of entanglement between the two qubits. Since,
however, to know that the system is in a separable state does not preclude the possible existence
of nonclassical correlations in this state, in this paper we go beyond the concurrence. Indeed we
exactly evaluate in which way the quantum discord goes with time, since it captures all kinds of
nonclassical correlations (entanglement included) and then can be different from zero even when there
is no entanglement.

Quantum discord (QD) is defined in Ref. [16] as the difference between the quantum
generalizations of two equivalent classical expressions of the mutual information. It is of interest
to highlight that the quantum discord possessed by a bipartite system, especially when it is in a
separable state, is today considered a possible resource for the development of quantum technologies,
especially in the quantum computation field [17-19]. In other words, the idea that the presence of
quantum correlations necessarily requires the existence of entanglement must be considered wrong [20].
Thus, given that finding nonclassical correlations in a composite quantum system would provide a
strategic key to improving the yield of the quantum information processing, the study of quantum
discord has received a great impulse in recent years [21-24]. In general, unfortunately, the analytical
formula of quantum discord is difficult to be obtained, since it requires an extremization procedure.
The reason making computing QD so difficult stems from the fact that the time required for such a
target becomes exponentially larger and larger as a function of the dimension of the Hilbert space
of the bipartite system under scrutiny [25]. In the case of continuous variable systems, for example
Gaussian states, an explicit formula of quantum discord was however found, if one restricts the
set of all quantum measurements to Gaussian ones [26,27]. A comparison between discord and
entanglement of a two-mode Gaussian state, as well as the study of non-Gaussianity under the
influence of local baths was made in Refs. [28-31]. On the other hand, for discrete quantum systems
such as for two qubits, the characterization of quantum discord is difficult to be made in the general
case. For the particular situation of the so-called class of two-qubit X states, the quantum discord
was evaluated first numerically [32], and then analytically [33,34]. To exploit such a result in the
study of the quantum dynamics of our system, it is necessary to prepare it in a mixed X state. To this
end in this paper we assume that the initial state of the system is a generic Werner state [35]. It is
of relevance that quite recently a new method for synthetizing and characterizing these states have
been reported [36,37]. Werner states are X states exhibiting intriguing nonlocal correlations [38] and,
therefore, play an important role in the quantum information processing. All these features make
of special interest investigating their dynamics when the physical scenario evolves under controlled
time-dependent fields.

Our aim in this paper is two-fold: on one hand, we show that sudden death, followed by revival of
entanglement, occurs in the case of two-spin-1/2 particles in the presence of time-dependent magnetic
fields. On the other hand, a detailed comparison between the dynamics of concurrence and quantum
discord is made, carefully dwelling on those situations when the mixed state is separable, but is
described by non-zero quantum discord. Over recent years many papers comparing concurrence and
quantum discord in a 4-dimensional Hilbert space have been published. Some of them [33,39-42]
report this comparison in an appropriate space of the real parameters characterizing a priori selected
families of mixed states. Others, instead, show the dynamical evolution of concurrence and quantum
discord, generated in a chosen open and time-independent physical scenario [43-49]. At the best of
our knowledge only one paper analyzing the time evolution of concurrence versus that of quantum
discord, generated by a time-dependent Hamiltonian—when the system is prepared in a convex
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combination of two Bell states, has been published so far [50]. The analytical solutions found for the
Hamiltonian model given in Ref. [51] constitutes the platform on which the exact evaluation of both
concurrence and quantum discord on this paper is based.

The paper is organized as follows. In Section 2 we review the concept of the canonical form of X
states. This section is quite important, since all the mixed states used in this paper are X states and
the evaluation of quantum discord is based on transforming an arbitrary X state to its canonical form.
Section 3 is devoted to the Hamiltonian model of two-spin-1/2 particles subjected to time-dependent
magnetic fields. We show that the initial X structure of the density operator is preserved during
the evolution of the system under scrutiny. A detailed analysis of the dynamics of the concurrence
and quantum discord, including a comparison between their behaviors, is presented in Section 4 by
considering that at the initial time the density operator of the two qubits is a Werner state. A special
class of one real parameter two-qubit states, which represents an extension of that of Werner states,
is constructed easily showing that the separability condition of the Werner initial state still holds for
the evolved states too. By using the approach of Li [34] presented in Appendix B, we compute the
quantum discord of the two qubits subjected to magnetic fields. In addition, we show that sudden
death, followed by revival of entanglement, occurs for some interval of values for the parameter «
which characterizes the initial Werner state. Furthermore, we present in Section 5 an explanation
of the asymptotic behavior of the two measures of correlations studied in the previous sections,
i.e., concurrence and quantum discord. This interpretation is based on the time evolution of the fidelity
between the initial Werner state and the evolved Werner state. Our conclusions are drawn in Section 6.
The exact solutions of the two-spin-1/2 particles described by the Hamiltonian model of Section 3
are presented in detail in Appendix A. Appendix C is devoted to the analysis of the behavior of
both concurrence and quantum discord when constant magnetic fields are applied. The analytical
expression of the fidelity between the Werner state and the generalized Werner state is obtained in
Appendix D.

2. Preliminaries: Canonical Form of X States

The Bloch generalization of the density operator of a qubit to the case of two-qubit systems is
given by the parametrization introduced by Fano [52]. The general expression of a two-qubit density
operator acting in the Hilbert space H 4 ® Hp is [52,53]:

1 3
p=: (I®I+r-¢r®l—|—1®s-a—|— ) tmnam®an>, )

4 m,n=1

where 0, with j = 1, 2, 3 are the Pauli operators. Equation (1) represents the Fano parametrization of p.
The vectors r and s are real, their expressions being r; = Tr(p 0; ® I) and s; = Tr(p I ® 0). The matrix
T defined by ty, is a real matrix, with t,,, = Tr(p 03 ® 0,), where m,n =1, 2, 3.

Let us briefly discuss the transformation of a two-qubit density operator under a local unitary
transformation. For any single-qubit unitary transformation U there is a unique rotation O such that:

Un-cU"=(On) . (2)

Let us denote by ¢ the transformed density operator obtained by applying a local unitary
transformation Uy ® Up: p = Ua @ Upp UIX ® UE. Hence, the parameters r, s, and T transform
as [53]:

(=}
|

OAI‘,' §=OBS,
0, TOL, 3)

~q
I

where O4 and Op are related to U4 and Up, respectively, through Equation (2).
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A widely studied family of two-qubit states is the so-called class of X states, whose density
operator is characterized by non-vanishing entries only along the diagonal and the anti-diagonal:

pn 0 0 pyg

0 pn p3 O

pu— 7 4

px 0 p2 p3 O @)
par 0 0 pgy

where pjj are real, with j = 1, 2, 3, 4, while the off-diagonal terms are complex. Let us denote
P14 = |014]€' 714 and po3 = [pp3]|€'¥B. In addition, one has pgy; = pj, and p3» = p35. The unit
trace condition is given by Z?:l pjj = 1, while the positivity condition reads p11044 > |014]? and
022033 > | p23|2. All the matrices are represented in this paper in the ordered computational basis
{]00),|01),]10),|11)}. The Fano parametrization of an X state is given by:

Ix : 0,0,7;
Sx : 0,0,s; ®)
Tin T, O
Ix = Iy T O
0 0 T3

The link between the general form (4) and its Fano parametrization (5) is given by [54]:

roo= P11+ 022 — 033 — P44,
§ = P11~ P22+ 033~ P44,
Tin = 2Relpys +p1a],
T, = 2Refpx —pial,
Tss = p11— P22 — P33 + P44,
T = 2Im[oxs —pu,
T = —2Impys + p1al-

One can diagonalize T by applying two rotations O4 and Op along the Oxz-axis, associated with
the following local unitary operation, according to Equations (2), (3) [55-58]:

Uyl = e (9141923) 03/4 & =i (Pra—¢23) 03 /4 (6)
The canonical form of a general X state is p" = Uy @ Up px fljg ® l:lg [55]:

pn 0 0 o4l
can 0 022 |P23 | 0
p— . 7
Px 0 ezl ps3 O @)
loa| O 0 pu

The Fano parametrization of the canonical form of the X state (7) is given by T = diag(c, c2, c3):

r = r=p11 + 020 — P33 — P44,

s = s=p11— P20+ P33 — P44,
e = T" =2(|p2s| + or4l), ®)
o = Tx"=2(|pxs|— |p14l),

3 = Ts3" = Ta3 = P11 — P22 — P33 + Pa4-
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Therefore, the canonical form of the Fano parametrization of the density operator of an X state is
given by:
1 3
pg(m_4<1®I+rag®l+sl®03+2cjaj®aj>. ©)
=
Since the quantum correlations remain invariant under local unitary transformations, the method
of bringing an arbitrary X state to its canonical form is of great importance. A deep understanding of
the description of the canonical form of the Fano parametrization of an X state is crucial for evaluating
different measures of quantum correlations. To compute the quantum discord of some specific X states,
we will use the approach presented here in Section 4.

3. Time-Dependent Hamiltonian Model and the Related Evolution Operator

Consider a two-spin-1/2 system under the influence of two time-dependent magnetic fields
Bi(t) = (0,0, Bx(t)), where k = A,B. We denote by ¢4 and gp the real, positive, dimensionless
coefficients that contain the corrections to the coupling terms between each spin and the local magnetic
field applied on it. One can define [51]:

1
wi(t) = 5 1B 8k By (t),

where k = A, B. The two-spin-1/2 Hamiltonian model we discuss here has been investigated in
Ref. [51]:

H=hwso3® [ +hwpl ® 03 + 71101 ® 09 + Y2202 ® 09 + Y3303 Q 03 + Y1201 R 02 + Y2102 Q 01. (10)

Such a model has been used [51] to describe two interacting spin-1/2’s subjected to local, generally
time-dependent, magnetic fields [w1 (t) and w; ()], while the coupling parameters are intended to be
time-independent. The first three interaction terms account for anisotropic Heisenberg interaction,
while the last two terms stem from asymmetric dipole-dipole [59] and Dzyaloshinskii-Moriya [60,61]
interactions.

In Ref. [51], it has been proved that as a consequence of the symmetry properties of H, the time
evolution operator, solution of the Schrodinger equation iill = HU, keeps the following X structure
at any time

at 0 0 b+
0 a_ b_ 0
0 —=b* a* 0

—b* 0 0 at

us) = ,as(t) = lag ()]0, by(t) = ba(t)]e® @, 1)

where the parameters a4 (t) and b (), in general, depend on the Hamiltonian parameters.
Since U(0) = I ® I, then a+(0) = 1 and b+ (0) = 0. In addition, it has been shown [51] that the

2 X 2 unitary operators
_ wit/n [ 0+ b
Ui =e 33 < g )
+ Az

are the time evolution operators generated by the following single spin-1/2 Hamiltonians

Q4 j
Hi = + I/
* < I~ —-0O4 ) 13

where
O (t) = hlwa + wp], Iy = (11 Fr22) —i(E712 +721)- (12)
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An interesting dynamical property of the Hamiltonian model consists of the fact that the
X structure of an initial state is preserved during the evolution [50]. Indeed, suppose that the
two-spin-1/2 system is initially prepared in a general X state, as given by Equation (4). The non-zero
entries of the X-state p(t) = U(t)ox(0)UT(t) may be expressed as follows

p11(t) = |ay[Pp11 + b+ |*pss + 2Refay b’ pr4]

p1a(t) = pi(t) = a%p1s — bips —arbi(o11 — Paa)

p22(t) la_|%020 + b |*p33 + 2 Re[a_b* pa3)] (13)
p23(t) = pi(t) =a’px—b2ps —a b (o — p33)

p3s(t) = [b—|*p + |a_|*p3s — 2Re[a_b* pas]

pas(t) = |bi|Po11 + |as|*paa — 2Re[a b’ p14).

We emphasize that such a dynamical decomposition was successfully used: (1) to bring to light
peculiar physical effects like the coupling-based Landau-Zener transitions in the two-qubit system [62],
as well as (2) to treat and solve the exact dynamics of more complex system like two interacting
qutrits [63,64], two coupled qubits [65] and N spin 1/2’s coupled through high order interaction
terms [66].

4. Dynamics of Concurrence and Quantum Discord of the Evolved Werner State for
Time-Dependent Magnetic Fields

The results mentioned in the previous section may be summarized claiming that the solution
of the dynamical problem of the two coupled spin-1/2’s may be traced back to the solution of two
independent single spin-1/2 dynamical problems [51]. However, depending on the time-profiles of
the two magnetic fields, we might not be able to analytically solve the sub-dynamical problems too.
In Ref. [51] the following exactly solvable time-dependent scenarios have been proposed:

Case 1. The two magnetic fields vary over time as follows

T+ T

fwa,p(t) = cosh(274) = cosh(27_)" "

Case 2. The two magnetic fields vary over time as follows

_ Ty T 3
th’B(t>_cosh(2T+) = 4 |cosh(t_) cosh(t-) |, (15

where we have defined
_ Il

=t

We underline that such cases are just two exactly solvable examples that can be derived by
the knowledge of analytical solutions of the single spin-1/2 dynamical problem. Other analytically
solvable cases may be constructed based on the solutions reported in Refs. [67-73].

Let us suppose that at the initial time t = 0 the state of the two-spin-1/2 system is a Werner
state [35]:

T+ (16)

) 11— _ _
p‘(/v):Tal®I+1x|‘P y(¥ |, (17)

where |¥7) = % (]01) — |10)) is the singlet state and & € [—31,1]. The Werner state (17) is a
particular X state (4), being characterized by:
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11—«

011 = P44 = 1

_ _ 1+a

P22 = P33 = G
- - 24
023 = P32 = Y

with all the other entries equal to zero.
By using Equation (13) we find the expressions of the non-zero elements of the evolved density

matrix p(t) = U(t)p%,‘\x,) ut(t), where U(t) is given by Equation (11):

p1(t) = pu(t) = ! ; s

pn(t) = L Z(X —aRela_b"],

pn(t) = 32 —al)=pi(t), (18)
ps3(t) = % + aRela_b"].

An equivalent expression of the evolved state can be written as follows:

o)) =135 T T+ alp()) (p(1), (19)

where we have denoted

[p(t)) = U(#) [¥7) = cor(t)[ 01) + c10(¢)[10). (20)

The states (20) belong to the class of the so-called Werner-Popescu states [38], since the
evolution operator U cannot be represented as the tensorial product of unitary operators acting
in the bidimensional Hilbert spaces of the two qubits. The time-dependent coefficients cq (t) and ¢19(t)
are given by:

co1(t) = \2 exp (z% t) (a— —b-), (21)
cp(t) = — \2 exp (z’ % t) (a* +0b"). (22)

In the following sections, we investigate the behavior of the concurrence and quantum discord
for the two cases (14) and (15), with the two qubits initially prepared in the Werner state (17).

4.1. Concurrence

To investigate the dynamics of the correlations, we use as a measure of entanglement of the
two qubits the concurrence, which was introduced by Wootters [74,75]. Consider a pure state | ¢ ) =
al00)+b|01)+c|10) +d|11). Then the concurrence for such a state is:

C(1¢)) =2lad —bel. 23)

If the initial state is the singlet one | ¥~ ), i.e., the Werner state (17) with &« = 1, then the evolved
state under the influence of the magnetic fields is given by | ¢(t) ) (20).

The concurrence has the expression C(| ¢(f) )) = 2 |co1 c10| according to Equation (23), where
co1 and cqg are given by Equations (21) and (22). With the help of Equations (A4) and (A8) from the
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Appendix A, we find the analytical expressions of the concurrence for the two cases of the applied
magnetic fields:

C(ly(t))) = \/1 — tanh?(27_) sin?(27_ ) for the Case 1 of Equation (14);

C(ly(t))) = \/1 _g () 2 [sinh(7_)] for the Case 2 of Equation (15). Both expressions

cosh?(1_)
were first written in Ref. [51]. The dynamics of the concurrence is shown in Figure 1. By using
the analytical expression of concurrence of the state | (¢) ), one obtains that the concurrence never
vanishes in both cases of the applied fields.

1.0 1.0
0.81 08l ]
0.6- i :
O O os6f ]
0.4 1 ]
02l 0.4r 1
00 P S S S R I S S R S RIS S 02 P S S S S IS S S S H SRt ]
0 1 2 3 4 5 6 0 1 2 3 4 5 6
T_ T_
Figure 1. Concurrence when the state at + = 0 is the singlet state |¥~ ) in the Case 1 of

Equation (14)—Tleft, and in the Case 2 of Equation (15)—right.

If p is the density operator of a two-qubit system, then its spin-flipped state is given by p’ =
(0 ® ) p* (02 @ 02), where p* is the complex conjugate of p. The matrix pp’ is a non-Hermitian
matrix [74,75], and it can be proven [76] that its four eigenvalues are real and non-negative. Let us
denote these eigenvalues by v1, 15, v3, and vy, in decreasing order. The concurrence is defined by
Clp) = max{\/i1 — /T2 — V5 — /73, 0}.

The expression of the concurrence of the Werner state (17) is [33]:

C(pw) = max {?mz_l,O} .

For « € (%, 1] the concurrence is greater than zero, which means that the Werner state (17)

is inseparable.
The expression of the concurrence of an arbitrary X state was found in Ref. [3]:

C(ox) = 2 max {0, |o23| — /011 P44, 14| — /P22 033} - (24)

Let us define the state | ¢ ) of two qubits as follows:
[G) = ul01) +v|10), (25)

with u# and v complex parameters satisfying |p|?> + |v|? = 1. We construct a special class of two-qubit
mixed states, which includes the family of the Werner state, as follows:

Y
M =~ Te T+l 8)(E], (26)

where a0 € [—%, 1] and the two complex parameters y and v satisfy the normalization condition of
| ¢'). It is worth noticing that not all the states belonging to the class defined by Equation (26) are
Werner—Popescu states, since some of them may be unitarily generated acting independently on the
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two qubits. For = 1/+v/2 and v = —1/+/2, the state 17(“) becomes the Werner state (17). The mixed

wv
states p(f) of Equation (19) is a subclass of the set of states 17,(53, obtained for the particular case

i = co1(t) and v = cq9(t), with cg; and ¢qg given by Equations (21) and (22). The state (26) is an X state
described by the non-zero elements:

_ 11—
011 = P44—74 ’
1—« 5
P = —— talul
11—« 2
P33 = n +alv]5,
03 = apvh.

By using the expression of the concurrence of an X state given by Equation (24), one obtains:

Cyit)) = max{0,g (a, 1)}, 27)

where

8 (& p) =21 [ (/1 |p]? = (28)

Let us analyze in detail the expression of the concurrence, by investigating the two possible
intervals for a. For a € [—1, 1], one has g (a, 1) < 0 for any || € [0,1] and, therefore, the concurrence
is equal to zero:

11
C(ﬂy’ﬁ/) =0 forany |u| € [0,1] and « € [—3,3] . (29)
Since p(t) is a subclass of the mixed states 17,(53, this fact explains the vanishing concurrence for
p(t) characterized by &« < 1/3 for both cases of the two magnetic fields shown in Figures 2 and 3-left.

Fora € ( %, 1} , instead, the equation g (e, ) =0 may be cast in the following form:

T44|p[ /1~ |pl?

If we represent Equation (30) in the a-|u| plane, the curve a(|u|) distinguishes the region wherein
the concurrence vanishes from the one where the concurrence is positive. In other words, Equation (30)
defines in the a-|y| plane the border between appearance and disappearance of entanglement between
the two spins within the class of the generalized Werner states 7y, . In particular when « < 1/3 the
concurrence is zero whatever y is. When, instead, « > 1/3 there always exists an x-dependent interval
[li11], |u2]] within which the concurrence is different from zero. In Figure 4 we plot a in terms of |u| by

using Equation (30) for which the concurrence of the state ;7;(,‘2(3 is equal to zero.

(a)

We obtain the following expression of the concurrence of the state %

pv:
0 for |y|€[0,%—7v3"‘zja2’"_l]
_ 2 _ 2 _
Clr) = {20 lpl VI— [P = 15% for |u| € (§—3uZE2acl 1 vaZudot)
\/3x2 _
0 for |y|€[%+%,l}

It is easy to see that C (17;“3) = C(pw) = (3a — 1) /2 under the condition |u| = 1/+/2. This implies,
in particular, that we get the same value of the concurrence of pyy [Equation (17)] if we substitute | ¥~ )
with | ¥71).

It is worth noticing, in addition, that
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11—

M (t) = — = 19 L+a| E(0) (80|,
(a)

meaning that the generalized Werner states 77, evolve keeping their a-dependent structure. Hence

the time evolution of a generalized Werner state characterized by a particular value of « generates
only “horizontal movements” in the a-|j| plane in Figure 5. This circumstance implies that during its
time evolution, a generalized Werner state may enter into or go out the non-zero-concurrence region
identified in Figure 5. For example, if we consider the entangled generalized Werner state defined by
« = y = 0.5 as the initial condition, it may happen that at a certain time instant, # becomes less than
~0.25. In this case, then, a sudden death of entanglement is exhibited. Of course, if |p| comes back to
its original value in a finite interval of time, a rebirth of entanglement would follow a plateau of zero
concurrence. Such a possibility is confirmed by the plots reported in a following subsection, where we
compare the concurrence and the quantum discord in time for our two-spin system under the two
exactly solvable time-dependent scenarios (14) and (15).

Concurrence

Discord
s

Figure 2. Concurrence (left) and quantum discord (right) for the two-qubit system when the initial
state is the Werner state (17) in the Case 1 of Equation (14) in terms of the parameter « € [— %, 1] of the

Werner state and 7 = % t.

Discord

Figure 3. Concurrence (left) and quantum discord (right) for the two-qubit system when the initial
state is the Werner state (17) in the Case 2 of Equation (15) in terms of the parameter a € [— %, 1] of the

Werner state and 7 = ll"T—l t.
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1.0y
0.9 ]

0.7
06

0.4/

0.0 0.2 04 0.6

| ul
(@)

Figure 4. Plot of a in terms of || by using Equation (30) for which the generalized Werner state 77,, ;, is

characterized by a vanishing concurrence.

L0y
0.5}
0.6:
odf

0.2

0.0 0.2 0.4 0.6 0.8 1.0
[t
()

Figure 5. Concurrence of the generalized Werner states 77, in terms of a and |u|.

Suppose that the initial state of the two qubits is the Werner state p%). By using Equation (27),

we find the analytical expression of the concurrence of the evolved Werner state p(t) of Equation (19).
When the applied magnetic fields have the expression of Equation (14), i.e., Case 1, we get:

C(p(t)) = max {O, |rx|\/1 — tanh?(27_) sin?(27_) — ! ; e } . (31)

The analytical expression of the concurrence when the magnetic fields are described by Case 2,
i.e., by Equation (15), is given by:

2
C(o(t)) = max {o, ay/1— 4B iy - 128 } . (32)

cosh”(1-) 2
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For obtaining the analytical expressions of the concurrence given by Equations (31) and (32), we
have employed Equations (A2), (A4) and (A5) for Case 1, and Equations (A6), (A8) and (A9) for Case 2,
respectively. In addition, we have considered 71, = 771, which leads to ¢r_ = 0 (see Equation (A1)).

We plot the concurrence of the state p(t) in terms of the parameter « of the initial Werner state
and 7_ defined by Equation (16) in Figures 2 and 3-left. From them one can notice that the concurrence
is equal to zero for p(t) characterized by a« < 1/3 for both cases, Case 1 and Case 2, of the two
applied magnetic fields. We have presented an analytical proof of this fact, by showing that according
to Equation (29), zero concurrence occurs for the generalized Werner state 17;(;2 for the particular «
satisfying &« < 1/3 for any value of y.

4.2. Quantum Discord

A different important measure of quantum correlations we investigate in this paper is quantum
discord. The quantum discord can be evaluated for an X state by using the approach presented
in Appendix B. Since the evolved Werner state p(t) is an X-state, we can use the results given in
Appendix B for computing the quantum discord according to Equation (A17): D(pap) = Z(paB) —
C(paB)- We plot, in addition, quantum discord of p(t) in terms of « and 7_ in Figures 2 and 3-right.

4.3. Comparison between the Concurrence and Quantum Discord of the Evolved Werner State

Our purpose in this subsection is to make a detailed comparison between the concurrence and
quantum discord of a given evolved Werner state p(t), i.e., for a fixed value of «.
We present the evolution of both concurrence and quantum discord in terms of 7_ defined by

Equation (16) for Case 1 and Case 2 of the applied magnetic fields. For a € {— %, %} , both in Case 1

and Case 2, the concurrence is equal to zero as expected (see Figures 6a and 7a). For a € %, 1)in
Case 1, there are zero-plateaux for concurrence and the discord is non-zero (see Figure 6b). In this case,
the phenomenon of sudden death of entanglement, followed by revival of entanglement occur many
times.

0.10 ‘ 0.4 e
008}
A 0.06f Do F A
Qooa oL Lo

1 \
002f \ o L ‘

0.00

Figure 6. Concurrence (black, solid) and quantum discord (red, dashed) when the state at t = 0 is the
Werner state (17) in the Case 1 of Equation (14) in terms of 7 = % t for: (a) « = 0.25, (b) &« = 0.55.

In Case 2, for o € (%, 0.582) , there is a unique zero-plateau for concurrence and the discord is
non-zero [see Figure 7b]. It is interesting to note that such a zero-plateau zone reduces to a single
point when a ~ 0.582 at the time instant 7_ ~ 1.115 (see Figure 7c). The quantum discord, instead,
remains different from zero: D ~ 0.049. For a € (0.582,1), the phenomenon of sudden death and
revival disappears since in this case the concurrence, as well as the quantum discord, is larger than
zero (see Figure 7d).
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We emphasize that the plots reported and discussed above confirm the predictions exposed in a
previous subsection. Such plateaux, indeed, can be explained in the light of the observation based on
the & — || relation in Equation (30).

Finally, we underline that in Ref. [77], Xia et al. have found an analogue process to our case (c)
above on concurrence, but for quantum discord. They have investigated the dynamics of an open
system, where the quantum channel was a stochastic dephasing channel along the z-direction. In
Figure 7 of Ref. [77], they have shown that sudden death and sudden birth of quantum discord occur
for a two-qubit Bell-diagonal state. which presents a curve with the minimum value zero for quantum
discord. One knows that if the quantum discord is equal to zero, then the concurrence is also zero,
since a zero-discord state is separable. Therefore, in Ref. [77], they have presented sudden death and

birth of both quantum discord and concurrence.

A further interesting investigation to be made is the case of constant magnetic fields applied
on the two qubits found initially in the Werner state. This needs a different treatment as shown in

Appendix C. A new parameter f is introduced, which influences the behavior of the shape of both
concurrence and quantum discord as one can see in Figures A1 and A2,

0.08

0.06r )

004t |

CD

0.02f Vo

0.00

3
T_
Figure 7. Concurrence (black, solid) and quantum discord (red, dashed) when the state at ¢ = 0 is the

Werner state (17) in the Case 2 of Equation (15) in terms of 7_ = \I"T,\ t for: (a) « = 0.25, (b) & = 0.55,
()« =0.582, (d) « = 0.9.

5. Dynamical Origin of the Asymptotic Behavior of Quantum Correlations

In this section, we provide a dynamical interpretation of the asymptotic behavior of both
the concurrence and quantum discord exhibited by the system. To this end we evaluate the time

dependence of the fidelity of the Bell state | ¥~ ) with respect to its evolved state | (t) ) = U(t) |¥ ™),
defined in Equation (20), getting:

FA¥)191) = pOY ) = [a—(t)Fcos® (¢;) + [b-(1)*sin® (¢;) , (33)
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in accordance with Equations (21) and (22). In Figure 8 we plot the fidelity (33) versus 7_ highlighting
different asymptotic behaviors for large 7_ in the two cases, constant and oscillatory, respectively.
Exploiting Equations (A4) and (A5) one easily confirms that in Case 1 the asymptotic behavior of
F(|¥~),|p(t))) is time-independent and equal to 1/2. This circumstance suggests that the asymptotic
evolved state | (7 > 1)) is an equally weighted coherent superposition of the Bell states | ¥ )
and | ¥ ). Such an intuitive prediction may be analytically supported mathematically acquiring the
following form
—ie T YT+ ¥ )
NG .

The concurrence of this state reads C = | cos(27- )| and reproduces the asymptotic oscillations
exhibited by the concurrence C(|¢(7-) )) in Figure 1-left. The structure of | (17— > 1) ), as given by
Equation (34), transparently explains the dynamical origin of the oscillations dominating the time
evolution of the concurrence (as well as of the quantum discord) for large 7_.

In view of Equations (A8) and (A9), the fidelity in Case 2, instead, asymptotically exhibits infinitely
many maxima closer and closer to one as well as infinitely many minima closer and closer to zero.
Such a behavior is well illustrated in Figure 8-right and suggests that the system asymptotically tends
to reach a complete oscillatory regime between the states |'¥~ ) and | ¥ ). Even in this case such a

[p(=>1)) =

(34)

prediction may be legitimated evaluating | (7— > 1)) related to Case 2, which can be cast in the
following form

[p(r- > 1)) ~ —cos (Sinhz(f‘) - 3:) 1%+ ) — isin <Smh2<T—) - 3;) ¥). @)

One can easily check that the concurrence for such a state reaches its maximum value C = 1.
It is possible to interpret such a result claiming that the system goes from | ¥~ ) to | ¥ ) and back
through states whose concurrence is closer and closer to one as time goes on. Incidentally, examining
Equation (35), one can convince oneself that the semi-period of these oscillations progressively vanishes.
Thus, as in Case 1, the structure (35) of |¢(7- > 1)) in Case 2 transparently brings to light the
dynamical origin of the plateaux exhibited by the concurrence as well as by the quantum discord in
Figure 8-right.

Fidelity Fidelity

1.0 1.0 \
0.8} 108

I 06F
0.6 1

I 041
0'4f 1 02l
0.27 1 1 1 1 1 0.0 1 1 1 1

0 1 2 3 4 5 6 0 1 2 3 4 5

T_ T_

Figure 8. Fidelity when the initial state is the singlet state, i.e., « = 1 in Case 1—left and in

Case 2—right.

Finally, in Figure 9 the fidelity between the Werner state and the evolved Werner state is reported
versus the dimensionless time 7_ for different values of . The analytical derivation of the expression
of the fidelity between the Werner state and the generalized Werner state is reported in Appendix D by
Equation (A24). Furthermore, one replaces the parameters y and v of the generalized Werner state
by co1(t) and c10(t), respectively, according to their expressions (21) and (22) in order to obtain the
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analytical expression of the fidelity between the Werner state and the desired state, i.e., the evolved
Werner state.

We see that the curves of Figure 9 exhibit a time behavior qualitatively similar to the ones related
to the pure state | ¥~ ). The physical reason lies on the fact that as pointed out before, the time
evolution of the Werner state, according to the Hamiltonian model under scrutiny, is traceable back by
the time evolution of the state | ¥~ ). The parameter « practically scales the curves as it happens for
the fidelity in Figure 9 as well as for the concurrence in Figure 7.

Fidelity Fidelity
10w ‘
N
0.9F 1\ ] ! iyl
Y . N | nop h bl
CyY 22 1 tmemeo P Ve Tty
RN O EE
o7f v T i 08f A I R R LA
- Lo
06- | OO B V1t IO R AR TR B
o . | . S NN
050 S ] Yo VIt o Eg ;5 ;g i n:u
04l 0.2f Voo i
4r - 7 E LA A A
0.3: 1 1 1 1 1 0.0 1 1 1 1
0 1 2 3 4 5 6 0 1 2 3 4 5
T_ T_
Figure 9. Fidelity versus dimensionless time 7_ = \I"T—l t when the initial state is the Werner state in

Equation (17) for « = 0.25 (black, solid), « = 0.55 (red, dashed), and & = 0.9 (blue, dot-dashed) in
Case 1—left and Case 2—right.

6. Conclusions

In this paper, we have investigated the emergence and the time behavior of the quantum
correlations generated in a driven system of two interacting spin-1/2’s subjected to local
time-dependent magnetic fields. To this end, we have studied the evolution of the concurrence and the
quantum discord when the system is acted upon by specific fields for which the exact time evolution
operator is known [51]. The specific time-dependent (controlled) scenarios we analyzed are based on
the capability of generating a sech pulse. The problem of a single spin subjected to a sech pulse dates
back to the 1930s and has been formulated and treated by Rosen and Zener [78]. Since the experimental
setup for such a pulse turns out to be easily realizable [79-81], even today it is still of theoretical and
applicative interest and appears indeed in many-spin Hamiltonian models [82-84]. The application of
inhomogeneous and time-dependent magnetic fields on a pair of coupled spins exploits the so-called
Scanning Tunneling Microscopy (STM) [85-91]. The exchange interaction between the spin on the
tip of the Microscope and the spin of interest in the pair origins the local and desired magnetic field.
The geometrical relative configuration between the tip and the target spin is adjustable enabling,
at least in principle, the generation of effective local time-dependent magnetic fields at will. It is
of relevance moreover to emphasize that even if the exact treatment of the quantum dynamics of
time-dependent Hamiltonian models are rare, our ability to find the evolution operator is not limited
to the cases we have reported [70]. The two scenarios selected in this paper are exemplary ones since
they are non-trivial, exactly treatable as well as within the experimental reach.

The symmetry properties of our time-dependent Hamiltonian model play a crucial role since it
guarantees that an initial X density matrix evolves keeping such a structure at any time instant and, on
the other hand, that the quantum discord of such a state could be analytically determined [50]. This is
why we choose an X state as initial condition and in this class we concentrate on generic a-parametric
Werner states.

Our analysis exactly predicts in both time-dependent scenarios the presence of sudden
death-sudden revival phenomena in the concurrence as well as a non-vanishing quantum discord.
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Many papers deal with the same issue, but mainly focusing on open quantum systems where
death and rebirth of entanglement stems instead from the interaction with the surrounding
environment [8,9,13,14]. We emphasize that our prediction of the zero-concurrence plateaux is
based on the knowledge of the structure of the class of the extended Werner states 77;(4“3 , which
enables a transparent distinction between domains of zero concurrence and domains of non-vanishing
concurrence in the a-p parameter space as illustrated in Figures 4 and 5.

Comparing the two plots in Figure 1, we finally notice a peculiar difference in the asymptotic
behavior of concurrence and quantum discord in the two controlled scenarios investigated in this
paper. We succeeded in interpreting the dynamical origin of such a difference evaluating the time
behavior of the fidelity of the initial Werner state with respect to the evolved one.

A possible perspective of the present work could consist of studying the same two-spin system in
the presence of a quantum harmonic oscillator bath making in this way more realistic the physical
scenario. The quantum dynamics of this open quantum system could be treated with the Feshbach
approach leading to the consideration of appropriate effective non-Hermitian Hamiltonians [92,93] or,
alternatively, it could be based on the partial Wigner transpose approach [94].
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Appendix A. Analytical Solutions of the Hamiltonian Model
In this Appendix we provide some results that were obtained in Ref. [51]. Let us define:

Ty + 721:| (A1)

:= — arctan
or { Y11 F Y22
Case 1. If the two magnetic fields vary over time as follows

1 T
cosh(2ty) = cosh(27_)’

hwap(t) =
then the solutions for the two fictitious spin-1/2 particles are (see Equation (11)):

cosh(2ty) +1 _ Jcosh(2Ty) —1

o (O] = 2cosh(27y) ’ 1B+ (O] = 2cosh(2ty) ’ (A2)

7T

¢ (t) = —arctanftanh(ti)] — T4, ¢, (t) = ¢r, — arctan[tanh(7¢)] + 74 — 5 (A3)
B cosh(27_) +1 _ Jcosh(271_) —1

-] = 2cosh(2t_) ’ b-(8)] = 2cosh(27_) ’ (Ad)

¢, () = —arctan[tanh(7_)] — 1_, ¢, (t) = ¢r_ — arctan[tanh(7-)] + 7 — g (A5)

Case 2. Likewise, if the two local magnetic fields change in time as

th,B(t) — ‘r-‘r' + |F_‘ |: 3

cosh(2ty) 4 |cosh(t_) _COSh(T_)}'
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then the solutions, in this case, read

¢ (t) = — arctan[tanh (74 )] — T4, ¢, (t) = ¢r, —arctan[tanh(7,)] 4 74 — g, (A7)
-0 = T b ()] = tanh(z_), (A8)
¢, (t) = —arctan [tanh(%)] - %sinh(rf), ¢, (t) = ¢r_ — arctan [tanh(%ﬂ + %sinh(T,) — g (A9)

Appendix B. Quantum Discord for X States

Quantum discord is an important tool for measuring quantum correlations in a bipartite quantum
system, which was defined by Olivier and Zurek [16], being based on the non-equivalence in the
quantum case of two classical definitions of the mutual information. The classical mutual information
can be defined in two ways:

I(A:B) = H(A)+H(B)—H(A,B); (A10)
J(A:B) = H(A)-H(A|B), (A11)
where H is the Shannon entropy, while H(A|B) is the conditional Shannon entropy. In the classical

case, the definitions (A10) and (A11) coincide.
For the generalization to the quantum case, one must consider a bipartite state p 45 [16]:

Z(pa) = S(pa) + S(ps) — S(paB), (A12)

with S(p) being the von Neumann entropy S(p) = —Tr(plog, p), while p 4(p) := Trp(4) (pap) denote
the reduced states of the two subsystems. Equation (A12) represents the quantum mutual information
between the two subsystems, A and B. The quantum analogue of the formula (A11) is more complicated
and depends on the von Neumann measurements made on the second system B. Let us denote by
{I12} the set of one-dimensional projectors performed on the system B. The final state of the system
A, after the measurement on the system B led to the outcome j is [16]:

1
pA|H? = p—jTI‘B(I@H]E';pABI@HF), (A13)

where the probability is given by p; = Tr(pap [ ® H]B). The quantum conditional entropy is obtained
by considering all the possible outcomes:

S(oay) = 2. pj S(pmp)- (A14)
]

The associated quantum mutual information, which generalizes Equation (A11), is
=S -5 . Al5
J(PAB)|{H§S} (oa) (PA\{HJB}) (A15)

In Refs. [16,95] the classical correlation is defined by considering the supremum over all the
possible von Neumann measurements {I15}:

C(pas) = sup J(paB)lrsy- (Al6)
(1% j
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The quantum A-discord is defined as [16]:

Da(pas) =Z(pas) —C(pas), (A17)

being a measure of quantum correlations of a two-party quantum state. In addition, there is a
second definition, namely the quantum B-discord, which considers the von Neumann measurements
performed on the first system. The quantum discord is asymmetric under the change A <+ B, i.e,,
it depends on which subsystem the measurements are made on. In this paper, we use the quantum
A-discord, which we will call it briefly D(p) = D4 (p).

We have shown in Section 3 that if one starts with a two-qubit system found in an X state, then
the evolved state under the influence of the two external magnetic fields is also an X state described
by px(t). If the input state is the Werner state, then the elements of the density operators px(t) are
given by Equations (18), whose Fano parametrization is given by Equation (5), i.e., being described
by a non-diagonal matrix T. By applying the local unitary transformation (6), one can bring the state
px(t) to its canonical form given by Equation (9), as we have discussed in Section 2. Furthermore, we
use the algorithm found by Li et al. for evaluating the quantum discord of an X state in the canonical
form [34]. First, we compute the parameters r(t), s(t), c1(t), c2(t), c3(t) by using Equations (8) and (18).
The eigenvalues of the canonical X state (9) are given by [34]:

1
)\1,2 = Z |:1—C3:|:\/(I’—S)2+(C1+C2)2],

Aza = % [1 +o3+ \/(V +5)2 4 (c1 - 02)2] . (A18)

Let us define the monotonically decreasing function u for x € [0,1]:

1+
2

u(x) =— —7 log,(1—x) —

. % Jog,(1+x). (A19)

One can easily evaluate the von Neumann entropy of the reduced density operators: S(p4) =
1+u(r), S(pp) = 1+ u(s). According to Equation (A12), the quantum mutual information has
the expression:

4
Z(pag) =2+ u(r)+u(s)+ ) Ajlog, A,. (A20)
j=1

Let us consider the following functions [34]:

A= _1+7’+S+C310 1+r+s+C3_1—r+s—C3lo 1—r+s—c3
! 4 82721 1) 4 82721 +s)

_1—|—1’—S—C310g 1—|—7’—S—C3_1—1’—S—|—C310 1—r—s+4c3

1 27 (1 —s) 4 82721 -s)

f

1+u<m>, f3:1+u<m>.

Li et al. have proved that the classical correlation has the expression [34]:

C(pap) = S(pa) —min{fy, fo, f3}- (A21)

Therefore, the quantum discord can be evaluated by using Equation (A17).
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Appendix C. Comparison between Concurrence and Quantum Discord of the Werner State
Subjected to Constant Magnetic Fields

Let us now investigate the case of constant applied fields, which means that both w4 and wp are
time-independent. According to Equation (12), one obtains that also ()4 are constant. In addition, we
consider y11 = ¥ = c and 12 = 7¥21. By using Equation (12), one obtains the expressionof I'_, i.e.,
I'_ = 2c. Therefore, we get:

; O
ar(t) = eFirst/h [cos(ri)—ivisin(ri) ,
+
; r
bi = fiejFl%ﬁ/hiSin(Ti),
vVt

where we have denoted v = , /Q%E + T+ |?, = = v_t/h. With the notation Q_ = B¢, one obtains:

o p r__ o

v- B +4 v- B4

According to Equation (24), the expression of the concurrence in the case of constant

fields becomes:
2 _
C=max{0,a/1— 10p - 1-al (A22)
(B2 +4)2 sin*(7_) 2

Concurrence and quantum discord for the time-independent case are reported in Figures Al
and A2. We remark that both the parameter « and the parameter § influence the time behavior of both
the concurrence and the discord. In particular, we see that the parameter a sets the range of variation
of the curves; precisely, when « — 1 both the two quantities are closer to higher values, as it can be
appreciated also from Figures 6 and 7. The parameter p, instead, qualitatively determines the shape of
these curves and it is responsible for the presence of possible plateaux of the concurrence, as Figure A2
clearly shows.

Figure A1. Concurrence (black, solid) and quantum discord (red, dashed) when the initial state is the
Werner state (17) in the case of constant fields, when g = 1, for: (a) &« = 0.55, (b) « = 0.75, (c) « = 0.9.

Figure A2. Concurrence (black, solid) and quantum discord (red, dashed) when the initial state is the
Werner state (17) in the case of constant fields, when g = 2, for: (a) « = 0.55, (b) « = 0.75, (c) « = 0.9.
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Appendix D. Fidelity between the Werner State and the Generalized Werner State

In the following we are interested in computing the fidelity between the Werner state and the

(w) of

evolved state p(t). We have proved in Section 4 A that the state p(t) is a particular state of 1,

Equation (26), obtained for the particular case pt = cp; (t) and v = c19(f).
The fidelity between two mixed states p; and p; is defined by [96]:

2
F(p1,p2) = [WW} : (A23)

Further we evaluate the fidelity between the Werner state pyy and the state 17}(,“3 Let us denote by

P, Q, R the following parameters:

1 1 1
P = g(l—az)—i-gzx(l—zx)\y+v|2+§tx(1+3a)|y—v|2,
= L —a)3 L _ )2 2 2
Q = 52 (1= (1430) + g a (1+30)(1 =) (Jn+ v+ |u —v]?).
The eigenvalues of plv\{zih(ﬁz plvf are:
N
gl - €2_ 16 7
1
o= 5 (P+VPP-4Q);
1
— _ 2
{s = 2(P P 4Q).

Therefore, the fidelity has the expression
2

(A24)

Flow i) = (5 + Va+ Vi)

References

1. Yu, T; Eberly, ]. H. Sudden Death of Entanglement. Science 2009, 323, 598. [CrossRef] [PubMed]
Yonac, M.; Yu, T.; Eberly, ].H. Pairwise concurrence dynamics: A four-qubit model. ]. Phys. B At. Mol.
Opt. Phys. 2007, 40, S45. [CrossRef]

3. Yu, T; Eberly, J.H. Evolution from Entanglement to Decoherence of Bipartite Mixed “X” States. Quantum Inf.
Comput. 2007, 7, 459.

4. Antonelli, C.; Shtaif, M.; Brodsky, M. Sudden Death of Entanglement Induced by Polarization Mode
Dispersion. Phys. Rev. Lett. 2011, 106, 080404. [CrossRef]

5. Singh, A.; Pradyumna, S.; Rau, A.R.P; Sinha, U. Manipulation of entanglement sudden death in an all-optical
setup. J. Opt. Soc. Am. B 2017, 34, 681. [CrossRef]

6.  Ficek, Z; Tanas, R. Delayed sudden birth of entanglement. Phys. Rev. A 2008, 77, 054301. [CrossRef]

7. Bellomo, B.; Antezza, M. Creation and protection of entanglement in systems out of thermal equilibrium.
New J. Phys. 2013, 15, 113052. [CrossRef]

8. Mazzola, L.; Maniscalco, S.; Piilo, J.; Suominen, K.-A.; Garraway, B.M. Sudden death and sudden birth of
entanglement in common structured reservoirs. Phys. Rev. A 2009, 79, 042302. [CrossRef]

9.  Namitha, C.V,; Satyanarayana, S.V.M. Schemes to avoid entanglement sudden death of decohering two qubit
system. arXiv 2018, arXiv:1810.04407.

10. Malinovsky, V.S.; Sola, I.R. Phase-Controlled Collapse and Revival of Entanglement of Two Interacting
Qubits. Phys. Rev. Lett. 2006, 96, 050502. [CrossRef]

11. Lopez, C.E.; Romero, G.; Lastra, F; Solano, E.; Retamal, J.C. Sudden Birth versus Sudden Death of
Entanglement in Multipartite Systems. Phys. Rev. Lett. 2008, 101, 080503. [CrossRef] [PubMed]


http://dx.doi.org/10.1126/science.1167343
http://www.ncbi.nlm.nih.gov/pubmed/19179521
http://dx.doi.org/10.1088/0953-4075/40/9/S02
http://dx.doi.org/10.1103/PhysRevLett.106.080404
http://dx.doi.org/10.1364/JOSAB.34.000681
http://dx.doi.org/10.1103/PhysRevA.77.054301
http://dx.doi.org/10.1088/1367-2630/15/11/113052
http://dx.doi.org/10.1103/PhysRevA.79.042302
http://dx.doi.org/10.1103/PhysRevLett.96.050502
http://dx.doi.org/10.1103/PhysRevLett.101.080503
http://www.ncbi.nlm.nih.gov/pubmed/18764597

Entropy 2020, 22, 785 21 of 24

12.

13.

14.

15.

16.

17.

18.

19.

20.
21.

22.
23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

Metwally, N.; Eleuch, H.; Obada, A.-S. Sudden death and rebirth of entanglement for different dimensional
systems driven by a classical random external field. Laser Phys. Lett. 2016, 13, 105206. [CrossRef]

Bahari, I.; Spiller, T.P,; Dooley, S.; Hayes, A.; McCrossan, F. Collapse and revival of entanglement between
qubits coupled to a spin coherent state. Int. |. Quantum Inf. 2018, 16, 1850017. [CrossRef]

Shaukat, M.I.; Castro, E.V.; Tercas, H. Entanglement sudden death and revival in quantum dark-soliton
qubits. Phys. Rev. A 2018, 98, 022319. [CrossRef]

Wang, F.; Hou, P-Y.; Huang, Y.-Y.; Zhang, W.-G.; Ouyang, X.-L.; Wang, X.; Huang, X.-Z.; Zhang, H.-L.; He, L.;
Chang, X.-Y.; et al. Observation of entanglement sudden death and rebirth by controlling a solid-state spin
bath. Phys. Rev. B 2018, 98, 064306. [CrossRef]

Ollivier, H.; Zurek, W.H. Quantum Discord: A Measure of the Quantumness of Correlations. Phys. Rev. Lett.
2001, 88, 017901. [CrossRef]

Lanyon, B.P; Barbieri, M.; Almeida, M.P,; White, A.G. Experimental Quantum Computing without
Entanglement. Phys. Rev. Lett. 2008, 101, 200501. [CrossRef]

Datta, A.; Shaji, A.; Caves, C.M. Quantum Discord and the Power of One Qubit. Phys. Rev. Lett. 2008,
100, 050502. [CrossRef]

Guo, J.L.; Zhang, X.Z. Quantum correlation dynamics subjected to critical spin environment with short-range
anisotropic interaction. Sci. Rep. 2016, 6, 32634. [CrossRef]

Meyer, D.A. Sophisticated Quantum Search Without Entanglement. Phys. Rev. Lett. 2000, 85, 2014. [CrossRef]
Modi, K.; Brodutch, A.; Cable, H.; Paterek, T.; Vedral, V. The classical-quantum boundary for correlations:
Discord and related measures. Rev. Mod. Phys. 2012, 84, 1655. [CrossRef]

Modi, K. A Pedagogical Overview of Quantum Discord. Open Syst. Inf. Dyn. 2014, 21, 1440006. [CrossRef]

Hu, M.L;; Hu, X.; Wang, J.; Peng, Y.; Zhang, Y.-R.; Fan, H. Quantum coherence and geometric quantum
discord. Phys. Rep. 2018, 762-764, 1-100. [CrossRef]

Bera, A; Das, T.; Sadhukhan, D.; Roy, S.S.; Sen (De), A.; Sen, U. Quantum discord and its allies: A review of
recent progress. Rep. Prog. Phys. 2018, 81, 024001. [CrossRef] [PubMed]

Huang, Y. Computing quantum discord is NP-complete. New J. Phys. 2014, 16, 033027. [CrossRef]

Giorda, P; Paris, M.G.A. Gaussian Quantum Discord. Phys. Rev. Lett. 2010, 105, 020503. [CrossRef] [PubMed]
Adesso, G.; Datta, A. Quantum versus Classical Correlations in Gaussian States. Phys. Rev. Lett. 2010,
105, 030501. [CrossRef]

Isar, A. Quantum Discord of Two Bosonic Modes in Two-Reservoir Model. Open Sys. Inf. Dyn. 2013,
20, 1340003. [CrossRef]

Marian, P.; Ghiu, I.; Marian, T.A. Decay of Gaussian correlations in local thermal reservoirs. Phys. Scr. 2015,
90, 074041. [CrossRef]

Isar, A.; Mihaescu, T. Generation of quantum discord in two-mode Gaussian systems in a thermal reservoir.
Eur. Phys. ]. D 2017, 71, 144. [CrossRef]

Ghiu, I.; Marian, P.; Marian, T.A. Loss of non-Gaussianity for damped photon-subtracted thermal states.
Phys. Scr. 2014, T160, 014014. [CrossRef]

Maziero, J.; Werlang, T.; Fanchini, EE; Celeri, L.C.; Serra, R.M. System-reservoir dynamics of quantum and
classical correlations. Phys. Rev. A 2010, 81, 022116. [CrossRef]

Ali, M.; Rau, A.R.P; Alber, G. Quantum discord for two-qubit X states. Phys. Rev. A 2010, 81, 042105.
[CrossRef]

Li, B.; Wang, Z.X.; Fei, S.M. Quantum discord and geometry for a class of two-qubit states. Phys. Rev. A 2011,
83, 022321. [CrossRef]

Werner, R.F. Quantum states with Einstein-Podolsky-Rosen correlations admitting a hidden-variable model.
Phys. Rev. A 1989, 40, 4277. [CrossRef] [PubMed]

Barbieri, M.; De Martini, F.; Di Nepi, G.; Mataloni, P. Generation and Characterization of Werner States and
Maximally Entangled Mixed States by a Universal Source of Entanglement. Phys. Rev. Lett. 2004, 92, 177901.
[CrossRef]

Cinelli, C.; Di Nepi, G.; De Martini, F.; Barbieri, M.; Mataloni, P. Parametric source of two-photon states with
a tunable degree of entanglement and mixing: Experimental preparation of Werner states and maximally
entangled mixed states. Phys. Rev. A 2004, 70, 022321. [CrossRef]

Popescu, S. Bell’s Inequalities and Density Matrices: Revealing “Hidden” Nonlocality. Phys. Rev. Lett. 1995,
74,2619. [CrossRef]


http://dx.doi.org/10.1088/1612-2011/13/10/105206
http://dx.doi.org/10.1142/S021974991850017X
http://dx.doi.org/10.1103/PhysRevA.98.022319
http://dx.doi.org/10.1103/PhysRevB.98.064306
http://dx.doi.org/10.1103/PhysRevLett.88.017901
http://dx.doi.org/10.1103/PhysRevLett.101.200501
http://dx.doi.org/10.1103/PhysRevLett.100.050502
http://dx.doi.org/10.1038/srep32634
http://dx.doi.org/10.1103/PhysRevLett.85.2014
http://dx.doi.org/10.1103/RevModPhys.84.1655
http://dx.doi.org/10.1142/S123016121440006X
http://dx.doi.org/10.1016/j.physrep.2018.07.004
http://dx.doi.org/10.1088/1361-6633/aa872f
http://www.ncbi.nlm.nih.gov/pubmed/28824014
http://dx.doi.org/10.1088/1367-2630/16/3/033027
http://dx.doi.org/10.1103/PhysRevLett.105.020503
http://www.ncbi.nlm.nih.gov/pubmed/20867693
http://dx.doi.org/10.1103/PhysRevLett.105.030501
http://dx.doi.org/10.1142/S1230161213400039
http://dx.doi.org/10.1088/0031-8949/90/7/074041
http://dx.doi.org/10.1140/epjd/e2017-80011-4
http://dx.doi.org/10.1088/0031-8949/2014/T160/014014
http://dx.doi.org/10.1103/PhysRevA.81.022116
http://dx.doi.org/10.1103/PhysRevA.81.042105
http://dx.doi.org/10.1103/PhysRevA.83.022321
http://dx.doi.org/10.1103/PhysRevA.40.4277
http://www.ncbi.nlm.nih.gov/pubmed/9902666
http://dx.doi.org/10.1103/PhysRevLett.92.177901
http://dx.doi.org/10.1103/PhysRevA.70.022321
http://dx.doi.org/10.1103/PhysRevLett.74.2619

Entropy 2020, 22, 785 22 of 24

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

Galve, F; Giorgi, G.L.; Zambrini, R. Maximally discordant mixed states of two qubits. Phys. Rev. A 2011,
83,012102. [CrossRef]

Rau, A.R.P. Entanglement and discord for qubits and higher spin systems. Pramana 2014, 83, 231. [CrossRef]
Virzi, S.; Rebufello, E.; Avella, A.; Piacentini, F.; Gramegna, M.; Berchera, I.R.; Degiovanni, I.P.; Genovese,
M. Optimal estimation of entanglement and discord in two-qubit states. Sci. Rep. 2019, 9, 3030. [CrossRef]
[PubMed]

Diaz-Solorzano, S.; Castro, E. Exact analytical solution of Entanglement of Formation and Quantum Discord
for Werner state and Generalized Werner-Like states. arXiv 2018, arXiv:1802.05877.

Fanchini, EF,; Castelano, L.K.; Caldeira, A.O. Entanglement versus quantum discord in two coupled double
quantum dots. New J. Phys. 2010, 12, 073009. [CrossRef]

Auyuanet, A.; Davidovich, L. Quantum correlations as precursors of entanglement. Phys. Rev. A 2010,
82,032112. [CrossRef]

Liu, B.-Q.; Shao, B.; Zou, J. Quantum discord for a central two-qubit system coupled to an XY-spin-chain
environment. Phys. Rev. A 2010, 82, 062119. [CrossRef]

Gallego, M.A.; Coto, R.; Orszag, M. Generation of quantum correlations for two qubits through a common
reservoir. Phys. Scr. T 2012, 147, 014012. [CrossRef]

Aiobi, H; Salimi, S.; Khorashad, A.S. Quantum Entanglement and Quantum Discord of a Two-Qubit System
in a Dissipative Cavity. Int. J. Theor. Phys. 2016, 55, 1506. [CrossRef]

Park, D.K. Thermal entanglement and thermal discord in two-qubit Heisenberg XYZ chain with
Dzyaloshinskii-Moriya interactions. Q. Inf. Process. 2019, 18, 172. [CrossRef]

El-Hadidi, E.G.; Farouk, A.; Abdel-Aty, M.; Ghose, S. Controlling steady-state entanglement and quantum
discord through squeezing angle. Chaos Solitons Fractals 2019, 128, 382. [CrossRef]

Grimaudo, R.; Mihaescu, T.; Ghiu, L; Isar, A.; Messina, A. Dynamics of quantum discord of two coupled
spin-1/2’s subjected to time-dependent magnetic fields. Results Phys. 2019, 13, 102147. [CrossRef]
Grimaudo, R.; Messina, A.; Nakazato, H. Exactly solvable time-dependent models of two interacting
two-level systems. Phys. Rev. A 2016, 94, 022108. [CrossRef]

Fano, U. Description of States in Quantum Mechanics by Density Matrix and Operator Techniques.
Rev. Mod. Phys. 1957, 29, 74. [CrossRef]

Horodecki, R.; Horodecki, M. Information-theoretic aspects of inseparability of mixed states. Phys. Rev. A
1996, 54, 1838. [CrossRef] [PubMed]

Rau, A.R.P. Algebraic characterization of X-states in quantum information. J. Phys. A Math. Theor. 2009,
42,412002. [CrossRef]

Sabapathy, K.K.; Simon, R. Quantum discord for two-qubit X-states: A comprehensive approach inspired by
classical polarization optics. arXiv 2013, arXiv:1311.0210.

Huang, Y. Quantum discord for two-qubit X states: Analytical formula with very small worst-case error.
Phys. Rev. A 2013, 88, 014302. [CrossRef]

Yurischev, M.A. On the quantum discord of general X states. Quantum Inf. Process. 2015, 14, 3399. [CrossRef]
Celeri, L.C.; Maziero, J. The Sudden Change Phenomenon of Quantum Discord. In Lectures on General
Quantum Correlations and Their Applications; Fanchini, EF., Soares Pinto, D.O., Adesso, G., Eds.; Springer:
Cham, Switzerland, 2017; pp. 309-337.

Bolton, J.A.; Bolton, J.R. Bolton, Electron Paramagnetic Resonance—Elementary Theory and Practical Applications,
2nd ed.; Wiley: Hoboken, NJ, USA, 2007.

Dzyaloshinskii, I. A thermodynamic theory of “weak” ferromagnetism of antiferromagnetics. J. Phys Chem.
Solids 1958, 4, 241. [CrossRef]

Moriya, T. Anisotropic superexchange interaction and weak ferromagnetism. Phys. Rev. 1960, 120, 91.
[CrossRef]

Grimaudo, R.; Vitanov, N.V,; Messina, A. Coupling-assisted Landau-Majorana-Stiickelberg-Zener transition
in a system of two interacting spin qubits. Phys. Rev. B 2019, 99, 174416. [CrossRef]

Grimaudo, R.; Messina, A.; Ivanov, P.A.; Vitanov, N.V. Spin-1/2 sub-dynamics nested in the quantum
dynamics of two coupled qutrits. J. Phys. A 2017, 50, 175301. [CrossRef]

Grimaudo, R; Vitanov, N.V.; Messina, A. Landau-Majorana-Stiickelberg-Zener dynamics driven by coupling
for two interacting qutrit systems. Phys. Rev. B 2019, 99, 214406. [CrossRef]


http://dx.doi.org/10.1103/PhysRevA.83.012102
http://dx.doi.org/10.1007/s12043-014-0793-7
http://dx.doi.org/10.1038/s41598-019-39334-8
http://www.ncbi.nlm.nih.gov/pubmed/30816189
http://dx.doi.org/10.1088/1367-2630/12/7/073009
http://dx.doi.org/10.1103/PhysRevA.82.032112
http://dx.doi.org/10.1103/PhysRevA.82.062119
http://dx.doi.org/10.1088/0031-8949/2012/T147/014012
http://dx.doi.org/10.1007/s10773-015-2788-7
http://dx.doi.org/10.1007/s11128-019-2292-8
http://dx.doi.org/10.1016/j.chaos.2019.07.049
http://dx.doi.org/10.1016/j.rinp.2019.02.083
http://dx.doi.org/10.1103/PhysRevA.94.022108
http://dx.doi.org/10.1103/RevModPhys.29.74
http://dx.doi.org/10.1103/PhysRevA.54.1838
http://www.ncbi.nlm.nih.gov/pubmed/9913669
http://dx.doi.org/10.1088/1751-8113/42/41/412002
http://dx.doi.org/10.1103/PhysRevA.88.014302
http://dx.doi.org/10.1007/s11128-015-1046-5
http://dx.doi.org/10.1016/0022-3697(58)90076-3
http://dx.doi.org/10.1103/PhysRev.120.91
http://dx.doi.org/10.1103/PhysRevB.99.174416
http://dx.doi.org/10.1088/1751-8121/aa5fb6
http://dx.doi.org/10.1103/PhysRevB.99.214406

Entropy 2020, 22, 785 23 of 24

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.
76.

77.

78.

79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

Grimaudo, R.; Belousov, Y.; Nakazato, H.; Messina, A. Time evolution of a pair of distinguishable interacting
spins subjected to controllable and noisy magnetic fields. Ann. Phys. 2018, 392, 242. [CrossRef]

Grimaudo, R.; Lamata, L.; Solano, E.; Messina, A. Cooling of many-body systems via selective interactions.
Phys. Rev. A 2018, 98, 042330. [CrossRef]

Bagrov, V.G,; Gitman, D.M.; Baldiotti, M.C.; Levin, A.D. Spin equation and its solutions. Ann. Phys. 2005,
14, 764. [CrossRef]

Kuna, M.; Naudts, J. General solutions of quantum mechanical equations of motion with time-dependent
hamiltonians: A lie algebraic approach. Rep. Math. Phys. 2010, 65, 77. [CrossRef]

Barnes, E.; Das Sarma, S. Analytically Solvable Driven Time-Dependent Two-Level Quantum Systems.
Phys. Rev. Lett. 2012, 109, 060401. [CrossRef] [PubMed]

Messina, A.; Nakazato, H. Analytically solvable Hamiltonians for quantum two-level systems and their
dynamics. J. Phys. A Math. Theor. 2014, 47, 445302. [CrossRef]

Markovich, L.A.; Grimaudo, R.; Messina, A.; Nakazato, H. An example of interplay between Physics and
Mathematics: Exact resolution of a new class of Riccati Equations. Ann. Phys. 2017, 385, 522. [CrossRef]
Grimaudo, R.; de Castro, A.S.M.; Nakazato, H.; Messina, A. Classes of Exactly Solvable Generalized
Semi-Classical Rabi Systems. Ann. Phys. 2018, 530, 1800198. [CrossRef]

Suzuki, T.; Nakazato, H.; Grimaudo, R.; Messina, A. Analytic estimation of transition between instantaneous
eigenstates of quantum two-level system. Sci. Rep. 2018, 8, 17433 [CrossRef] [PubMed]

Wootters, W.K. Entanglement of Formation of an Arbitrary State of Two Qubits. Phys. Rev. Lett. 1998,
80, 2245. [CrossRef]

Wootters, W.K. Entanglement of formation and concurrence. Quantum Inf. Comput. 2001, 1, 27.

Fan, X.-G.; Sun, W.-Y,; Ding, Z.-Y.; Ming, F; Yang, H.; Wang, D.; Ye, L. Universal complementarity between
coherence and intrinsic concurrence for two-qubit states. New J. Phys. 2019, 21, 093053. [CrossRef]

Xia, W.; Hou, ].X.; Wang, X.H.; Liu, S.Y. The Sudden Death and Sudden Birth of Quantum Discord. Sci. Rep.
2018, 8, 5325. [CrossRef]

Rosen, N.; Zener, C. Double Stern-Gerlach Experiment and Related Collision Phenomena. Phys. Rev. 1932,
40, 502. [CrossRef]

Economou, S.E.; Sham, L.J.; Wu, Y.; Steel, D.G. Proposal for optical U(1) rotations of electron spin trapped in
a quantum dot. Phys. Rev. B 2006, 74, 205415. [CrossRef]

Greilich, A.; Economou, S.E.; Spatzek, S.; Yakovlev, D.R.; Reuter, D.; Wieck, A.D.; Reinecke, T.L.; Bayer, M.
Ultrafast optical rotations of electron spins in quantum dots. Nature Phys. 2009, 5, 262. [CrossRef]

Poem, E.; Kenneth, O.; Kodriano, Y.; Benny, Y.; Khatsevich, S.; Avron, J.E.; Gershoni, D. Optically Induced
Rotation of an Exciton Spin in a Semiconductor Quantum Dot. Phys. Rev. Lett. 2011, 107, 087401. [CrossRef]
Hioe, F.T. Solution of Bloch equations involving amplitude and frequency modulations. Phys. Rev. A 1984,
30, 2100. [CrossRef]

Kyoseva, E.S.; Vitanov, N.V. Resonant excitation amidst dephasing: An exact analytic solution. Phys. Rev. A
2005, 71, 054102. [CrossRef]

Vitanov, N.V. Complete population inversion by a phase jump: An exactly soluble model. New J. Phys. 2007,
9, 58. [CrossRef]

Khajetoorians, A.A.; Wiebe, J.; Chilian, B.; Wiesendanger, R. Realizing All-Spin—-Based Logic Operations
Atom by Atom. Science 2011, 332, 6033. [CrossRef] [PubMed]

Yan, S.; Choi, D.-].; Burgess, J.A.].; Rolf-Pissarczyk, S.; Loth, S. Control of quantum magnets by atomic
exchange bias. Nat. Nanotechnol. 2015, 10, 40. [CrossRef] [PubMed]

Bryant, B.; Spinelli, A.; Wagenaar, ].].T.; Gerrits, M.; Otte, A.F. Local Control of Single Atom Magnetocrystalline
Anisotropy. Phys. Rev. Lett. 2013, 111, 127203. [CrossRef]

Tao, K.; Stepanyuk, V.S.; Hergert, W.; Rungger, I.; Sanvito, S.; Bruno, P. Switching a Single Spin on Metal
Surfaces by a STM Tip: Ab Initio Studies. Phys. Rev. Lett. 2009, 103, 057202. [CrossRef]

Hirjibehedin, C.F.; Lutz, C.P.; Heinrich, A.]. Spin Coupling in Engineered Atomic Structures. Science 2006,
312, 5776. [CrossRef]

Wieser, R.; Caciuc, V.; Lazo, C.; Holscher, H.; Vedmedenko, E.Y.; Wiesendanger, R. A theoretical study of the
dynamical switching of a single spin by exchange forces. New J. Phys. 2013, 15, 013011. [CrossRef]

Sivkov, LN.; Bazhanov, D.I.; Stepanyuk, V.S. Switching of spins and entanglement in surface-supported
antiferromagnetic chains. Sci. Rep. 2017, 7, 2759. [CrossRef]


http://dx.doi.org/10.1016/j.aop.2018.03.012
http://dx.doi.org/10.1103/PhysRevA.98.042330
http://dx.doi.org/10.1002/andp.200510176
http://dx.doi.org/10.1016/S0034-4877(10)80007-2
http://dx.doi.org/10.1103/PhysRevLett.109.060401
http://www.ncbi.nlm.nih.gov/pubmed/23006253
http://dx.doi.org/10.1088/1751-8113/47/44/445302
http://dx.doi.org/10.1016/j.aop.2017.07.008
http://dx.doi.org/10.1002/andp.201800198
http://dx.doi.org/10.1038/s41598-018-35741-5
http://www.ncbi.nlm.nih.gov/pubmed/30479401
http://dx.doi.org/10.1103/PhysRevLett.80.2245
http://dx.doi.org/10.1088/1367-2630/ab41b1
http://dx.doi.org/10.1038/s41598-018-23639-1
http://dx.doi.org/10.1103/PhysRev.40.502
http://dx.doi.org/10.1103/PhysRevB.74.205415
http://dx.doi.org/10.1038/nphys1226
http://dx.doi.org/10.1103/PhysRevLett.107.087401
http://dx.doi.org/10.1103/PhysRevA.30.2100
http://dx.doi.org/10.1103/PhysRevA.71.054102
http://dx.doi.org/10.1088/1367-2630/9/3/058
http://dx.doi.org/10.1126/science.1201725
http://www.ncbi.nlm.nih.gov/pubmed/21551029
http://dx.doi.org/10.1038/nnano.2014.281
http://www.ncbi.nlm.nih.gov/pubmed/25502311
http://dx.doi.org/10.1103/PhysRevLett.111.127203
http://dx.doi.org/10.1103/PhysRevLett.103.057202
http://dx.doi.org/10.1126/science.1125398
http://dx.doi.org/10.1088/1367-2630/15/1/013011
http://dx.doi.org/10.1038/s41598-017-02972-x

Entropy 2020, 22, 785 24 of 24

92.
93.
94.
95.

96.

Feshbach, H. A Unified theory of nuclear reactions. Ann. Phys. 1958, 5, 357. [CrossRef]

Feshbach, H. A unified theory of nuclear reactions. II. Ann. Phys. 1962, 19, 287. [CrossRef]

Sergi, A.; Hanna, G.; Grimaudo, R.; Messina, A. Quasi-Lie Brackets and the Breaking of Time-Translation
Symmetry for Quantum Systems Embedded in Classical Baths. Symmetry 2018, 10, 518. [CrossRef]
Henderson, L.; Vedral, V. Classical, quantum and total correlations. J. Phys. A Math. Gen. 2001, 34, 6899.
[CrossRef]

Jozsa, R. Fidelity for Mixed Quantum States. J. Mod. Opt. 1994, 41, 2315. [CrossRef]

@ (© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1016/0003-4916(58)90007-1
http://dx.doi.org/10.1016/0003-4916(62)90221-X
http://dx.doi.org/10.3390/sym10100518
http://dx.doi.org/10.1088/0305-4470/34/35/315
http://dx.doi.org/10.1080/09500349414552171
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Preliminaries: Canonical Form of X States
	Time-Dependent Hamiltonian Model and the Related Evolution Operator
	Dynamics of Concurrence and Quantum Discord of the Evolved Werner State for Time-Dependent Magnetic Fields 
	Concurrence
	Quantum Discord
	Comparison between the Concurrence and Quantum Discord of the Evolved Werner State

	Dynamical Origin of the Asymptotic Behavior of Quantum Correlations
	Conclusions
	Analytical Solutions of the Hamiltonian Model Given in Section 3
	Quantum Discord for X States
	Comparison between Concurrence and Quantum Discord of the Werner State Subjected to Constant Magnetic Fields 
	Fidelity between the Werner State and the Generalized Werner State
	References

