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Abstract: This paper is devoted to the characterization of spectrum candidates with a new tree
structure to be the spectra of a spectral self-similar measure y p generated by the finite integer
digit set D and the compression ratio N~!. The tree structure is introduced with the language of
symbolic space and widens the field of spectrum candidates. The spectrum candidate considered by
Laba and Wang is a set with a special tree structure. After showing a new criterion for the spectrum
candidate with a tree structure to be a spectrum of uy p, three sufficient and necessary conditions
for the spectrum candidate with a tree structure to be a spectrum of yy p were obtained. This result
extends the conclusion of Laba and Wang. As an application, an example of spectrum candidate
A(N, B) with the tree structure associated with a self-similar measure is given. By our results, we
obtain that A(N, B) is a spectrum of the self-similar measure. However, neither the method of Laba
and Wang nor that of Strichartz is applicable to the set A(N, B).
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1. Introduction

Let  be a probability measure on R? with compact support K. We say that y is a
spectral measure if there exists a countable set A C R? such that the set of exponential
functions Ep := {exp2mi(A,x) : A € A} is an orthogonal basis of L?(y). In this case,
A is called a spectrum of u and (i, A) is called a spectral pair. In particular, if u is the
normalized Lebesgue measure restricted on K, we say K is a spectral set.

In [1], Fuglede introduced the notion of a spectral set in the study of the extendability
of the commuting partial differential operators and raised the famous conjecture: K is
a spectral set if and only if K is a translational tile. Although the conjecture was finally
disproven for the case that K C R? with d > 3 and is still open for RY with d < 2, it
has led to the development of harmonic analysis, operator theory, tiling theory, convex
geometry, etc.

In 1998, Jorgensen and Pedersen [2] discovered the first singular, non-atomic spectral
measure—the middle-forth Cantor measure—and proved the middle-third Cantor measure
is not a spectral measure. Following this discovery, there has been much research on
the spectrality of self-similar (or self-affine) measures and Moran-type self-similar (or
self-affine) measures (see for example [3-21] and the references therein).

Consider the iterated function system (IFS) {¢j}]7:1 given by

pilx) = (v + ),
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where N is an integer with [N| > 1and D = {dj}?:1 is a finite subset of R. It is well known
(see [22] or [23]) that there exists a unique probability measure y p satisfying

un,D( Z in,D( , for Borel set E of R.

The measure y p is called the self-similar measure of the IFS {4’j}?:1 and is supported on
the set

T(N,D) = {deNk dkeDk>1}

which is the attractor of {gb]-}?zl. Given a finite set S C Z with S = §D, we say (D, S) is
a compatible pair if the matrix [ﬁ exp(27ti&s)] jep ses is a unitary matrix. In other words,
(6 1ps S) is a spectral pair. For a finite set A in R,

Z 5&/

aGA

where J, is the Dirac measure at a. Write

A(N,S) = {ZsNJ k>0,s; es}

]

Using the dominated convergence theorem, Strichartz [24] proved that yy p is a spectral
measure with a spectrum A(N, S) under the conditions that (61 ,,S) is a spectral pair with
N

0 € S and the Fourier transform of ¢ ,, does not vanish on T(N, S). By using the Ruelle

N
transfer operator, Laba and Wang in [3] removed the condition that the Fourier transform
of 6 1D does not vanish on T(N, S). Furthermore, they obtained the following conclusion:

Theorem 1. (Laba and Wang). Let N € N with [N| > 1, D C Zwith0 € D, and gcd(D) =
1,0 SCZ.If(§D,S)isa compatible pair, then (yn p, A(N,S)) is not a spectral pair if and
only zfthere exist integers m > 1, {s] L' c Sand {17/ 01 C Z\{0} suchnj1 = N~ (;+s5))
for 0 < j < m—1, where 11, 1= 4o, 5m 1= So.

It is well known that to prove the spectrality of the invariant measure i p, the first
key step is to construct a suitable spectrum candidate. In this process, the set A(N,S) =
S+ NS+ N2S + - - - (finite sum) is the natural spectrum candidate to be considered. Form
Theorem 1, we conclude that A(N, S) is not a spectrum of yy p if and only if there is a
periodic orbit {17] mob © Z\{0} under the dual IFS {¢;(x) = &(x+s;) : 5; € S}. The
following example implies that the natural spectrum candidate has a weak point. When
D = {0, 1}, the invariant measure j p is just the Lebesgue measure on the unit interval
with the unique spectrum Z. However, A(2,{0,1}) = N s Z in this case. In other words,
the natural candidate A(2, {0,1}) is not a spectrum of yi, p. Actually, any set with form
S +25 +22S + - - - (finite sum) is not a spectrum of 5 p. In this case, one needs to consider
the spectrum candidate with a more general form S; + NS; + N2S3 + - - - (finite sum),
where (%D, S;) are compatible pairs. Moreover, it is well known that a spectral self-similar
(or self-affine) measure has more than one spectrum in general. The results in [7,9-11] show
that one may consider spectrum candidates with a tree structure. It is worth mentioning
that Li [16] obtained a simplified form of Theorem 1. To the best of our understanding,
partial results have been obtained in the case of a higher-dimensional space. Developing
the method in [3], Dutkay and Jorgensen [14] obtained a sufficient condition for the spectral
pair of self-affine measures, and Li [19] obtained a necessary condition for the natural
spectrum candidate to be a spectrum of a self-affine measure.
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Motivated by the above results, we considered a class of spectrum candidates with a
tree structure (defined in Section 2) and obtained three necessary and sufficient conditions
for such spectrum candidates not to be the spectra of uy p (Theorem 2), which generalizes
Laba and Wang’s result.

The most difficult part of the proof of Theorem 2 is that the first statement implies
the second. For this purpose, we show a new criterion for A to be a spectrum of yy p.
As an application, we give an example involving a self-similar measure i and a spectrum
candidate A(N, B) with a tree structure in Section 4. By Theorem 2, we obtain (y, A(N, B))
is a spectral pair. However, neither the criterion of Laba and Wang (Theorem 1) nor that of
Strichartz [24] is applicable to this set A(N, B).

2. Preliminaries

In this section, we shall recall some basic properties of spectral measures and introduce
the tree structure using symbolic space.
Let u be a probability measure on R. The Fourier transform of y is defined by

i) = /efzm":x du(x), x € R.

We write Z(ji) = {¢ : ii({) = 0}. For a discrete set A C R, write E5 = {exp(2mixA) :
A € A} for a family of exponential functions in L?(y). Then, E is an orthogonal family of
L?(p) if and only if

A—ANC Z(n)U{0}.

Define

Qa@) = Y Ip(A+8))%, xR,

AEA

By using the Parseval identity, Jorgenson and Pederson ([2]) obtained the following basic
criterion for the orthogonality of Ex in L? ().

Proposition 1. The exponential function set E, is an orthogonal set of L2(u) if and only if
QA(&) < 1forall & € R, and E is an orthogonal basis of L?(u) if and only if Qa (&) = 1 for all
¢eR.

Given a finite set D C R, we call

mp(Z) = ﬁ;dz exp(2ricd),  CeR
eD

the mask of D. It is clear that it is just the Fourier transformation of the uniform probability
measure on D.

Definition 1. For two finite subsets D and S of R with the same cardinality m, we say (D, S) is a
compatible pair if

{\/1% exp(Zm'ds)}

deD,seS

is a unitary matrix.
The following conclusion is well known.

Lemma 1. For two finite subsets D and S of R with the same cardinality m, the following statements
are equivalent:

(@). (D,S) is a compatible pair;

(ii). mp(sy —s2) =0foranys; #s, €S;

(iii). Yes|mp(E+s)[* =1forany ¢ € R,
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In other words, (D, S) is a compatible pair if and only if S is a spectrum of the uniform
probability measure on D.
Let N be an integer with [N| > 1and D = {d]-}?:1 a finite subset of Z with 0 € D. We

denote by jiy,p the unique invariant measure with respect to the IFS {¢;(x) = & (x +d;) :
1 <j < q} with equal probability weights, i.e.,

1¢ -
HND =~ ) UN,D O ¢; g
95

In the sequel, we write ¢ = uy p for simplicity. Thus, we have
(@) =TTmo(N7T2), CeRr

j=1

For k > 1, we write

k ,
(@) =] [mp(N7E), ZeR. 1
=1
Write Y(mp) = {¢ € R: mp(&) = 1}. When gcd(D) = 1, we have
Y(mp) ={¢ €R:[mp(Z)| =1} = Z. @)

Now, we introduce the tree structure. First, we recall some basic notation of symbolic
space. Given a positive integer g > 1, write £; = {0,1,---,9 —1}. Let Z* = U, Zg
stand for the set of all finite words, where 22 = {0} denotes the set of empty words.
The length of a finite word ¢ is the number of symbols it contains and is denoted by |o]|.
The concatenation of two finite words ¢ and ¢’ is written as c¢’. We say ¢ is a prefix of oo’
Giveno = 010 -+ -0y, € £* and 1 < k < n, write 0| = 07 - - - 0. The following definition
will bring convenience to us.

Definition 2. A sequence of finite words {I, },>1 C X* is called increasing if for any n > 1, I, is
a prefix of I,yq and |L, 1| = |I,| + 1.

Let C be a mapping from X* to Z satisfying C(¢) = 0 and C(I) = 0 if I ends with the
symbol 0. It induces a family of mapping F = {F;} ez~ defined by
Fr: N — Z,
J—= C(UJR) + NC(1]]2) + -+ NUe(r)),
where I]|; is the concatenation of I and J|i for 1 < i < |]|. We write F(J) = Fy(J)
for convenience. By a simple deduction, we have the following consistency: for any
I,],KeZX¥,
Fi(J) + NV Fy (K)
=C(IJ|1) + - - -+ NUI=*ca)) + NVIe(1jK|y) + - - - + NUKI=1¢e (1K)
=F(JK).

Definition 3. We say a countable set A C R has a (C, F) tree structure if there exists a mapping
C and an associated family of mappings F defined in the above paragraph such that

A= J{F(D}

Iex*
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For I € ¥*,let S; = {C(Ii) : i € X;}. According to the definition of the mapping C,
we have C(I0) =0 € S;.

Remark 1. Given a sequence of finite sets S = {Sy }y>1, if St = Sy forany I € £*(n > 0),
we obtain
A=S51+NS+N?S3---.

In particular, if S, = S for n > 1, we obtain
A=S+NS+N?S--.,
which is just the case considered by Laba and Wang in [3].

In this paper, we consider a countable set A as a spectrum candidate satisfying the
following three conditions:

(C1). Ahasa (C, F) tree structure.
(C2).Forany I € &%, (4D, S;) is a compatible pair.
(C3). The set S = Ures+ St is bounded.

Remark 2. Since we only assume that (D, S) is a compatible pair with S; = {C(Ii) :
i € X}, the map C may not be a maximal mapping defined in [8] (Definition 2.5) even if
D={01,---,9—1}

Now, we exploit some basic properties of A satisfying the conditions (C1), (C2), and
(C8). The first one is the uniqueness of the tree representation.

Proposition 2. Let N € Z with [N| > 1and D C Z with 0 € D and gcd(D) = 1. Assume
that a countable set A satisfies the conditions (C1), (C2), and (C3). Then, for any I € X and
J, K € Zf withn > 0, we have F{(]) = F/(K) ifand only if ] = K.

Proof. We just prove the necessity. Suppose there exist I € X and | # K € ] withn > 1
such that F;(]) = F;(K). Let  be the smallest integer with J|; # K|;. From F;(]) = F;(K), it
follows that

N'=e1))) + - - -+ N"'e(1)) = NFIC(IK () + - - - + N*71C (1K),

which implies C(I];) = C(IK[;)( mod N). Noting C(I]|;), C(IK|;) € Syj), ,, we obtain
(%D, S1j),_,) is not a compatible pair, which is a contradiction to the condition (C2). O

Proposition 3. Let N € Z with |N| > 1and D C Z with 0 € D and gcd(D) = 1. Assume that
a countable set A satisfies the conditions (C1), (C2), and (C3). Then, E(A) is an orthogonal set of

L* ().
Proof. Given o # 5 € A, there exist two finite words I, ] € £* such that

w=F(I), B=EF()).

If |I| # |J|, we add symbol 0 in the end of I or | to obtain |I| = |J|. Without loss of
generality, we assume that I, ] € X for some integer 1. Let | be the smallest positive integer
satisfying I|; # J|;- Recall that F(I|;) = C(I|y) + NC(I|3)--- + N'=1C(1];). Then, there
exists an integer z( such that

1

Nl —F(JI) = ~ (CU) =€) +2o-
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By virtue of the condition (C2), we know that (D, S 1},_,) is a compatible pair. Noting that
both C(I|;) and C(]|;) belong to Sy, ,, we obtain

1

mp(N"UE(I]) = FT11))) = mp (< (C (1) = C(J11) +20) = mp (55 (C(I)1) = C(J1))) = 0.

N
This leads to

Forany I € Z;‘ and k > 1, define
Ar={F()):J€Z} and A}:={F(]): JeZf}
We write A¥ := A for simplicity. It is clear that
k k
Ak AR

From the condition (C2) and Lemma 1(ii), it follows that E(A¥) is an orthogonal set
of L2(yuz). By (2), we obtain #AX = g¥. Noting the fact that dim(L?(y;)) = 4, we conclude
that E(A¥) is an orthogonal basis of L?(j;). In other words, A% is a spectrum of j. By
Lemma 1, we have

k
Yo [Tmp(NT@+A)NP= Y @ +A)*P=1, VEeR ®)

Aenkj=1 Aenk
In fact, we have the following conclusion.

Proposition 4. Let N € Z with |[N| > 1and D C Z with 0 € D and gcd(D) = 1. Assume that
a countable set A satisfies the conditions (C1), (C2), and (C3). Then, Qa (&) = 1 if and only if

Qa, (&) =1forany I € ¥,

Proof. By virtue of Ay = A, the sufficiency is obvious.

Next, we prove the necessity. Givenn > land I € X!, write B = {{ + F(I) : ¢ € [0,1]}
and By = {N""(¢+ F(I)) : ¢ € [0,1]}. It is easy to see that both B; and B; are compact
sets. Noting the fact that fi,, can be extended to be an entire function on the complex plane,
iy has at most finitely many zero points in B;. On the other hand, recall that

A= U ED+NF(]), n=>1

Iexy Jekx

Noting the fact that every integer is a period of mp, we have i,,(¢ + F(I])) = f1,(¢ + F(I))
forany I € ¥} and | € X;. Hence,
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Qa(6) = Y an(@ + MPIANT(E + M)

AEA
= 3 L FODPIRON @4 PO NR ()P
= T (e FUDP X 30N+ F() + FO)P @
= X [falE+ F()PQa, (N“"(E + F(D))

Iexy

In combination with (3), this means Q, (¢) takes 1 on except at most finitely many points
in By, which implies Qx, (&) = 1 by using the continuity of Qa, (). O

In the end of this section, we define the dual IFS {®;(x) = & (x +5) : s € S}, which
plays an important role in what follows. Let T be the invariant set of the IFS, i.e.,

T = ®(T).

seS

Define Z(ji, T) = Z(i) N T, which stands for the zero point set of /i on T. It is clear that
p:=#2Z(j, T) is finite.

3. Main Theorem

In this section, we will give our main results involving three equivalent statements.
To prove the most difficult part of the proof, we prepared several lemmas including a new
criterion for a spectrum candidate with a tree structure to be a spectrum of a self-similar
measure. At the end of this section, we show that the new criterion is just a sufficient and
necessary condition, which is stated as a corollary .

Theorem 2. Let N € Z with [N| > 1and D C Z with 0 € D and gcd(D) = 1. Assume that

a countable set A satisfies the conditions (C1), (C2), and (C3). Then, the following statements

are equivalent:

(@). (u,A) is not a spectral pair.

(ii). There exists a finite word I € ¥* such that infzer Qa,(¢) = 0.

(iii). There exist a finite word | € ¥*, a sequence of nonzero integers {B;};>1 C Z,\{0} and a
sequence of increasing finite words {Jiy - - - i;};>1 C L*, which has a prefix | such that, for
any | > 1, we have B 1 = %(ﬁz +C(Jiy- - 1y)).

We shall divide the proof into three parts (iii) = (i), (i) = (ii), and (ii) = (iii).
First, we prove (iii) = (i), which plays a key role in the proof of (i) = (ii).
Proof of Theorem 2 (iii) = (i). We shall prove Qx,(B1) = 0. Thus, from Proposition 4,
the conclusion follows.
Given A € Ay, there exists a positive integer m > 1 and L € X7’ such that

A =Fi(L) € A}

Since the sequence {B;},>1 is nonzero, the sequence of integers {C(Ji - - - i) };>1 has in-
finitely many nonzero terms. Thus, there exist infinitely many terms I with i; # 0. Take
an integer r > m with i, # 0. Write A* := Fj(K) € A}. According to Proposition 2 and
ir #0,wehave A # A* and A € A} C AJ. From By = N7H (B +C(Jir -+ i) ) (k = 1), it
follows that
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B1+A* =N(B2 + C(JK|2) + NC(JK|3) + - - - + N'"2C(JK))

:erBr+1 S NrZ,
which implies | i, (B1 + A*)|?> = 1. Noting (3) and A # A*, we have

L<[ir (B + A%+ B+ AP < Y (B +7)P =1,
'yeAy

Thus, we obtain |fi; (81 + A)| = 0. Hence,
a(B1+A)| =0, VAeA.

It follows that Qa, (B1) = Z/\EA[|ﬁ(ABl +A))2=0 O

The following three lemmas play key roles in the proof of Theorem 2 (i) = (ii). First,
we show a new criterion for A to be a spectrum of p.

Lemma 2. Let N € Z with [N| > 1and D C Z with 0 € D and gcd(D) = 1. Assume that
a countable set A satisfies the conditions (C1), (C2), and (C3). If there exists a positive number
¢ > 0 such that, for any ¢ and I € X%, there is Ag 1 € A satisfying

NG+ F(D) +Ag0)| > ¢,
then (u, ) is a spectral pair.

Proof. Suppose (u, A) is not a spectral pair. Then, there exists ¢y € T such that Qa (o) < 1.

Recall that A" = {C(J|1) + NC(J|2) +--- + N""1C(]) : ] € £}'} for n > 1. We write
Qn(&) := Yaean|fi(Zo + A)|?. By virtue of lim, o A" = Aand A, C Ayyq forn > 1,
we obtain

lim Qn(%o) = Qa(Go) and Qx(&o) < Quny1(So)-

Given a positive number ¢ with ¢ < (1 — Qa(&))), there exists an integer M > 1 such that

Qa(Co) —& < Qm(Go) < Qu(Go) < Qa(lo) <1, Vn>=M. (5)

By (1), we have
Tim fn(Zo+2) = pGo+A), VAEA

In combination with (5), we have a positive integer K > M + 1 such that

Yo k@ +AP < Y G+ AP +e < Qaldo) +e
AEAM AEAM

According to (3), we have Y, - nx|fix (&0 + A)|> = 1. Thus,

Yo k(@ +FD)P= Y [ax@+ )P = Y k(@ +A)

Iezk\zM AEAK AeAM (6)
>1-Qa(%o) —e>0.

Forany I € fo\Zé\A, there exists Ag) 1 € A such that

[A(NK(E + F(I) + Az )| > c. ()
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Write A = {F(I) + N¥Ag; : T € SK\ZM, Az | € Af}. Ttis clear that A C A. Since
(4D, S;) is a compatible pair for any I € £*, C(I) = 0 if and only if the finite word I ends
with the symbol 0. Then, we have

AMNA=0.

In combination with (5)—(7), we obtain

Qa(%0) = Y [0+ M)[?

AEA
> Y @+ MNP+ Y+ A)P
AEAM AEA
= Y @ +MP+ Y @+ F(I) + N¥ag, )I?
AEAM IexK\zM
= Y p@+MNP+ Y k(& + F)PIRINTF(E + F(I)) + Ag 1l
AEAM [exK\xM
> Qa(Go) —e+c® Y, k(o +F(I)P

IexK\xM
> Qa (&) —e+c*(1—Qa(&o) —2).

Letting ¢ — 0, we obtain
0> c*(1-Qallo)),

which is a contradiction to QA (o)) < 1. O

To use Lemma 2, we need the following lemma, which implies that, under some
conditions for any point in T, there exists a path that escapes from Z(f1, T).

Lemma 3. Let N € Z with [N| > 1and D C Z with 0 € D and gcd(D) = 1. Assume
that a countable set A satisfies the conditions (C1), (C2), and (C3) and infgcr Qa, (&) > 0 for
any I € L5 If Z(,T) # @ and for any « € Z(, T) and I € X*, there exists no K € L*
with o + F{(K) = 0, then for any ¢ € T, there exist two nonnegative integers w and v with
1 <o < p+landa finiteword | = ji - -« juto € 1§ satisfying the following property:

If w = 0, we have

0<|mp(N"'C+E(IN)I<1,  1<I<y,

and |f(N=(¢+ Fi(])))| > 0;
Ifw > 0, we have

N

mp(NT &+ F(J)) =1 1<I<w,
)

0<|mp(NTHE+FE(J|))| <1, w+1<I<w+o,
and [i{(N~“7°(S+ Fi(])))| > 0.

Proof. First, we shall prove the existenceof w. f TNZ = &, wetakew = 0. If TNZ # &,
since (§D, S1) is a compatible pair, by Lemma 1(iii), there exists j; € Z, such that

imp(N~1 (& +Fi(j1)))] > 0. ®)

If [mp(N~Y(&+ Fi(j1)))| < 1, we take w = 0. If |mp(N~1(& + F;(j1)))| = 1, also by
Lemma 1(iii), there exists j» € ¥; such that

imp(N"2(& + Fi(jij2)))| > 0.
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If mp(N~2(& + Fi(j1j2)))| < 1, we take w = 1. When |mp(N"2(¢ + F(jij2)))| = 1,
the process goes on. Under the process, we claim that there exists a finite sequence of
symbols {j, }_, C X, such that

mp(N"' &+ Fi(j---j) =1, V1<I<w,
and
0 < [mp(N"* MG+ Fr(j-jur))) <1 Vijor1 €2 ©)

Otherwise, there exists an infinite sequence {j; }/>1 C £, such that mp(N~'(& + Fi(j1 - - - j1)))
= 1for! > 1. By (2) and the hypothesis of the lemma, we have N~/ (& + F;(j; - - - j;)) € Z\{0}.
According to the proof of Theorem 2(iii) = (i), we obtain Q, (&) = 0, which is a contra-
diction to the condition infzer Qa,(¢) > 0 forany I € A*.

Next, we shall prove the existence of v. We write | := ji - - - jy and 57 := N~%(& + F{(])),
where | = 8, F;(]) = 0 and 57 = & when w = 0. In what follows, we define a sequence of
sets {Yy }u>0 by induction on n. Define Yy = {¢}, and

Yy = {L € ZZ : L|n—1 €Y, 1,0< |mD(N_n(77 +FIT(L)))| < 1}/ n>1
We have the following claim. O
Claim: For n > 1, we have #Y;, > 2".

Proof. Whenn = 1, since (%D, S IT) is a compatible pair, there exist two symbols [y # I, € X,
such that
0< |mp(NT (i +Fs(l))l <1, 1<k<2

Thus, we obtain #Y; > 2. Suppose the inequality #Y,, > 2" holds as n = k. Let
n =k+1. Forany L € Y;, itis clear L|; € Y. By (9), we obtain N~!(y + FIT(L\l)) A

Thus, N=F(y7 + FIT(L)) ¢ Z. Since (§D,S ITL) is a compatible pair, there exist at least
two symbols I # I € X, such that

0< |mp(N" "1+ Fz(Ll)))| <1, 1<k<2

By the arbitrariness of L € Y, we obtain #Y,,,1 > 2"*1. Hence, the claim follows by induction.
Together with Proposition 2, the above claim implies

#HN TP N+ Fp(L) : LE Yy} =#Y,0 220" > p.
Thus, by p = 42 (1, T), there exists a finite word L € Y} 1 such that
[A(NTP7H(y + Fig(L)))| > 0.

Let v > 1 be the smallest positive integer such that [#(N~?(y + PIT(L)))| > 0 for some
L=1---1, By taking | = Jly - - - I, we finish the proof. O

Lemma 4. If T NZ # @, then there exists ay > 0 such that, for any integer sequence {6;};>1 C
T N 7Z, we have

[ee]
[ TImp(xi)| > a,
=T

where x; € B(0;, N77).
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Proof. For any 6 € T NZ, we have mp(8) = 1. On the other hand, the mask function
mp can be extended to an entire function on the complex plane. Thus, mp is uniformly
continuous on any compact set. Hence, there exists a positive number c¢; such that

[1—mp(x)| = [mp(8) —mp(x)| <cr|lx—0], Vxe{l+y: TeT |yl <1}
Given a sequence {0;};>1 C T NZ, we have
Imp(x;)| >1—ci|x;—6;/ >1—N""c;, Vx; €B(6,N"), i>1

It is clear that there exists a positive integer K > 0 such that, for k > K, we have N ’kcl < %
Note an elementary inequality:

1—x>e?, 0<x<

N~

Then, we have

=) K 00
H\mD(Xi)I ZHImD(Xi)I [T Imp(x:)l

i=K+1
2(1)1( IO_OI 672C1N_"
2" iZkn (10)
:(%)Kezf‘ikﬂ —2¢; N~
_ 1
:(%)Ke 2NN = a; >0

for all x; € B(6;, N~'). The proof is complete. [

Proof of Theorem 2(i) = (ii). We expect to obtain a contradiction after assuming

inf Iex: 11
égTQAI(§)>O, VIex; (11)

We shall prove that there is a positive number ¢ > 0 such that, for any { € T and
I € X¥, there exists Ag 1 € A satisfying

BINTII(E + F(D) +Ag )| = c.

If Z(71, T) = @, then fi({) has a positive lower bound on compact set T. Write
¢ := infzer|f1(E)| > 0. Forany ¢ € Tand I € ¥, take Az; = 0 € Aj. Noting N~ (g +
F(I)) € T, we have

A(N1H(E+ F(1))| > c

From Lemma 2, it follows that (u, A) is a spectral pair, which is a contradiction to
the hypothesis. [

Next, we focus on the case Z(fi, T) # @. We shall deal with two cases.
Casei. Foranyn € Z(fi,T) and I € X*, there exists | € X.* such that

7+ Fi(J) =0. (12)

By |/1(0)| = 1, there exists a positive number ¢ with 0 < é; < 1 such that

)| > 5, YreBOs). (13)
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Write ¢ := min{J;, %}, where d denotes the smallest distance between different points in
Z(p, T)U(TNZ),ie,d:=min{|lx—y|:x #y € Z(a,T)UTNZ}.
We denote the set of points that has a positive distance from the zero points of f1(¢) in

T by
P:= T\( U B(G,(S)).
0cZ(n,T)

Itis clear that P is a compact set and ag := infzep|f1(&)| > 0. Write & := min{ a1, a}. Given
g€ Tand I € ¥ define ¢ = N~II(¢ + F(I)).
If € P, we take Az ; = 0. Then,

ANIE +F(D) + Ae)| = [a(0)] = a0 > . (14)

_If & ¢ P, by the definition of P, there exists a unique § € Z(, T) C T\{0} such that
¢ € B(6,6). According to (12), there exists ] € £* such that

0+ Fi(J) =0. (15)
Take Ag; = Fi(]). Then, we have
N+ F (1)) € BN 'O+ F (1), N'8), 1<1<]]|. (16)
On the other hand, by (15), we have
N O+F(J)) €ZnT, 1<I<]]l.
In combination with Lemma 4 and (16), this leads to

I
[TImp(N~' (6 + Fi(J1)))| > ar. (17)
1=1

Furthermore, by (16) we have
NG+ Fi()) € BINTVI(0+ (1)), NTVIs) € B(0,61).

Then, by (13), we have [#(N"VI(&+ F/(])))| > L. Together with (17), this inequality
implies

NG+ F(D) +Ag )| =[G + Fi ()]
Jl

imp(N7' (0 + Fr(JID)IA(N"V(E+ Fi(])))]
1 (18)

1

WV

10(
2 1
.

V

Case ii: There exist y* € Z(fi, T) and I € X* such that, for any | € £*, we have

n"+Fi(J) #0. (19)
Recall that S = (J;cy+ S;and p = #Z(f2, T). Let
p+1

u:=J {N*Z(G—f—/\): AES+NS+---+N-15, GEZ(ﬁ,T)U(TﬂZ)}.
=1
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Furthermore, we write
V={xeU: mp(x)| #0} and W = {x € V: [(x)| #0}.

Itisclear W C V C U C T. Since ( %D,S 1) is a compatible pair for any I € ~*, we obtain
V # @.

Next, we shall prove W # .

Claim 1: There exists a € S such that

0 < |mp(N“ (y* +a))| < 1.

Proof. If T NZ = @&, then we have sup{|mp(y)| : 7 € T} < 1by noting that T is compact.
A trivial fact that N~1(y7* +a) € T for any a € S implies the claim is true.

When TNZ # o, suppose the claim is false. Since (%D, S1) is a compatible pair,
by Lemma 1(iii) for 7* € Z(fi, T), there exists j; € &, such that mp(N~1(n* + F;(j1))) = 1.
By (2) and (19), we obtain N~1(17* + F;(j1)) € (T NZ)\{0}. Furthermore, there exists j, € %,
such that mp(N~2(y* + F;(j1j2))) = 1, which implies N=2(y* + F;(j1j2)) € (T N Z)\{0}.
Repeating this process, we obtain a sequence of symbols {j; };>1 C X, such that

N + Fi(jr - 1) € (TNZ)\{0}, 1>1.

By a similar argument in the proof of Theorem 2(iii) = (i), we obtain Qx,(17*) = 0, which
implies a contradiction to (11). The claim is proven.
Next, we define a sequence of set {Y}, },,>0 by induction on n. Let Yy := {r*}, and

Y, = {N'(p+a):0<|mp(N"Y(y+a)| <1, y€Y,1,acS}, n>1

By a similar argument in the proof of the claim in Lemma 3, we obtain #Y,, > 2" for
1 <n < p+1. Onthe other hand, for any 77 € Y11, there exists A € S+NS+---+NFS
such that y = N"P~1(5* + A) and 0 < |mp(n)| < 1, which implies Y, ;; C V. Then, we
conclude

#YV Z#Y, g 2207 > p.

Recall that p is the number of zero points of 1(¢) on compact T. Then, we obtain W # .
Noting that W C V C U and U is a finite set, it is obvious that both W and V are finite
sets. Write
& = min{[mp(y))| #0:n €V} >0,
az :=min{|fi(n)| #0:n € W} > 0.

Then, there exists a positive number J; > 0 such that, for any 7 € V and w € W, we have

1
|mp(x)] > 502, V x € B(n,0), (20)
. 1
la(x)] > 5%, V x € B(w, ). (21)

Write 6 := min{&l, 5, %}. Welet P := T\ (Ugez(ﬁj) B(0, g)) denote the set of points that

has a positive distance (at least &) from the zero points of (&) in T. It is clear that P is a
compact set and wy := infgeﬁ\ﬁ(g’ﬂ > 0. We write

a

7 )P+1, 0{4},

W= mm{ocl > (

where 1 comes from Lemma 4. _
Given & € Tand I € &*, write ¢ := N~ [(¢ + F(I)).



Entropy 2022, 24, 1142

14 of 20

If 5 € P, we take Ag1 =0 € Aj. Then, we have
[A(NTTE+F(D) +Ag )| = [A(Q)] > aa > & (22)
If & ¢ P, there exists 0 € Z(f, T) such that & € B(6,4). If there exists | € £* such that
0+ Fi(J) =0,
we take Az 1 = Fi(]). Then, by a similar argument as (18), we have
ANTIE + F(D) +Ag )| > . (23)

If there isno | € ¥* such that
0+ Fi(J) =0,

by Lemma 3, there exist two integers 0 < w < 00,1 < v < p+ 1 and a finite word
Ji=j1"" jwtov € Z;‘ such that when w = 0, we have

0<|mp(N"'O+F(J) <1, 1<I<p, (24)
and |fi(N~°(0 + F{(J)))| > 0; when w > 0, we have

mp(NT' @+ F(J]1) =1, 1

<I<w, (25)
0 < [mp(NTHO+Fi(J])))| <1, w+1<I<w+

v, (26)

and [A(N"“°(6 + F(J)))| > 0. _ _
Take Ag ; := Fi(J). In the case w = 0, since { € B(,0), it is obvious that

@RI € BN @+ FE(ID),NT), 1<I<w. (27)
Noting that € Z(, T) U(TNZ), by (24), we obtain
To+FR() eV, 1<I<w

Together with (20) and (27), the above inequality implies

mp(N'E+ B > F, 1<I<w. 28)

Furthermore, since N_?(0 + F;(J)) € V and |#(N~°(6 + F;(])))| > 0, we have N~°(6 +
Fi(J)) e Wand N"?(¢ + Fi(])) € BINTY(0 + F;(])), N~?6). From (21), it follows that

NG+ R > 5 29)
In combination with (28), this yields
(NG + F(D) + Ag )| =[AE+ Az )]

—H|mD E+F()))]

—Hlmn TE+RMIANTE+RG)) GO
043
2
>Q.

an
2 (7)]94'1
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In the case w > 0, we shall divide the product into three parts
ANTINE + F(1) + Ag )|

_H|mD “(E+ED))

(31)
ﬁ &+ F(U |zﬁ1|mD E+EMNIANTE+FE(])))].
By (2) and (25), we have
N O+FE()))eTnz, 1<I<w. (32)
Noting & € B(6,4), we have
G+ EJ) e BNT(O+F())), N, 1<i<w
Thus, by (10), we obtain
HImD E+EJIN = o (33)
By (32), we have N~%(8 + F;(J|w)) € Z(f1, T) U (T N Z). Then, by (26), we have
Ho+F(J|)) eV, w+l<I<w+v
and
E+FE)) € BINTO+F(I)),NT'S), wt+l<I<w+o, (34)
By (20) and (21), we obtain
mp(NTE+EUIDD| >, wHl<I<wo, (35)
and o s
AN+ B = 5
Together with (31), (33), and (35), the above inequality yields
ANTE+FD) +Ag)| 2 w(F)12 2 & (36)

In combination with (14), (18), (22), (23), (30), and (36), by Lemma 2, we obtain (y, A) is a
spectral pair, which is a contradiction to our hypothesis. We finish the proof of (i) = (ii) in
Theorem 2. [

Finally, we shall prove Theorem 2 (ii) = (iii).
Since T is compact, there exists ¢* € T such that Qx,(5*) = 0. Write

X:={& € T: (&) = 0and mp() #0}.

It is clear that 0 ¢ X. Since ( D, Sy) is a compatible pair, by Lemma 1, there exists an
integer j € X, with mp (& (&* + Fi(j))) # 0. Noting that

0= Qn, (6%) = Zaen & + NP > Imp (& + FG))PIA(E +FG)

we obtain f1( & (&* + F;(j))) = 0. By virtue of £* € T, we have % (&* + F;(j)) € T. Hence,
X is nonempty.
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Next, we define a sequence of the subset of X by induction on n. Define X := {¢*} and
Xpp1:={NT"C+F() € X: NG +F(ln) € X, JEZS}, n>0.

We have the following conclusion.
Claim 2: #X,,11 > #X,, n > 0.

Proof. When 1 = 0, by the definition of Q,(¢*), we have

0=04,&") = Y Imp(N"'&" +Fi(j1)))* - Qu,y, (N1 (E* + Fi(jn)))-

J1€%4

Noting that (%D, S;) is a compatible pair, Lemma 1(iii) implies that there exists at least
one symbol j; € X, such that [mp(N~1(&* + F;(j;)))| > 0, which implies Qny, (N7 +

Fi(j1))) = 0. Hence, we have fi(N~1(&* + F;(j;))) = 0. This leads to #X; > #Xo Suppose
Claim 2 holds for n = k — 1. Then, X is nonempty. For any y € X, there exists | € Zk

such thaty = N— (g*_H:I( ))and
k : ~
[TImp (N~ (&* + Fi(J]:)))| > 0.

i=1

By (1) and (4), we have

0=0Qp () =Y HlmD @ RD)PQay (NHE + E())-

Jexki=
Then, we obtain Q,, (N ~k(& + F;(]))) = 0. By a similar argument, we have

0=Qn (N +F(]))
= Y Imp(NTHE + (1)) Qa

Jkr1€Eq

(NHE + Fi(Jjks1)))-

k41

Noting that (D, S 1) is a compatible pair, by Lemma 1(iii), there exists at least one symbol
Jk+1 € Zg such that

mp(N~*1E + Fi(Tjkg1)))| > 0.

Hence, Qn ;. (NTF=1(& + F{(Jjrsn))) = 0, which implies fi(N—*1(&* 4 F;(Jjx41))) = O.
Thus, we obtain N
N & + Fi(Tjesn)) € Xira-

If we consider N~"~1(&* + F(Jju41)) as a “next generation” of N~"(&* + F;(])) forn > 1,
Proposition 2 implies that different points of X; have different “next generations”. Thus,
we obtain #Xj 1 > #X}, which implies Claim 2 is true.
By noting the fact that X is a subset of the finite set Z(ji, T), there exists a positive
integer h € N such that
#Xpm = #Xp,, m>1. (37)

From the above argument, it follows that for any y = N~"(* + Fi(j1 - - - jn)) € Xu,
if there exists a symbols j, 1 € £, such that [mp(N~""1(&* + Fi(j1 - - - jujnt1)))| > 0, then
v has a “next generation” N~""1(&* + F;(j1 - - - jujn+1)) € Xu41. Noting that (3D, Syj,...j,)
is a compatible pair, by Lemma 1 (iii), we have

Zipex, mp(N"Hy + C(IJjus1))) P = 1.
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In combination with (37), we conclude that for any n > h, there exists only one symbol
ju+1 € Zq such that [mp(N~L(y 4+ C(I]ju1))| # 0. In fact, [mp(N~(y + C(IJjus1))| = 1.
Then, we obtain

NN + Fi(Jjus1)) = Ny + C(Ijp41) € Z.

Continuing the process, we obtain a sequence of symbols {jj,;;}1>1 C Zg, such that

N &+ F(Jjppa - jn)) €2, 121

Define 1 := N~ (&* + F;(]J)) and

Bri= NN + F(Jjpsr - jngi-1)), 122

Itis clear B; € Xj,+;—1, which implies f8; is nonzero. Thus, the sequence of nonzero integers
{B1}1>1 and the increasing sequence of finite words {Jjy41 - - - jj+1}1>1 with the prefix |
fulfill the request. O

As a corollary of Lemma 2 and Theorem 2, we obtain another necessary and sufficient
condition for A to be a spectrum of .

Proposition 5. Let N € Z with [N| > 1and D C Z with 0 € D and gcd(D) = 1. Assume
that a countable set A satisfies the conditions (C1),(C2), and (C3). Then, (i, A) is a spectral
pair if and only if there exists a positive number ¢ > 0 such that, for any ¢ and I € L*, there is
/\g,[ € Aj satisfying

BINTII(@E + F(D) +Ag)| = c.

Proof. The sufficiency follows from Lemma 2. We just prove the necessity here. Suppose
that (u, A) is a spectral pair. By Propositions 3 and 4, we obtain, for any I € ¥,

QAI(g)El, (’:GR
By a similar argument in the proof of Theorem 2 (i) = (ii), forany ¢ € T and I € T, there

exists Az 1 € A such that

ANTIE -+ F(D) +Ag )| = c.
We finish the proof. [

4. An Example

In this section, we construct a self-similar measure and a set A(N, B) with a tree
structure. Neither the criterion of Laba and Wang (Theorem 1) nor that of Strichartz ([24])
are applicable to this set A(N, B). However, we show that there does not exist an infinite
orbit {B;};>1 C Z\ {0} associated with the dual IFS (see Theorem 3), which implies
A(N, B) is a spectrum by Theorem 2.

Example 1. Let N = 6 and D = {0,1,2}. Write u for the invariant measure associated with the
IFS {¢1, ¢, p3} defined by

(x +2).

N =

M) =gx ax) = (et 1), ax) =

Let By = {0,8,22},B, = {0,22,38}, B3 = {0,8,52}, and By = {0,38,52}. By Lemma 1,
a simple induction implies that (%D, B;) is a compatible pair for 1 < i < 4. Noting
1

1 1 1
C(4+8)=2 Z(2+22) =4, (4+8) =2, >(2+22) =4, ---,
g (4+8) c(2+22) g(4+8) g(2+22)
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1 1 1 1

— = — =1 —(1 = —

6(1O+38) 8,6(8+52) 0,6(0+38) 8,6
we see that both A(6, By) and A(6, By) have an infinite iterated nonzero integer sequence, where
A(N,S) := S+ NS + N2S + - - - finite sum. Thus, by Theorem 1 or by Theorem 2, we conclude
that both A(6, By) and A(6, By) are not a spectrum of . We consider the following set defined by
{B;:1<i<4}.

(8+52) =10, ---,

A(N,B):=By+ NBy+N?B; +
N————
By and B3 repeat 1 time
N°By+ N*B3 + N°B, + N°B; + N7B, +
Bs and B, repeat 2 times

N8By + N?B, + N'°B; + N''B, + N'?B; + N'3B, + N'¥B; + N'°B, + N1°B; +

(38)

By and Bj repeat 22 times

NYBy+ N8Bs + N¥By 4 --- 4+ N32B3 + N®¥By + .- (finite sum).

B and By repeat 23 times

According to Remark 1, it is clear that Theorem 1 cannot work. We shall show A(N, B) is a
spectrum of u by Theorem 2 in the following Theorem 3. Then, we show that Strichartz’s criterion
(Theorem 2.8 in [24]) is not appropriate by proving the following Theorem 4.

Let A, denote the set of coefficients of N"(n > 0) in (38). Given two integers [ and k
with [ > k > 0, we write

AL = Ag+ NA o + N2 App +-- -+ N4 (39)

We also write AF ;= A’é for simplicity. For three integers m,n, and k with0 <m < n <k,
we have
A+ N"AR
=Am+NAgs1 4+ +NT"TA G+ NTA, + -+ NLAL (40)
—Ak
-

Theorem 3. Given nonzero integer sequence {B;};>1, then, for any integer M > 0, there exists an
integer i > M such that

Biv1 # N~ (Bi+ap),
forany a; € A;.

Proof. Suppose that there exists a positive integer M such that, for any i > M, we have
Bi+1=6"1(B;i + a;). Let T be the self-similar set generated by the dual IFS {1 (x +5) : s €

Ui Bj}.
According to the definition of the attractor Ty, there exists a positive integer K such
that, for any i > K, B; belongs to a neighborhood of Ty, i.e.,

pre(-12).

Recall a fact that U, A; = {0,8,22,38,52}. Then, Bxi1 = 6 1(Bk + ax) with
ax € Uj_; B; implies fx € {2,4,6,8,10}. By noting that fx12 = 6 ' (Bx+1 + ax 1) with
axy1 € Ul Bj implies B # 6, hence Bk € {2,4,8,10}.1f Bx = 2, then

ag = 22, aK+1 = 8, aAK+4+2 = 22, aK+3 = 8, ---.
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Hence, {8,22} N A; # @ for all i > K, which contradicts that {8,22} "By = @ and By = A;
for infinitely many i. Hence, fx € {4,8,10}.

By a similar argument for other cases, i.e., Bx € {4,8,10}, we always obtain a contra-
diction. Then, we finish the proof. [

The following result shows that Strichartz’s method (Theorem 2.8 in [24]) is not
applicable to the above set A(N, B).

Theorem 4. We have
liminf inf [mp(N""A)| =0.

n—co AeAn

Proof. Obviously, we need only to prove that there exists a subsequence {A;, }x>1 C A"
such that N~"A,, tends to a zero point of mp as k tends to infinity. Let Ty be the attractor
of the IFS{®;(x) = L(x +j) : j € Ujq B;}. Thus, we have Ty C [0, 2].

For k > M, we write n = 22¥t2 4 2k + 1, and we take

2k+1
B =38+52x6+38x6"+52x6 +---+38x6" €A%,

where the coefficients 38 and 52 appear alternately. By a simple deduction, we obtain

62" 2(10+ By,) = (41)

5.

22k+1 +2k—1

Take arbitrarily « € A , and write

22k+1 4 op_1
/\nk = + 6 + ank'

By (40), we obtain

An, € A"

According to the definition of Ty, we have

_92k+1_
62 2ty e T,

which implies |6’22k+1’2k+10¢ — 10| < 2. In combination with (41), we have

4
|6—i’lk/\nk J— §|
2k+1 2k+1 2k+1
:|672 + 72(672 + 72k+la+ﬁnk) _672 + 72(10+ﬁ1’lk)|
:|6722k+172(6722k+172k+1a . 10)|

<6~ X —.

Noting the fact that mp (%) = 0, we finish the proof. [J

5. Summary and Conclusions

In this paper, we introduced a tree structure with the language of symbolic space.
The natural spectrum candidate of a self-similar measure associated with an IFS is a set with
a special tree structure. We obtained three equivalent conclusions for A to be a spectrum
of a self-similar measure. One of them implies that there exists an infinite orbit with an
element of a nonzero integer associated with the dual IFS. An example involving a self-
similar measure and a spectrum candidate A(N,S) = Sp + NS; + N2S, - - - showed the
tree structure expands essentially the field of spectrum candidates.
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It is one of the most important problems to find all spectra of a spectral measure. We are
not sure that every spectrum of a self-similar measure holds a tree structure. On the other
hand, the self-similar yy p measure has another description, yyp =01 %61 5 *---. It

’ ’ N D N2 D

is obvious to ask if Theorem 2 holds for the Moran-type self-similar measure. As men-
tioned in the Introduction, the version of Theorem 1 in higher-dimensional space has not
been obtained completely. It is the next research direction to prove Theorem 2 the for
self-affine measures.
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