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1 Introduction

The modern cosmological paradigm is that Universe started from the Big Bang, which was the
origin not only of all matter and energy, but also gave rise to the physical laws of Nature: Einstein
gravity, Yang-Mills equations, quantum mechanics etc. In this article we examine the possibility
that the Big Bang was a quantum birth (i.e. a quantum fluctuation) of the Universe from Nothing.
With this view one can imagine that there could exist other Universes with different physical laws
(e.g. non-Einstein gravity). Thus one would like to assign some probability for a given Universe
to fluctuate into existence. Based on path integral ideas one can write the probability for a given
Universe to come into existence as

P = Aexp (—9) (1)

S is an action which has contributions from the fields that occur in the given Universe, and the
factor A is connected with the type of physical laws in the Universe. Such an expression is only
valid at or near the Planck scale.

These arguments lead to the following assumption: on the Planck scale the physical laws can
describe fluctuating processes. This implies that there is “something” that distinguishes one set of
physical laws from another. This “something” influences what kind of Universe with what kind
of physical laws will appear. Intuitively we expect that the simpler a physical law (e.g. the field
equations) the more probable is the corresponding Universe. This is a free rendering of Einstein’s
idea that “Everything should be made as simple as possible, but not simpler.” The problem is how
to recognize or formulate this “something”. Our proposal is that this “something” is connected
with Kolmogorov’s ideas on algorithmic complexity (AC). In this approach any physical system
(e.g. the Universe) can be thought of in terms of an algorithm. The longer and more complex
the algorithm, the less likely it is for such a system to appear. In particular Universes with
different physical laws (field equations) are described by different algorithms. The length of these
algorithms then affects the probability that this Universe with a certain set of physical laws will
fluctuate into existence.

The above discussion leads to the idea that the physical laws of a Universe are in some sense
dynamical. We will take the dynamical nature of the physical laws for different Universes as non-
differentiable or discrete quantity. The non-differentiable dynamics can have two manifestations:

e The cosmological appearance of a Universe with certain physical laws.

e The quantum fluctuations of physical laws at the level of the spacetime foam (e.g. at the
Planck scale).

The first case was discussed above — see Eq.(1). As an example of the second case consider a
5D spacetime with a mostly non-dynamical 55 metric component. Thus for most of spacetime
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we have 4D gravity + electromagnetism, 7.e. 5D Kaluza-Klein theory in its initial interpretation.
However, there are small regions where the 55 metric component is a dynamical variable and one
has full 5D gravity. These fully dynamical regions can be thought of as quantum handles in the
spacetime foam [1].

We will now give mathematical details to this hypothesis about the connection between algo-
rithmic complexity and the probability for the existence of a given Universe with certain fields
and certain physical laws.

2 Kolmogorov’s algorithmic complexity

The mathematical definition for algorithmic complexity (AC) is
The algorithmic complexity K (x | y) of the object x for a given object y is the minimal length
of the “program” P that is written as a sequence of the zeros and ones which allows us to construct

x starting from y:

K(@|y)= min 1P (2)

[(P) is length of the program P; A(P,y) is the algorithm for calculating an object x, using the
program P, when the object y is given.

This definition gives us an exact mathematical meaning to the word “simple” in the spirit of
Einstein’s above-mentioned statement. In the next few sections we will demonstrate this idea of
the connection between algorithmic complex and cosmology and gravity with some examples.

3 A toy model for the birth of Minkowski space

In this section we sketch a model for the emergence of 4D Minkowski spacetime from a collapsing
7D spacetime as the result of a quantum fluctuation. The probability for this transition to occur
is linked with the algorithmic complexity of the equations describing either the 4D Minkowski
spacetime or the empty 7D spacetime [3]. Since this transition involves a discrete change in the
number of spacetime dimensions it can not be described by classical or quantum field theory. It
must be described by some non-differentiable (discrete) mechanics. We start with an empty 7D

spacetime with the metric given by
ds® = dt? — a*(t)dI? — b*(t)dI2, (3)

where dI? = dx?® + dy? + dz* is the metric of the 3D flat space E? ; dI3 = du® + dv? + dw? is the
metric of the extra dimensions (ED) which are also a flat E® space. The 7D Lagrangian is [4]

L =+VGR;p = V=G (Ryp + (cross terms) + Rgp) (4)
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here Rgp = 0; G is the determinant of the 7D metric; R;p and R4p are the scalar curvature of
the 7D and 4D spaces respectively. The Einstein vacuum field equations have the following form

i et b
@ (52)
b
bR (50)

3—+—5+5=0, (5¢)

t\" t\"°
a = ag (_a_1> ; b= by (_b_1> ; t <0 (6a)

0 — 1—6\/5; ﬁ:1+\/5 (6h)

where ag > by > lp; and a; = by = lp; (Ip; is the Planck length). This represents a collapsing
7D spacetime. The scalar curvature is
R a4 b _ab a* B
——=—-4-43—4+—=+= 7
6 a+b+ ab+a2+62 (M)
for these constants ag; and by the Ricci scalar is R &~ 1/1%, when |t| & tp;.

At times close to the Planck time (|¢t| & tp;) we will assume that quantum fluctuations between
spacetimes of different dimensions is more likely. Thus there should be some likelihood of a
spontaneous transition from a 7D to a 4D spacetime, so that three of the extra spatial dimensions
of the 7D spacetime become non-dynamical. Mathematically this is written as

L7D — L4D (8&)
V=G (Ryp + (cross term)) — +/—gRyp, (8b)

where ¢ is determinant of the 4D metric. The form of the 4D metric is a lower dimensional
version of the 7D metric

ds* = dt* — a*(t)dI? 9)
where the element dI* = dI? from Eq. (3). Einstein’s equations for this metrics are:

2

a a
2245 = 0, (10a)
a

a
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These equations have the following simple solution
a = ay = const. (11)

which is just 4D Minkowski spacetime. The probability for such a fluctuation to occur is deter-
mined by the AC of the 4D versus the 7D case. Looking at equations (5) and (10) one can see
that the AC of the 7D Universe is larger than for the 4D Universe since the system of equations
are more complex (the number of equations describing the 7D case is larger than the number of
equations describing the 4D case).

A summary of this idea of the emergence of a lower dimensional Universe from a higher dimen-
sional one goes as follows

e First, for t < 0 we have an empty 7D Kazner Universe (—oo < t < 0) evolving according to
(5). This solution is collapsing toward a singularity at ¢t = 0.

e Second, at time |t| ~ tp; a quantum fluctuation of the dimensionality of spacetime takes
place. This results in a quantum splitting off of the ED, i.e. three of the six spatial dimen-
sions from the 7D Universe become non-dynamical resulting in an effective 4D Universe.

e Third, the linear 4D scales (aq for 3D space and by for the other three EDs) become fixed,
classical variables whose values are determined by the values they took just before the
splitting off of the EDs. Thus we have a static, 4D, Minkowski Universe with three non-
dynamical EDs.

The probability P for this transition from a multidimensional Universe to a 4D Universe is deter-
mined by the AC of the two Universes. Mathematically we can write

e K2

P ey (12)

PmultiDH4D =

where K 5 are respectively the AC of the multidimensional and the 4D Universes described by the
algorithms (system of equations) (5) and (10). Since the system (5) is larger (i.e. more complex)
than the system (10) we will assume K; > K, (even in simple cases the detailed calculation of
AC is a very complicated problem). Thus Eq.(12) can be approximate as follows:

PmultiD—>4D ~1-— 6_[K1_K2] ~ 1. (13)

4 Fluctuation of the metric signature

In this section we present a variation of Bousso and Hawking’s idea [5] that the Universe began
as an Euclidean space, i.e. spacetime with Euclidean time, and later evolved into a Universe with
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Lorentzian signature. The variation that we want to consider is that the Universe started out as a
multi-dimensional space with its metric fluctuating between Euclidean and Lorentzian signatures
[6]. At some point on the boundary of this space a transition to a 4D Universe with a definite
signature takes place.

Since the metric signature is not a continuous variable its dynamics can not be described by
differential equations. To see this consider the multi-dimensional metric.

dstip) = Nis (héd:ﬁ) (hﬁM) (14)
nip is the signature of the metric with viel-bein indices A,B = 0,1,2,3,5,6,---. x” are the
coordinates on the total space of the principal bundle with a structural group G, and C, D are the
multidimensional (MD) coordinate indices. The metric on the total space of the principal bundle
(we will consider gravity on the principal bundle) can be rewritten

ds?yp) = Nap (hEda® + hidz") (hidxc + hid:c“) + 1 (hfidz®) (hda) (15)

a, b are the viel-bein indices for the fibre of the principal bundle, and ¢, d are the coordinate indices
on the fibre; i, 7 and «, 3 play the same role for the 4D base of the principal bundle. For the con-
tinuous quantities, hé, we have gravitational equations, but 755 are discrete (non-differentiable)
quantities without dynamical equations. Thus the dynamics of the metric signature, n45, can
not be described by differential equations. We will instead apply a quantum-like description for
these degrees of freedom. This description will be stochastic along the general lines of 't Hooft’s
proposition that quantum gravity may be a stochastic phenomenon [7]. The gravitational field
equations on the principal bundle are deduced in Appendix (A). In the following subsection (4.1)
we take Ay = 0.

4.1 The 5D Fluctuating Universe

In this subsection we consider the scenario where at the origin of the Universe a fluctuation
between Euclidean and Lorentzian metrics occurs. This is a modification of an idea initially
proposed by Hawking where there may be regions of the Universe with Euclidean or Lorentzian
signatures. The boundary between these two regions represents some quantum fluctuation between
the different metric signatures. Such transitions between metric signatures could occur in the very
Early Universe on the scale of Planck length.

We start with a vacuum 5D Universe with the metric

dsé) = odt? + b(t) (d€ + cos 0dp)® + a(r)dQ2 + r2e®*® [dy — w(t) (dE + cos Bdyp))? (16)
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here ¢ = =41 for the Euclidean and Lorentzian signatures respectively. The 3D space metric
dI? = b(t) (d€ + cos Bdp)” + a(r)dQ3 describes the Hopf bundle with an S* fibre over an S? base.

In the 5-bein formalism we have

dsfsy = nage’e” (17)

here A, B are the 5-bein indices and

nag = (£1,+1,+1,+1,+1),
e = dt,

)
)
el = Vb (dE + cosfdy), (18¢)
¢ = \adb, (18d)
@ = Vasinfdp, (18e)
" = roe? [dy — w(t) (d€ + cos Ody)] (18f)

According to the following theorem [4]
Let G be a structural group of the principal bundle. Then there is a one-to-one correspondence
between the G-invariant metrics

ds* = p(z%) (6" + Ade“)Q + g (z)datdx” (19)

on the total space X and the triples (gW,AZ,gp). Here g, 1s the 4D metric on the base; Aj
are the gauge fields of the group G (the off-diagonal components of the multidimensional metric);
dI*> = 0%, is the symmetric metric on the fibre a = 5,--- ,dim G is the index on the fibre and
w=0,1,2,3 s the index on the base.

the metric in Eq. (16) has the following electromagnetic potential

A = w(t) (d€ + cosbBdy) = %61 (20)

For this potential the Maxwell tensor is
W 5 1 W35 o3
F=dA="—"ne' = Ze*né? 21
= : 1)

which yields an electrical field like

and a magnetic field like
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The 5D, vacuum Einstein equations [6] resulting from Eq. (16) are

b | ad a’ b 4 2 2 (12 2
G 2b+4—+2—b+—+ 5o ) Troe (cH} — Ef) =248)

. . .. . b 4 .2
G o< 4 + 4p* + 49 + 4% +0 (3— — —) _2 roe* (oH7 — E})  424b)
a a

2 a 2
. b b B ar) a? b
G§§:G33a4¢+4¢2+2b+2?—b—2+2 +27 %—?—a?—rgew(afl%—E%) =£240)
. N 92 @ZJ ¢ g 2 2 2
Rgs oc ¥ + 9 + — — oy T e (cHf + E7) +244)

Ryzs x 0+ w (g — % +31/}> —O'%Ld =£24@)
where G153 = Rip — %UABR is the Einstein tensor. Our basic assumption is that at the Planck
scale there can exist regions where a quantum fluctuation between Euclidean and Lorentzian metric
signatures occurs. There are two copies of the classical equations (24): one with ¢ = +1 and
another with ¢ = —1. It is this quantity o which we take as having quantum fluctuations between
its two discrete values. The basic question under this assumption is how to calculate the relative
probability for each pair of equations from (24) (the ones with ¢ = +1 versus the ones with
o=—1).

We will define the probability for each pair of equations in terms of the algorithmic complexity
of each pair. We can diagrammatically represent the fluctuations between the Euclidean and
Lorentzian versions of Einstein’s equations in the following way

c=41 +— oc=-1
)
(GNeg — (G g
(GTii —— (G (25)
(GPzs «— (G7)x
Gz —— (G7)z
(R)ss «— (B7)s

The signs + indicates if the equation belongs to the Euclidean or Lorentzian mode. Expression (25)
sums up the idea that treating o as a quantum quantity leads to quantum fluctuations between
the classical equations: (R%);5 < (R7)i5 or (G7) 45 < (G7)s5. The probability connected
with each pair of equations (ngg or GEB) is determined by the AC of each equation.
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Fluctuation (R")y;: < (R ). The Rss equation in the Euclidean and Lorentzian modes is

respectively
a b . b
N O o 9
O+ w (a 2b+3w> pory 0, (26a)
a b b
N O L 9
w—i—w(a 26+3w>+a2w 0 (26Db)

Let us consider the ¢ = 0 case (below we will see that this is consistent with the Rss equation).
It is easy to see that Eq. (26a) can be deduced from the instanton condition

B2=H o =t (27)
a Vb

The second equation (26b) does not have a similar simplification via the instanton condition (27).
This is just the well known fact that instantons can exist only in Euclidean space. Based of this
simplification from a second order equation (26a) to a first order equation (27) we consider the
Euclidean equation (26a) simpler from an algorithmic point of view than the Lorentzian equation
(26b). To a first, rough approximation we can take the probability of the Euclidean mode as
pys ~ 1 and for the Lorentzian mode as p,; ~ 0. Strictly the exact definition for each p¥ is
+ e Ko
Pab = o KE ¥ e K

(28)

where K3 is the AC for the RE = 0 or G% = 0 equation. For Kj; < K, we have pyy; &~ 1 and
Pas ~ 0.

The expression for the probability in Eq. (28) can be seen as the discrete variable analog of
the Euclidean path integral transition probability. For a continuous variable the Euclidean path
integral gives the probability for the variable to evolve from some initial configuration to some
final configuration as being proportional to the exponential of minus the action (oc e™°). Eq. (28)
is similar, but with the AC replacing the action. The denominator normalizes the probability (it
is a sum rather than integral since we are dealing with a discrete variable).

Fluctuation (R"):z: «— (R )ss. The Rss equation in the Euclidean and Lorentzian modes is

respectively
. ‘Y a - b . rg 2 9 9
U+ 4~ + e (HE + ) =0, (292)

. . a - b . r2
P9t gt e (CHE 4 Br) =0, (29)
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The Lorentzian mode (29b) has a trivial solution
=0 (30)

provided the instanton condition (i.e. H? = E?) holds. Thus for this equation we take the
Lorentzian mode as having a smaller AC, and in the contrast with the previous subsection, the
Lorentzian mode has the greater probability. Again to a first, rough approximation the probability
of the Euclidean mode is pd; ~ 0 and consequently for the Lorentzian mode ps; ~ 1 .

Fluctuation (G1);; «— (G7);; and G, «— G5, Taking into account (30) we can write these

equations as

. b 4 -2

4g+a(3g_a)_%+7~g (oHZ—F2) = 0, (31a)
b v _a ab a® b
25_b_2+25+£—?—a¥—r§(aH%—E%) = 0. (31b)

For the Euclidean mode (0 = +1) with the instanton condition (27)) one can have b = a (an
isotropic Universe) which reduces the two equations of (31) to only one equation

a a1
- — — — = = 0. 32
a a®> a (82)
For the Lorentzian mode (0 = —1) b # a (an anisotropic Universe) there are still two equations
a b 4 a’
4= - (3? — &) -5 - rg (Hf + E3) = 0, (33a)
b ¥ a ab 4> b .

Thus under the instanton condition (27) and ¢ = 0 we find that the Euclidean mode (32)
effectively reduces to one, second order equation which corresponds to an isotropic Universe; the
Lorentzian mode (33) still has two, second order equations which describe an anisotropic Universe.
Thus we assign the Euclidean mode the smaller AC and as for the previous equations make the
rough approximation pj; ~ 1 for the Euclidean mode, pj; ~ 0 for the Lorentzian mode.

Fluctuation (G*)g5 «— (G™7)5; The equation G = 0 has the following form

b ay a’ 4 b 9 2 (12 g2
27+4— 2—b+—+ —o ) e (cH? — Ef) =0 (34)
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Assuming all the previous conditions (the instanton condition, ¢ = 0, and b = a) the Euclidean
mode equations become

a®> 1
=0 35
R (35)
while the Lorentzian mode equations become
a’ 1 2 (172 2
35 +3- =g (Hf + E?) = 0. (36)

The instanton condition again implies that the Euclidean mode has a smaller AC. Thus to a first,
rough approximation we take pl, ~ 1 and py, = 0.

Mixed system of the equations Under the approximation where the probability associated

with each of the equations in (24) is p ~ 0 or 1 the mized system of equations which describe a
Universe fluctuating between Fuclidean and Lorentzian modes

a1
?—a = O, (37&)
w
v o= +— 37b
@ = (37h)
i a1
4I———_—Z = 0.
s 0 (37¢)

here b = a, v» = 0 and the instanton condition are all assumed to hold. This system of mixed
Euclidean and Lorentzian equations has the following simple solution

t2
a = Z, (38&)
w = t& (38b)

The mixed origin of the Universe The following model for the quantum birth of Universe

has been advanced by Hawking : one begins with an Euclidean space of the Planck size (R*, S*
or some other smooth non-singular Euclidean space); then a Lorentzian Universe emerges from a
boundary of this initial Euclidean piece. In this scenario the Euclidean and Lorentzian spaces are
connected by a hypersurface with a mixed signature.

In this section we present a variation of this picture for the quantum mechanical origin of
the Universe. We assume that the Universe begins as a quantum fluctuating system between
Euclidean and Lorentzian modes. Then at some point in time there is a quantum transition to
the Lorentzian mode.
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To support these statements mathematically we begin by calculating the average of the Ricci

scalar
(R@))=p*Rio = +1) 4 R(o =1) (30)
where p™ and p~ are the probabilities for the scalar curvature with ¢ = +1 and ¢ = —1 respec-
tively. Using
3 ~ _
—§R(0) =G+ R (40)

and averaging gives
3 a _ _\a 5 — [P\
S(RO)) = P (G i (G e (R0 40 (1)

= (G)g+ () + (@), + (G )5+ (1)

ou ou

(41)

Thus for the mixed system of equations we find

<R(a)>: 0. (42)

In this toy model the Universe originates from an empty, multidimensional, non-singular (in the
sense that (R(0)) = 0), spacetime of Planck scale size (7 < 7p;). In our model the spacetime is
M* x S, with M* being a space with fluctuating metric signature: Euclidean « Lorentzian. At
some point a quantum transition to the Lorentzian mode occurs, and at the same or later time
the 55 component of the metric becomes a non-dynamical quantity. Thus the fluctuation of the
metric signature of the original Planck scaled, 5D Universe leads to a 4D Lorentzian Universe and
a “frozen” or non-dynamical 5* dimension.

4.2 The 7D Fluctuating Universe

In this subsection we study a 7D cosmological solution with a fluctuating metric signature as in
the last subsection. We take the gauge group of the EDs as G = SU(2), with the 7D metric taking
the form

ds® = b (z) (W + AL (2%) da*) (wa + Aay (%) da'') + g (%) datda”. (43)

Most of the calculational details for this 7D metric are given in Appendix (A).
The total space of the principal bundle is denoted as F; the structural group is denoted as G.
The factor-space H = E/G is the base of the principal bundle, and is described by the 4D metric

dslyy = N (hdx®) (hjfda”) (44)
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which is the last term in Eq. (43). We now insert a 4D cosmological constant term into the MD
action

S = / (R +2M,) /|Gld" Nz + / (202) V/]gld'z = / [/ (R +2A1) V7[dy + 20| /]gld"z

(45)
R is the Ricci scalar and Gp = n@Dhghg is the MD metric on the total space; g, = naghf;‘hff is
the 4D metric on the base of the principal bundle; 7., = 7,5hCh{ is the metric on G; G, g and v
are the appropriate metric determinates; A o are the MD and 4D A-constants; N = dim(G). The
MD action of Eq. (45) has several points in common with the 4D EYM action considered in Ref.
[17] (non-zero cosmological constants and effective SU(2) “Yang-Mills” gauge fields). Eq. (45)
also has a connection to the action for the Non-gravitating Vacuum Energy Theory [18]. In Ref.
[18] Guendelman considers an action which has degrees of freedom which are independent of the
metric, with the resulting action having two measures of integration (involving metric and non-
metric degrees of freedom). Eq. 45 incorporates two distinct degrees of freedom : the continuous
variables, hé, and the discrete variables, ;5. In Ref. [18] both the metric and non-metric degrees
of freedom were continuous.

The independent, continuous degrees of freedom are: the vier-bein h#(z®), the gauge potential
hi(z®) = Af.(z*) and the scalar field b(z®). ef is defined as
W = eldzr’ (46)
2% are the coordinates on the group G:; w® are the 1-forms satisfying

do® = fEP A W® (47)

fi are the structural constants of SU(2). Varying the action in Eq. (45) with respect to hf, h{
and b leads to (see the Appendix for details)

1 Ay
Ry — §7h‘u7R = Nuw <A1 + W) ; (48a)
Raﬂ = 07 (48b)

a 6 A
Ry = - <A1 + b?)—/2‘2> : (48c¢)

Eq. (48a) are the Einstein vacuum equations with A-terms; Eq. (48b) are the “Yang-Mills” equa-
tions; Eq. (48c)is reminiscent of Brans-Dicke theory since the metric on each fibre is symmetric
and has only one degree of freedom - the scalar factor b(z*).

We now investigate Eqs. (48a)-(48c) using the ansatz

ds® = odt® + b(t) (W + Afdat) (wa + Asuda?) + a(t)dQ (49)
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o = =41 describes the possible quantum fluctuation of the metric signature between Euclidean
and Lorentzian modes, A% are SU(2) gauge potentials, dQ3 = dx” + sin® x (d6? + sin® 0d¢?) is the
metric on the unit S® sphere and 2° = t, 2! = x, 22 = 0,2° = ¢, 2° = 0, 2% = 3, 2" = . (o, 3,7

are the Euler angles for the SU(2) group)

1
wh = §(Sin adf — sin 3 cos ady), (50a)
1
w? = ~3 (cos adf + sin @ sin adry), (50b)
1
wd = é(da + cos Bdy). (50c)

The off-diagonal components of the MD metric take the instanton-like form [19] [20]

AL = i{—sichosgp;—sianingp;cosQ} (f(t)—1), (51a)
Ay = - sing—cosg 0} (F(1) 1), (51b)
Ar = {001} () - 1) 1)

Substituting into Eqs. (48a)-(48c) gives

1. b il 2 2A
§Rg:R§:———+ —————— + o= (cE*+ H?) = —= (A1+b3—/§), (52a)

G@@=—3%+Zz—z— %+§%+%§_%2(E2_0H2) - 0<A1+£—/22), (52b)
=35 3 T e ) = (M) o
G27:2f'+5%+%f—4%f(f2—1) — 0, (52d)
B oprpi— 2, g —pege — U1 - JN (52e)

Gig = Rig — (1/2)nz3R; i = 1,2,3 are space indices; the “electromagnetic” fields are
E*=F, Hf= %giijaJ’k (53)

F7, is the field strength tensor for the non-Abelian gauge group. The wormhole instanton of Ref.
[17] had a vanishing “electric” field. In contrast the solution studied here has both non-vanishing

“electric” and “magnetic” fields.
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As in the 5D case we assume a quantum fluctuation between Euclidean and Lorentzian modes
which can be described by a diagram similar to Eq. (25))

c=4+1 — o=-1
b )
(R« (R
N - (54)
(G —— (G )
(G «— (G7)i
(GN)yr «— (G5
As in the 5D case we will estimate the probability for each pair of equations in (54).
Fluctuation (G"); «— (G7)5> This equation in the Euclidean mode is
b af 4,
2f +5—+—— = —1)=0 99
fHsg+— (-1 (55)
which has the instanton solution g
=) 56
f NG (56)
where
b= by = const (57)
Eq. (56) implies the instanton condition
E'E! = H'H. (58)
In the Lorentzian mode o )
- b ' 4
2f+5?f+%+af(f2—l):0 (59)

and the instanton solution (58) is not a solution of (59), since the non-singular, instanton solution
exists only in the Euclidean case. Thus in terms of the AC criteria the Euclidean equation (55) is
simpler than Lorentzian equation (59), since it is equivalent to the first order differential equation
(56).

To a first, rough approximation we set the probability of the Gz = 0 equation for the Euclidean
mode to py, ~ 1 and the Lorentzian mode to p,; ~ 0. The exact definition for each pj p pbrobability
is given in Eq. (28). If K3, < K,; we have pj; ~ 1 and p,; =~ 0.
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Fluctuation (RJF)g — R_)g This equation in the Euclidean and Lorentzian modes is respec-

tively
1b 2 1b® 3ab 10 2 2,
s 2 L (P = 2 (A2 60
55 5 1R da Tsal ) 5( 1eri%/?)’ (60a)
16 2 1B 3ab 1b 2 2,
oy 2 D (L2 HY) = 2 (A 22 60b
bt iR T aw Tl CF ) 5(1+b3/2)’ (60b)

The Lorentzian mode equation is simpler because the two last terms annihilate as a consequence
of the instanton condition (58). To a first rough approximation we set the probability of the R2
equation for the Euclidean mode to pi; ~ 0 and the Lorentzian mode to ps; ~ 1.

Fluctuation (G")y; «— (G7 )55 This equation in the Euclidean mode and Lorentzian mode is

respectively
3 3 3 9ab 34> 3b A,
s St T (B H) = (A + — 61
AR PR TR T ) ( 1*@3/2) (61a)
3 3 3 9ab 34> 3b A,
sttt oot - —— (F°+ H) = (M + 5= |- 61b
AR PR TR T G < 1+b3/2) (61b)

In this case because of the instanton condition (58) the Euclidean equation is simpler and therefore
in the first rough approximation we can set the probability of the Gz = 0 equation for the
Euclidean mode to pg, &~ 1 and the Lorentzian mode to py, ~ 0.

Fluctuation (G*);; «— (G7);; This equation in the Euclidean mode and Lorentzian mode is

respectively
3b 3 a 1 3ab 14> 1b Ay
T T 5 £ ) WY () W 62
2b b a a+2ab 4a2+16a( ) ( 1+b3/2) (62a)
3b 3 a 1 3ab 14> 10D Ay
e —c— 4t ———— (EBP+H) = (M + =5 |- 62b
2b b a a 2ab+4a2 16a( + ) ( 1—i_bi’>/2> (62b)

As in the previous paragraph, as a consequence of the instanton condition (58), the Euclidean
mode is simpler. Therefore in the first rough approximation we set pj; ~ 1 and p;; = 0.
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Mixed system of equations The mixed system of equations for the 7D spacetime with fluc-

tuating metric signature is

2 bf af 4L,
9 Rl 2 2 —1) = 0 63
fHog+——— (f-1) : (63a)
b 2 10 3ab 1b, _, 2 2,
55 T 5 AR T da Tl CE ) = ‘6<A1+b37>’ (030)

3 30 3, 9ab 34> 30 Ay
b T a+4ab+16a2 16a< ) ( 1+53/2)7 (63c)

3b 3 4 1 3ab 1a®> 10 Ay
AT T 2 2 ) WS - I 63d
2b b+a a+2ab 4a2+16a< ) (1+b3/2) (63d)
The solution for this system is
a = t* (64a)
2 — 12
_ 4b
f= ard (64D)
b = by = const, (64c)
1
A= - (64d)
bo
Ay = —2Vby. (64e)

The existence of this solution is somewhat surprising ! Normally in any dimension the Bianchi
identities are satisfied. Therefore some gravitational field equations are not independent of the
others. Ordinarily the superfluous equations are associated with initial conditions (i.e. Eq. (63c)
above). In our case the mixed system above comes from a model with a varying metric signature.
As a consequence the Bianchi identities are not correct and this system should be unsolvable.
Evidently the solution is a condition for the solvability of the mixed system which uniquely defines
the A-constants. If the solution in Egs. (64) is unique then it must be absolutely stable.

The physical meaning of this solution is:

e Eq. (64a) implies a flat 4D Einstein spacetime that is not effected by matter.

e Eq. (64b) implies a Polyakov - 't Hooft instanton gauge field configuration which is not
effected by gravity.

e Eq. (64c) implies a frozen ED.

e Eqs. (64d)-(64e) imply that the dynamical equations uniquely determine the A; 5-constants.
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It is interesting to note that the effective cosmological constant terms on the right hand side of
Eqs. (48a) (48¢c) (i.e. Ay and Ay/b*?) are inversely proportional to the size of the ED, by. Thus
in order to have a small cosmological constant term one needs to have a large ED. This could be
seen as supporting the large extra dimensions scenarios [14].

4.3 Physical applications of the solutions
4.3.1 Regular Universe

We can interpret the 5D and 7D solutions as a 4D Universe with fluctuating metric signature, filled
with a U(1) and SU(2) instanton gauge field and frozen ED. Surprisingly this Universe has only
one manifestation of gravity: the frozen ED that result from the fluctuating metric signature.
These model Universes are simple examples of possible effects connected with the dynamics of
non-differentiable variables.

4.3.2 Non-singular birth of the Universe

Various researchers (e.g. see Ref. [5]) have speculated about the quantum birth of the Universe
from “Nothing”. In light of this we can interpret a small piece (with linear size of the Planck
length ~ [p;) of our model 5D /7D Universe as a quantum birth of the regular 4D Universe. In
contrast to other scenarios this origin has a metric signature trembling between Euclidean and
Lorentzian modes. Further we postulate that on a boundary of this spacetime there occurs

e a quantum transition to only one Lorentzian mode with a fixed metric signature.

e a splitting off the ED so that the metric on the fibres (h{) becomes a non-dynamical variable.
After this splitting off the linear size of the gauge group remains constant yielding ordinary
4D Einstein-Yang-Mills gravity.

These assumptions about a quantum transition from fluctuating metric signature (£1,4+1,--- , +1)
to Lorentzian signature (—1,+1,---,+1) and a splitting off of the ED should not be seen as
something extraordinary and new, but rather as an extension of our postulate about the quantum
birth of the regular 4D Universe, discussed above, with certain laws (gravitational equations
+ non-differentiable dynamic). The present case can be seen a quantum-stochastic change or
evolution of these laws (here this involves only the quantum transition of 79y and the splitting off
of the ED).
The probability for the quantum birth is

P~ Ned (65)
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where S is the Euclidean, dimensionless action, which should be S =~ 1 in Planck units. The
factor N is of more interest, since it contains information about the topological structure of the
boundary of the origin.

The probability for the quantum-stochastic transition to Lorentzian mode and splitting off of
the ED should be determined by the AC of the final and initial states. Such a quantum-stochastic
transition can occur only if the final state with Lorentzian mode and splitting off of the ED is
simpler than the initial state with the fluctuating metric signature and dynamic ED.

5 Algorithmic complexity applied to non-cosmological systems

In the following three subsections we give examples of the application of algorithmic complexity
to various non-cosmological systems. First, we study a composite wormhole which consists of a
5D throat region connecting two Reissner-Nordstrom blackholes. Second, we estimate the entropy
of the simplest vacuum solution to 4D gravity: the Schwarzschild black hole. Finally, we look at
the path integral in gravity in terms of AC.

5.1 A composite 5D wormhole as the sum of Holographic principle and the AC idea

In this section we construct a composite wormhole by connecting two 4D Reissner-Nordstrom
solutions via a 5D wormhole-like throat. There are two holographic surfaces located between the
two Reissner-Nordstrom and 5D solution. For the Reissner-Nordstrom solution the surface is an
event horizons, and for the 5D solution the surface is a T'—horizon (the properties of T'—horizons
is discussed below). The main idea of this subsection is that such a composite object is simpler
in terms of AC than either component separately. This follows from the fact that the Reissner-
Nordstrom solution has a very complicated time dependent metric under the event horizon whereas
the 5D throat does not. In contrast, outside the event horizon the 4D Reissner-Nordstrom solutions
is simpler than the 5D throat.
We begin by considering the 5D wormhole-like metric

ds* = A(r)dt* — dr* — a(r)dQ* + —r? A(r)(dy — w(r)dt)? (66)

X is the extra, 5" coordinate. The metric is symmetric around 7 = 0. The 5D vacuum Einstein
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equations are

A A/Z a A\

X ArTaa THAWT =0, (67a)
A/ /
W+ 2 T+ L =0, (67b)
a
A,2 4 12
ot At =0 (67c)
-2 = 0 (67d)
These equations have the following solution [8] [9]
a = 1o+’ (68a)
2 _ .2
q r*—rf
A= —— 68b
2ror2 + 1’ (68b)
4r2 1
= T 68
“ riqr? —ré (68c)

Where ro > 0 and ¢ are constants.

The composite wormhole that we consider [10] consists of two 4D Reissner-Nordstrom black
holes which are connected by the wormhole-like solution of (68). One interpretation for this
composite wormhole is as a model of a quantum handle in the spacetime foam. The 5D and 4D
physical quantities must be “sewn” together by the following conditions:

1
Ao riwgAg = Gy (£r9) = gu (1) = 0, (69a)
0
ag = Gog(£70) = goo(ry) =173, (69b)

G and g are 5D and 4D metric tensors respectively, and r, is the event horizon for the Reissner
- Nordstrom solution. The quantities with the (0) subscript are evaluated at r = £r,. Note that
Git(£rg) = 0 and ds* = 0 on the surfaces r = +r,. Hypersurface such as r = +ry have been
called T—horizons by Bronnikov [11].

G+ can be connected to the 4D electric field by examining the 5D (R,; = 0) and 4D Maxwell
equations

[0? (@'A?)] =0, (70a)
(r*E,) =0, (70b)

E. is the 4D electric field. These two equations are essentially Gauss’s law; they indicate that
some quantity multiplied by an area is conserved. In 4D this quantity is the 4D Maxwell electric
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field. We can naturally join this 4D, Reissner - Nordstrom electric field, Ery = e/ri, with the
Kaluza - Klein, “electrical” field, Fxx = w'A?%, on the event and T—horizons

q e

ngg = — = EKK = ERN = —5- (71)
Qo ry

It is interesting to note that the event and T—horizons can be viewed as holographic surfaces

which can be used to define the whole spacetime [12] [13]. To show this we consider the 4D and
5D metrics in turn. The metric for the Reissner-Nordstrom spacetime is

2
ds* = 6(r)dt* — % —7r? (d92 + sin? Gdgoz) ; (72)
r

and the electromagnetic potential is
A, ={w(r),0,0,0}. (73)

The Einstein - Maxwell equations are

K2
2 = 74
7‘+ r2 2% (74)
5" 5 Ko
- = _Z 75
5 5« (75)
q

Eq. (75) is a consequence of (74) and (76). For the Reissner - Nordstrém blackhole the event
horizon is defined by the condition §(r,) = 0, where 7, is the radius of the event horizon. Hence
in this case we see that on the event horizon

O, = 7“_19 — grgwf, (77)
here (g) means that the corresponding value is evaluated on the event horizon. Thus the Einstein
equation, Eq. (74), is a first-order differential equation in the spacetime outside the horizon
(r > r,). Condition (77) tells us that the derivative of the metric on the event horizon is expressed
through the value of the metric on the event horizon. This shows that the Holographic principle
applies in this case since the spacetime can be determined from information on some surface (the
event horizon).

Now we consider the 5D WH-like metric (66) with field equations (67). On the T'—horizon
A(£rg) = 0, and therefore from Eq. (74) we have

(78)
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The signs (£) correspond, respectively, to (r = Frg) where the T'—horizons are located. This also
indicates that the Holographic principle applies to the T'—horizons.

JFrom an algorithmic point of view we can now argue that such a composite structure is more
likely to occur than either the 4D Reissner-Nordstrom or 5D wormhole solution separately. The
AC of the interior, throat region of the composite system is calculated with one algorithm (the
5D Einstein vacuum equations) while the AC of the exterior region is calculated with another
algorithm (the 4D Einstein-Maxwell equations). Because the AC of the interior region can be
calculated from the Holographic principle using the T-horizon, its AC is simpler than if it had
been calculated from the 4D Einstein-Maxwell equations algorithm especially since the metric
under the event horizon is time dependent. The AC of the exterior region can be calculated from
the Holographic principle using the event horizon, with the 4D Einstein-Maxwell equations as
the algorithm. Thus the exterior regions AC is simpler if it is calculated using the 4D Einstein-
Maxwell equations rather than the 5D vacuum Einstein equations. Applying the Holographic
principle and ideas of AC we have found that the composite wormhole has a lower AC than either
solution separately. Such a composite wormhole is only expected to be important at the Planck
scale.

5.2 The AC of the Schwarzschild black hole.

Bekenstein [15] and Hawking [16] have shown that an entropy can be associated with a black
hole. The entropy is connected the area of the black hole’s event horizon. Usually the concept of
entropy arises in statistical systems where one has a great number of particles. However, in the
case of the entropy of a black hole one associates an entropy with a single object (i.e. the black
hole). In some sense AC is a concept similar to entropy. In this section we will estimate the AC
for a Schwarzschild black hole.

For some gravitational field configuration the AC is determined, according to the definition (2),
by the smallest algorithm which yields this configuration (i.e. which yields the metric). Thus
the Einstein equations are the algorithm for calculating the gravitational field configuration. In
order to calculate the metric for the whole spacetime one must have, in addition to Einstein’s field
equations, some initial and/or boundary conditions.

In order to estimate the AC for the Schwarzschild black hole we write the metric in the following
form:

ds? = df? — AP AR — y2(¢ R) (d6? + sin? 0d¢?) , (79)
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for which the Einstein’s equations are:

—e M+ 2472+ 1 = 0, (80a)
e A . A2 9
———2r" =N+ =+ A+ =+— =0 80b
— @ =N A , (80Db)
_ 1 :
a4 5 <27"7“” +r? - rr’)\’) + = (m)\ +a* + 1) = 0, (80c)
r r
2% — A\’ = 0, (80d)
where (") and (°) are respectively derivatives of ¢ and r. We take the ¢ = 0 section as a

Cauchy hypersurface. The initial data on this hypersurface then defines the metric on the whole
Schwarzschild spacetime. However, because of the Holography principle the amount of initial data
needed is smaller than one would naively expect. jFrom Eq.(80c) one sees that for ¢ = 0 the first
time derivative of all components of the metric tensor are zero. Therefore the initial data must
satisfy:

21 4" — ' N — e = 0. (81)

In order to solve Eq. (81) on the surface t = 0 we take boundary conditions of the following form:
r(R=0,t=0) =0, r(R=0,t=0)=r, (82)

where 1, is radius at the event horizon. Thus the metric on the whole Schwarzschild spacetime is
defined by the value of the Ggy component of metric at the origin. The AC for the Schwarzschild
metrics can be written as the sum of two quantities. The first quantity is connected with some
Lorentz-invariant number which is related to the event horizon (the surface t = 0, R = 0). The
second quantity is connected with the Einstein equations. We take the first quantity to be related
to the area of the event horizon (47rr§). We will divide this by 47l%,; in order to obtain a dimen-
sionless number. The second quantity is taken as the length of the program for calculating the
metric. Thus the AC of the Schwarzschild black hole is given by the following expression :

.\ 2
K=~1L [(_;,)
lpy

L[(ry/lp1)?] is the program length for the definition of the dimensionless number 72 /17, which

+ LEinstez’na (83)

is determined from some universal machine. Lgi,siein is the program length of the solution of
Einstein’s differential equations using some universal machine, for example, the Turing machine.
Finding an exact expression for the length, L, for determining the number (r,/lp;)? is a difficult
problem. As a rough approximation we assume that each Planck sized cell, I3, can contain one
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bit so that L[(r,/l)?] = (r,/l,)?. With this approximation we can compare the first term of Eq.
(83) with the Bekenstein-Hawking equation
S = 4nr?, (84)

g

Thus there appears to be some relation between these two quantities.

5.3 Algorithmic complexity and the path integral

In this section we will propose an alternative method of calculating the path integral in quantum
gravity. The basic idea is to replace the action (I[g]) in the path integral by the AC (K[g]). It is
important to note that K[g] is a positive functional of g. Under this replacement of the action by
the AC the path integral becomes

/ D[gle~ Tl ] w7 "da) _, / D[gle= Kb+ g wide) _ izla), (85)

where g, is some arbitrary metric; K[g] is the AC for the metric g; Z[J] is a generating functional
for quantum gravity.

The most complicated gravitational fields (in terms of AC) are those metrics which satisfy
or are the result of no field equations. Such configurations are essentially random fields with
no algorithm connecting the values of the metric at neighboring points in the spacetime. Thus
according to Kolmogorov’s definition of AC such random metrics would have a large AC. Metrics
which are the solutions to some gravity equations (Einstein’s equations, R? - theory, Euclidean
theory, etc.) have a smaller AC in comparison with random metrics. In this sense one can take
gravitational instantons as the simplest gravitational objects: they are symmetrical spaces, with
the corresponding metrics possessing the same symmetry group. One way of understanding why
instantons have a small AC is that they can be determined via their topological charges rather
than by the field equations. This greatly reduces the AC of such configurations.

Thus, as a first approximation the path integral in quantum gravity can be defined as the sum
over the gravitational instantons. The next order of approximation would include the contributions
from metrics which are solutions of Einstein’s equations, R? - theories, multidimensional theories
etc. The larger the AC of a given configuration the larger the order of approximation at which
it contributes to the path integral. An interesting point is that for quantum gravity based on
the integral (85) the Universe can contain different regions where different gravitational equations
hold. An example of this is the composite wormhole discussed above.
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6 Conclusions

In this paper we have considered the possibility that Nature can have changing the physical laws.
We have postulated that the dynamics of this changing may be connected with the AC of a
particular set of laws. This leads to the proposition that an object with a smaller AC has a greater
probability to fluctuate into existence.

Some physical consequences that can results from this hypothesized fluctuation of physical laws
at the Planck scale are: the birth of the Universe with a fluctuating metric signature; the transition
from a fluctuating metric signature to Lorentzian one; “frozen” extra dimensions as a consequence
of this transition; quantum handles in the spacetime foam as regions with multidimensional gravity

and so on.
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A Gravitational equations

We start from the Lagrangian adopted for the vacuum gravitational theory on the principal bundle
with the structural group G (dim(G) = N). G is the gauge group associated with the EDs

S = / (R +2Ay) /|Gld™ N + / (2A%) \/]g|d'x (86)

where R is the Ricci scalar for the total space; G and ¢ are the determinant of the metric on the
total space and base of the principal bundle respectively, Ay, A}, are the MD and 4D A-constants.
This Lagrangian is correct if the coordinate transformations conserve the topological structure of
the total space (i.e. does not mix the fibres)

1a

v (') + (2, (87a)
" = 2 (x%). (87h)

The metric on the total space can be written as
dsiypy = b (w® + hida") (wa + hauda”) + (hhdz®) (hygda”) (88a)
W' = eldy® hi=el (88Db)

where 2# and y° are the coordinates along the base and fibres respectively; (Greek indices)=
0,1,2,3 and (Latin indices)= 5,6, --- , N; A = a, i is the viel-bein index; n55 = {£1,%1,--- ,+1}
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is the signature of the MD metric; w® are the 1-forms satisfying to the structural equations
dw® = fEP A WC (89)

where ff are the structural constants for the gauge group G.

The independent degrees of freedom for gravity on the principal bundle with the structural
group G is vier-bein h¥(z®), gauge potential h%(x®) and scalar field b(z*) [4]. All functions depend
only on the point * on the base of the principal bundle as a consequence of the symmetry of the
fibres.

Varying the action (86) with respect to h#(z*) leads to

1
/ (Rz - lwr - Alhg) VITdYy — Ayt = 0 (90)

where |y| = det hf = bV det el is the volume element on the fibre and /|G| = +/|g|+/|7] is a
consequence of the following structure of the MD metric

_ hﬁ h(i
h:hé:( b f;), (91a)
0 Ay
_ Kt —hPhany
Bl — hi:( 0 b >, (91b)
he = (h)™h hh=(h) 7 (91c)

An integration over the EDs can be easily performed since no functions depend on y*

JCvhIaty = [ VRldty = ()8 92

where Vg = [ /det(e?)d™y is the volume of the gauge group G. In this case Eq. (90) becomes

1 Ay
where Aj = VgAs.
Varying with respect to hf(z%) leads to
RY =0 (94)

as h% does not consists in det(h4) = det(h§) det(h).
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Varying with respect to b(z*) leads to

08 _ - 0hg 65
b &= b ohg

- 1
— ity (Rd - ot - aun (95)

here we used Eq. (93) and h; =. This equation we write in the form
- N
R — 5 R=NA (96)
JFrom Eq. (93) we have
n” | R 1h”R A As hER| = h” h? =
I 17_517 - 1+bN/2 u[]+ a[.”] -
v |pa 114 A Ap A v A Ay _
h% RD—§h,7R— 1+bN/2 hyR| =R, —2R —4 1+bN/2 =0 (97a)

Adding Egs. (97a) and (96) we find

i 2 4N
A Ay
Finally we have
a 2N Ay
sz = —m (Al + W) 5 (99&)
R = 0 (99Db)
w1y Ay 7
Rl—, - §hl_/R — A1 + bN/2 hﬁ (996)
This equation system can be rewritten as
a 2N Ay
Ra = —m (A1 + W) X (100&)
R[La == 0 (100b)
1 A
Ry — 577;117}% = <A1 + Z)N%) TN (100c)

here we have used h; = 0.
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